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PREFACE  TO  THE  SECOND  EDITION 

The  rapid  advances  made  in  the  science  of  Physical  Optics 
since  the  appearance  of  the  first  edition  of  this  book  in  1905, 
have  made  additions  necessary  in  practically  every  chapter. 
The  numerous  typographical  errors  which  marred  the  first  edition, 
have  been  corrected,  and  certain  sections  of  small  interest  or 
importance  have  been  removed  bodily,  to  make  more  room  for 
new  material.  Even  with  these  removals,  the  new  edition  will  be 
found  increased  in  size  by  about  150  pages,  and  nearly  100 
new  illustrations.  Three  new  chapters  have  been  added,  dealing 
with  the  subjects  of  Meteorological  Optics,  Electro-Optics,  and 
the  Principle  of  Relativity.  The  numerous  additions  and  en- 

largements deal  almost  exclusively  with  the  experimental  side  of 
the  subject,  and  the  larger  part  of  the  matter  removed  is  mathe- 

matical, the  loss  of  whicli,  it  is  believed,  will  not  be  felt.  I  am 
under  great  obligation  to  Professor  Frost,  who  furnished  a  large 
number  of  illustrations  which  have  appeared  in  the  Astrophysical 
Journal,  and  to  Mr.  Francis,  of  the  Philosophical  Magazine,  for 
the  same  courtesy.  I  am  also  under  obligation  to  Professor 
Zeeman  for  his  kindness  in  reading  the  proof  of  the  chapter  on 
Magneto-Optics,  and  suppljring  me  with  some  of  his  most  recent 
results  which  otherwise  could  not  have  been  included. 

R.  W.  WOOD. 
Geneva,  February,  1911. 
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PREFACE  TO  FIRST  EDITION 

The  present  volume  was  commenced  at  a  time  when  Preston's 
Theory  of  Light  was  practically  the  only  advanced  textbook  on 
the  subject  in  English  suitable  for  general  class  work.  This  work, 
while  excellent  in  every  respect,  could  scarcely  be  said  to  repre- 

sent our  present  knowledge  of  the  subject.  Anomalous  dispersion 
and  the  relation  existing  between  absorption  and  dispersion  was 
barely  mentioned,  and  of  course  the  recent  remarkable  discoveries 
in  the  field  of  magneto-optics  were  not  recorded.  In  the  mean- 

time, two  very  excellent  books  have  appeared,  the  English  trans- 

lation of  Drude's  Lehrbvch  der  Optik,  which  cannot  be  surpassed, 
and  Schuster's  Theory  of  Optics^  which,  while  extremely  interesting 
and  suggestive,  omits  all  mention  of  the  Laws  of  Radiation, 
Fluorescence,  and  Phosphorescence,  and  the  whole  subject  of  the 

"  Optics  of  moving  media." 
In  the  present  volume  especial  stress  has  been  laid  on  the  ex- 

perimental side,  and  it  is  the  author's  hope  that  the  perhaps  too 
frequent  references  to  experiments  with  which  he  has  been  more 
or  less  directly  associated  will  not  be  taken  as  an  indication  of 
a  lack  of  perspective. 

No  pretence  at  originality  in  the  mathematical  treatment  is 
made :  the  work  has  been  compiled  to  a  great  extent  from  lecture 
notes,  and  many  plagiarisms  doubtless  occur.  The  excellent 
theoretical  treatment,  based  upon  the  electro-magnetic  theory 
given  by  Drude,  has  been  followed  very  closely,  and  it  is  hoped 
that  this  acknowledgment  may  serve  in  place  of  the  numerous 
quotation  marks  which  would  otherwise  be  necessary.  Various 
other  standard  textbooks  have  been  drawn  upon  freely,  especially 
the  very  comprehensive  work  of  Verdet. 

Too  much  space  has  perhaps  been  given  to  the  theory  of  dis- 
persion, and  the  incorporation  of  the  somewhat  lengthy  develop- 

ment of  the  dispersion  formula  by  elementary  methods,  based 

upon  the  elastic-solid  theory,  may  appear  superfluous.  The 
advantage  of  this  treatment  lies  in  the  fact  that  it  does  not 

vu 
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involve  the  use  of  imaginary  quantities,  which  are  always  a  little 
troublesome  to  the  student  at  first;  in  addition  to  this,  it  appears 
to  be  a  little  more  intelligible,  the  reciprocal  actions  between  the 
vibrating  atom  and  the  ether  being  more  readily  grasped  by  the 
mind  than  the  somewhat  vaguer  conception  of  displacement 
cxurents  in  the  ether  and  their  action  upon  charged  electrons. 
The  electro-magnetic  treatment  follows. 

The  illustration  of  the  book  has  been  greatly  facilitated  through 
the  courtesy  of  Mr.  William  Francis,  who  has  furnished  blocks 
of  many  plates  and  figures  from  the  Philosophical  Magazine. 

I  am  under  very  great  obligation  to  my  friend,  Professor  J.  S. 
Ames,  who  has  made  many  valuable  suggestions  from  time  to 
time,  cleared  up  many  doubtful  points,  and  read  the  manuscript 
during  the  process  of  its  preparation. 

R.  W.  WOOD. 
Baltimore,  May  2nd,  1905. 
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CHAPTER  I 

THE  NATURE  OF  LIGHT 

Older  Theories.  —  The  foundations  of  our  present  knowledge  re- 
specting the  nature  of  Ught  were  laid  during  the  latter  part  of  the 

17th  century,  although  the  modem  wave-theory  did  not  take  definite 
form  until  over  a  century  later.  The  important  discoveries  which 
may  be  said  to  mark  the  b^inning  of  the  science  of  optics  may 
be  summed  up  in  a  few  words.  ^ 

In  1666  Sir  Isaac  Newton  effected  the  prismatic  decomposition 
of  white  light  into  its  component  colors,  and  proved  that  no  further 
color  change  resulted  from  subsequent  refractions.  He  moreover 
recombined  the  spectrum  colors,  and  formed  from  them  white  light. 
This  was  a  great  step  in  advance  in  one  way,  for  it  had  been  thought 
previously  that  color  was  produced  by  refraction,  n^tnufactured  by 
the  prism  so  to  speak,  whereas  Newton  showed  that  the  colors 
were  originally  present  in  the  white  light,  the  function  of  the  prism 
being  merely  to  separate  them  or  sort  them  out,  which  it  accomplished 
in  virtue  of  its  power  of  deviating  rays  of  different  colors  through 
different  angles.  Curiously  enough  this  discovery,  which  we  are 
taking  as  marking  the  be^nning  of  our  definite  knowledge  about 
light,  is  one  which  we  shall  demolish  in  the  last  chapter  of  this  book, 
for  our  present  idea  regarding  the  action  of  the  prism  more  nearly 
resembles  the  idea  held  previous  to  Newton's  classical  experiments: 
we  now  believe  that  the  prism  actually  manufactures  the  colored 
light,  and  what  is  more  to  the  point,  we  have  a  pretty  definite  idea 
regarding  the  manner  in  which  it  manufactures  it,  in  which  respect 
we  may  consider  ourselves  in  advance  of  Newton's  contemporaries. 

The  importance  of  Newton's  discovery  is  not  to  be  underestimated 
on  this  account,  and  his  conception  of  the  nature  of  white  light  will 
be  held  to  throughout  the  greater  part  of  this  book,  for  it  represents 
perfectly  all  of  the  experimental  facts  with  which  we  are  acquainted, 
and  the  treatments  of  nearly  all  of  the  optical  phenomena  which  we 
are  to  study  are  greatly  simplified  by  its  use. 

Newton  elaborated  what  is  known  as  the  corpuscular  theory  of 
li^t,  and  clung  to  it  tenaciously  to  the  last,  the  weight  of  his 
opinion  retarding  in  no  small  degree  the  development  of  the  wave- 
theory,  which  was  first  clearly  expressed  in  1678.  On  the  corpus- 

cular theory  light  was  regarded  as  a  flight  of  material  particles 
B  1 
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emitted  by  the  source,  the  sensation  of  sight  being  produced  by 
their  mechanical  action  upon  the  retina.  The  rectilinear  propagation 
followed  at  once  from  the  second  law  of  motion,  whereas  the  early 
supporters  of  the  wave-theory  were  unable  to  account  for  it,  as 
every  known  form  of  wave  motion  bent  freely  around  the  edges 
of  obstacles. 

In  1676  it  was  demonstrated  by  Romer,  a  Danish  astronomer,  that 
light  required  a  finite  time  for  its  propagation,  travelling  across  space 
with  a  velocity  which  he  estimated  at  192,000  miles  per  second.  Now 
the  impact  of  corpuscles  moving  at  such  a  speed  might  well  be  ex- 

pected to  exert  a  pressure,  and  attempts  were  at  once  made  to  estab- 
lish the  materiality  of  light  by  detecting  this  pressure,  aU  of  which 

were  failures  however.  At  the  present  time  we  know  that  light  does 
exert  a  pressure,  though  a  very  small  one,  but  this  pressure  can  be 
shown  to  be  the  necessary  consequence  of  the  impact  of  waves,  so 
that  it  is  as  strong  evidence  of  the  truth  of  the  wave-theory,  as  it 
would  have  been  of  the  emission-theory  had  it  been  discovered  in  the 
days  of  Newton. 

A  wave-theory  of  light  was  first  expressed  in  definite  form  by 
Huygens  in  1678,  and  twelve  years  later  he  satisfactorily  explained 
reflection,  refraction,  and  the  phenomenon  of  double  refraction  in 
uniaxal  crystals,  which  was  discovered  by  Bartholinus  in  1670. 
Although  he  discovered  the  phenomenon  of  polarization,  which  would 
have  practically  been  the  death-blow  to  the  emission-theory,  had  its 
nature  been  understood,  he  was  wholly  unable  to  account  for  it.  We 
must  remember,  however,  that  he  had  longitudinal  waves  in  mind,  i.e. 
waves  in  which  the  direction  of  the  vibration  was  parallel  to  the 
direction  of  propagation,  and  polarization  would  be  as  difficult  to 
account  for  by  such  a  theory  as  by  the  corpuscular  one.  He  was 
moreover  unable  to  offer  any  satisfactory  explanation  of  the  recti- 

linear propagation  of  light,  or  the  formation  of  shadows,  and  his 
.  theory  fell  into  disrepute. 

Strangely  enough  Newton  himself  made  the  discovery  which,  if 
handled  in  the  proper  manner,  would  have  established  almost  beyond 

I  a  doubt  the  validity  of  the  wave-theory. 
He  devised  a  method  for  studying  the  dependence  of  the  colors 

of  thin  films,  first  observed  by  Boyle  and  Hooke,  upon  the  thickness 
of  the  film.  These  colors,  however,  he  sought  to  explain  on  the 
emission  hypothesis.  Grimaldi  in  1665  was  engaged  with  the  study 
of  diffraction,  or  the  bending  of  light  around  the  edges  of  obstacles. 
Admitting  sunlight  through  two  small  apertures  into  a  darkened 
room,  he  observed  what  he  thought  to  be  a  darker  region  at  the 
point  where  the  two  diverging  beams  overlapped.  As  he  was  merely 
looking  for  evidence  of  the  non-materiality  of  light,  he  regarded  his 
experiment  as  conclusive  and  pursued  the  subject  no  further.  The 
apparent  destructive  interference  of  light,  which  Grimaldi  thought 
that  he  had  observed,  was  without  doubt  an  effect  due  to  contrast. 

True  interference  was  first  observed  by  Dr.  Young  at  the  beginning 
of  the  19th  century  nearly  150  years  later,  whose  justly  celebrated 
experiments  established  almost  beyond  question  the  validity  of  the 
wave-theory. 
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Young,  however,  at  first  regarded  the  waves  as  longitudinal,  which 
assumption,  thou^  erroneous,  did  not  affect  the  validity  of  his 
reasoning  concerning  the  formation  of  interference  fringes  and  the 
colors  of  thin  plates.  Fresnel  commenced  his  optical  studies  in  1814 
and  introduced,  for  the  first  time,  the  conception  of  transverse  waves, 
a  conception  which  he  found  necessary  for  an  explanation  of  polariza- 

tion. Rectilinear  propagation  he  accounted  for  by  a  most  ingenious 
method  of  dividing  the  wave  front  up  into  zones,  often  wrongly 
attributed  to  Huygens,  and  showing  that  the  disturbances  coming 
from  the  coUective  zones,  produced  zero  illumination  within  the 
shadow  according  to  the  well-known  principles  of  interference.  This 
was  a  very  bold  hypothesis,  for  it  necessitated  an  ether  having  the 
properties  of  an  elastic  solid,  a  condition  difficult  to  reconcile  with 
the  free  and  unobstructed  motion  of  the  planets  through  it.  This 

''elastic  solid"  theory,  however,  came  to  be  generally  accepted,  and 
can  stiU  be  used  to  advantage  in  treating  many  optical  phenomena, 
for  it  is  more  easily  intelligible  than  the  modem  electro-magnetic 
theory.  Light,  on  this  theory,  is  regarded  as  a  transverse  displace- 

ment of  a  medium  called  ether,  having  properties  similar  to  those  of 
an  elastic  solid,  the  displacement  being  propagated  from  point  to 
point,  according  to  the  well-known  laws  which  govern  wave  motion. 
There  are  many  objections,  one  of  which  is  the  difficulty  r^arding 
the  longitudinal  disturbance,  which  always  accompanies  the  trans- 

verse one,  in  the  case  of  a  solid.  No  existence  of  any  such  longitu- 
dinal disturbance  in  the  ether  has  ever  been  found. 

Various  hypotheses  have  been  made  to  get  around  the  difficulty. 
The  phenomena  of  light  cannot  weU  be  reconciled  with  the  presence 
of  any  longitudinal  disturbance  which  is  propagated  with  finite 
velocity.  It  has  been  gotten  rid  of  in  the  theory  by  considering  the 
ether  as  incompressible,  which  gives  to  the  longitudinal  disturbance 
an  infinite  velocity.  Lord  Kelvin  made  a  still  bolder  suggestion  in 

1888;  he  showed  that  if  a  "contractile-ether'*  be  assumed,  the 
velocity  of  the  longitudinal  wave  is  infinitely  small.  In  a  solid  if  c  is 
the  elasticity  or  resistance  opposed  to  a  shearing  strain,  k  the  resist- 

ance to  compression,  and  d  the  density,  it  can  be  shown  that  the 

velocity  of  the  transverse  wave  is  \  j>  while  that  of  the  longitudinal 

is  V  — y^  •    In  an  incompressible  fluid  A;  would  be  infinitely  large, 

and  we  should  have  an  infinite  velocity  for  the  longitudinal  impulse. 
To  give  us  zero  velocity  for  this  disturbance,  fc  +  ̂  « must  equal  zero, 
that  is  k  must  be  negative,  or  there  must  be  a  negative  resistance  to 
compression.  This  can  only  be  true  in  a  medium  in  which  the  con- 

ditions are  such  that  it  would  shrink  if  left  to  itself,  and  it  is  hard  to 
imagine  a  stable  ether  endowed  with  such  properties.  Lord  Kelvin 
get«  over  the  difficulty  by  showing  that  the  instability  disappears  if 
we  regard  the  ether  as  rigidly  supported  at  its  boundaries.  The  con- 

dition may  be  illustrated  by  considering  the  case  of  a  mass  of  small 
soap  bubbles,  such  as  is  formed  by  blowing  into  a  soap  solution.  The 
mans  in  this  condition  offers  a  resistance  to  compression  in  virtue  of 
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the  enclosed  air.  Suppose  we  could  spirit  the  air  away :  the  mass 
would  then  contract,  owing  to  surface  tension,  until  it  vanished  into 
a  small  liquid  drop.  At  the  moment  at  which  the  air  disappeared 
it  would  offer  a  negative  resistance  to  compression.  If  the  mass  of 
bubbles  were,  however,  blown  within  a  hoUow  spherical  vessel, 
with  a  continuous  surface,  spiriting  the  air  away  would  cause  no 
change,  as  the  mass  would  be  everywhere  supported  by  the  walls. 

Lord  Kelvin  showed  that  on  the  assumption  of  an  ether  of  this 
nature,  the  relation  between  the  intensities  of  the  incident  and 
reflected  light,  in  the  case  of  transparent  bodies,  as  expressed  by 

Fresnel's  tangent  formula,  could  be  accounted  for,  and  Glazebrook 
showed  that  it  led  as  well  to  Fresnel's  wave  surface  in  the  case 
of  double  refraction,  both  of  which  phenomena  had  not  previously 
been  weU  explained  on  the  electro-magnetic  theory. 

Lord  Kelvin  probably  did  not  mean  to  imply  that  the  ether  really 
was  finite  and  supported  by  a  rigid  sheU,  though  some  have  imagined 
that  the  ether  may  stop  somewhere.  Such  a  condition  of  affairs 
would  prevent  the  escape  of  energy  from  the  universe  by  radiation 
to  infinity,  for  the  waves  would  be  reflected  back  at  the  boundary. 
Such  speculations  belong  rather  to  metaphysics,  and  have  no  place 
in  the  present  volume. 

The  Electro-Magnetic  Theory.  —  This  theory  assumes  light  to  be 
identical  with  the  electro-magnetic  disturbances,  which  are  radiated 
from  bodies  in  which  electrical  oscillations  are  taking  place.  The 
fundamental  equations  we  owe  to  Maxwell,  who  predicted  the  exist- 

ence of  the  waves  which  were  discovered  and  studied  by  Hertz. 
The  periodic  disturbances,  which  are  supposed  to  constitute  these 
waves,  were  called  displacement  currents  by  MaxweU,  and  these 
displacement  currents  can  occur  in  the  free  ether  or  in  a  dielectric, 
i.e.  in  a  non-conductor  of  electricity.  A  medium,  to  be  capable  of 
propagating  vibrations,  must  possess  two  qualities.  There  must  be 
a  force  of  restitution  which  pulls  a  displaced  particle  back  into  its 
original  position  the  moment  it  is  released,  and  the  medium  must 
in  addition  possess  inertia,  or  something  corresponding  to  it,  other- 

wise it  would  not  swing  past  its  position  of  equilibrium  in  opposition 
to  the  elastic  forces  which  oppose  its  motion.  The  electrical  behavior 
of  the  dielectric  in  a  condenser  furnishes  abundant  evidence  of  a  force 
closely  related  to  elasticity,  and  the  oscillatory  discharge  of  a  Leyden 
jar  points  to  the  fact  that  electricity  in  motion  has  a  tendency  to 
continue  in  motion.  MaxwelPs  theory  does  not  tell  us  anything 
about  the  nature  of  this  electric  displacement,  so  that  in  one  sense 
our  ideas  about  the  real  nature  of  the  luminous  disturbances  are 
much  vaguer  than  they  were  fifty  years  ago,  when  the  elastic 
solid  theory  was  generally  accepted,  for  in  the  motion  of  a  solid  we 
are  dealing  with  perfectly  definite  physical  processes.  As  Schuster 

remarks  in  the  preface  of  his  recent  work  on  Optics,  "  So  long  as 
the  character  of  the  displacements  which  constitute  the  waves  re- 

mains undefined,  we  cannot  pretend  to  have  established  a  theory  of 

light."  The  fundamental  equations  of  the  electro-magnetic  theory 
will  be  developed  in  the  chapter  on  The  Theory  of  Reflection  and  Re- 

fraction, and  we  shall  have  occasion  to  make  frequent  use  of  them. 
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Simple  Periodic  Motioii.  —  If  a  particle  moves  along  a  straight 
line  in  such  a  way  that  its  distance  y  from  a  fixed  point  satisfies 
the  equation 

2/=a8in(arf— a), 
in  which  t  is  the  time  and  a  and  cu  are  constants,  its  motion  may 
be  defined  as  simple  harmonic,  or,  as  Schuster  prefers  to  call  it, 
simple  periodic  motion.  A  particle  which  is  acted  upon  by  a  force 
which  varies  directly  with  its  distance  from  a  fixed  point  will,  if 
displaced  and  released,  execute  a  motion  represented  by  the  above 
equation,  if  no  other  forces,  such  as  friction  for  example,  come  into 
play.  Forces  of  this  nature  are  assumed  to  be  called  into  play 
by  the  displacements,  mechanical  or  electrical,  which  constitute 
light,  and  we  will  accordingly  begin  by  estabUshing  the  above 
equation  and  interpreting  its  meaning. 

Let  the  force  corresponding  to  displacement  y  be 

in  which  p  is  a  constant,  viz.  the  force  corresponding  to  unit  dis- 
placement ;  the  minus  sign  is  given  since  the  direction  of  the  force 

is  opposed  to  that  of  the  displacement.  If  m  is  the  mass  of  the 
particle,  we  have  for  the  acceleration, 

^m   fc^y  (^writing  ifc^=^V  .\^   Ic^y. m  \  mj        at 

Now  »=  ̂   and  we  therefore  have  ̂   =  -;^  =  -  t'y,  the  integral at  at     01 

of  which  is  y=a  sin  (to— a). 
This  can  also  be  shown  in  the  following  way. 
The  work  done  on  a  mass  is  measured  by  its  kinetic  energy  and 

is  represented  by  the  product  of  the  force  and  the  distance  through 
which  it  acts.  Since  the  force  varies  in  the  present  case,  we  have 
for  the  work  done  on  the  particle,  displaced  a  distance  a,  and 
moved  back  by  the  force  to  position  2/, 

the  minus  sign  being  given  because  the  path  traversed  is  in  the 

ne^tive  direction  of  y. 
Equating  this  to  the  expression  for  kinetic  energy  gives  us 

m 
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tt  = or  y  =  asmki. 

Suppose  the  time  to  increase  from  <=0  to  ki 
(1> 

/then  y=a,  the 
maximum  value  which  it  can  attain,  or  in  other  words  the  amplitude 
of  the  vibration. 

3 

For  kt=v,     i/=0, 

For  to=  *-^,  y=  -a,     For  ̂   =  2^,  y=0, 
the  particle  having  performed  one  complete  vibration. 

If  the  time  occupied  is  called  T,  we  have  fcr=2ir,  or 

T  k 
w 

Substituting  for  k  in  equation  (1)  gives  us 

y^asm— /. 

Wave-Motion.  —  In  the  above  discussion  we  have  investigated  the 
motion  of  a  single  particle.  We  will  now  consider  what  happens 
when  the  particle  is  bound  to  other  particles  by  forces  which  tend 
to  keep  the  particles  at  a  fixed  distance,  such,  for  example,  as  an 
attractive  force  and  a  repulsive  force,  the  latter  increasing  more 
rapidly  than  the  former  as  the  particles  approach.  Such  a  medium 
would  be  capable  of  transmitting  transverse  waves,  and  we  can 
imagine  a  sort  of  atomic  ether  consisting  of  extremely  minute  par- 

ticles bound  together  by  forces  as  above  specified.  This  conception 
need  not  be  taken  as  expressing  our  views  regarding  the  constitu- 

tion of  the  ether  by  any  means,  but  as  we  shall  make  use  of  a  medium 
of  this  nature  in  the  elementary  deduction  of  the  dispersion  formula, 
we  may  as  well  take  it  for  our  type  of  medium  in  the  preliminary 
study  of  wave-motion. 

Suppose  our  particles  to  be  arranged  in  a  row  (Fig.  1)  and  held 
at  a  fixed  distance  apart,  say  by  a  spiral  spring  in  which  they  are 

imbedded.     If  one  of  them  is 
"  ■       — ' — ^**  displaced,  it  is  drawn  back  by 

the  vertical  component  of  the 
forces  T  and  T'  due  to  the  in- 

creased tension  of  the  spring. 
Suppose  the  particles  displaced 
as  shown  in  Fig.  1 ,  the  radius 
of  curvature  at  A  being  R.  The 
force  acting  on  A  along  y  will  be 
2  r  sin  a,  where  a  is  the  an^le 

subtended  at  the  centre  of  curvature  by  the  element  ds  of  the 

Fio.  1. 
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medium,  i.e.  the  distance  between  the  two  particles  adjoining  A; 

2  T  represents  the  sum  of  the  tangential  forces  T  and  7",  which  are 
assumed  equal  for  small  values  of  a. 

We  have  then  F=2rsma=r  •  2a=  ̂ ds  fsince2a  =  $Y R       \  RJ 

Now  the  curvature  -^  =  —  3^  for  small  displacements,  and  if  p  i R         a2r 
the  density  per  unit  length,  pds  is  the  mass,  and  we  have 

IS 

This  equation  has  for  its  solution 

or 
1/=/ 

X 

^  p +r 

t+ 

^  p  J 

in  which  /  and  f  are  arbitrary  functions. 
In  the  case  which  we  are  considering,  if  the  row  of  particles  is 

displaced  as  figured,  and  released,  a  wave-motion  will  spread  out  in 

It 

both  directions,  with  a  velocity  equal  to  \—  =  F. 
If  now  the  particle  A  vibrates  in  simple  periodic  motion, 

y=a8in2ir~,we  have  one  of  our  wave  disturbances  represented  by 

y^a  sin  y^"  v)'  ̂̂  ̂ ^^  ®^^  ̂ '^(y  ~  jj^  ̂^^^^  VT=^\. 

This  equation  represents  as  well  a  plane-wave  travelling  along  the 
X-axis ;  its  amplitude  is  a,  its  periodic  time  T,  and  its  wave-length  X. 

We  may  get  the  form  of  the  wave  by  giving  to  t  any  fixed  value, 
for  example  <  =>  0,  when  our  equation  becomes 

t/=a  sin  2  IT-- 

We  can  plot  the  cm^e  in  the  following  way. 
We  wiU  plot  the  ordinates  (y)  for  values  of  x  equal  to  multiples  of 

—  (Fig.  2).    Divide  the  circumference  of  a  circle  into  12  equal  parts, 

Fio.  2. 
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and  call  the  radius  unity.  For  ̂   =  1  =  t^*  *he  cos  of  a  is  the  ordi- 

nate of  point  1  on  the  circumference  of  the  circle.  The  same  holds 
for  the  other  points,  therefore  we  have  only  to  draw  Unes  parallel  to  x 
through  the  points  on  the  circle  and  mark  their  intersection  with 
ordinates  erected  at  1,  2,  3,  etc.  The  points  thus  determined  lie  on 
the  wave. 

Absence  of  Back- Wave.  —  If  a  point  in  a  medium  is  made  to  vi- 
brate in  simple  periodic  motion,  it  sends  out  waves  in  both  the  posi- 

tive and  negative  direction.  Now  when  a  wave  meets  a  point  in  a 
medium,  the  point  is  made  to  execute  periodic  motion,  and  the  wave 
beyond  the  point  can  be  regarded  as  due  to  its  motion.  In  this  case, 
however,  the  moving  point  only  sends  out  a  disturbance  in  one  direc- 

tion, though  its  motion  is  identical  with  that  of  the  point  sending  out 
waves  in  both  directions.  As  we  shall  in  the  next  chapter  make  use 
of  this  conception  of  a  point  thrown  into  vibration  by  a  wave  as  a 
source  of  other  waves,  it  is  of  some  importance  to  cUstinguish  be- 

tween a  secondary  source  of  this  nature  and  an  actual  source  of  light. 
Let  the  curved  line  in  Fig.  3  represent  a  wave  travelling  towards 

the  right.  We  know  that  this  wave  will  be  propagated  with  its  type 
unchanged,  and  that  the  medium  behind  it  will  come  to  rest  the 
moment  the  wave  has  passed.     If,  however,  we  distort  the  medium 

into  the  shape  figured,  and  then  release  it, 
«»  »  we  shall  have  a  wave  travelling  in  both 

du-ections.  The  difference  between  the 
two  cases  will  become  at  once  apparent 
if  we  consider  the  velocities  as  well  as 

the  displacements  of  thfe  particles.  Con- 
sider the  first  case,  that  of  the  moving 

Fig.  3.  wave :  the  particle  at  A  is  acted  on  by 
a  force  drawing  it  downward,  and  being 

at  rest  initiaUy  it  moves  in  consequence.  The  particle  at  B  is  acted 
upon  in  the  opposite  direction  by  an  equal  force.  It,  however,  is 

not  at  resty  for  it  is  moving  in  a  downward  du-ection  with  a  velocity 
represented  by  the  dotted  arrow,  for  the  wave  has  just  passed  by  it, 
and  it  is  returning  to  its  position  of  equilibrium  :  this  velocity  just 
compensates  the  force  due  to  the  distortion  of  the  medium  and  the 
particle  comes  to  rest.  In  the  second  case  both  A  and  B  are  at  rest 
initially,  and  both  move  the  moment  the  restraint  is  removed,  and 
we  have  a  wave  moving  in  both  directions.  We  can  in  the  same  way 
see  how  the  vibration  of  A  by  the  passage  of  the  wave  through  it 
fails  to  give  a  back-wave.     It  moves  let  us  say  to  A\  which  it  will  do 

T 
in  time  —  •     In  the  meantime  the  point  C  has  returned  to  C,  and  its 4 

velocity  just  compensates  the  force  due  to  the  displacement  of  A, 
which  in  a  medium  initially  at  rest  would  result  in  a  back-wave. 

Wave-Front.  —  We  may  define  the  wave-front  as  the  continuous 
locus  of  the  points  of  the  medium  which  are  about  to  be  disturbed. 
Thus  defined  the  wave-front  marks  the  limit  which  the  disturbance 
has  reached  at  the  instant  considered.    A  more  general  definition, 
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however,  and  one  which  we  shall  find  more  useful  is  the  following. 
The  wave-front  is  the  contimuma  locus  of  points  which  are  in  the  same 
phase  of  mbraJtUm,  or  a  surface  of  equal  phase.  If  this  surface  is  plane, 
we  speak  of  the  waves  as  plane-waves,  and  since  in  isotropic  media 
the  rays  are  perpendicular  to  the  wave-front,  the  rays  are  in  this 
case  parallel.  The  waves  coming  from  sources  of  light  situated  at 
infinity  (e,g.  the  stars)  are  plane. 

If  the  source  is  at  a  finite  distance,  the  wave-fronts  are  spherical, 
if  the  velocity  of  propagation- is  independent  of  the  direction,  as 
is  the  case  in  isotropic  media.  By  means  of  mirrors  or  lenses  it 
is  possible  to  transform  a  spherical  wave-front  into  a  plane  one, 
but  we  possess  no  means  of  starting  a  plane-wave  directly.  We 
can  perhaps  get  a  better  case  of  what  this  would  involve  in  the 
following  way. 

Consider  a  vibrating  particle  attached  to  an  elastic  string :  waves 
will  run  along  the  string  and  the  wave-front  will  be  a  point  (Fig.  4a). 
Attach  a  number  of  strings  to  a  rod  vibrating  in  a  direction  parallel 
to  its  length  (Fig.  46),  and  the  wave-front  will  be  a  straight  line  if  we 
regard  the  strings  as  forming  a  continuous  medium  (Fig.  46). 

Fio.  4. 

There  is  no  such  thing  in  nature  as  a  linear  wave  of  light,  for 
the  reason  that  such  waves  can  only  occur  in  a  medium  of  two 
dimensions.  The  conception  of  such  a  wave  is  often  made  use  of 
in  elementary  treatments  of  diffraction,  as  the  problems  are  much 
simplified  by  restricting  the  disturbance  to  two  dimensions. 

If  now  our  strings  are  attached  to  a  vibrating  plane,  the  continu- 
ous locus  of  equal  phase  is  obviously  a  plane,  parallel  to  the  moving 

plane,  since  the  waves  all  start  at  the  same  instant,  and  travel 
with  equal  velocities.  To  realize  this  condition  in  optics  it  would 
be  necessary  to  arrange  a  plane  source  of  light,  over  the  surface  of 
which  the  vibration  was  uniform,  i.e.  the  phases  of  all  the  vibrating 
particles  would  have  to  be  the  same,  a  condition  which  obviously 
cannot  be  realized.  By  attaching  the  strings  to  a  vibrating  point 
and  arranging  them  so  that  they  stretch  out  in  all  directions,  we 
represent  roughly  the  conditions  under  which  we  obtain  a  spherical 
wave.  It  should  be  observed,  however,  that  in  the  case  of  a  to-and- 
fro  motion  of  the  point,  there  are  two  directions  in  which  transverse 
waves  will  not  be  given  out,  these  directions  coinciding  with  the 
direction  of  motion  of  the  point.  We  have  this  circumstance  occur- 

ring in  certain  optical  phenomena,  as  we  shall  see  later  on  (certain 
facts  connected  with  the  Zeeman  effect,  for  example). 
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Frequency  and  Wave-Length.  —  The  length  of  the  light  wave  de- 
pends as  we  have  seen  upon  two  factors,  the  velocity  and  the  fre- 

quency or  time  of  vibration.  Since  the  velocity  in  refracting  media 
is  usually  less  than  the  velocity  in  ether,  the  wave-length  is  reduced 
when  the  disturbance  inters  such  a  medium,  for  the  frequency  re- 

mains the  same.  The  wave-length  and  frequency  obviously  depend 
upon  the  nature  of  the  source.  Flames  colored  by  metallic  salts 
may  emit  light  of  definite  frequencies,  such  as  the  sodiiun  flame,  the 
light  of  which  consists  chiefly  of  two  yellow  radiations,  commonly 
designated  as  the  D  lines. 

Light  in  which  we  have  but  a  single  wave-length  is  said  to  be 
monochromatic.  It  must  be  remembered,  however,  that  strictly 
monochromatic  light  involves  an  infinite  train  of  waves,  such  as 
would  emanate  from  a  particle  the  vibrations  of  which  were  subject 
to  no  sudden  or  gradual  changes  of  phase.  Absolutely  homogeneous 
or  monochromatic  light  is  something  that  has  no  actual  existence, 
though  we  are  accustomed  to  speak  of  light  which  the  spectroscope 
shows  as  a  single  narrow  line,  as  monochromatic. 

The  color  depends  upon  the  wave-length,  but  the  color  cannot 
always  be  taken  as  an  indication  of  wave-length,  as  certain  colors  can 
be  imitated  by  the  simultaneous  action  upon  the  retina  of  two  trains 
of  waves,  either  of  which  acting  alone  would  give  rise  to  a  totally 
different  color  from  that  perceived  when  both  act  together. 

For  example,  a  yellow  scarcely  distinguishable  from  the  yellow 
of  the  sodium  flame  can  be  produced  by  a  mixture  of  red  and  green 
light  in  the  proper  proportions.  A  screen  can  be  easily  prepared 
which  transmits  red  and  green  only  and  in  about  the  right  propor- 

tions to  produce  the  sensation  of  "  subjective  yellow,"  as  it  is  called. 
Canada  balsam,  boiled  down  until  it  will  solidify  on  cooling,  is 

stained  with  "  brilliant-green  "  and  naphthalene  yellow,  in  the  same 
proportions  used  for  making  dichromatism  prisms  (see  page  351) 
and  a  small  quantity  pressed  out  between  two  warm  glass  plates 
until  the  color  of  the  transmitted  light  is  yellow.  Examination  with 
a  small  spectroscope  reveals  the  fact  that  in  reality  no  yellow  light  is 
transmitted,  only  red  and  green.  We  have  then  the  important 
distinction  that  while  wave-length  determines  color,  color  does  not 
necessarily  determine  wave-length. 

Lord  Rayleigh  recommends  a  mixture  of  an  alkaline  solution  of 
litmus  with  chromate  of  potash.  If  a  window,  backed  by  well- 
lighted  (clouds,  is  viewed  through  such  a  solution  and  a  prism  it  pre- 

sents a  most  splendid  appearance,  for  the  red  and  green  images  are 
widely  separated,  the  region  where  they  overlap  being  colored  witli 
the  compound  yellow.  A  screen  capable  of  transmitting  only  the 
yellow  region  is  diflicult  to  prepare.  A  mixture  of  bichromate  and 
permanganate  of  potash  answers  fairly  well,  and  can  be  made  to 
match  the  color  of  the  first  screen.  A  sodium  flame  is  invisible 

through  the  first  and  easily  visible  through  the  second.  Both  to- 
gether are  practically  opaque  even  with  very  intense  white  light. 

The  different  radiations  present  in  a  source  may  be  separated  by 
a  prism  or  diffraction  grating,  as  we  shall  see,  and  we  obtain  in  this 
way  what  is  known  as  a  spectrum  of  the  source :  not  all  of  the  radia- 
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tions  in  the  spectrum  affect  the  eye,  for,  as  we  know  by  experiment, 
there  are  r^ons  beyond  the  red  and  violet  which  we  cannot  see. 
The  longer  waves  in  the  infra-red  spectrum  can  be  recognized  by 
their  heating  power,  or  by  their  action  on  phosphorescent  sul>- 
stances ;  the  ultra-violet  or  short  waves  can  be  detected  by  photog- 

raphy or  by  their  action  in  causing  fluorescence. 
The  length  of  the  light  wave  can  be  measured  with  great  precision 

by  methods  which  wiU  be  described  later  on.-  The  shorted  ultra- 
violet hght  waves  were  discovered  by  Schumann  and  were  subse- 

quently mora.accurately  measured  bv  Lvman :  they  aie  ho  tftfun^y 
SBOfl^nby  aiTtbat  they  bajfi  y^  1;^  lnvAfd^.ljjrftl^  in  vaci^o.  or  in  an 
atmosphere  of  hydrogen.  The  longest  inlra-rea  waves,nFound  in 
1910  by  Rubens  and  Hollnagel,  have  a  length  of  iV  of  a  millimeter 
or  are  one  thousand  times  as  long  as  the  Schumann  ultra-violet 
waves.  The  wave-lengths  in  the  different  parts  of  the  spectrum  are 
given  in  the  following  table : 

Schumann  waves 

Ultra-violet  .     . 

Extreme  violet   
Blue   
Green   
YeUow   
Red   
Extreme  red   
Infra-red  1  /*   
Residual  rays  reflected  from  quartz,  8.5  /a  .     . 
Residual  rays  from  sylvite,  60  /a   
Residual  rays  from  iodide  of  potassiiun,  96  /a 

or  nearly  iV  DMn   
Shortest  electro-magnetic  waves   

Watk-Lbnoth 

.00010  mm.  I'jr-u .00020  mm.  -^^,.,^-f  ̂  

.00035  mm.  ̂ ^^"^*^ 
.00040  mm.  ^/cttj 

.00045  mm. 

.00050  mm.  ^j7to 

.00058  nun. 

.00065  mm. 

.00072  mm. 

.001   mm. 

.0085  mm. 

.0600  mm. 

/ 

.096 

6.0 

mm. 
mms. 

The  "  residual  rays  "  are  obtained  by  reflecting  the  radiations  of 
a  Welsbach  lamp  from  a  niunber  of  surfaces  of  quartz  or  other 
material.  To  get  a  comparative  idea  of  these  wave-lengths  we  may 
take  a  metre  stick  as  our  scale.  Calling  the  Schumann  waves  1  mm., 
green  light  will  be  5  mms.,  red  light  7  mms.,  and  the  longest  heat 
waves  thus  far  found  96  cms.,  or  practically  the  entire  meter.  Now 
consider  this  scale  reduced  in  length  to  iV  of  a  millimeter,  and  we 
have  our  waves  as  they  actually  are. 

Sources  of  Light  for  Experimental  Purposes.  —  It  will  perhaps  be 
well  in  the  introductory  chapter  to  describe  briefly  a  number  of 
sources  of  light,  which  will  be  found  useful  in  experimental  work 
pertaining  to  the  subject  of  Physical  Optics.  As  a  source  of  white 
light,  the  sun  is  to  be  preferred  when  great  intensity  is  required. 
Next  to  this  comes  the  electric  arc,  the  type  most  suitable  for 
experimental  work  being  a  lamp  in  which  the  positive  carbon  is 
horizontal.  If  great  intensity  is  not  necessary,  the  Nernst  filament 
will  be  found  very  serviceable.     It  ranks  next  to  the  arc  in  intrinsic 
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intensity,  requires  no  attention,  and  has  the  added  advantage  of 
narrowness.  It  may  thus  be  used  in  many  cases  as  a  substitute  for 
an  illuminated  slit.  If  an  electric  current  is  not  available,  a 
Welsbach  lamp,  surrounded  by  a  sheet-iron  chinmey  furnished 
with  a  small  vertical  slit,  will  be  found  an  excellent  substitute. 

If  a  source  of  light  giving  a  continuous  spectrum  in  the  ultra- 
violet is  required,  as  in  the  study  of  absorption  spectra  in  this  region, 

nothing  is  superior  to*  the  cadmiiun  spark,  which  in  addition  to  its 
bright  lines  has  a  fairly  strong  continuous  background.  An  induc- 

tion coil,  or  better  stiU  a  10,000-volt  transformer,  with  one  or  two 
large  Leyden  jars  in  the  circuit,  furnishes  the  best  means  of  obtaining 
a  suitable  spark.  An  acetylene  flame,  traversed  by  the  discharge 
of  the  high  potential  transformer,  gives  a  continuous  spectrum  free 
from  bright  lines,  which  extends  down  into  the  ultra-violet  region 
much  farther  than  most  sources  of  light,  and  can  be  used  in  cases 
where  the  bright  lines  of  the  cadmium  spectrum  are  undesirable. 
The  spark  under  water  is  another  source  of  an  ultra-violet  spectrum, 
but  its  use  is  troublesome.  The  modem  incandescent  lamps,  with 
filaments  of  tungsten,  have  an  intensity  even  greater  than  that  of 
the  Nemst  lamp,  and  it  is  probable  that  a  lamp  made  with  a  tung- 

sten filament  half  a  millimeter  broad  and  one  centimeter  in  length 
would  be  extremely  useful  for  experimental  work. 

As  sources  of  monochromatic  light  we  possess  various  colored 
flames  and  vacuum-tubes,  from  the  spectrum  of  which  we  can  pick 

out  a  monochromatic  radiation  by 
L  screening    oflf    the    wave-lengths 

^ki^'" — "      it"^^^^^^  which  are  not  desired.     A  simple 
r■f^^"  '''*~**"^*Lc;'''"M^N^  ̂ ^'^^  ̂ ^  apparatus  for  accomplish- 
s'  ^>^|  J>^^       ̂ ^  *^^®   ̂ ®  described   in   Mann's ^<^^y^     Manual  of  Optics,     It  is  easily  con- 

^'^^     ̂     structed,  not  expensive,  and  can Fio.  6.  be  made  without  the  services  of  a 
skilled  mechanician  (Fig.  5).  Light 

from  a  slit  jS,  made  parallel  by  a  lens  L,  traverses  a  glass  prism, 
after  which  it  is  reflected  back  through  the  prism  and  collimating 
lens,  the  convergent  beam  being  then  deviated  to  one  side  by  a 
small  right-angled  prism,  the  focussed  spectrum  falling  upon  a 
screen  provided  with  a  vertical  slit  S\  By  turning  the  mirror  M 
by  means  of  adjusting  screws,  any  desired  portion  of  the  spectrum 
may  be  passed  out  through  the  side  slit.  It  is  possible  with  this 
instrument  to  obtain  fairly  monochromatic  light  from  a  source 
giving  a  continuous  spectrum,  or  to  pick  out  the  highly  homo- 

geneous radiations  which  are  emitted  by  metallic  vapors,  brought 
to  a  state  of  luminescence  by  the  electrical  discharge  in  vacuum 
tubes,  or  in  the  arc  or  spark  discharge. 

An  instrument  is  made  by  R.  Fuess,  of  Steglitz,  near  Berlin,  which 
is  a  combined  spectroscope  and  monochromatic  illuminator.  The 
author  has  found  this  instrument  most  useful.  It  is  very  easily 
calibrated,  and  will  furnish  a  beam  of  approximately  monochromatic 
light  from  sim  or  arc  light,  the  width  of  the  band  being  not  much 
wider  than  the  distance  between  the  sodium  lines.    The  transmitting 
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slit  can  be  removed  in  an  instant,  and  the  insertion  of  the  eye-piece 
in  its  place  transforms  the  instrument  into  a  very  good  spectroscope. 

The  sodiiun  flame  is  the  most  generally  used  source  of  mono- 
chromatic light.  Its  radiations,  however,  consist  of  two  wave- 

lengths, consequently  its  spectrum  consists  of  two  lines  in  the  yellow 
very  close  together.  To  separate  one  of  these  from  the  other  is  a 
matter  of  considerable  difficulty,  and  for  most  purposes  the  complete 
radiation  will  be  found  equally  satisfactory.  The  most  satisfactory 
flame  can  be  obtained  by  winding  a  piece  of  asbestos  paper  around 
the  top  of  a  Bunsen  burner  (fastening  it  with  wire)  and  saturating 
it  with  strong  brine. 

Monochromatic  red  light  can  be  obtained  by  saturating  an  asbes- 
tos cylinder  with  a  solution  of  chloride  of  lithium,  and  a  satisfactory 

green  by  means  of  a  small  fragment  of  metallic  thallium,  fused  to  a 
loop  of  platinum  wire.  The  bead  should  be  mounted  so  as  to  barely 
touch  the  outer  edge  of  the  flame,  otherwise  it  will  rapidly  evaporate. 
For  long-continu^  work,  however,  the  most  satisfactory  light  is 
the  mercury  arc,  from  the  radiation  of  which  we  can  pick  out  by 
means  of  color  screens,  or  the  simple  spectroscope  described  above, 
any  one  of  the  numerous  bright  lines. 

A  commercial  mercury  arc  is  the  easiest  to  operate,  and  gives  no 
trouble.  It  will  be  found  immensely  useful  and  should  be  installed 
in  every  laboratory.  Its  light  is  not  as  intense  as  that  emitted  by 
the  lamps  made  of  fused  quartz  by  Heraeus  of  Hanau,  Germany, 
and  it  does  not  give  us  much  of  the  ultra-violet,  but  for  most  pur- 

poses it  is  most  satisfactory. 
A  very  simple  and  easily  constructed  mercury  lamp  has  been 

described  by  A.  H.  Pfund.  It  consists  of  a  piece  of  glass  tubing 
7  cms.  in  length  and  1.2  cms.  in  diameter  sealed  to  a  larger  tube 
3  cms.  in  diameter  and  18  cms.  long,  provided  with  a  side  tube  for 
exhaustion.  A  platinum  wire  is  sealed  into  the  lower  end  of  the 
small  tube,  which  is  half  filled  with  mercury.  The  mercury  forms 
the  negative  electrode,  while  a  hollow  sheet-iron  ring  forms  the  posi- 

tive (Rg.  6).  This  electrode  is  made  by  cutting  out  a  piece  of 
sheet  iron  as  shown  in  the  smaller  figure  (a)  and  bending  it  into  the 
form  of  a  double  ring  (6). 

The  lower  ring  should  be  a  little  smaller  than  the  upper,  so  as  not 
to  come  into  contact  with  the  glass  when  the  upper,  or  supporting, 
ring  is  pushed  into  the  small  tube.  The  ring  is  heated  to  a  high  tem- 

perature when  the  current  passes,  and  invariably  cracks  the  glass 
if  it  touches  it.  A  thin  iron  wire  is  fastened  to  the  ring  and  passes 
out  through  the  top,  through  a  sealing  wax  seal.  It  is  better  to 
use  copper  wire  at  the  point  where  it  passes  through  the  wax,  as 
the  current  heats  the  iron.  The  joint  is  made  at  C.  The  top  is 
closed  by  a  quartz  plate  sealed  on  with  wax. 

A  properly  made  joint  made  with  sealing  wax  will  hold  a  cathode 
ray  vacuum  for  days.  The  end  of  the  tube  should  be  warmed  and 
the  wax  applied  imtil  a  thick  ring  is  formed.  The  plate  should 
then  be  heated  and  pressed  against  the  wax  ring,  after  which  the 
joint  should  be  gone  over  with  a  small  pointed  gas  flame,  burning 

at  Uie  tip  of  a  "  drawn-down  "  ̂ ass  tube.    The  lamp  is  exhausted 
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with  a  mercury  pump,  and  joined  to  a  110-voIt  direct  current  cir- 
cuit, with  a  resistance  of  about  30  ohms  in  series  with  it.  It  is 

started  by  warming  the  bottom  with  a  Bunsen  burner  and  tilting 
or  shaking  it  until  the  circuit  is  made.  It  should  be  run  for  fifteen 
minutes  while  connected  with  the  piunp,  to  get  rid  of  the  occluded 
gases,  after  which  it  can  be  sealed  off.    If  the  light  in  the  visible 

spectrum  alone  is  re- 
quired, it  may  be  taken 

from  the  side.  The  ul- 
tra-violet radiations 

come  out  through  the 
quartz  plate.  If  only 
the  visible  and  a  part  of 
the  ultra-violet  are  re- 

quired, the  quartz  plate 
can  be  dispensed  with 
and  a  sealed-in  platinum 
wire  joined  to  the  iron 
wire.  Afterseveral  davs 
running,  gases  may  be 
liberate  and  impair  the 
vacuiun,  causing  the  arc 
to  acquire  a  tempera- 

ture sufficient  to  melt 
the  glass.  The  lamp 
should  be  tested  from 
time  to  time  by  holding 
a  piece  of  paper  against 
the  glass.  If  it  chars,  it 
is  time  to  reexhaust  the 
tube. 

The  mercury  arc  lamps  made  of  fused  quartz  are  most  satisfac- 
tory in  every  respect,  though  rather  expensive.  The  ultra-violet 

radiations  are  so  intense  that  the  air  becomes  immediately  charged 
with  ozone,  and  glasses  should  always  be  worn,  as  an  exposure  of 
only  a  minute  or  two  of  the  naked  eye  to  the  light  results  in  a  very 
serious  and  painful  inflammation.  The  glasses  need  not  be  dark, 
as  the  harmful  rays  are  absorbed  by  ordinary  transparent  glass. 
Cadmium  and  zinc  lamps  can  also  be  obtained  of  quartz.  These, 
however,  require  a  certain  amoimt  of  preliminary  heating. 

During  operation  they  should  be  kept  in  communication  with 
the  pump.  After  prolonged  use  (30  to  40  hours  running),  the 
quartz  often  becomes  partially  devitrified,  resembling  ground  glass, 
and  a  black  deposit  sometimes  forms  on  the  inner  walls.  To 
remedy  this,  the  tube  should  be  removed  from  the  pump  and  heated 
in  an  oxy-hydrogen  flame,  which  restores  the  surface  and  bums  oflt 
the  black  deposit. 

Color  Screens  or  Ray  Filters.  —  The  monochromatic  constituents 
of  a  source  of  light  such  as  the  mercury  arc  can  be  separated  by  a 
spectroscope,  but  color  screens  are  more  convenient,  and  have  the 
advantage  that  they  permit  us  to  utilize  the  entire  source.     There 

Fio.  6. 
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are  countless  absorbing  substances  at  our  disposal,  colored  salts  of 
metals  and  aniline  dyes,  solutions  of  which  can  be  used  in  glass  cells 
made  by  cementing  glass  plates  to  annular  strips  cut  from  heavy 
bra.ss  or  glass  tubing. 

The  following  substances  are  most  useful :  cobalt  chloride,  copper 
chloride,  nickel  sulphate,  potassium  permanganate,  chromium 
chloride,  bichromate  of  potash,  picric  acid,  sodium  chromate, 
neodymium  chloride,  and  praseod>Tnium  chloride.  The  last  two 
are  very  useful  when  combined  with  other  filters  for  sharpening 
the  edges  of  absorption  bands.  We  should  have  on  hand  also  a 
good  collection  of  aniline  dyes  and  especially  the  very  useful  com- 

pound nitroso-dimethyl  aniline,  the  numerous  remarkable  properties 
of  which  have  been  investigated  by  the  author.  A  very  complete 
list  of  the  aniline  dyes,  with  photographs  of  their  absorption  bands, 
will  be  found  in  the  Atlas  of  Absorption  Spectra,  by  Uliler  and  Wood, 
published  by  the  Carnegie  Institute,  Washington,  D.C.,  and  a 
more  recent  one,  dealing  in  particular  with  the  absorption  in 
the  red  region,  by  C.  E.  K.  Mees,  pubUshed  by  Longmans,  Green, 
*Co. 

For  separating  the  radiations  of  the  mercury  arc  the  following 
solutions  will  be  found  suitable: 

Bichromate  of  potash  transmits  the  green  and  the  two  yellow 
lines.  Addition  of  a  neodymium  salt  removes  the  yellow  lines, 
without  reducing  the  intensity  of  the  green  line  in  the  least.  No 
other* substance  is  as  satisfactory  as  this.  Cobalt  glass  +  aesculm 
solution  transmits  the  4359  line.  Guinea  green  B  extra  (Berlin)  -h 
chinin  sulphate  transmits  4916.  Nickel  sulphate  is  also  useful. 
Chrysoidine  +  cosine  transmits  the  yellow  Unes  5790.  The  chiy- 
soidine  should  be  dilute,  and  the  cosine  added  until  the  green  line 
di.sappears.  A  very  thick  cell  with  a  saturated  solution  of  bichro- 

mate of  potash  is  perhaps  as  good.  Methyl  violet  4  R.  (Berlin  an. 
Fabrik)  very  dilute,  and  nitroso-dimethyl  aniline  transmits  the 
ultra-violet  line  3650.  Methyl  violet  +  chinin  sulphate  (separate 
solutions)  transmits  4047  and  4078,  also  faintly  3984. 

The  absorption  bands  of  a  numl>er  of  substances  are  shown  in  the 
form  of  a  chart  (Fig.  7),  which  will  doubtless  be  found  useful  in 
preparing  screens.  A  very  useful  set  of  ray  filters  are  made  by 
Wratten  and  Wainwright,  Croyden,  England. 

A  film  of  silver  chemically  deposited  upon  a  quartz  lens  or  plate  is 
practically  opaque  to  all  radiations  except  the  ultra-violet  r^on 
3160-3260.  The  silver  film  should  be  of  such  thickness  that  a 
window  backed  by  a  brilliantly  lighted  sky  is  barely  visible  through 
it.  Directions  for  silvering  will  be  found  in  the  Chapter  on  Inter- 

ference Spectroscopes.  Ileuses  prepared  in  this  way  have  l>een  used 
by  the  author  for  photographing  the  moon,  landscapes,  and  various 
objects  in  ultra-violet  light.  Very  dense  cobalt  glass  combinwl 
^•ith  a  layer  a  centimeter  or  more  in  thickness  of  a  saturated  solu- 

tion of  bichromate  of  potash  cuts  off  everything  except  the  extreme 
red  alx)ve  wave-length  69.  This  screen  was  used  by  the  author  in 
making  infra-red  landscape  photographs.  A  clear  blue  sky  is 
nearly  black  through  it,  while  sunlit  foliage  comes  out  very  bright. 
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A  saturated  solution  of  iodine  in  carbon  bisulphide  is  opaque  to  all 
visible  radiations,  and  transmits  freely  the  infra-red. 

If,  in  addition  to  the  substances  enumerated  above,  we  have  a 
collection  of  scraps  of  colored  glass,  we  shall  be  suflSciently  well 
equipped  in  the  way  of  ray  filters  for  all  ordinary  optical  and  spec- 

troscopic work. 
Velocity  of  Light.  —  The  first  determination  of  the  velocity  of  light 

was  made  by  a  Danish  astronomer  Romer  in  1676.  From  observa- 
tions made  on  the  eclipses  of  Jupiter's  satellites  he  showed  that  the 

inequalities  noted  in  their  times  could  be  explained  by  the  finite  ve- 
locity of  propagation  of  light.  Since  the  time  of  rotation  of  the 

satellites  around  the  planet  is  constant  for  each  satellite,  they  will 
enter  the  shadow  of  the  planet  at  regular  intervals,  and  the  times  of 
the  eclipses  can  be  predicted  with  the  greatest  accuracy.  Romer 
found,  however,  that  the  intervals  between  successive  eclipses  of  a 
given  satellite  varied  gradually  if  the  observations  extended  over  a 
year.  The  eclipses  were  found  to  occur  earlier  or  later  than  the  cal- 

culated time,  according  as  the  earth  and  Jupiter  were  on  the  same^ 
or  opposite  sides,  of  the  sun.  The  discrepancy  was  obviously  due 

to  the  time  taken  by  light  to  travel  across  the  earth's  orbit.  CaJcula- 
tion  showed  that  the  velocity  of  light  was  about  192,000  miles  per 
second. 

The  second  determination  was  made  in  1728  by  Bradley,  who 
discovered  the  phenomenon  known  as  the  aberration  of  light.  He 
observed  that  the  apparent  position  of  the  stars  shifted  slightly  from 
time  to  time,  and  finally  came  to  the  conclusion  that  this  small 
apparent  motion  could  be  explained  by  taking  into  account  the 

earth's  motion  in  its  orbit,  together  with  the  fact  that  light  is  propa- 
gated with  a  finite  velocity.  The  phenomenon  of  aberration  will  be 

more  fully  discussed  in  the  chapter  on  the  relative  motion  of  matter 
and  ether. 

Fizeau's  Method.  —  Galileo  had  made  an  unsuccessful  attempt  to 
determine  the  velocity  of  light,  by  placing  two  observers  at  a  great 
distance  apart,  each  furnished  with  a  lamp.  One  observer  uncovered 
his  lamp  and  tlie  second  observer  watched  for  the  flash  and  removed 
the  screen  from  his  lamp  at  the  moment  it  appeared.  The  first 
obeerver  was  to  determine  the  velocity  by  noting  the  time  elapsing 
between  the  uncovering  of  his  own  lamp  and  the  appearance  of  the 
distant  light. 

This  method  failed  obviously,  owing  to  the  enormous  velocity  of 
light.     In  1849  Fizeau  made  an  experimental  determination  of  the 

Fio.  8. 

velocity  of  light  by  means  of  a  revolving  disk  furnished  with  a 
toothed  rim.  The  method  is  essentially  as  follows :  A  beam  of  light 
was  introduced  into  the  tube  of  a  telescope  by  means  of  a  collimator 
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fitted  in  to  its  side,  and  was  foeussed  by  means  of  a  reflecting  plate 
upon  the  rim  of  the  toothed  wheel  (see  Kg.  8).  This  point  was  at 
the  principal  focus  of  the  object  glass  of  the  telescope ;  consequently 
the  light,  after  passing  between  the  teeth  of  the  wheel,  was  made 
parallel  by  the  objective. 

After  traversing  a  distance  of  three  or  four  miles,  it  fell  upon  a 
second  lens,  which  brought  it  to  a  focus  upon  a  concave  spherical 
mirror,  the  centre  of  curvature  of  which  coincided  with  the  centre 
of  the  lens.  The  light  was  thus  returned  as  a  parallel  beam  over 
the  same  path,  and  entered  the  eye-piece  at  E,  passing  through  the 
reflecting  plate.  If  the  toothed  wheel  is  rotated  the  beam  of  li^t 
Tvill  be  made  intermittent,  and  if  the  speed  be  great  enough  the  light 
which  passes  through  the  space  between  the  teeth  will,  upon  its  re- 

turn, be  cut  off  by  the  adjacent  tooth,  which  in  the  meantime  has 
advanced  into  the  position  previously  occupied  by  the  space.  On 
looking  into  the  telescope  the  observer  sees  at  first  a  bright  star, 
which  diminishes  in  intensity  as  the  speed  of  rotation  is  increased, 
finally  disappearing  entirely.  Further  increase  in  speed  causes  the 
reappearance  of  the  star,  the  light  passing  through  a  given  space, 
falling  upon  the  next  adjacent  space  upon  its  return.  Fizeau  expe- 

rienced great  difficulty  in  determining  accurately  the  speed  at  the 
moment  when  the  eclipses  occurred.  The  image  of  the  distant  star 
was  never  bright,  and  the  light  reflected  from  the  teeth  of  the  wheel 
caused  a  general  illumination  of  the  whole  field.  To  obviate  this 
difficulty  Yoimg  and  Forbes,  in  repeating  the  experiment,  bevelled 
the  teeth  so  that  the  light  reflected  from  them  fell  upon  the  black- 

ened sides  of  the  telescope.  The  teeth  were  also  blackened  so  as  to 
diminish  their  reflecting  power  as  much  as  possible.  In  1874  Comu 
repeated  the  experiment  with  certain  modifications.  To  avoid  the 
difficulty  of  determining  the  exact  moment  at  which  the  star  was 
eclipsed,  he  made  use  of  an  electrical  chronograph,  arranged  so  as  to 
record  every  hundred  revolutions.  Seconds  were  marked  by  a  clock, 
and  tenths  of  a  second  by  means  of  a  vibrating  spring.  By  means  of 
a  key  the  observer  could  record  any  instant  at  which  he  wished  to 
know  the  velocity.  The  speed  and  its  rate  of  change  could  be  deter- 

mined at  every  instant  from  the  record  of  the  chronograph.  Instead 
of  attempting  to  determine  the  moment  of  complete  extinction, 
Cornu  compared  the  brilliancy  of  the  image  with  a  light  of  fixed  in- 

tensity. On  increasing  the  speed  the  intensity  of  the  image  sank, 
and  the  speed  of  the  wheel  was  recorded  at  the  moment  at  which  it 
was  equal  to  the  intensity  of  the  standard  hght.  After  extinction  the 
star  reappeared  and  the  speed  was  recorded  at  the  moment  when  it 
regained  its  former  brightness.  The  speed  corresponding  to  com- 

plete extinction  was  the  mean  of  these  two.  Comu's  final  result  for 
the  velocity  was  300,330  Kms.  per  sec.  in  air,  or  300,400  in  vacuo. 

Foucault's  Method.  —  Wheatstone  had  suggested  that  a  revolving 
mirror  might  be  employed  in  the  determination  of  the  velocity 
of  light,  and  his  suggestion  was  taken  up  by  Arago,  but  it  remained 
for  Foucault  to  carry  out  the  experiment  in  a  form  capable  of  giving 
accurate  results.  The  arrangement  of  his  apparatus  is  shown  in 
Fig.  9.     Sunlight  after  transmission  through  an  aperture  at  S  and 
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an  achromatic  lens  /  falls  upon  a  mirror  Ry  which  can  be  rotated 
at  high  speed.  A  concave  mirror  M  fixed  at  a  distance  of  several 
metres  returns  the  light  to  the  revolving  mirror.  If  the  mirror  R 
is  at  rest,  the  light  returned  by  it  after  reflection  from  the  inclined 
plane  mirror  comes  to  a  focus  at  a. 

The  axis  of  the  mirror  R  is  at  the  centre  of  curvature  of  the 
mirror  Af ,  consequently  the  cone  of  rays,  which  converges  upon  Af , 
is  returned  over  the  same  path, 
and  the  rotation  of  R  will  not 
afiFect  the  position  of  the  image 
at  a.  This,  however,  is  only 
true  if  the  mirror  is  in  the 
same  position  when  the  rays 
meet  it  a  second  time,  as  will 
be  readily  seen  by  considering 
the  passage  of  a  ray  from /S  to  a. 
If  the  mirror  turns  through  an 
appreciable  angle  while  the  light  is  traversing  the  distance  2  RM,  the 

image  will  be  shifted  to  a  point  a'. 
'fte  revolving  mirror  was  driven  by  an  air  turbine,  the  speed 

being  determined  by  a  stroboscopic  method.  The  displacement  of 
the  image  amounted  to  only  .7  mm.,  which  gave  for  the  velocity 
of  light  298,000,000  metres  per  second. 

Michelson's  Experiments.  —  Foucault's  method  was  improved  by 
Michelson,  who  placed  the  lens  between  the  two  mirrors  (Fig.  10). 
The  lens  was  8  inches  in  diameter  and  had  a  focal  length  of  150 
feet.    The  revolving  mirror  was  placed  15  feet  inside  the  principal 

focus,  and  the  mirror  Af  at  a  distance 
of  2000  feet.  Deflections  of  the  image 
amounting  to  133  mmis.  were  obtained, 
which  made  it  possible  to  dispense  with 
the  oblique  reflecting  plate,  and  observe 
the  image  directly,  with  an  eye-piece 
placed  to  one  side  of  the  slit.  The  speed 
of  the  mirror  was  determined  by  means 

of  a  timing  fork,  one  of  the  prongs  of  which  carried  a  light  mirror, 
which  reflected  the  light  from  the  revolving  mirror  into  the  eye- 

piece. When  the  fork  vibrated,  the  spot  of  light  was  drawn  out 
into  a  band,  which  broke  up  into  a  number  of  moving  images  as 
Hoon  as  the  mirror  was  set  in  rotation.  A  single  stationary  image 
was  obtained  only  when  the  mirror  made  as  many  turns  per  second 
as  the  frequency  of  the  fork ;  this  condition  was  easily  secured  by 
regulating  the  air  pressure  at  the  turbine.  The  mean  result  for  the 
velocity  of  light  (reduced  to  the  velocity  in  vacuo)  was  299,910  ±  50 
kilometres  per  second.  No  indication  of  the  phenomenon  alleged 
to  have  been  observed  by  Young  and  Forbes  was  observed.  A 
difference  of  velocity  between  the  red  and  blue  radiations,  as  large 
as  their  experiment  indicated,  would  have  rosult(Ml  in  a  drawing 
out  of  the  image  into  a  spectrum  10  mms.  in  length. 

Experiments  were  also  made  on  the  velocity  of  light  in  bisulphide 
of  carbon,  a  tube  three  metres  in  length  being  interposed  between  the 

Fio.  10. 
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mirrors.  The  ratio  of  the  velocity  in  air  to  the  velocity  in  this  fluid 
was  found  to  be  1.758,  while  the  ratio  indicated  by  the  refractive 
index  is  1.64.  This  discrepancy  will  be  explained  in  a  subsequent 
chapter.  Professor  Michelson  also  experimented  with  lights  of 
different  colors,  and  found  that  red  light  travelled  1  or  2  per  cent, 
faster  than  green  light  in  the  carbon  bisulphide. 

Newcomb's  Experiments.  —  A  series  of  experiments  were  made  by 
Newcomb  at  Washington  in  1880-82,  with  an  apparatus  of  slightly 
different  type.  SunUght  entered  the  slit  at  S  (Rg.  11),  and,  after 
reflection  from  a  mirror  at  the  elbow  joint,  passed  through  the  tele- 

scope lens  and  fell  upon  the  revolving  mirror  m,  from  which  it  was 
reflected  along  the  line  z  to  the  distant  mirror.  The  object  glass  of 
the  receiving  telescope  was  inmiediately  below  that  of  the  sending 
telescope,  the  light  entering  it  being  received  from  the  lower  part  of 
the  revolving  mirror.    This  consisted  of  a  rectangular  prism  of  steel 

Fio.  11. Fio.  12. 

(Fig.  12),  the  surfaces  of  which  were  nickel  plated,  driven  by  means 
of  an  air  blast.  The  speed  was  regulated  by  means  of  a  slight  counter 
blast  directed  against  the  lower  fan  wheel.  By  employing  two  lenses 
in  the  manner  indicated,  the  diffused  Ught  from  the  strongly  illumi- 

nated upper  portion  of  the  mirror  did  not  enter  the  receiving  tele- 
scope. The  mirror  could  be  driven  in  either  direction,  by  interchang- 

ing the  direct  and  counter  blasts ;  the  displacement  measured  could 
thus  be  doubled. 

The  quantity  measured  directly  was  the  angular  deviation  of  the 
return  image,  and  not  its  linear  displacement ;  this  was  accomplished 
by  swinging  the  observing  telescope,  the  eye-piece  end  moving  along 
a  graduated  arc,  the  divisions  of  which  were  read  by  means  of  a  pair 
of  microscopes. 

Newcomb's  final  result  was,  for  the  velocity  in  vacuo, 

V  =  299,860  ±  30  kilometres. 

Group  Velocity.  —  An  important  distinction  exists  between  the 
velocity  of  a  group  of  waves  and  the  velocity  of  a  single  wave. 
We  can  get  a  very  good  idea  of  what  is  meant  by  group  velocity 
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by  throwing  a  stone  into  a  quiet  pond,  and  watching  the  circular 
waves  which  spread  out.  If  the  attention  be  fixed  on  a  single  wave- 
crest  at  the  centre  of  the  group,  it  will  be  seen  presently  to  lead  the 
group,  the  waves  ahead  of  it  appearing  to  die  out,  and  in  a  few 
seconds  its  amplitude  will  become  so  small  that  the  eye  can  no  longer 
be  kept  on  it.  There  are  just  as  many  waves  in  the  group,  however, 
as  there  were  before,  and  a  little  further  observation  will  reveal  the 
fact  that,  as  the  waves  in  front  die  out,  new  ones  appear  in  the  rear. 
The  group  is  obviously  moving  forward  with  a  velocity  less  than  that 
of  the  individual  waves. 

The  explanation  of  the  phenomenon  was  first  given  by  Stokes,  who 
regarded  the  group  as  formed  by  the  superposition  of  two  infinite 
trains  of  waves,  of  slightly  different  wave-length,  which  advanced  in 
the  same  direction  but  with  different  velocities. 

Lord  Rayleigh  was  the  first  to  draw  attention  to  the  bearing  of 

group  velocity  upon  optical  problems.    In  his  article  on  "  The  Ve- 
locity of  Light  "  (Nature,  1881),  he  called  attention  to  the  fact  that, 

in  all  experiments  made  for  the  purpose  of  determining  the  velocity  ? 
of  light,  it  is  the  group-velocity,  and  not  the  wave-velocity,  which  is  l 
actually  measured.    What  is  actually  determined  is  the  velocity  > 
with  which  some  peculiarity  impressed  upon  the  wave-train  moves  \ 
forward.    Since  it  is  impossible  in  the  case  of  light  to  pick  out  and 
watch  a  single  wave,  the  best  that  we  can  do  is  to  measure  the 
speed  with  which  a  block,  cut  out  of  a  wave-train,  advances.    If 
the  medium  is  free  from  dispersion,  i.e.  if  waves  of  all  possible  ̂  
lengths  are  propagated  with  the  same  velocity,  the  group-velocity  n 
and  wave-velocity  will  be  the  same,  the  group  being  propagated  ̂  
without  alteration.  ^ 

This  will  be  made  clear  by  reference  to  Fig.  13.  In  the  lower 
diagram  we  have  two  superposed  trains  of  waves,  moving  in  the 
direction  of  the  arrow.     The  ^ 
resultant  disturbance  is  indi-  .^^^-^^^x/\/\/\  / 1  A/V/V/^^^-^"^-^"^ 
cated  in  the  upper  diagram.  ^  ̂ 
The    longer   waves    (dotted 
Une)  are  out  of  step  with  the    xn/> /yy  /-^ 
shorter  (solid  line)  at  A  and    X/.VA 
C,  and  the  resultant  is  zero   ̂   _  ̂ 
at  these  points.    At  £,  where 

there  is  agreement  of  phase,  ^'°-  ̂^• 
the  resultant  amplitude  is  double  that  of  the  single  waves.    If  now 
the  velocities  of  the  two  sets  of  waves  are  equal,  it  is  evident  that 
the  group  shown  in  the  upper  diagram  will  move  forward  without 
alteration  with  the  wave-velocity.     If,  however,  the  shorter  waves 
move  at  the  higher  speed,  it  is  evident  that  they  will  presently  get 
out  of  step  at  B,  and  into  step  at  C,  which  now  becomes  the  centre 
of  the  group.    The  group  thus  advances  with  a  velocity  greater 
than  that  of  the  individual  waves.    If  the  reverse  is  the  case,  the 
amplitude  to  the  left  of  B  increases  as  the  group  advances,  the 
amplitude  to  the  right  of  B  diminishing,  A  becoming  eventually 
the  centre  of  the  group.    In  this  case  the  group-velocity  is  less  than 
the  wave-velocity. 
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We  will  now  derive  an  expression  for  the  group-velocity.  Let  the 
longer  wave  X'  (dotted  line  in  Fig.  14)  move  with  a  velocity  V'>  F, 

the  velocity  of  the  shorter  wave  A..  Let  T 
be  the  time  required  for  the  point  marked 
y  to  overtake  the  point  marked  V,  When 
this  event  has  occurred,  the  centre  of  the 
group,  defined  as  the  point  of  maximum 
resultant  amplitude,  and  originally  at  B, 

Pjq  j4  will  have  moved  back  a  distance  of  one 
wave-length.  Now  the  crest  V  is  ap- 

proaching the  crest  V  with  a  velocity  V  —  F,  therefore  {V  —  V)T  = 
distance  V'V  =  X' -  X.  If  we  write  dF=  F'  -  F  and  dX=V  -  X, we  have 

dX During  the  time  T  the  X-wave  train  moves  forward  a  distance  FT*, 
therefore  the  centre  of  the  group  as  defined  above  has  moved  a  dis- 
tance 

X^VT-\^(v-\j^T, 

and  the  group-velocity  is  given  by  dividing  this  quantity  by  T. 
Calling  U  the  group-velocity,  we  have 

d\ rfV 

If  the  medium  is  free  from  dispersion  ,—  =0,  and  U=V. 

oX 
We  shall  have  occasion  to  use  the  formula  for  group-velocity  in 

studying  the  action  of  a  prism  on  white  light,  which  will  be  taken  up 
later. 

The  diflference  between  U  and  F  only  comes  into  play  in  deter- 
minations of  the  velocity  of  light  in  strongly  dispersive  media,  the 

correction  to  be  applied  amounting  to  7.5Jfc  in  the  case  of  bisulphide 
of  carbon. 

Michelson,  employing  the  revolving  mirror  method,  which  has 
been  shown  by  Raylcigh  to  yield  U  and  not  F,  found  the  velocity  of 
light  in  air  1.758  times  greater  than  in  this  fluid,  while  determinations 
m^de  by  measuring  the  refractive  indices  gave  the  value  1.64.  If 
we  increase  1.64  by  T.S^b  we  obtain  the  value  1.76,  which  is  in  close 
agreement  with  the  value  observed  by  Michelson. 

It  is  worthy  of  remark  that  determinations  of  the  velocity  of  light 
by  observations  made  on  the  aberration  of  light  from  the  stars,  give 

us  V,  Romer's  method,  however,  yields  U^  and  the  close  agreement 
between  the  values  obtained  by  these  two  astronomical  methods 
indicates  that  light  is  propagated  across  interstellar  space  without 
dispersion. 



THE  NATURE  OF  LIGHT  23 

Independent  evidence  that  waves  of  all  lengths  travel  with  the 
same  velocity  in  the  free  ether,  is  furnished  by  the  variable  star 
Algol,  which  shows  no  color  sequence  when  increasing  in  brightness, 
as  would  he  the  case  if  waves  of  different  lengths  travelled  with 
different  velocities. 

The  Doppler-Fizeau  Principle.  —  Doppler,  in  1842,  called  atten- 
tion to  the  change  in  the  pitch  of  a  sound,  which  resulted  when  the 

source  was  moving  towards  or  away  from  the  observer,  and  applied 
the  principle  to  luminous  disturbances  radiated  from  bodies  in 
motion,  explaining  the  colors  exhibited  by  certain  stars  as  due  to 
their  proper  motion.  The  acoustical  phenomenon  is  most  fre- 

quently heard  when  travelling  in  a  railroad  train.  If  a  whistling 
locomotive  is  passed,  the  drop  in  the  pitch  is  very  noticeable,  espe- 

cially if  the  locomotive  is  moving  rapidly  in  the  opposite  direction. 

Doppler's  application  of  the  principle  to  stellar  phenomena  was 
unsound,  and  flzeau  appears  to  have  been  the  first  to  show  that  the 
effect  would  manifest  itself  as  a  slight  shift  in  the  position  of  the 
bright  or  dark  lines  in  the  spectrum.  If  the  source  of  light  is  mov- 

ing towards  the  observer,  the  frequency  of  the  disturbance  as  it 
passes  the  observer  is  increased,  and  the  wave-length  diminished : 
the  spectrum  lines  are  therefore  shifted  towards  the  violet :  the  re- 

verse is  true  when  the  source  is  moving  away  in  the  line  of  sight. 
By  photographing  the  spectrum  of  a  star  alongside  of  a  comparison 
spectrum,  it  is  possible  to  determine,  not  only  whether  the  star  is 
moving  towards  or  away  from  us,  but  also  the  velocity  with  which  it 
approaches  or  recedes.  The  principle  has  had  wide  applications 
in  astro-physical  research,  and  the  rapidly  accumulating  data 
regarding  stellar  velocities  will,  at  some  future  date,  in  all  proba- 
bUity  furnish  the  key  to  the  solution  of  that  greatest  problem  of 
astronomy,  the  nature  of  the  motion  of  the  multitude  of  suns  which 
make  up  the  universe. 

Double  stars  have  been  discovered  by  the  Doppler  effect,  the  com- 
ponents of  which  no  telescope  will  show  separated,  and  their  time  of 

revolution  about  their  common  centre  of  gravity  determined.  Such 
stars  are  called  spectroscopic  binaries.  The  first  was  discovered  at 
the  Harvard  Observatory  by  Pickering.  Observations  of  a  number 
of  spectra  of  this  star,  taken  at  different  times,  showed  that  the  lines 
became  double  at  stated  intervals,  an  effect  which  could  only  be 
accoimted  for  by  assuming  the  source  of  light  to  consist  of  two  bodies 
which  alternately  approached  and  receded,  in  other  words  two  bodies 
revolving  around  their  common  centre  of  gravity. 

Keeler  applied  the  principle  to  the  study  of  the  rings  of  Saturn, 
and  showed  that  each  portion  of  the  ring  was  rotating  at  the  speed 
which  an  isolated  satellite  would  have  at  the  same  distance  from  the 

l^anet. 
The  effect  was  first  obtained  in  the  laboratory  hv  B^lopolsky  in 

1901  {A^o.  Phya.  J.  13,  pg.  15-24),  who  reflected  a  beam  of  light 
from  a  system  of  moving  mirrors,  subsequently  analyzing  the  light 
with  a  spectroscope.  The  displacement  of  the  spectnim  lines  was  of 
the  calculated  order  of  magnitude,  which  was,  however,  an  exeeed- 
ia^y  small  quantity.    The  minimum  velocity  capable  of  modifying 
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the  wave-length  to  such  a  degree  that  the  spectroscope  will  note  the 
change  is  a  kilometre  or  perhaps  half  a  kilometre  a  second.  The 
change  of  wave-length  resulting  from  reflection  from  a  moving 
mirror  is  double  the  change  resulting  from  the  motion  of  the  source 
with  the  same  velocity.  B^lopolsky  made  use  of  multiple  reflections 
from  two  systems  of  mirrors,  moimted  on  the  rims  of  a  pair  of  op- 

posed wheels,  which  could  be  revolved  at  high  speed.  In  this  way 
he  was  able  to  obtain  a  shift  of  the  spectrum  lines  which,  though 
small,  was  easily  measurable. 

The  experiment  was  repeated  in  1907  by  Prince  Galitzin  and  J. 

Wilip  with  B^lopolsky's  apparatus.  They  employed  an  echelon 
spectroscope  and  the  mercury  arc,  and  obtained  much  larger  shifts 
than  those  observed  previously  on  accoimt  of  the  much  greater 
power  of  the  spectroscope.  The  mirror  wheels  rotated  at  a  sp)eed 
of  45  revolutions  per  second,  which  represented  a  linear  velocity  of 
the  mirrors  of  30  metres  per  second.  Six  reflections  were  used  and 
the  displacement  amoimted  to  ̂ ^  of  the  distance  between  the  spectra 
of  different  orders.  This  was  a  double  displacement  obtained  by 
two  exposures,  with  the  direction  of  rotation  of  the  mirrors  reversed 
between  them.  It  is  a  very  small  amount,  as  we  shall  see  when  we 
come  to  the  study  of  the  echelon,  but  the  calculated  velocity  of  the 
mirrors  agreed  well  with  the  observed.  For  example,  the  velocity 
calculated  from  the  line  shift  in  one  case  was  .405  Km.  per  second 
while  that  determined  by  measuring  the  speed  of  the  wheels  was 
.379. 

More  recently  the  Doppler  effect  has  been  foimd  by  Stark  in  the 
case  of  the  light  emitted  by  the  canal  rayB  in  vacuum  tubes.  The 
canal  rays*  occur  where  the  cathode  is  perforated  with  small  holes, 
and  they  are  known  to  consist  in  all  probability  of  the  positively 
charged  residue  of  the  atom  after  the  negative  electron  has  been 

SaOiodotefr. 

^ 

J \JQxJtalttr. 
Fig.  15. 

expelled.  They  are  hurled  down  the  tube  with  a  prodigious  veloc- 
ity, and  if  the  stream  is  pointed  towards  the  spectroscope  a  line  is 

observed  shifted  towards  the  violet.  If  the  tube  is  oriented  so  that 
the  stream  is  directed  away  from  the  instrument,  the  shift  is  in  the 
opposite  direction.  If,  however,  the  canal  ray  stream  stands  per- 

pendicular to  the  collimator  of  the  spectroscope,  no  shift  is  observed. 
The  effect  is  not  at  all  difficult  to  observe,  and  the  canal  ray  tube 
can  be  made  in  a  few  minutes  from  some  small  pieces  of  glass  tubing. 
The  electrodes  can  be  sealed  in  with  sealing  wax,  if  the  discharge  is 
prevented  from  reaching  the  wax  joint.  The  construction  is  shown 
in  Fig.  15.  The  cathode  should  be  made  from  a  piece  of  aluminum 
plate  a  trifle  over  a  millimetre  thick,  perforated  with  numerous  holes 
not  over  a  millimetre  in  diameter.    The  anode  is  formed  from  a  short 
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[Hece  of  alumiDiun  wire.  The  rounded  end  of  the  tube  should  be 
placed  against  the  slit  of  a  two  or  three  prism  spectroscope,  filled 
with  hy£:ogen  and  connected  to  a  mercury  pump.  The  effect  is 
best  seen  at  the  blue  line  of  hydrogen,  on  account  of  the  higher  dis- 

persion of  the  instrument  in  this  region.  At  a  pressure  of  a  milli- 
metre or  two  the  line  appears  perfectly  sharp  and  in  its  normal  posi- 

:: 

tion.  As  the  exhaustion  proceeds  a  wing  appears  on  the  violet  side, 
which  presently  detaches  itself  from  the  line  and  creeps  slowly  away 
from  it.  This  gradual  movement  is  due  to  the  fact  that  as  the 
vacuum  becomes  higher  the  canal  rays  travel  at  a  higher  velocity, 
and  the  change  in  the  wave-length  becomes  greater.  There  is 
always  present  the  line  in  its  normal  position,  niiich  shows  that  there 
18  an  emisaion  as  well  from  hydrogen  atoms  which  do  not  partake  of 
the  motion  of  the  canal  rays.  The  velocity  of  the  rays  can  be  de- 

termined by  measuring  the  position  of  the  shifted  part  of  the  line. 
A  photograph  by  Stark  of  the  hydrogen  lines  showing  the  effect, 
and  the  effect  as  shown  in  the  spectrum  of  a  double  star,  are  repro- 

duced in  Fig.  16.  The  latter  was  made  by  Professor  Frost,  and  the 
difference  of  shift  between  the  dark  lines  of  the  star  and  the  bright 
reference  lines  in  the  two  photographs  is  plainly  evident.  In  this 
case  we  have  a  star  revolving  about  a  dark  body,  its  velocity  in 
the  line  of  sight  varying  with  its  position  in  the  orbit. 
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The  motions  of  the  molecules  of  a  luminous  gas  modify  slightly 
the  wave-length  of  the  emitted  Ught.  Since  the  molecules  are  mov- 

ing in  all  possible  directions,  with  all  sorts  of  velocities,  the  result 
is  that  the  spectrum  lines  appear  slightly  broadened,  the  broadening 
increasing  with  the  temperature.  The  subject  has  been  fully 
treated  by  Lord  Rayleigh  (PhU.  Mag.  (5),  27,  page  298,  1889). 

The  change  in  the  period  T,  of  th^  radiation  coming  from  a 
source  of  light  moving  with  a  velocity  v,  is  given  by  the  equation 

r=r^i±?\ 
in  which  T  is  the  actual  period  of  the  vibration,  T'  the  period  of  the 
radiation,  and  c  the  velocity  of  light.  It  is  to  be  carefully  observed 
that  when  the  source  is  in  motion,  the  frequency  of  the  vibration  in 
the  source  differs  from  the  frequency  with  which  the  waves  pass  by 
the  observer,  the  former  being  unaffected  by  the  motion. 

The  above  equation  for  the  change  in  the  frequency  of  the  vibra- 
tion applies  to  the  case  of  a  stationary  source  of  light  and  a  moving 

observer,  as  well  as  to  a  moving  source.  The  two  conditions  are, 
however,  represented  by  the  same  formula  only  when  the  velocity 
of  translation  is  small  in  comparison  with  the  velocity  with  which  the 
waves  travel.  That  this  is  true  is  evident  from  the  following  very 
elementary  consideration.  Let  A  be  a  source  which  emits  ten  waves 
per  second,  the  waves  travelling  with  a  velocity  of  one  metre  per 
second.  Let  an  observer  B  advance  against  this  wave-train  with  a 
velocity  of  \  m.  per  second.  It  is  evident  that  the  waves  will  pass 
him  at  the  rate  of  15  per  second.  Though  the  actual  wave-length 
remains  imaltered,  the  frequency  of  the  vibration  so  far  as  B  is 
concerned  has  been  increased  from  10  to  15.  The  deviation  of 
waves  by  a  prism  depends  upon  their  frequency;  consequently  in 
the  case  of  light  wavas  we  obtain  the  spectrum  line  in  a  shifted  posi- 

tion when  the  spectroscope  is  moving  with  a  high  velocity  towards 
the  source.  Suppose  now  that  B  remain  at  rest,  and  the  source  A 
to  move  towards  him  with  a  velocity  of  ̂   m.  per  second.  During 
the  time  occupied  by  the  source  in  moving  ̂   m.,  it  emits  ten  waves. 
These  waves  will  be  crowded  together  into  a  space  of  half  a  metre, 
that  is,  between  the  point  occupied  by  the  first  wave  of  the  train  of 
ten  waves,  at  the  end  of  one  second,  and  the  point  occupied  by  the 
source  at  the  same  time.  In  other  words  the  wave-length  has  been 
halved.  This  wave-train  will  sweep  by  the  observer  with  a  velocity 
of  1  m.  per  second,  or  with  a  frequency  20.  The  Doppler  effect  is 
therefore  greater  for  the  case  of  a  moving  source  than  for  a  moving 
observer,  when  we  are  dealing  with  velocities  comparable  with  the 
velocity  with  which  the  waves  travel. 

The  number  of  waves  of  frequency  iST,  coming  from  a  fixed  source, 
which  in  one  second  pass  an  observer  moving  towards  the  source 

with  a  velocity  t;,  is  N.+  ̂   or  — - — ,  in  which  F  =  velocity  of  light. A  A 

If,  however,  the  observer  is  fixed,  and  the  source  moves  with  a 

velocity  v,  the  wave-length  is  changed  from  A=—  toA=— --^ N  N 



THE  NATURE  OF  LIGHT  27 

and  the  number  of  waves  which  pass  the  observer  per  second  is  the 
y 

velocity  V  divided  by  this  number,  or  -- —  A^.    If  a  source  moves V  —  v 
with  a  velocity  equal  to  or  faster  than  that  of  the  radiation,  no  peri- 

odic waves  are  given  out.  There  is,  however,  a  single  wave  like 
the  bow  wave  of  a  ship.  The  sharp  click  of  a  high  velocity  bullet 
as  it  flies  past  us  is  an  illustration  of  this.  Calculate  the  change 
of  wave-length  produced  by  reflection  from  a  mirror  moving  towards 
the  source  with  a  velocity  equal  to  one-half  that  of  the  radiation. 
The  image  in  the  mirror  appears  to  move  with  a  velocity  equal  to 
that  of  the  radiation,  but  it  will  be  seen  that  the  effect  upon  the 
wave-train  is  not  the  same  in  the  two  cases. 



CHAPTER  II 

RECTILINEAR  PROPAGATION  OF  LIGHT 

Huygens's  Principle.  —  One  of  the  objections  which  was  first 
urged  against  the  wave  theory  of  light  was  its  failure  to  accoimt  for 
the  rectilinear  propagation  of  luminous  disturbances,  and  the  forma- 

tion of  shadows.  Waves  of  sound  and  water  waves  were  observed 
to  bend  around  the  comers  of  obstacles,  and  it  was  perhaps  natu- 

rally argued  that  if  light  consisted  of  a  wave-motion,  it  should  behave 
in  a  similar  manner.    The  objection  was  partially  answered  by 

Huygens,  though  it  remained  for  Fresnel  to  give  the 
complete  explanation. 

Huygens's  conception  of  the  manner  in  which  wave- 
motion  was  propagated  was  as  follows :  He  regarded 
every  vibrating  point  on  the  wave-front  as  the  centre 
of  a  new  disturbance :  these  secondary  disturbances, 
travelling  with  equal  velocity,  are  enveloped  by  a  sur- 

face identical  in  its  properties  with  the  surface  from 
which  the  secondary  disturbances  start,  and  this  sur- 

face forms  the  new  wave-front. 
For  example,  in  Fig.  17,  consider  0  a  Imninous  point, 

and  ABdi,  portion  of  the  spherical  wave-front.  Adjoin- 
ing points  a,  6,  c,  d,  etc.,  on  this  wave-front  are 

vibrating  in  unison  and  can  be  regarded  as  centres 
of  new  disturbances,  which  spread  out  around  them 
as  indicated  by  the  dotted  lines.  It  is  evident  that 
these  secondary  waves  are  enveloped  by  the  spherical 

surface  A'B'j  and  this  surface  is  the  new  wave-front. 
If  the  luminous  point  is  at  a  great  distance,  and  we 

are  dealing  with  a  plane-wave,  we  have  the  condition  shown  in  the 
lower  figure. 

This  view  of  wave  prop-  B 
agation    is   known  as    the  '^^  ^ 
Huygens  principle.  It  can 
be  applied  to  the  calcula- 

tion of  the  position  of  a 
reflected  or  refracted  wave-  Fio.  is. 
front,    by    regarding     the 
points  on  the  reflecting  or  refracting  surface,  as  they  are  collectively 
or  successively  struck  by  the  incident  wave,  as  individual  centres  of 28 

Fio.  17. 

/^^'^V 
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new  disturbances.  For  example,  consider  a  wave-front  AB  descend- 
ing in  an  oblique  direction  on  a  reflecting  surface  AC.  The  points 

a,  b,  c,  d  of  the  surface  will  be  struck  in  succession  by  the  points  a' , 
b',  c',  if  of  the  wave-front,  consequently  they  will  become  succes- 

sively the  centres  of  secondary  disturbances,  as  indicated  in  Fig.  18, 

which  are  enveloped  by  the  plane  surface  A'B'.  This  is  the  reflected 
wave-front,  and  we  shall  see  later  on  that  it  makes  the  same  angle 
with  the  reflecting  surface  as  the  incident  wave. 

Rectilinear  Propagatioii.  —  Assuming  Huygens's  conception  of 
the  mechanism  of  wave-propagation  to  be  correct,  how  are  we  to  ac- 

count for  the  rectilinear  propagation  of 
light?  Suppose  we  have  a  luminous  body 
St  0  (Fig.  19)  and  an  opaque  screen,  a  coin, 
for  example,  at  A.  We  know  that  no  light 
penetrates  into  the  conical  region  behind 
the  coin  (neglecting  for  the  present  a  phe- 

nomenon known  aa  diffraction). 
But  if  all  points  on  the  wave-front  are 

acting  as  independent  sources,  we  should 
naturally  expect  them  to  be  effective  in 
Sluminating  the  region  behind  the  ob- 

stacle ;  in  other  words,  we  should  expect 

the  Iimiinous  waves  given  off  by  the'points 
e  and  d  to  have  some  effect  in  the  space  Fw-  19- 
behind  the  coin.    Why  does  not  the  entire 
wave  appear  luminous  to  an  eye  behind  the  obstacle  if  every  point 
of  it  is  giving  off  radiant  eneigy  in  the  form  of  secondary  wavelets? 

TTie  answer  ̂ ven  by  Huygens  was  that  these  secondary  waves 
produced  no  appreciable  effect  at  a  point  unless  they  were  at  that 
point  enveloped  by  a  common  tangent  plane,  or  that  the  only  effec- 

tive portion  of  a  secondary  wavelet  was  the  small  point  at  its  apex 
which  touched  the  plane  tangent  to  all  of  them.  Huygens  regarded 
the  impulses  as  coming  at  irregular  intervals,  and  his  explanation  of 
the  rectilinear  propagation  of  light  amounted  simply  to  the  assump- 

tion that  only  one  point  on  the  secondary  wavelet  was  effective  in 
producing  light. 

Fresnel  was  the  first  to  give  a  really  satisfactory  explanation. 
Making  use  of  the  principle  of  interference  discovered  by  Young,  by 
which  two  luminous  vibrations  may  destroy  one  another,  he  arrived 
at  the  somewhat  startling  conclusion  that  tiie  absence  of  light  in  the 
ehadov  of  a  body  was  due  to  destructive  interference  between  the 
secondary  wavelets.  This  explanation  not  only  accounted  for  the 
daiknese  behind  the  obstacle,  but  explained  perfectly  the  slight 
bending  of  the  rays  around  the  edges,  a  phenomenon  known  as 
diffraction,  which  had  been  previously  expl^ned  by  assuming  the 
edge  to  exert  a  modifying  action  on  the  luminous  rays  which  passed 
dose  to  it. 

It  was  no  longer  necessary  to  assume  that  only  a  minute  portion  of 
the  secondary  wave  was  operative  in  producing  light,  which  as  a 
matter  of  fact  is  contrary  to  experimental  evidence,  as  can  be  shown 
by  allowing  a  plane-wave  to  fall  on  an  opaque  screen  perforated  with 
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a  very  small  aperture.     The  point  on  the  wave-front  riot  cut  off  by 
the  screen  acts  a^  a  centre  of  a  disturbance,  v^ch  spreads  out  into 

the  space  behind  the  screen  as  shown  in  Fig.  20, 
^      and  a  card  placed  in  the  position  shown  wUI  be 

^^t      I  «/  illuminated  over  an  area  manj'  times  greats  than 
^^t  *-         the  aperture. ■    I      I  Waves  of  aound  behave  in  a  similar  maimer, 

I     I       n  and  it  is  actually  possible  to  pbotc^p-aph  the 
1    I  ■■    I    ,_        secondary  wavelet.      The  accompanying  photo- 
^^M      I  graph  is  one  of  a  series  made  by  the  author  to 
^^^  illustrate  certain  features  of  wave-motion.     TTie 

Fia.  20.  method  by  which  the  pictures  were  made  will  be 

discussed  later  on.' 
For  the  present  it  will  be  merely  necessary  to  state  that  in  every 

case  the  sound  photographed  is  the  crack  of  an  electric  spark,  which 
gives,  of  course,  a  single  pulse,  instead  of  a  train  of  waves.    The  series 
shown  in  Fig,  21  was  made  to  illustrate  the  principle  of  Huygens. 

1  2  3 

## 

The  spark  which  started  the  wave  was  arranged  to  snap  directly 
a!x>ve  a  screen  provided  with  a  narrow  slit.  A  short  distance  below 
this  first  sht  a  second  was  mounted,  and  it  will  be  seen  that  the  two 
narrow  apertures  become  in  succession  the  centres  of  secondary 
waves  which  divrrRe  precisely  a.s  if  the  source  of  the  sound,  that  is  to 
say  the  spark,  were  situated  in  the  aperture  itself.  In  No,  1  of  the 
series,  the  wave,  which  started  at  the  point  A,  has  just  encountered 
the  first  screen.  The  aperture,  which  appears  in  the  photograph  as  a 
lireak  in  the  horizontal  white  line,  lx;comcs  the  centre  of  a  new  hemi- 

spherical wave,  the  gradual  development  of  which  is  shown  in  Nos.  2, 
3,  and  4.  In  No.  5  the  secondary  wave  has  collided  with  the  second 
screen  and  been  reflected,  the  aperture  in  this  screen  l>ecoming  in  its 
turn  the  origin  of  a  new  secondary  wavelet.  These  pictures  show 
that  if  all  but  a  small  part  of  the  original  wave  is  screened  off,  this 

>  Wood,  "  Photography  o{  Souod  Waves,"  PhUmopkiaU  MagatiiK,  August,  1899. 
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small  part  becomes  a  complete  wave,  and  again  if  a  small  portion  of 
this  secondary  wave  is  allowed  to  pass  through  a  small  aperture,  it 
becomes  in  turn  a  complete  wave. 

Before  considering  in  detail  Fresnel's  explanation  we  must  make 
an  assumption  regarding  the  nature  of  the  secondary  wavelet,  which 
is  based  on  the  circumstance  that  no  disturbance  is  radiated  back- 
ward.  An  opaque  screen  which  absorbs  all  of  the  energy  falling  on 
it  has  no  eflfect  whatever  on  the  vibration  of  the  medium  between 
it  and  the  luminous  source. 

From  this  we  infer  that  the  secondary  wavelet  is  propagated  only 
forward,  and  lies  wholly  in  front  of  the  plane  tangent  to  the  wave 
front  at  the  centre  of  the  wavelet.  We  are  also  justified  both  by 
theory  and  experimental  evidence  in  assuming  that  the  effect  of  the 
secondary  wavelet  is  greatest  on  the  line  which  is  normal  to  the 
tangent  plane  at  the  point  of  tangency.  .^ 
This  will  be  better  understood  by  reference 
to  Jig.  22,  where  -4S  is  the  wave-front, 
a  the  centre  of  any  secondary  wavelet,  and 
xy  the  tangent  plane  behind  which  we 
assume  that  the  secondary  wavelet  never 
spreads.    The    effect    of   the   wavelet   is     b     
greatest  along  the  line,  or  in  the  direction 
ab,  less  along  ac,  and  falls  off  continuously, 
having  the  value  0  in  the  direction  ax.  This 
may  be  summed  up  by  saying  that  the  effect 
of  the  secondary  wavelet  decreases  with  ^  ! 
increasing  obliquity.    The  reason  for   the  ^ 
absence  of  a  back-wave  has  been  given. 
We  will  commence  the  investigation  of  ^*°-  ̂ • 

Fresnel's  treatment  of  the  subject  by  examining  the  effect  of  a  linear 
wave  on  a  point  P  in  front  of  it. 

g  Let  -4S  be  the  wave-front  (Fig.  23)  which 
f^  we  may  consider  moving  as  a  whole  up  and 
«3  down  parallel  to  itself.  Thus  all  the  particles 
f^  on  AB  move  together,  and  the  secondary 
Ml  waves  leave  them  at  the  same  moment. 

Draw  a  perpendicular  from  P  to  the  wave- 
Q    front,  meeting  it  at  C,  which  point  is  called 

the  pole  of  the  wave  with  reference  to  the 

point  P. Lay  off  on  -4 S  points  Mi,  Afj,  Afj,  Miy  etc., 
so  that  the  path  from  Af  i  to  P  is  hiJf  a  wave- 

length longer  than  the  path  from  C  U)  P,  and 
.  'a    Mi  half  a  wave-length  further  from  P  than  Mi, 

Fio.  23.  and  so  on.    If  secondary  wavelets  start  simul- 
taneously from  these  points  and  move  with  the 

same  velocity,  the  disturbance  from  C  will  reach  P  first,  since  CP  is 
tlie  shortest  path,  and  the  wavelet  from  Af i  will  reach  P  half  a  wave- 

length behind  the  one  coming  from  C,  since  we  have  so  located  Af  i  on 
the  wave-front  that  the  path  PA/i  is  half  a  wave-length  longer  than 
PC.    This  means  that  the  crest  of  the  wavelet  from  Af  i  reaches  P  at 
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the  same  moment  that  the  trough  of  the  wavelet  from  C  is  passmg 
through  it,  or  the  waves  are  in  opposite  phase  and  would  destroy  each 
other  if  both  were  equal.  In  the  same  way  other  wavelets  coming 
from  points  \ymg  between  C  and  M\  will  reach  P  with  phases  oppo- 

site to  those  coming  from  corresponding  points  between  Mi  and  Mt. 
The  same  will  be  true  for  wavelets  coming  from  points  between 
MiMz  and  MzMi. 

To  determine  the  effect  of  the  whole  wave  at  P  we  determine  the 
total  effect  or  resultant  of  all  the  secondary  wavelets,  paying  atten- 

tion to  their  phases  as  well  as  their  amplitudes.  The  effect  at  P  of 
each  of  the  elementary  arcs  into  which  we  have  subdivided  AB  we 
consider  as  proportional  to  its  length,  and  inversely  proportional  to 
its  distance  from  P.  As  we  recede  from  C  the  effect  will  also  dimin- 

ish on  account  of  the  increasing  obliquity. 
We  will  now  determine  the  relative  lengths  of  the  arcs  into  which 

we  have  subdivided  AB,  Fig.  24. 
Let  the  distance  from  the  pole  of  the  wave  to  P  be  6,  then  the 

distance  of  Mi  from  P  is  6  4-  -  and  the  length  of  the  arc  CMi  is 2 

yl(b+  IJ  - 6=  or  ̂>+2|+;|-\  or  VfcX, 

if  we  neglect  — ,  which  is  very  small  in  comparison  to  6X. 4 

ThepathPAf2=6-f2^or  6+X;  therefore 

CM2=-V(b+\y-V 

=  V6H26X+X2-6'=Vm, 

neglecting  X^,  which  is  small. Therefore 

CAfi=V6X,    and     CMi^VbX,  Fia.24. 

CM  ,= V26X,         MiM,=  V26A-  VfeX^  V6X(  V2-  VI), 

CM8=V36X,,         M2M'  =  V36X-Vm=V6X(V3-V2). 
The  arcs  thus  decrease  rapidly  in  length  in  the  neighborhood  of 

the  pole.  The  length  of  any  arc  at  distance  R  (G  in  the  diagram) 
is  determined  as  follows,  since  the  small  right  triangle  at  G  is  goimilar 
to  the  right  triangle  PCG. 

G:^=72:Vi2^6-  or  G=^ 
R 

2VR'-b^ a  quantity  which  decreases  with  increasing  72,  approaching  the  value 

-  as  a  limit.    The  arcs  far  removed  from  the  pole  decrease  slowly 

in  length,  approaching  the  limiting  value  -• 
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Besides  decreasing  in  length,  the  elements  become  less  and  less 
effective  owing  to  increa^ng  distance  and  obliquity. 

Remembering  that  adjoining  elementary  arcs  send  disturbances  of 
opposite  sign  to  Py  we  see  that  the  effect  of  all  is  represented  by 
a  series  of  Stemately  positive  and  negative  members,  which  at  first 
decrease  rapidly,  then  more  slowly  approaching  0  in  value,  since  the 
very  remote  arcs  are  inoperative  owing  to  their  obliquity.  Calling 
the  effect  due  to  the  central  arc  Z,  and  that  due  to  the  following  ones 

m,  m',  m",  etc.,  the  whole  effect  is  represented  by  the  series 

the  value  of  which  is  a  fraction  of  the  value  of  the  first  member. 
Therefore  the  effect  of  the  entire  wave  at  P  is  less  than  that  due 

to  the  fiirst  element  acting  alone.  If  we  were  to  screen  off  all  of  the 
wave  except  the  fiirst  element,  the  illumination  at  P  would  be  greater 
than  that  due  to  the  whole  wave,  a  surprising  conclusion  which,  as 
we  shall  soon  see,  can  be  verified  by  experiment. 

The  wave-length  of  light  is  so  small  that  with  P  at  a  distance  of 
10  cms.  from  the  wave-front  Mi  would  be  scarcely  more  than  .2  mms. 
from  the  pole  of  the  wave.  At  a  short  distance  from  the  pole  the 
arcs  would  become  very  nearly  equal  and  opposite  in  their  effect, 
consequently  the  effective  portion  of  the  wave  reduces  itself  to  a 
comparatively  small  area  aroimd  the  pole ;  and  if  we  screen  off  this 
region  we  shall  have  darkness  at  P  owing  to  the  destructive  inter- 

ference between  the  disturbances  coming  from  the  outl3dng  ele- 
mentary arcs,  or  a  shadow  will  exist  behind  the  screen. 

Effect  of  a  Plane- Wave  on  an  Exterior  Point.  —  Thus  far  we  have 
been  considering  wave-motion  in  two  dimensions  only,  a  hjrpotheti- 
cal  case.  Let  us  now  find  an  analogous  treatment  for  waves  moving 
in  space,  which  is  the  condition  under  which  we  observe  them  in  our 
experiments. 

Consider  a  plane-wave  (Fig.  25)  moving  towards  P,  an  exterior 
point :  we  require  the  effect  at  this  point  of  all  the  secondary  wave- 
leta  emanating  from  the  wave-front.  Draw 
a  perpendicular  from  P  to  the  wave-front, 
intersecting  it  at  C,  the  pole  of  the  wave 

with  respect  to  P.  Around  C  describe  cu--  , cles  on  Uie  wave-front  such  that  the  fiirst  is 
half  a  wave-length  further  from  P  than  C  is, 
the  second  2  half  wave-lengths,  etc.  The 
rings  thus  formed  on  the  wave-front  will  be 

analogous  to  the  elementary  arcs  into  which  ^^^'  ̂ ' 
we  divided  the  linear  wave,  that  is  to  say,  the  secondary  disturbances 
coming  from  any  circle  will  reach  P  half  a  wave-length  ahead  of 
those  coming  from  the  circle  encircling  it. 
We  regara  the  effect  of  the  disturbances  coming  from  each  ring 

as  proportional  to  its  area  and  as  decreasing  with  increasing  distance 
and  oUiquity  as  before.   Let  us  now  investigate  the  areas  of  the  rings. 

The  radii  of  the  circles  are  obviously  equal  to  the  distances  CA/i, 
CMt  on  the  linear  wave,  namely  VftA,  V26X,  V36A,  etc.,  and  the 
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areas  or  inr 
irbX.f  2  irbX.j  3  irb\. 

Neglecting  the  square  of  A  as  we  have  done,  we  find  the  area  of  the 
central  circle  and  each  surrounding  zone  to  be  equal  or  irb\. 

For  a  zone  at  distance  R  from  P  we  have  its  width  given  by 

   as  in  the  case  of  the  element  of  the  linear  wave. 
2  V/J^-6^    

Its  circimiference  is  2vViP— 6^,  and  its  area,  or  the  product  of 
these  two  quantities,  is  ir\R, 

The  effect  due  to  the  disturbances  coming  from  a  single  one  of  the 
zones  will  be  proportional  to  its  area  and  inversely  proportional  to 
its  distance.  The  slight  increase  in  the  area  of  the  zones  as  we 
recede  from  the  centre  of  the  system  is  compensated  by  the  increased 
distance,  so  that,  other  things  being  equal,  we  could  regard  the 
successive  zones  as  producing  equal  and  opposite  effects  at  the  point. 
The  zones,  however,  become  less  and  less  effective  as  we  recede  from 
the  centre  owing  to  the  increased  obliquity.  We  can  therefore 
represent  the  resultant  effect  by  a  series  of  terms  of  alternate  sign 
which  decrease  slowly  at  first,  and  then  more  rapidly,  eventually 
becoming  zero,  thus : 

S=Wi--m2-l-W8— W4,  etc. 

The  sum  of  this  series  is  usually  stated  as  being  equal  to  one-half 
of  the  first  term  plus  one-half  of  the  last  term ;  the  method  usually 
adopted  to  prove  this  consists  in  balancing  the  second  term  against 
half  of  the  Orst  and  half  of  the  third,  and  so  on.  Schuster  has  shown 
that  this  treatment  is  too  arbitrary,  no  reason  being  given  why 
the  balancing  is  not  effected  in  some  other  way,  for  example,  by 
considering  the  second  term  balanced  by  three  quarters  of  the  fiirst 
and  one  quarter  of  the  third,  which  would  make  the  resultant  out- 

standing effect  approximately  equal  to  one  quarter  of  that  due  to  the 
first  member  acting  alone.  Schuster  shows  in  what  cases  the  addi- 

tion of  the  series  can  be  effected  in  the  manner  indicated.  He  first 
writes  the  series  in  the  two  following  forms : 

^=f+(?-»"+?)<f-».+f)+(^+'»-.+f)+t. 
«=».-?-[(f-».+f)+(f-».+f; 

+{'^-«.-.*Y)]--t 
Suppose  first  that  each  term  of  the  original  series  is  greater  than 

the  arithmetical  mean  of  the  two  adjacent  terms.  From  the  above 
equations  we  see  that 
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for  in  both  equations  the  terms  bracketed  are  all  small  negative 
quantities,  and  the  value  of  S  lies  somewhere  between  the  two  quan- 

tities given  above. 
If  mi  is  very  nearly  equal  to  nh  and  m^  nearly  equal  to  m^-i,  the 

two  limits  lie  close  together,  and  we  may  write 

2        2  ' 

If  the  series  is  such  that  each  term  is  less  than  the  mean  of  its 
neighbors,  S  lies  between  the  same  limits  (transposed). 

If  in  the  first  p  terms  of  the  series  each  term  has  a  greater  value, 
and  in  the  remaining  part  a  smaller  value  than  the  arithmetical  mean 
of  the  terms  between  which  it  stands,  we  may  break  np  the  series 
into  two,  and  obtain  the  sum 

2        2         2         2 

It  is  thus  clear  that  the  expression  for  S  given  above  will  be  the 
correct  simmiation  only,  if  the  series  can  be  broken  up  into  a  small 
number  of  separate  series  for  each  of  which  the  value  of  a  term  is 
either  smaller  or  greater  than  the  arithmetical  mean  of  the  terms 
between  which  it  stands,  so  that  the  sum  of  all  such  values  may  be 
neglected. 

The  problem  therefore  reduces  to  a  determination  of  the  effect  due 
to  one-half  of  the  central  zone. 

The  secondary  wavelets  from  this  zone  unite  into  a  disturbance  the 
phase  of  which  is  midway  between  those  of  the  wavelets  from  the 
centre  and  rim,  for  we  may  divide  the  zone  into  a  series  of  concentric 
rings  of  equal  area,  the  effects  of  which  at  the  point  are  equal  in 
amplitude,  and  of  phases  ranging  over  half  a  complete  period. 
These  vibrations  may  be  compounded  as  vectors  by  the  method 
given  on  page  158.  The  resultant  amplitude  will  be  very  nearly  the 
diameter  of  a  circle,  the  semi-circumference  of  which  is  made  up  of 
the  vectors  which  represent  the  amplitudes  contributed  by  the 
elementary  zones  into  which  we  have  divided  the  central  circle. 

The  direction  of  the  diameter  makes  an  angle  of  90*^  with  that  of  the 
first  vector,  consequently  the  phase  of  the  resultant  is  a  quarter  of  a 
period  behind  that  due  to  the  element  at  the  centre.  We  must 
consequently  consider  that  the  secondary  waves  start  with  a  phase 
one  quarter  of  a  period  ahead  of  that  of  the  primary  wave.  The 
amplitude  of  the  resultant  bears  the  same  ratio  to  the  amplitude 
which  would  be  produced  if  all  the  disturbances  arrived  in  the  same 
phase,  that  the  diameter  bears  to  the  semi-circumference,  i.e.  2/7r. 
The  matter  of  the  acceleration  of  phase  of  the  secondary  wavelet 
of  a  quarter  of  a  period,  with  respect  to  the  phase  of  the  primary 
wave,  has  sometimes  been  regarded  as  a  sort  of  mathematical  fiction. 
If  the  advance  of  phase  really  exists,  a  secondary  wavelet,  if  isolate, 
would  reach  a  distant  point  with  a  phase  a  little  in  advance  of  that  of 
the  primary  wave  which  originated  it.  That  this  is  actually  so  was 
shown  by  Gouy.* 

'Qouy,  **Sur  la  propagation  anomalc  des  ondcs,"  Comptvs  Rcndutt,  1890. 



36  PHYSICAL  OPTICS 

The  theory  of  this  experiment  will  be  taken  up  more  in  detail 
when  we  come  to  the  subject  of  interference,  and  for  the  present 
it  will  serve  our  purpose  to  take  note  of  the  fact  that  the  advance 
of  a  quarter  of  a  wave-length  has  been  demonstrated.  Gouy 
formed  a  system  of  interference  fringes  with  light  reflected  from  a 
pair  of  Fresnel  mirrors,  and  then  introduced  into  the  path  of  one  of 
the  interfering  beams  a  screen  perforated  with  a  minute  pin-hole, 
which  became  at  once  the  source  of  secondary  spherical  wavelets. 
These  interfered  with  the  uninterrupted  waves,  and  formed  a  sys- 

tem of  fringes  with  a  color  distribution  which  showed  that  the  dis- 
turbances from  the  pin-hole  were  advanced  a  quarter  of  a  wave- 

length ahead  of  the  primary  wave  which  was  intercepted  by  the 
screen. 

Assume  the  unpUtude  on  the  wave  front  to  be  unity,  and  consider 
that  the  secondary  wave  from  a  small  element  of  its  surface  produces 
a  resultant  effect  represented  by  kds.  If  r  is  the  radius  of  the  zone, 

its  resultant  effect  will  be  -  ■  km'.     Now  r'  =  bk,  and  the  amplitude 

due  to  the  whole  zone  is  therefore  2fc6X,  The  whole  wave  will  pro- 
duce an  amplitude  one-half  as  great,  which  we  may  equate  to  unity, 

since  we  have  assumed  unit  amplitude  on  the  wave-front,  and  a  plane 
wave  is  propagated  without  loss  of  amplitude.  From  this  we  find 
that  k,  the  factor  which  represents  the  effect  of  the  secondary  wave, 
isequalto  l/bK  Thattheamphtudedue  to  the  secondary  wave  should 
vary  inversely  as  the  distance  6  is  to  be  expected,  but  it  may  not  be 
at  once  obvious  why  it  should  vary  inversely  with  the  wave-length. 
There  is  no  mystery  about  the  matter,  however.  If  we  keep  the  dis- 

tance b  fixed  and  increase  the  wave-length,  we  are  obliged  to  increase 
the  size  of  the  zone,  if  the  conditions  are  to  remain  as  before,  that  is, 
if  the  zone  is  to  produce  the  same  effect  at  the  point.  The  secondary 
disturbances  are  now  coming  from  a  larger  area,  while  only  produc- 

ing the  same  resultant  effect,  consequently  the  effect  produced  by 
any  small  element  of  surface  ds  will  be  proportionally  smaller. 

Let  us  now  put  the  theory  to  experimental  test. 
Suppose  we  screen  off  all  of  the  wave-front  except  the  central  circle 

of  the  zone  series.  There  is  now  no  encircling  zone  to  partly  neutralize 
it,  and  the  illumination  is  greater  than  that  due 
to  the  entire  wave.  This  can  be  accomplished 
by  placing  a  screen  provided  with  a  small  cir- 

cular aperture  at  such  a  distance  from  the  point 
I  P  that  the  area  of  the  aperture  is  equal  to  the 

area  of  the  central  zone,  when  the  amplitude  at 
once  Ijecomes  double,  and  the  illumination  four 
times  that  due  to  the  unobstructed  wave.  It  is 
of  course  apparent  that  the  actual  size  of  the 
zones  on  the  wave-front  in  a  given  plane  de- 

pends on  the  distance  of  the  point  P.  As  this  distance  increases 
the  zonto  widen  out.  On  a  wave-front  distant  about  5  feet  from  the 
point,  the  zones  would  be  of  the  size  shown  in  Fig,  26,  so  that  if  our 
small  circular  aperture  was  of  the  size  of  the  central  circle  in  the 
figure,  the  illumination  at  a  point  on  the  normal  5  feet  behind  the 
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aperture  would  be  greater  than  if  the  screen  were  not  present. 
^d  now  comes  a  very  curious  fact :  suppose  we  increase  the  size 
of  our  aperture  imtU  it  contains  another  zone.  The  disturbances 
coming  from  this  ring  wiU  be  out  of  phase  with  those  coming 
from  the  central  circle,  and  will  entirely  destroy  them.  Thus 
by  increasing  the  size  of  the  hole  we  can  reduce  the  illumina- 

tion to  zero.  The  experiment  can  be  performed  with  very  sim- 
ple apparatus,  provided  one  has  a  dark  room  of  sufficient  length. 

A  pin-hole  in  a  piece  of  thin  sheet  metal  illuminated  with  arc  or  sun 
light  makes  a  suitable  source  of  light.  A  first-class  iris  diaphragm, 
such  as  is  provided  with  the  best  photographic  objectives,  furnishes 
us  with  an  aperture  the  size  of  which  can  be  varied  at  will.  The 
diaphragm  should  contract  to  a  diameter  of  3  mms.  or  less,  and  the 
outline  of  the  opening  should  be  circular  and  not  polygonal,  as  is  the 
case  with  the  cheaper  kinds  provided  with  but  few  wings.  Suppose 
the  smallest  aperture  to  have  a  radius  of  1.5  nmis. :  we  require  the 
distance  of  the  point  so  situated  that  only  the  central  circle  of  the 

aone  system  is  exposed.  The  formula  CMi=  Vb\  shows  us  that,  if 
we  put  A = .0005  nun.,  the  distance  of  the  point  is  4.5  metres.  This 
is  for  plane-waves,  or  with  our  source  at  a  great  distance.  For  the 
condition  of  source  and  point  at  equal  distances  from  the  aperture 

we  substitute  -  for  -  in  the  original  formula,  for  now  there  will  be  a 

pAth  difference  on  both  sides  of  the  screen ;  in  other  words,  the  vibra- 
tion at  the  edge  of  the  aperture  will  be  slightly  behind  that  at  the 

centre.  The  distance  now  increases  to  9  metres.  Clearly  we  shall 
need  a  long  room  for  our  experiment,  for  the  source  must  be  9  metres 
bdiind  the  screen,  or  our  total  optical  path  must  be  18  metres.  We 
can,  however,  reduce  this  by  one-half  by  using  a  small  reflector  of 
silvered  ̂ ass,  an  excellent  arrangement  being  to  so  arrange 
things  that  the  diaphragm  and  the  Uluminated  point  are  close  to- 

gether. To  accomplish  this  we  place  it  at  a  distance  of  9  metres 
from  the  source  and  moimt  our  mirror  4.5  metres  behind  it,  reflecting 
the  li^t  back  to  a  point  a  little  to  one  side.  If  we  hold  a  sheet 
of  paper  here  we  shall  see  a  little  point  of  light.  Put  a  little  drop  of 
idiite  paint  on  a  bit  of  glass,  and  moimt  it  in  such  a  position  that 
it  lies  in  the  centre  of  the  small  spot  of  light.  This  forms  our 
illuminated  point.  Now,  increase  very  slowly  the  size  of  the  dia- 

phragm and  the  light  gradually  fades  away,  the  drop  of  paint  pres- 
ently becoming  invisible.  Twice  as  much  light  comes  through  the 

hole  as  before,  yet  the  point  is  in  darkness.  The  law  of  the  conser- 
vation of  energy  tells  us,  of  course,  that  no  light  has  been  destroyed. 

It  has  simply  gone  somewhere  else,  and  where  it  has  gone  does  not 
concern  us  at  present.  The  fact  that  it  no  longer  manifests  itself  at 
the  point  in  question  is  sufficient. 

Let  us  now  try  the  converse  of  this  experiment  by  substituting  for 
the  i^ierture  a  small  circular  disk  of  the  same  diameter.  According  to 

Huygens's  theory,  if  placed  over  the  central  zone,  it  should  cut  off 
the  illumination  at  the  point  entirely.    On  the  Fresnel  theory  we  sim- 
Ely  remove  the  first  member  of  the  series,  and  the  effect  is  represented 
y  the  remainder  of  tiie  series,  namely,  half  the  second  member,  or  the 
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illumination  is  unaffected  by  the  interposition  of  the  circular  disk, 
and  this  is  precisely  what  we  find  to  be  the  case.  By  increasing  the 
size  of  the  disk  we  cut  off  another  zone,  still  without  influencing  the 
illumination,  and  this  may  be  continued,  not  indefinitely,  but  until, 
owing  to  the  increasing  obliquity,  the  effect  of  the  zones  begins  to 
diminish  appreciably.  We  thus  see  that  the  centre  of  the  shadow  of 
a  circular  body  may,  under  certain  conditions,  be  as  brightly  illimii- 
nated  as  the  surrounding  field,  a  proposition  due  to  Poisson. 

Fresnel's  memoir  on  diffraction  was  presented  to  the  French  Acad- 
emy and  reported  on  by  Poisson,  who  raised  the  objection  that  if  the 

treatment  were  applied  to  the  case  of  a  circular  disk  (a  case  which  had 
not  been  treated  by  Fresnel),  it  would  lead  to  the  conclusion  that  the 
illumination  along  the  axis  of  the  disk  would  be  the  same  as  if  the  disk 
were  absent,  which  was  supposed  to  be  a  redudio  ad  absurdwn.  In 
this  case  it  is  clear  that  the  illumination  will  be  represented  by  the 
above-mentioned  series,  with  as  many  members  removed  as  there 
are  zones  covered  by  the  disk,  which  will  be,  as  before,  one-half  of  the 
first  exposed  zone,  and  if  we  assume  the  zones  to  produce  equal 
effects,  the  illumination  should  be  the  same  as  without  the  disk.  As 
a  matter  of  fact,  the  experiment  had  already  been  recorded  by 
Deslisle,  but  it  had  been  forgotten,  and  was  rediscovered  by  Arago 
and  Fresnel,  who  observed  the  bright  spot  in  the  centre  of  tiie 
shadow  of  a  circular  disc. 

This  experiment  is  easily  performed  \vith  a  small  disk  of  metal, 
a  copper  cent,  for  example.  If  a  coin  is  used,  a  new  one  should  be 
selected,  the  edge  of  which  is  smooth  and  undented.  It  should  be 
supported  by  means  of  three  fine  threads,  which  can  be  attached  to 
the  coin  with  wax.  Using  the  same  source  of  light  as  before,  with 
the  coin  mounted  at  a  distance  of  three  or  four  metres,  we  shall  find, 
if  we  explore  the  region  behind  the  coin  with  a  low-power  eye-piece, 
that  there  is  a  brilliantly  illuminated  region  along  the  axis  of  the 
geometrical  shadow.  The  illumination  is  faint  in  the  immediate  vi- 

cinity of  the  coin,  owing  to  the  irregularities  of  the  rim,  as  wiU  be 
explained  later,  but  at  a  distance  of  several  metres  behind  the  coin  it 
is  nearly  as  bright  as  if  the  coin  were  absent.  If  the  eye  is  brought 
into  coincidence  with  the  luminous  spot,  it  will  be  found  that  the 
light  comes  from  the  edge  of  the  coin,  which  appears  brilliantly 
illuminated.  If  the  eye  is  moved  a  little  to  one  side,  the  ring 
breaks  up  into  two  spots  of  light  situated  on  opposite  sides  of  the 
coin.  We  are  now  getting  the  light  which  bends  into  the  shadow 
radially,  without  the  great  reenforcement  due  to  agreement  of  phase. 

Zone-Plate.  —  A  remarkable  verification  of  PVesnel's  theory  is 
furnished  by  what  is  known  as  a  zone-plate.  If  we  describe  on  a 
large  sheet  of  white  paper  circles,  the  radii  of  which  are  proportional 
to  the  square  roots  of  the  natural  numbers,  we  shall  have  very  nearly 
an  exact  drawing  of  the  zone  system,  the  neglected  terms  containing 
the  square  of  X  introducing  a  very  slight  error.  If  now  we  blacken 
the  alternate  rings  with  ink,  and  take  a  greatly  reduced  photograph 
of  the  whole  on  glass,  we  shall  obtain  a  de\ace  which  will  enable  us  to 
screen  off  the  alternate  zones  on  the  wave-front.  Suppose  we  inter- 

cept a  plane-wave  with  such  a  plate  and  consider  the  illumination  at 
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a  point  so  situated  behind  the  plate  that  the  central  circle  of  the  plate 
corresponds  in  size  and  position  to  the  first  zone  on  the  wave-front. 
The  black  rings  stop  all  the  secondary  disturbances  from  the  alter- 

nate or  odd  zones,  which  previously  neutralized  those  coming  from 
the  even  ones,  consequently  all  the  secondary  disturbances  coming 
from  that  portion  of  the  wave-front  covered  by  the  plate  reach  the 
point  in  the  same  phase,  and  the  illumination  will  be  very  intense. 
The  whole  surface  of  the  zone-plate  will  send  light  to  the  point,  the 
action  being  very  similar  to  that  of  a  convex  lens.  The  distance  of 
the  illuminated  point  from  the  zone-plate  we  may  speak  of  as  its 
focus,  and  we  readily  see  that  the  smaller  the  zones  the  shorter  the 
focal  length. 

In  the  earlier  edition  of  this  book  I  gave  a  greatly  reduced  copy 
of  such  a  drawing.    A  better  method  has  recently  been  found  and 
a  second  plate  was  prepared  in  the  following  way:  A  photograph 
was  made  of  the  circular  system  of  interference  rings  obtained  by 
passing  the  green  light  of  the  mercury  arc  through  a  combination 
formed  by  a  large  lens  of  long  focus  in  contact  with  a  flat  glass 
plate.    The  two  surfaces  in  contact  were  half  silvered,  which  gives 
us  a  system  of  rings  by  transmitted  as  well  as  by  reflected  Ught. 
Photographs  of  these  rings  discovered  by  Sir  Isaac  Newton  will  be 
found  in  the  Chapter  on  Interference,  where  it  will  be  shown  that 
the  rings  are  on  the  same  scale  as  the  Huygens  zones.     A  small 

scale  photograph  of  Newton's  rings  will  serve  therefore  as  a  zone- 
plate.    As  the  number  of  zones  obtained  in  this  way  was  more 
than  twice  as  great  as  the  nimiber  in  the  original  drawing,  it  ap- 

peared to  be  worth  while  to  make  a  new  plate.    The  photograph 
of  the  interference  rings  was  mounted  on  the  tool  carriage  of  a 
lathe,  and  observed  under  a  microscope  provided  with  a  cross-hair. 
Circles  were  now  turned  on  a  brass  plate,  the  advance  of  the  tool 
being  controlled  by  watching  the  transit  of  the  rings  across  the 
field  of  the  microscope.    Two  hundred  and  fifty  rings  were  cut  in 
this  way,  and  Plate  2  was  printed  from  the  resulting  engraving. 
It  is  possible  in  this  way  to  obtain  lines  much  finer  and  sharper 
than  those  yielded  by  any  photo-engraving  process.     (The  omis- 

sion of  one  ring  was  my  fault  and  not  Sir  Isaac's !)     Very  good 
zone-plates  can  be  made  by  making  photographic  reductions  on 
glass  of  either  plate,  the  perfection  of  which  will  depend  upon  the 
accuracy  of  the  focus  and  the  excellence  of  the  lens  used  in  making 
them.     Lantern  slide  plates  are  fairly  satisfactory,  but  the  best 
results  are  obtained  with  a  collodion  emulsion  on  thin  plate  glass. 
(See   Lippmann  photographs  for   directions  for  preparing  such 
emulsion.)     The  variation  in  the  relative  widths  of  the  bri^t  and 
dark  rings  will  be  found  instructive  when  we  come  to  the  consid- 

eration of  the  zone-plate  in  the  Chapter  on  Diffraction,  in  connec- 
tion with  the  distribution  of  light  in  spectra  of  different  orders. 

It  is  well  to  make  several  plates  of  different  focal  lengths.  That  they 
have  properties  similar  to  lenses  may  be  well  shown  by  holding  one  of 
suitable  focus,  say  half  a  metre,  between  the  eye  and  a  distant  lamp. 
If  the  central  zone  is  brought  over  the  flame,  the  whole  plate  fills  up 
^ith  light  like  a  lens.    By  combining  a  zone-plate  with  a  low-power 
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eye-piece  we  can  form  a  telescope  which  will  give  a  fairly  sharp 
image  of  a  brilliant  object,  such  as  an  incandescent  lamp. 

Lord  Rayleigh,  in  his  article  on  Wave-Theory  in  the  Encyclopedia 
Britannicaj  called  attention  to  the  fact  that  if  it  were  possible  to 
provide  that  the  light  stopped  by  the  alternate  zones  could  be  al- 

lowed to  pass,  but  with  a  reversal  of  phase,  a  four  fold  intensity  in  the 
illumination  at  the  focus  would  result.  In  this  case  the  secondary 
disturbances  fr6m  all  the  zones,  both  odd  and  even,  would  reach  the 
point  in  the  same  phase.  This  can  be  accomplished  in  two  ways,* 
first  by  making  the  zones  of  a  thin  film  of  gelatine  on  glass,  the  thick- 

ness of  the  film  being  such  as  to  retard  the  waves  one-half  wave- 
length. These  were  made  by  cpating  a  glass  plate  with  a  thin 

film  of  gelatine  containing  a  little  bichromate  of  potash.  Con- 
tact prints  are  made  from  the  reduced  photographs  in  sim- 

light,  and  washed  for  a  few  seconds  in  warm  water.  Still 
better  plates  have  been  recently  made  by  the  author  by  etch- 

ing glass  with  hydrofluoric  acid.  The  glass  plate  was  coated  wiUi 
a  thm  film  of  wax,  and  mounted  on  a  small  turn-table  revolved  by 
a  motor.  The  ruling  needle  was  advanced  by  a  dividing  engine, 
and  circles  cut  through  the  wax,  the  proper  radii  being  secured  by 

observing  a  photograph  of  Newton's  rings  through  a  microscope 
provided  with  a  cross-hair,  which  was  carried  along  with  the  ruling 
point.  After  etching  the  plate  with  the  acid  the  wax  is  removed. 
Casts  of  these  plates  can  easily  be  made  in  celluloid.  Another 
method  is  to  form  the  zones  of  metallic  silver  on  the  hypothenuse 
surface  of  a  right-angle  prism.  In  this  case  the  light  from  the  odd 
zones  is  reflected  metallically  from  the  silver,  while  that  coming  from 
the  even  zones  has  been  reflected  from  the  air  surface  (total  internal 
reflection).  Reflection  under  these  two  conditions  introduces  a 
phase  change  of  almost  exactly  a  half  wave-length,  and  the  light  at 
the  focus  is  quite  as  brilliant  as  with  the  gelatine  plates. 

The  zone-plate  has  many  peculiar  properties.  It  has  multiple  foci 
and  can  act  at  the  same  time  both  as  a  convex  lens  and  a  concave 
lens ;  but  these  properties  can  be  discussed  to  better  advantage  after 
we  have  studied  diiBFraction. 

Huygens's  Principle  as  applied  to  Solitary  Waves.  —  Objections 
have  been  raised  from  time  to  time  as  to  the  general  applicability  of 

Huygens's  principle.  For  example,  it  is  well  known  that  a  wave- 
disturbance,  consisting  of  simply  a  "crest,"  unaccompanied  by  a 
"  trou^,"  is  capable  of  propagation  under  certain  conditions.  Since 
rectilinear  propagation  depends  upon  interference,  and  as  we  can 
have  no  destructive  interference  between  disturbances  in  which  the 

displacements  are  all  in  one  direction,  it  would  seem  as  if  the  prin- 
ciple could  not  be  applied  in  this  case.  Gouy  has  shown,  in  the 

paper  previously  alluded  to,  that  we  can  have  only  plane-waves  of 
this  type :  a  spherical  wave,  even  if  started  by  a  disturbance  consist- 

ing of  half  an  undulation,  will  develop  the  other  part  as  soon  as  it 
breaks  away,  so  to  speak,  from  the  source.  This  is  proven  for  waves 
of  sound :  we  cannot  have  a  spherical  sound  wave  which  travels 
out  as  a  condensation,  even  if  we  start  it  by  the  sudden  expansion  of 

^  Wood,  "  Phase  Reversal  Zone-Plates,"  Phil,  Mag.,  June,  1898. 
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a  small  sphere  unaccompanied  by  a  contraction  of  the  sphere.  The 
wave  will  go  out  as  a  condensation  followed  by  a  rarefaction.  Since 
our  secondary  wavelets  are  spherical  in  form,  the  same  holds  true 
for  them.  This  peculiarity  of  spherical  waves  was  shown  by  Stokes 

some  time  before  the  appearance  of  Gouy's  paper,  and  is  referred 
to  by  the  author. 

There  appears  also  to  be  a  feeling  that  Huygens's  principle  cannot 
be  applied  to  a  solitary  wave.  There  certfunly  can  be  no  inter- 

ference between  secondary  wavelets  which  do  not  pass  simultane- 
ously through  the  given  point,  and  the  points  on  the  wave  front, 

from  which  the  wavelets  start,  lie  at  different  distances  from  the 
point  in  front  of  the  wave  at  which  we  are  determining  the  illumi- 
nation. 

We  can  form  an  idea  of  how  the  interference  takes  place  in  the 
case  of  a  solitary  wave  in  the  following  way. 

Consider  three  points  a,  6,  c,  on  the  wave  front  each  half  a  wave- 
length farther  away  from  the  exterior  point  than  its  neighbor. 

The  crest  of  the  wavelet  from  the  middle  point  b  will  reach  the  ex- 
terior point  at  the  same  moment  as  the  trough  from  a,  and  will  be 

destroyed  by  it ;  the  trough  from  b  will,  however,  be  destroyed  by 
the  crest  from  c;  in  other  words  the  disturbance  from  b  is  destroyed 
in  part  by  a  disturbance  from  a,  and  in  part  by  one  from  c.  Another 
way  of  looking  at  the  matter  is  to  make  use  of  the  method  of  resolu- 

tion employed  by  Stokes  in  his  paper  upon  the  nature  of  X-rays. 
In  Rg.  143,  we  have  a  plane-wave  with  its  crest  represented  by  a 
dotted  line,  and  its  trough  by  a  solid  line,  and  we  have  to  determine 
the  portion  of  the  wave  effective  in  illuminating  the  point  X.  De- 

scribe around  X  spheres  (circles  in  the  diagram)  of  radii  a,  a^  a'\  also 
larger  spheres  of  radii  b,  b',  b".  It  is  clear  that  disturbances  originat- 

ing on  the  surface  of  any  one  of  these  spheres  will  pass  simultane- 
ously through  X,  since  X  is  equidistant  from  every  point  on  the 

surface  of  a  given  sphere.  Disturbances  on  the  solid  and  dotted  line 
are  of  opposite  sign  and  will  destroy  each  other  if  they  pass  simul- 

taneously through  X.  In  the  case  of  the  spheres  which  cut  the  pole 
of  the  wave,  the  positive  and  negative  disturbances  pass  through  X 
in  succession,  and  there  is  no  destructive  interference.  In  the  case 
of  disturbances  from  more  remote  parts  of  the  wave,  we  have  a 
positive  disturbance  from  C  and  a  negative  one  from  B  reaching  X 
simultaneously  and  destro3dng  each  other,  and  the  same  for  points 
D  and  E.  We  shall  make  use  of  this  method  again  when  we  come  to 
the  subject  of  diffraction,  in  explaining  the  relation  between  the 
magnitude  of  diffraction  and  the  wave-length.  It  is  clear  that  the 
shorter  the  wave,  i,e,  the  smaller  the  distance  between  the  two  lines, 
the  more  nearly  is  the  effect  at  X  due  to  a  small  region  around  the 
pole  of  the  wave.    The  pole  is  intercepted  by  a  screen  in  the  figure. 

Law  of  Regular  Reflection  deduced  from  the  Principle  of  Inter- 
ference of  Elementary  Waves.  —  The  construction  given  by  Huy- 

gens  for  the  reflected  and  refracted  waves  is  incomplete,  just  as  was 
his  construction  for  rectilinear  propagation,  for  he  was  obliged  to 
assume  that  only  a  single  point  on  the  secondary  wavelet  was  opera- 

tive in  producing  illumination.    In  applying  the  Fresnel  principle  of 
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interference  to  reflection  from  a  plane  surface,  we  regard  each  point 
on  the  surface  of  the  mirror,  as  it  is  struck  by  the  incident  wave,  as 
the  centre  of  a  secondary  wavelet,  and  determine  the  collective 
effect  of  these  wavelets  at  any  point,  just  as  we  did  when  we  re- 

garded points  on  the  wave-front  as  centres  of  disturbance.  We 
know  that  the  light,  radiating  from  a  point  and  reflected  from  a 
plane  mirror,  which  is  effective  in  illummating  a  given  point,  comes 
from  a  point  on  the  mirror  so  situated  that  lines  joining  it  with  the 
source  of  the  light  and  the  point  illuminated,  make  equal  angles 
with  the  normal.  Let  us  see  if  we  can  construct  a  system  of  zones 
on  the  surface  of  the  mirror  in  such  a  way  that  the  effects  coming 
from  all  will  be  essentially  reduced  to  that  due  to  a  small  area  sur- 

rounding a  point  situated  as  described.  The  problem  is  somewhat 
more  complicated  than  the  one  which  we  have  just  solved,  for  the 
centres  of  the  secondary  wavelets  on  the  surface  of  the  mirror  are 
not  vibrating  in  unison  as  are  those  on  the  wave-front.  The  reason 
of  this  is  obvious,  for  different  points  on  the  mirror  are  struck  by 
the  wave-front  at  different  times,  and  the  secondary  disturbances 
therefore  do  not  start  simultaneously,  and  will  not  be  in  agreement 
of  phase  except  in  the  case  of  a  plane-wave  incident  normally. 

The  calculation  of  the  zone-system  on  a  reflecting  surface  is 
rather  tedious,  and  does  not  teach  us  very  much.  It  will  be  found 
in  the  earlier  edition  of  this  book,  where  it  is  shown  that  the  zones 
are  eUipses,  their  eccentricity  varying  with  the  angle  of  incidence. 
At  normal  incidence  the  ellipses  become  circles. 

The  areas  of  the  ellipses  can  be  shown  to  be  very  nearly  equal, 
forming  a  decreasing  series  similar  to  the  circular  zones  on  the  plane- 
wave  front.  If  we  describe  such  a  series  of  ellipses  on  a  flat  mirror 
and  make  the  alternate  zones  opaque,  the  flat  surface  will  concen- 

trate parallel  rays  incident  at  the  proper  angle,  much  like  a  concave 
mirror.  Such  a  plate  can  be  made  by  photographing  our  drawing 

of  the  circular  zone  system  at  an  angle  of  45°.  The  negative  when 
placed  on  a  piece  of  silvered  glass  gives  very  sharp  focal  images  for 
light  incident  at  the  same  angle.  If  the  elliptical  zone  system  is 
printed  on  the  hypotenuse  surface  of  a  right-angle  prism,  in  metallic 
silver,  our  phase  difference  of  half  a  period  between  the  adjacent 
zone  results  from  the  reflection  occurring  under  different  conditions. 
Such  prints  can  be  made  by  a  method  given  in  the  paper  referred  to 
in  the  previous  section. 

Reflection  and  Refraction  by  Unpolished  Surfaces.  —  One  of  the 
most  interesting  and  instructive  applications  of  the  Fresnel  con- 

struction is  to  the  diffuse  reflection  and  refraction  which  occur  when 
light  strikes  unpolished  or  matt  surfaces,  such  as  paper,  plaster  of 
Paris,  or  ground  glass.  We  have  explained  regular  reflection  by 
showing  that  there  is  destructive  interiference  between  the  wavelets 
arriving  at  any  point  from  the  surface  of  the  mirror,  and  that  the 
illumination  is  practically  due  to  disturbances  coming  from  a  small 
region  surrounding  the  point  so  situated  that  straight  hnes  joining 
it  to  the  source  of  light  and  the  illuminated  point  make  equal  angles 
with  the  normal.  An  unpolished  surface  destroys  all  phase  relation 
between  the  elements  on  the  wave-front.    The  secondary  wavelets 
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start  from  the  elevated  portions  of  the  surface  first,  since  these 
portions  are  struck  first  by  the  incident  wave,  and  the  reflected 
wave-front,  instead  of  being  plane,  is  pitted  and  corrugated  in  an 
irregular  manner.  It  is  impossible  to  arrange  any  zone  system  on 
such  a  surface,  for  there  are  all  possible  phase  differences  irregularly 
distributed  over  the  reflected  wave-front,  consequently  each  point 
on  the  surface  acts  as  an  independent  luminous  source,  sending 
li^t  out  in  all  directions.  We  can  apply  the  Fresnel  theory  to 
reflection  of  this  sort  in  the  following  way. 

Suppose  we  have  a  plane  surface  X  Y  (Fig.  27)  and  a  luminous 
point  S,  and  are  considering  the  effect  at  P,  which  we  will  suppose 
to  be  the  point  to  which  a  ray  SA  would  be  reflected.    We  have, 

Fio.  27. 

however,  at  il  an  elevation  of  height  H,  and  the  secondary  wavelet 
will  leave  the  point  B  sooner  than  it  would  have  left  the  point  A 
wete  the  elevation  absent.  We  can  see  that  the  effect  at  P  will  be 
the  same  in  either  event,  provided  the  difference  between  the  path 
SBP  and  SAP  is  small  in  comparison  to  the  wave-length.  At 
normal  incidence  it  is  obvious  that  this  path  difference  will  be  2/f, 
therefore  a  surface  having  elevations  on  it  of  such  magnitude  that 
twice  their  height  is  not  small  in  comparison  to  the  wave-length 
will  not  reflect  regularly  at  normal  incidence.  With  a  given  rough- 

ness long  waves  may  be  regularly  reflected,  and  short  waves  irregu- 
larly. It  can  be  seen  from  the  right-hand  figure  that  the  difference 

of  path  becomes  less  as  the  angle  of  incidence  increases,  being  in 
the  case  figured  BA  —  BKy  which  is  less  than  /f ,  and  that  at  grazing 
incidence  it  will  become  0.  It  can  be  shown  geometrically  that  the  n 
path  difference  is  represented  for  all  incidences  hy2H  cos  i,  the  value 
of  which  must  not  exceed  a  small  fraction  of  a  wave-length  if  regular 
reflection  is  to  occur. 

SB  =  SA-AB  =  SA--^. cost 

and  BP=ilP4-B/i:=i4P+il5cos(x-20=AP-  ^  .cos2i, 
cost 

Sil-filP-(S54-5P)  =  -^(14-cos2i)  =  2Hcosi. cos  I 

Since  the  path  difference  decreases  as  the  angle  of  incidence  increases, 
it  is  obvious  that  for  a  given  roughness  we  shall  get  regular  reflection 
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when  the  incidence  angle  is  so  great  that  pA  =  2H  cosine  t,  where  p 
is  a  small  fraction ;  therefore  if  we  gradually  increase  the  incidence 
angle,  the  long  waves  will  be  reflected  first,  and  then  the  shorter. 
Smoked  glass,  which  at  perpendicular  incidence  will  show  no  image 
of  a  lamp  at  all,  will  at  nearly  grazing  incidence  give  an  image  of 
surprising  distinctness,  which  is  at  first  reddish,  becoming  white  as 
the  angle  increases. 

Let  .us  next  consider  the  eflfect  of  a  matt  surface  on  refraction. 
Here  the  phase  diflferences  are  due  to  retardations  of  the  portions 
of  the  wave-front  encountering  the  elevations,  on  those  portions 

encountering  the  depressions.  With  a  given 
degree  of  roughness  the  retardation  wUl  be 
greater  when  the  substance  has  a  high  re- 

fractive index,  or  more  accurately  when  the 
difference  between  the  refractive  indices  of 
the  media  bounding  the  rough  surface  is  large. 
When  the  retardation  between  two  adjacent 
paths  is  larger  than  a  small  fraction  of  a  wave- 

length, we  have  diffuse  transmission.  If  we 
take  a  sheet  of  ground  glass  and  wet  the  sur- 

face, the  glass  transmits  more  direct  Ught  than 
it  did  before,  since  we  have  lessened  the  dif- 

ference between  the  refractive  indices  of  the 

Fig.  28  bounding  media.     If  we  substitute  benzole 
for  water  the  glass  becomes  still  more  trans- 

parent, and  by  bringing  up  the  refractive  index  of  the  benzole  by  an 
addition  of  Canada  balsam,  we  can  cause  the  ground  surface  to 
disappear  entirely. 

Let  us  now  examine  the  effect  of  the  angle  of  incidence  on  the 
transmission  (Fig.  28). 

The  path  difference  expressed  in  time  between  two  disturbances 
travelling  over  the  paths  SAP  and  SBP  can  be  found  as  follows. 
The  time  occupied  over  the  route  SAP  (which  would  be  the  one 
followed  were  there  no  elevation  on  the  surface)  will,  if  v  and  v   be 

SA 
the  velocity  of  propagation  in  the  upper  and  lower  media,  be   h V 
AP  S[J5  BP 
— r-,  while  the  time  over  SBP  or  via  the  elevation  will  be   1 — t 
V'  V  V 
and  the  difference  in  time  will  be  the  difference  b^ween  these  two 
quantities. 

The  regularity  of  the  transmission  will  not  be  affected  if  this  time 
difference 

SA 
^A^APrSB^BP\ V  V  \  V  V    J 

is  small  in  comparison  to  the  time  of  a  complete  vibration.    To 
change  this  time  difference  into  a  path  difference,  we  substitute  for 

—  the  quantity  n,  which  is  the  relative  refractive  index  between  the 

two  media,  which  gives  SA  -{-nAP—  (SB-{-nBP), 
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If  this  quantity  is  small  in  comparison  to  the  wave-length,  the 
regularity  of  the  transmission  will  be  una£fected. 

This  path  diflference  can  be  shown  to  be 

H  
"'-1 

V-   
 J 

n^— sin'i-fcosi 

where  H  is  the  height  of  the  elevation  and  i  the  angle  of  incidence. 
This  quantity  has  its  smallest  value  when  i  =  0,  when  the  path 
difference  becomes  /?(n— 1),  or  the  regularity  of  transmission  de- 

creases as  the  angle  of  incidence  increases,  the  opposite  of  what  we 
foimd  in  the  case  of  reflection. 

If  the  refractive  index  of  the  substance  is  1.5,  then  H(l.5—  1)  or 
H /2  must  be  small  in  comparison  to  the  wave-length  of  light,  if 
the  light  is  to  be  regularly  transmitted  at  perpendicular  incidence. 
Inequalities  can  then  exist,  the  heights  of  which  are,  say,  not  greater 
than  \  X,  which  is  four  times  as  great  a  discrepancy  as  we  could  have 
on  a  reflecting  surface. 

Summing  up,  we  have  (for  perpendicular  incidence)  for  regular 
reflection,  2H=pX,  and  for  transmission  H/2=p\. 

If  we  procure  a  piece  of  ground  glass,  which  will  barely  show  the 
outline  of  a  lamp  flame  by  transmitted  light,  and  thinly  silver  a 
portion  of  the  ground  surface,  we  shall  have  a  reflecting  and  trans- 

mitting surface  of  the  same  degree  of  roughness.  It  will  be  found 
that  by  reflected  light  the  outline  of  the  flame  is  indistinguishable. 
Ground  glass  of  this  description  may  be  made  by  grinding  two  pieces 
of  ordinary  ground  glass  together,  with  fine  emery  and  water,  the 
process  being  the  first  stage  of  polishii^g. 

We  thus  see  that  a  rough  surface  may  regularly  reflect  the  long 
waves  while  diffusing  the  shorter  ones.  Lord  Rayleigh  has  make 
some  interesting  experiments  upon  the  reflection  of  heat  waves 
frcMn  ground-glass  surfaces  too  rough  to  give  any  trace  of  regular 
reflection  with  visible  light.  The  ground  surface  was  silvered  and 
the  radiations  of  a  Welsbach  lamp  reflected  from  it.  In  some  cases 
two  reflecting  surfaces  were  used.  It  was  found  that  the  radia- 

tion, freed  by  the  process  from  the  shorter  waves,  was  reflected 
almost  as  well  by  a  third  ground  and  silvered  surface  as  by  a 
polished  silver  mirror.  The  method  is  analogous  to  that  origi- 

nate by  Rubens  and  Nichols  for  isolating  long  heat  waves  by  re- 
peated reflection  from  quartz  or  rock-salt  surfaces. 

A  paper  by  Lord  Rayleigh  on  "  Polish  "  in  the  Philosophical 
Magazine  will  be  found  of  interest. 

1 



CHAPTER  III 

THE  REFLECTION  OF  LIGHT  FROM  PLANE  AND 
CURVED  SURFACES 

When  light  strikes  the  boundary  surface  separating  two  media  of 
different  optical  densities,  some  of  the  energy  is  reflected  back  into 
the  flrst  medium,  and  some  crosses  the  boundary  and  is  transmitted 
through,  or  absorbed  by,  the  second  medium.  We  have  shown  in 
the  previous  chapter  that  if  the  surface  is  smooth  to  within  one- 
eighth  (i)  of  a  wave-length,  we  shall  have  regular  reflection,  and  the 
law  of  reflection  from  a  plane-mirror  has  been  demonstrate  by  the 
Fresnel  theory  of  destructive  interference. 

As  a  matter  of  fact,  we  are  practically  unable  to  make  a  surface 
so  perfect  that  absolutely  no  light  is  diffused.  Admit  a  ray  of 
sunlight  into  a  dark  room  and  reflect  it  from  the  most  perfect  mirror 
attainable ;  were  diffuse  reflection  not  present  the  mirror  itself  would 
be  invisible,  which  is  never  the  case.  The  percentage  of  diffused 
light  decreases  as  the  angle  of  incidence  increases,  as  has  been  shown 
in  the  previous  chapter,  regular  reflection  taking  place  even  on  matt 
surfaces  at  grazing  incidence. 

In  studying  the  reflection  of  light  from  plane  and  curved  surfaces 
we  shall  investigate  not  only  the  direc- 

'^^'^^wy^-.^^  tion  of  the  reflected  rays,  but  also  the  form 
^^'^^^.^  of  the  reflected  wave-fronts. Reflection  of  a  Plane- Wave  from  a 

Plane- Mirror.  — Here  the  incident  rays 
are  parallel  to  one  another  and  normal  to 
the  wave-front.  We  have  seen  that  the 
reflected  wave-front  will  be  the  surface 
enveloping  the  secondary  wavelets  ̂ ven 

off  by  the  various  points  on  the  mirror's 
b'  surface  as  they  are  struck  in  succession  by 

yC'  the  incident  wave.    The  general  method 
of  constructing  the  reflected  wave-front  is 

FiQ.  29.  shown  in  Fig.  29.    Let  AB'  he  the  surface 
of  the  mirror,  and  AB  the  incident-wave 

front,  the  rays  being  indicated  by  lines.  At  the  moment  figured,  a 
secondary  disturbance  is  about  to  leave  the  point  A,  This  second- 

ary disturbance  will  have  spread  out  all  around  il,  to  a  distance  equal 

to  BB'  at  the  moment  when  the  point  B  on  the  wave-front  en- counters the  surface.  The  secondary  wavelets  from  points  C,  Z),  E, 
etc.,  intermediate  between  A  and  B\  will  have  lesser  radii.  To 

construct  them  draw  A'B'  parallel  to  AB,  This  will  give  us  a 
subsequent  position  of  the  wave-front,  assuming  the  mirror  not 

46 
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present.  Join  these  two  wave-fronts  by  perpendicular  lines,  which 
represent  rays,  which  cut  the  mirror's  surface  at  C,  Z>,  J?,  etc.  The 
wavelet  around  C  must  obviously  have  a  radius  equal  to  CC,  while 
that  around  D  has  a  smaller  radius,  DD\  and  so  on  for  all  the  other 
points.  If  we  describe  these  spheres  (circles  in  the  diagram)  we 
shaU  find  that  they  are  enveloped  by  a  plane  surface,  which  makes 

the  same  angle  with  the  mirror's  surface  as  the  incident  wave. 
This  can  be  proven  by  similar  triangles,  Rt.  triangle  ABB'  =  Rt. 
triangle  AFB'  =  Rt.  triangle  AB! A\  (Hypotenuse  in  common 
and  AF  =  BB'  =  AA'  by  construction.)  Therefore,  their  homolo- 

gous angles  are  equal.  The  rays  being  normal  to  the  wave-front 
will  make  equal  angles  with  the  normal  to  the  surface  of  the  mirror. 

We  can  apply  tlus  same  method  to  the  construction  of  the  wave- 
front  after  reflection  from  a  surface  of  any  form.  In  brief,  we  draw 
the  wave-front  before  it  encounters  the  reflecting  surface  and  also  in 
some  subsequent  position,  behind  the  mirror,  which  it  would  occupy 
at  a  later  moment  were  the  mirror  not  present.  Join  these  two 
fronts  by  normal  lines  (rays)  and  describe  around  the  points  at 
which  they  cut  the  reflecting  surface  circles  whose  radii  are  equal 
to  the  respective  distances  of  the  points  from  the  wave-front  in  its 
second  or  imaginary  position.  The  envelope  of 
these  circles  shows  us  the  position  of  the  reflected 
wave-front,  at  the  time  at  which  the  incident 
wave  would  have  reached  its  unaginary  position 
were  the  mirror  absent. 

Let  us  now  apply  this  method  to  the  construc- 
tion of  the  reflected  wave-front,  when  a  spherical 

wave  encounters  a  plane-mirror.  Let  0  be  the 
luminous  point  around  which  we  construct  the 
circular  section  of  the  spherical  wave  intersecting 
the  mirror  at  A  and  B  (Fig.  30).    Completing  the  wave-front  below 

the  surface  of  the  mirror,  describe  around 

points  on  the  mirror's  surface  circles  whose 
radii  are  equal  to  their  distances  from  the 
wave-front  below  the  mirror  measured  in  a 
normal  direction,  —  that  is,  along  the  rays  or 
radii  of  the  original  wave.  The  envelope  of 
these  circles  is  itself  a  circle  of  the  same  ra- 

dius as  the  original  wave,  with  its  centre  of 
curvature  at  the  same  distance  below  the 
mirror  as  the  luminous  point  is  above.  The 
reflected  wave  is  thus  a  portion  of  a  sphere 

Fio.  31.  with  its  centre  below  the  mirror.    This  can 
be  im>ven  as  follows : 

Draw  oof  perpendicular  to  the  mirror's  surface  (Fig.  31),  making 
OM  »  OM^  and  with  (X  as  a  centre  draw  the  arc  A^iB  representing 
the  reflected  wave-front.  Draw  rays  OPQ  and  O'PQ .  OfP  = 
OP  (h(»nologou8  sides  of  equal  Rt.  triangles),  .".  PQ'  =  PQ,  since 
OQl  as  OQ  (radii  of  equal  circles). 

This  shows  us  that  a  wavelet  drawn  around  P  with  a  radius  PQ 

touches  the  qiherical  arc  A  NS  ̂ ^  Q't  £^nd  since  this  is  true  for  all 

Fio.  30. 
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points  OQ  the  mirror's  aurface,  it  follows  that  a  spherical  suiface  of 
Uie  same  radius  as  that  of  the  incident  wave  is  the  envelope  of  all 
the  secondary  wavelets.  The  rays  being  nonoal  to  the  wave-front, 
it  follows  that  after  reflection  they  come  apparently  from  the  point 
O,  which  we  call  the  image  of  0  in  the  mirror. 

Reflection  of  Sound- Waves.  —  A  striking  analogy  exists  between 
sound  and  light ;  we  can  show  nearly  ̂   of  the  phenomena  of 
reflection,  refraction,  and  diffraction  by  means  of  sound-waves.  An 
electric  spark  ia  the  centre  of  a  spherical  soimd-wave,  which  expands 
at  the  rate  of  about  three  hundred  and  thirty-one  (331)  metres  per 
second,  and  at  the  same  time  is  the  centre  of  spherical  light  waves, 
which  expand  at  the  rate  of  three  hundred  thousand  (300,000)  kilo- 

metres per  second.  We  have  no  means  of  directly  showing  the  form 
of  the  wave-front  of  the  luminous  disturbance.  We  can  calculate 
its  form  before  and  after  reflection  and  show  the  agreement  between 
these  forms  and  the  rays  as  actually  observed,  but  we  cannot 
actually  show  the  wave-front.  In  the  case  of  the  sonorous  disturb- 

ance, however,  the  wave-front  can  not  only  be  seen,  but  photo- 
graphed. We  are  deahng  with  a  spherical  shell  of  coadensied  air 

and,  by  a  suitable  optical  contrivance  which  will  be  described  in  the 
next  chapter,  we  can  study  at  our  leisure  the  changes  which  the 
wave-front  undergoes. 

The  author  has  prepared  an  extensive  series  of  photographs  of 
sound-waves  for  the  purpose  of  illustratii^  optical  phenomena. 

The  case  that  we  have  just  considered,  namely,  the  reflection  of  a 

0^  ̂  
spherical  wave  from  a  plane  surface,  is  shown  in  Fig.  32.  The  sound 
wave  is  started  by  an  electric  spark  which  has  just  passed  between 
two  brass  balls,  seen  in  line,  one  behind  the  other  at  the  centre  of 
each  picture.  The  wave  of  condensed  lur  is  illuminated  and  photo- 

graphed by  the  light  of  a  second  spark  occurring  a  moment  later. 
By  properly  regulating  the  time  interval  between  the  two  sparks  a 
progressive  series  of  views  is  obtained  showing  the  wave-front  at 
different  stages  of  its  development. 

The  form  of  the  reflected  wave  or  echo  is  seen  to  be  identical  with 

the  form  of  the  light-wave  as  calculated  by  Huygens's  principle. 
Reflection  by  Ellipsoidal  Mirror.  —  If  a  spherical  wave  start  at 

one  focus  of  an  ellipsoid  of  revolution,  the  reflected  wave  will  be 
spherical  in  fonn,  and  will  collapse  to  a  point  at  the  other  focus,  or 
rays  of  light  issuing  from  one  focus  come  accurately  together  at  the 
other  focus.  A  surface  capable  of  bringing  rays  of  light  accurately 
to  a  focus,  either  by  reflection  or  refraction,  is  said  to  be  aplanatic, 
consequently  an  ellipsoidal  mirror  is  aplanatic  for  rays  in«iiing  &om  a 
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point  8ituat«d  at  either  focus.     This  can  be  shown  by  the  following 
construction. 

Around  one  focus  of  an  ellipse  describe  a  circle  which  falls  just 
outdde  of  the  furthest  extremity  of  the  ellipse.  Draw  a  number 
of  radii  to  the  circle,  and  around  the  points  where  the  radii  cut  the 
ellipse  describe  circles  with  radii  equal  to  the  distances  from  the 
respective  points  to  the  outer  circle  (measured  along  the  radii).  The 
circles  will  be  enveloped  by  another  circle  {the  reflected  wave-front), 

_tbe  centre  of  which  is  at  the  other  focus  of  the  ellipse. 

In  fig.  33  we  have  a  series  of  photographs  showing  a  sound-wave 
starting  at  the  focus  of  an  elhptical  mirror.  The  expanding  sphere  is 
Been  to  have  been  changed  by  reflection  into  a  contracting  sphere, 
which  shrinks  to  a  point  at  the  other  focus.  The  same  thing  can  be 
shown  by  making  a  shallow,  flat-bottomed,  elliptical  dish  of  wood, 
filling  it  with  mercury,  and  touching  the  surface  of  the  fluid  at  one 

focus  of  the  ellipse.' 
Reflection  from  a  Parabolic  Mirror.  —  If  we  construct  the  re- 

flected wave-front  in  the  case  of  a  wave  starting  at  the  focus  of  a 
parabolic  mirror,  we  shall  And  that  the 
reflection  transfonns  the  spherical  wave 
into  a  plane-wave.  The  reflected  rays, 
being  nonnal  to  the  wave-front,  are  par- 

allel, and  are  consequently  projeeted  in 
a  narrow  beam  out  of  the  mirror.  This 
is  the  principle  on  which  the  naval 
flearch  li^ts  are  constructed. 

Let  0  be  the  focus  of  the  parabolic  ">,_     ; 
section  of  the  mirror  (Fig.  34).     Con-        1     B~*^ 
struct  the  imaginary  spherical  wave-  j^^  ̂  front    (imreflected)    EF,  and    around 
pmnts  A,  C,  etc.,  on  the  parabola  construct  circles,  or  secondary 
wavdets,  with  radii  equjd  to  the  distances  of  the  points  from  the 
imapnary  wave-front  measured  along  the  radii  of  the  circle  EF. 

•By  plaoncthsdiihui  theaunlisht,  and  neelTUig  the  refleflted  light  on  a  Kreen, 
tba  minlnwat  eaa  be  •bown  to  a  cum. 
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The  wavelets  will  be  enveloped  by  a  straight  line,  the  section  of  a 
plane.  It  is  easy  to  see  that  this  Une  is  straight,  or  that  the  reflected 
wave-front  is  accurately  plane.  Every  point  on  the  parabola  is 
equidistant  from  the  focus  and  the  directrix;  .'.  OA  =  AB  and 
OC  =  CD.  Around  A  and  C  we  have  circles  with  radii  equal  to  AE 
and  CF  respectively.  Now,  OE=OF,  being  radii  of  same  circle,  and 
DG=OF  and  BH  =  OE;  .-.  DG=BH  oithe  enveloping  line  is  eveiy- 
when;  equidistant  from  the  directrix,  and  consequently  parallel  to  it. 
The  reflected  wave  is,  therefore,  a  true  plane.  The  projection  of  a 
truly  plane-wave  from  a  paraboloid  mirror  is  practically  never  real- 

ized, since  the  source  of  light  is  always  of  finite  size  —  that  is,  the 
waves  do  not  all  start  from  the  focus. 

'  In  Fig.  35  we  have  the  reflection  of  a  sound-wave  from  a  parabolic 
mirror.  The  converse  of  this  case  is  also  true.  Plane-waves  enter- 

ing a  parabolic  mirror  are  transformed  by  reflection  into  converging 
spherical  waves  which  shrink  to  a  point  at  the  focus  of  the  parab- 

oloid. Thb  means  that  parallel  rays,  or  rays  coming  frcHn  an  ob- 
ject situated  at  a  great  distance,  are  brought  accurately  to  a  focus 

by  a  mirror  of  this  form,  or  the  parabolic  mirror  is  aplanatic  for 

(larallel  ra>'s. 
The  surfai-e  of  a  liquid  in  uniform  rotation  assumes  the  fonn  of 

a  paralx)loid  under  the  influence  of  centrifugal  force,  and  the  author 
liii.s  recently  constructe<i  a  reflecting  telescope  of  mercury  twenty 
inches  in  diameter  which  operates  on  this  principle.  The  focal 
length  can  be  varied  from  three  to  twenty  or  more  feet  by  altering 
the  f!peed  of  rotation.  The  instrument  resolves  stars  three  seconds 
apart ,  shows  the  smallest  craterlets  on  the  moon,  and  jnelds  wondn> 
fully  bright  images  of  nebulae  when  running  with  a  short  focus. 
See  Aatrophysical  Journal,  1909  acid  1910. 

Reflection  by  Hypeiboloid.  —  A  spherical  wave  ori^nating  in  (me 
focus  of  an  hyperlwloid  is,  by  reflection,  changed  into  a  sphwe  whoae 
centre  is  at  the  other  focus.  The  reflected  rays  appear,  th«efore, 

to  come  from  this  point,  each  focus  of  the  hj'pertwioid  being  the 
virtual  image  of  the  other.  This  foUows  at  once  from  the  taet  that 

lines  joining  the  two  foci  of  the  h\-perbola  with  any  point  on  the 
curve  make  equal  an^es  with  the  normal  at  the  point.  Let  F  and 

F"  Ih'  the  two  foci  (FTg.  36).  and  consider  any  ray  drawn  from  f  to 
the  branch  of  the  hvperbola  nearest  it.  say  to  the  point  A.  Tlien 

FA  anti  F"  A  make  equal  angles  with  the  normal,  and  the  reflected 
ray  AB  produced  backwards  coincides  with  AF.  A  spherical 
wave  started  at  F  will,  after  reflection,  be  a  sphere  with  its  centre 
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at  F.    If  a  wave  is  started  at  F  and  reflected  in  the  convex  surface 
of  the  same  branch  of  the  hyberbola  (the  branch  nearer  F  being 
removed),  it  will  be  transformed  into  a  sphere  expanding  from  F 
as  a  cenUe. 

Fio.  36. 

If  now  we  consider  a  spherical  wave  front  contracting  towards 
the  focus  F  (i.e.  reversing  the  last  case)  it  will,  after  reflection, 
converge  towards  F.  In  other  words,  the  convergence  of  the  rays 
will  be  decreased  without  interfering  with  their  ability  to  come  to 
a  focus  at  a  point.  This  is  important  in  connection  with  the  use  of 
hyperboloidal  mirrors  in  modem  reflecting  telescopes. 

Reflecting  Telescopes.  —  A  concave  paraboloid  of  glass  sil- 
vered on  its  curved  surface  forms  the  objective  of  the  reflecting 

telescope.  The  image  is  sharpest  when  it  falls  upon  the  axis  of 
the  paraboloid.  Newton,  who  constructed  the  first  reflecting 
telescope,  placed  a  small  mirror  on  the  axis  between  the  objective 
and  the  image  (near  the  latter),  which  reflected  the  rays  out 
throu^  the  side  of  the  tube,  where  the  image  was  viewed  with  an 
eye-i)iece.  Telescopes  of  this  form  are  called  Newtonian  reflectors. 
The  mirror,  however,  obstructs  some  of  the  incident  light,  and 
Harschel  accordingly  inclined  his  mirror  so  that  the  image  fell  at 
the  aide  of  the  tube.  This  produces  a  little  distortion,  however, 
thou^  it  is  small  if  the  inclination  is  not  more  than  two  or  three 
degrees.  If  we  could  make  a  paraboloid  in  which  a  portion  of 
the  true  surface  a  little  to  one  side  of  the  axis  was  used,  the  mirror 
when  properly  oriented  would  give  an  image  free  from  distortion  in 
an  oblique  direction.  See  section  on  Focal  lines.  This  could  be 
accomplished  by  local  corrections  of  the  surface.  In  practice  it 
is  found  that  the  definition  of  the  Herschel  reflector  is  best  with 
the  mirror  in  a  certain  position,  which  can  be  found  by  rotating  it 
in  its  own  plane.  In  this  position  we  have  the  nearest  approxi- 

mation to  the  ideal  condition  mentioned  above.  The  circumstance 
results  from  slight  irregularities  in  the  curvature.  The  largest 
modem  reflector  in  the  world  is  the  monster  instnmient  of  the 
Mount  Wilson  Solar  Observatory  in  California.    The   parabolic 
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mirror  is  60  inches  in  diameter  and  has  a  focal  length  of  25  feet.  It 
can  be  used  first  as  a  NewtooiaD,  as  shown  in  C^.  37;  second  as  a 
Cassegrainian  with  a  focus  equivalent  to  100  feet,  Fig.  38;  and 

third  as  a  Cassegrainian  with  a  focal  length  of  ISO  feet.  To  trans- 
form it  into  the  Cassegrain  type  a  convex  hyperboloid  is  put  in 

place  of  the  plane  mirror  used 
in  the  Newtonian  type.  This 
decreases  the  convergence  of  the 

.  rays,  which  are  either  reflected 
to  one  side  at  the  base  of  the 
tube,  as  in  Fig.  38,  or  thrown 
down  through  the  hoUow  polar 
axis  as  in  Fig.  39  ( 1 50-foot  focus) . 
In  using  the  hyperboloidal  mii^ 
ror,  the  actual  distance  traversed 
by  the  rays  in  uoming  to  a  focus 
is  not  150  feet,  but  the  size  of  the 
image  is  the  same  as  that  pro- 

duced by  a  mirror  having  an  ac- 
tual focal  length  of  150  feet. 

The  theory  of  this  method  of 
amplification  will  be  taken  wp 
when  we  come  to  lenses. 

Reflection  from  Spherical  Sw^ 
Fio-  39.  faces.  —  If  the  reflecting  surface 

be  a  portion  of  a  sphere,  the  effects  are  more  complicated,  except  in  the 
special  case  of  waves  starting  at  the  centre  of  curvature.     The  rays 
do  not  all  meet  at  a  point,  as  in  the  cases  which  we  have  coor- 
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sidered,  but  envelope  a  surface  known  as  the  Caustic.  An  example 
of  a  caustic  is  the  cusped  line  of  illumination  seen  on  the  table- 

cloth when  the  light  of  a  lamp  strikes  the  inner  surface  of  a  silver 
napkin  ring.  We  have  seen  that  a  concave  paraboloid  brings  paral- 

lel rays  accurately  to  a  focus.  A  concave  spherical  mirror  does  not 
do  this.  Rays  near  the  axis  come  to  a  focus  approximately  at  a 
point,  but  as  we  recede  from  the  axis  we  soon  find  the  reflected  rays 
falling  wide  of  the  focus.  This  eflfect  is  known  as  Spherical  Aberra- 

tion. In  constructing  telescope  mirrors,  opticians  strive  to  give  the 
surface  as  nearly  as  possible  the  figure  of  a  paraboloid.  The  nature 
of  the  wave-front  in  cases  where  caustics  are  formed  is  not  at  once 
apparent.  The  subject  is  usually  treated  by  ray  methods,  and  we 
shall  accordingly  b^in  by  considering  one  or  two  examples  geo- 

metrically, althou^  the  evolution  of  the  wave-front,  and  the  rela- 
tion between  the  wave-front  and  the  caustic,  form  a  more  inter- 

esting study. 
Reflection  from  Convex  Spherical  Surfaces.  —  In  studying  re- 

flection by  ray  methods  we  can  regard  a  curved  surface  as  made  up 
of  an  infinite  number  of  plane  suHaces,  for  each  one  of  which  the 
law  of  equal  angles  holds.  Let  us  take  as  the  first  case  the  reflec- 

tion of  lijght  radiating  from  a  luminous  point  at  a  convex  spherical 
mirror. 

When  the  light  is  incident  on  a  small  portion  of  a  sphere  in  a 
neariy  normal  direction,  we  may  regard  the  reflected  rays  as  ema- 

nating from  a  point  behind  the  mirror;  the  virtual  focus,  as  will 
appear  presently,  is  not  at  once  apparent.  If,  however,  we  employ 
a  large  arc  of  the  mirror  this  does  not  hold  even  approximately,  and 
we  require  an  expression  for  the  position  of  this  focus  in  terms  of 
the  an^e  of  incidence. 

Let  the  radius  of  curvature  of  the  mirror  be  r,  the  distance  of 
the  radiating  point  from  the  centre  of  curvature  be  b,  and  the  angle 
of  incidence  be  i;  find  g,  the  distance  of  the  focus  D  from  the  centre. 

Fio.  40. 

(1)         (^ :  r—sin  * :  sin  ̂   (Sides  of  A  in  ratio  of  sines  of  opp.  ̂ ), 
6:r«8inX:siny. 

Dividing  ?-?!5^^S-5  and  pin  *-sinX  (since  X  is  the  sup- 

plement  of  *)• 
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.  g^AnY^sind-p)    .        Y-\-P+X=X+i  and 

"b     sine     8m(i+fi)  8mtf=8in03+*)=sin08+i). 
(7     sin  t  cos  P — cos  i  sin  P 
b     sinicosi3+cosisini8 

Adding  1  to  both  sides, 

flf +6     sin  t  cos  ff  ~  cos  i  sin  ff +sin  t  cos  ff -f  cos  i  sin  p 

b  sin  i  cos  P+  cos  t  sin  jS  ' 

fl±b  ̂   28m t  cos  ff   but  ̂ 4^  =  gi^  =  g  (by  (1)); 6         sm(i+i3)  &m{i+P)      sind     r 

.  flf+b^2^cosig^j  g+b^2bco8p  ^^b  ̂ ^^2bcoap, 

"     b  r  g  r  g  r       ' 
hr 

•'•  0  =  -1   ;; — >  the  equation  for  a  convex  mirrob. 
2ocosp— r 

C!onsidering  D  as  the  luminous  point,  and  solving  for  b,  we  get 

b  ==   ^   ,  the  equation  for  a  concave  mibbob. 

2flfcoso— r 
These  equations  show  us  that  the  rays  reflected  from  different 

Hnniilar  elements  of  the  sphere  (determined  by  P)  if  produced 
backwards  cut  the  axis  of  tihe  mirror  nearer  and  nearer  to  its  sur- 

face as  S  is  increased. 

For  rays  near  the  axis  0=0  and  cosi3=l)  we  have 

br 

9= 

26-r 
If  the  source  is  at  a  great  distance,  i.e.  b  very  large  in  comparison 

to  r,  we  have 

that  is,  the  focus  is  midway  between  the  surface  and  the  centre  of 
curvature.  If  we  construct  a  number  of  reflected  rays  we  shall 
find  that  they  envelop  a  caustic  surface,  which  is  virtual  in  the 
case  of  a  convex  spherical  mirror  and  real  in  the  case  of  a  concave. 
We  cannot  therefore  form  a  clear  image  with  a  spherical  mirror  of 
large  aperture,  since  the  rays  do  not  fociis  all  at  the  same  point; 
in  other  words,  the  reflected  wave  is  not  spherical  as  in  the  case  of 
the  ellipsoid  and  paraboloid. 

Reflection  of  Plane- Waves  from  Concave  Spherical  liilirrors.  — 
Let  us  now  determine  what  happens  to  the  wave-front  in  the  case 
just  considered.  We  might  employ  the  method  already  used  for 
constructing  reflected  fronts,  but  this  method  has  certain  disad- 

vantages in  the  present  instance :  it  does  not  readily  give  us  the 
complete  wave-front,  and  it  gives  but  a  single  front.  In  this  par- 

ticular case  the  reflected  front  is  rather  intricate,  and  a  construction 
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that  will  enable  us  to  follow  it  in  its  evolution  is  desirable.     This 
can  be  accomplished  by  employing  a  second  method. 
ABC  is  the  mirror,  AOC  the  plane-wave  (Fig.  41).  Around 

points  on  ABC  as  centres  describe  circles  tangent  to  the  wave. 
Ttese  circles  will  be  enveloped  by  another  surface,  ADE,  below  the 
mirror  (the  orthogonal  surface).    If  we  erect  normals  on  this  sur- 

Fio.  41. 

face,  we  have  the  reflected  rays,  and  if  we  measure  off  equal  dis- 
tances on  the  normals,  we  have  the  reflected  wave-front.  By  draw- 

ing the  orthogonal  surface  we  avoid  the  complication  of  having  to 
measure  off  the  distances  around  a  comer.  The  orthogonal  sur- 

face is  an  epicycloid  formed  by  the  rolling  of  a  circle  of  a  diameter 

equal  to  the  radius  of  curvature  of  the  mirror  on  the  mirror's  sur- 
face, and  the  normals  can  be  erected  by  drawing  the  arc  FG  (the 

path  of  the  centre  of  the  generating  circle),  and  describing  circles 
of  diameter  BE  around  various  points  on  it.  A  line  joining  the 
point  of  intersection  of  one  of  these  circles  with  the  epicycloid,  and 
the  point  of  tangency  with  the  mirror,  will,  when  produced,  give  a  re- 

flected ray ;  for  example,  JK  produced,  for  circle  described  around 
H,  This  construction  once  prepared,  the  series  of  wave-front  j)ic- 
tures  can  be  very  quickly  made.  Three  or  four  sheets  of  paper  are 
liud  under  the  construction  and  holes  punched  through  the  pile  by 
means  of  a  pin,  at  equal  distances  along  each  ray  (measured  from 
orlhogpiial  surface). 
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The  centre  of  the  mirror  and  the  poiot  where  its  axis  meeta  t 
Burface  are  alfto  indicated  in  the  sanie  manner.     The  sheets  are  now 

scparateil,  and  corresponding  pin-holes  are  united  on  euch  sheet  h^- 

a  broad  black  li 
it  Ix-eomes 

wliii'h  represents  the  wave-front,     .\fter  a  time 
filler  double  reflections,  and  to  do  thia 

wr  an>  eiwiipejlwi  t<>  ponst.nirl   twiri-reflwt«xi  rays  rinilintted  by 
dottol  linoai),  and  nir>axuro  an^und  a  romer  cu-h  time. 

The   |p>ometrieall,\'   eonsUiiclwi   fronts)  are  shown  to   Rg.   42. 
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These  are  diagramR  taken  at  intervals  on  a  kinetoscope  film  pre- 
pared by  the  author  for  illustrating  the  wave  evolutions. 

About  one  hundred  constructions  were  made,  in  the  manner  just 
described,  and  photographed  in  succession  on  the  film,  which,  when 
run  through  the  machine,  gives  us  the  moving  wave  on  the  screen 
in  a  most  graphic  manner.^ 

A  series  of  photographs  of  a  soimd-wave  entering  a  hemicyUn- 
drical  mirror '  is  shown  in  Fig.  43,  and  it  will  be  seen  that  the  forms 
are  identical  with  the  geometrical  constructions.  The  reflected 
front  is  cusped,  and  in  certain  stages  (No.  4)  has  a  form  not  unlike 
a  volcanic  cone  with  a  bowl-shaped  crater. 

hi  Fig.  44  we  have  a  number  of  wave-fronts  in  different  stages  of 
reflection,  and  it  is  at  once  ap- 

parent that  the  cusp  traces  the  V  A. 
caustic  surface,  indicated  by  a 
dotted  line. 

This  ̂ ves  us  at  once  a 
physical,  as  distinguished  from 
a  geometrical,    de&iition   of   a  ^iq.  44. 
caustic,    which    is    a    surface 
traced  by  a  moving  cusp  of  the  wave-front. 

Let  us  examine  a  little  more  carefully  the  manner  in  which  this 
cusped  wave  is  propagated.  A  superficial  examination  of  the  forms 
mi^t  lead  one  to  imagine  that  the  bowl  of  the  crater  collapsed  to 
a  point  at  the  principal  focus  of  the  mirror.  This  can  of  course  only 
be  true  in  the  case  of  a  concave  spherical  wave,  which  is  only  given 
by  a  parabolic  mirror.  We  shall  find  as  a  matter  of  fact,  if  we  ex- 

amine the  geometrical  construction,  that  the  cusp  of  the  wave,  or 
the  rim  of  the  crater,  which  traces  the  caustic  as  we  have  seen,  is 
continuously  passing  through  a  focus.  In  other  words,  the  curva- 

ture of  the  crater  increases  as  we  go  from  the  bottom  to  the  rim,  at 
which  point  the  radius  becomes  zero.  The  inner  edge  is  then  con- 
tinuidly  passing  through  a  focus  and  appearing  on  the  outside, 
buildiiu^  up,  as  it  were,  the  sides  of  the  cone.  These  wave-fronts 
were  (frawn  by  constructing  the  orthogonal  surface,  which  was 
shown  to  be,  in  section,  an  epicycloid  formed  by  rolling  a  circle, 
whose  diameter  was  equal  to  tLe  radius  of  curvature  of  the  mirror, 
around  the  outside  of  the  mirror.  The  evolute  of  this  curve  is  the 

caustic,  itsdf  an  epicycloid,  and  the  reflected  wave-fronts  form  a 
family  of  pstftdlel  curves,  which  are  the  involutes  of  the  caustic. 

Tliougph  the  caustic  and  ortiiogonal  surface  (evolute  and  involute) 
are  similar  epicycloids,  the  reflected  wave-fronts,  or  parallels  to  the 
orthogonal  surface,  are  not  epicycloids.  It  may  be  well  to  point  out 
here  an  error  tiiat  sometimes  appears  in  text-books  on  Optics, 
namely,  tbe  assumption  that  the  wave-front  (say  in  the  case  of  a 
spherical  wave  refracted  at  a  plane  surface)  is  an  hyperboloid  in  the 
second  medium,  because  tiie  caustic  is  the  evolute  of  an  hyperboloid. 

' "  Fhotogrftphy  of  Sound-Wavefl,  and  Kinematographio  Demonstration  of  Re- 
fleeted  Wave-Fronts."    Wood.  Proceed\ng9  Royal  Society,  Vol.  66. 

*  Cylindrioal  lurfaoM  have  been  used  instead  of  spherical  for  obvious  reasons. 
Tbe  sfiotional  view  is  of  course  the  same  in  each  case. 
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Fio.  45. 

An  hyperboloid  wave  will  not  propagate  itself  as  an  hyperboloid, 
nor  an  ellipsoidal  wave  as  an  ellipsoid  (except  in  an  anisotropic 
medium),  the  parallels  to  a  conic  being  in  general  curves  of  the 
eighth  degree.  In  the  case  above  cited,  we  should  speak  of  the 
wave-fronts  srfter  refraction  as  the  parallels  to  an  hyperboloid. 

Let  us  suppose  the  wave  to  be  just  entering  the  mirror.  The  form 
of  the  portion  which  has  already  suffered  reflection  is  a  cusp  extend- 

ing aroimd  the  upper  edge  of  the  hemisphere  (Fig.  45).    The  upper 
branch  of  the  cusp  is  con- 

cave upward,  and  is  the 
portion  of  the  wave  which 
left  the  reflecting  surface 
and  has  passed  through  a 
focus.  The  lower  branch 
is  concave  downward,  or 
in  the  direction  of  propa- 

gation, and  represents  the 
portion  of  the  wave  which 
has  just  left  the  surface 
and  is  on  the  way  to  its 

focus.  The  radius  of  curvature  increases  from  zero  as  we  gp  away 
from  the  cusp-point  along  either  branch,  as  has  been  said  before. 
This  cusped  wave  moves  down  the  mirror,  the  lower  branch  being 
continually  replenished  by  consecutive  portions  of  the  incident  wave 
as  it  encoimters  the  mirror,  the  upper  branch  being  continually 
added  to  by  elements  of  the  lower  branch  as  they  pass  through  their 
foci  at  the  cusp. 

As  has  been  said,  the  cusp  traces  the  caustic  surface,  and  since  the 
wave  is  always  coming  to  a  focus  on  the  cusp,  the  increased  illumi- 

nation along  the  caustic  is  accounted  for. 
The  difiference  between  a  parabolic  reflector  and  a  spherical  one  is 

now  clear.  The  former  gives  us  a  spherical  wave  which  will  col- 
lapse to  a  point,  the  latter  an  approximately  spherical  wave  near 

the  axis  only,  the  rest  of  the  wave  being  incapable  of  shrinking  to  a 

point. 
We  will  next  consider  the  opposite  case,  starting  a  spherical  wave 

at  the  principal  focus  of  the  concave,  spherical  mirror,  and  determine 
the  form  of  the  reflected  wave, 
which  we  found  to  be  plane  in  the 
case  of  the  paraboloid.  We  will 
use  the  first  method,  constructing 
a  single  reflected  front  only.  Let 
ABC  be  the  mirror,  with  its  focus 
at  D,  where  the  wave  originates. 
Draw  dotted  lines  representing 
the  wave  in  a  subsequent  position 
(Fig.  46),  and  around  the  points 
By  Fj  Gy  H  on  the  mirror  describe 
arcs  with  radii  equal  to  BE,  FH, 
and  GI  respectively.  These  arcs 
will  be  enveloped  by  the  reflected  wave-front,  which  is  approxi- 

Fio.  46. 
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mately  plane  near  the  axis  of  the  mirror,  curling  up  at  the  edges, 
however,  the  whole  reaembling  a  shallow,  flat-bottomed  saucer. 

Roughly  sketch  in  a  few  aonnals  to  this  wave,  and  determine  its 
form  in  subeequent  positions,  and  it  will  be  found  that  the  curved 

©0 •izy  <^  K^ 

ndes  of  the  saucer  run  in  to  a  focus  around  the  edge  of  the  flat 
bottom  (a  ring  focus),  disappearing  for  a  moment  and  then  reap- 

pearing on  the  under  aide,  but  turned  over  the  other  way.  As  the 
wave  wlvances,  the  flat  bottom  contracts,  and  the  cusps  formed  by 
the  union  of   the   tumed-over 

sides  with  the  bottom  trace  a  \  ,  j  xrsJ  ir^i  \.r^i  ll'^~^J 
caustic  which  has  the  form  of  ̂ -^  ̂ ^^  ̂ ^-^  ̂ ^  ̂ *=^ 
a  long,  tapering  funn^.  Photo- 

graph of  a  sound-wave  taken 
under  these  conditions,  and  dia- 

grams from  the  kineraatograph 
films,  are  shown  in  Figs.  47  and 
4S.  The  reflected  wave-fronts, 
and  the  caustic  traced  by  the 
easps  in  this  case,  are  shown  in 
Fig.  49. 

A  useful  piece  of  apparatus  Fio.  48. 
can  be  made  by  silvering  the 
outside  of  a  hemispherical  glass  evaporating-dish  or  half  of  a  lan;e, 
round-bottomed  flask.  The  concave  mirror  thus  formed  should  lie 

mounted  on  a  stand,  and  a  twoK^ndle"  pea  "  electric  lamp  arranged 
so  that  it  can  be  moved  along  the  axis  of  the  mirror. 

If  we  place  the  lamp  in  the  focus  of  the  mirror,  and  hold  a  sheet 
of  ground-glass  in  front  of  it  at  the  proper  distance,  we  can  show  the 
luminous  ring  formed  by  the  passage  of  the  sides  of  the  saucer-shaped 
wave  through  a  focus. 

^^   K^  K^   <:^   \^ 

K^  ̂ ^  ̂ J  \y  K^ 
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The  iilumination  within  the  rir^  is  due  in  part  to  unreflected  li^t, 
and  in  part  to  the  flat  portion  of  the  reflected  wave. 

Formation  of  Images.  —  In  the  formation  of  a  real  image  by  a 
mirror,  the  rays  radiating  from  a  point  are  brought  t(%ether  ̂ euu 
approximately  at  a  point,  or  the  reflected  wave-fronts  are  convei^- 

ing  spheres.  A  luminous  object  being 
made  up  of  a  collection  of  adjacent 
radiating  points,  we  have  vast  numbers 
of  spherical  waves  entering  the  mirror 
from  these  points,  and  converging  to 
points  similarly  situated  with  reference 
to  one  another.  The  formation  of  these 
images,  and  the  study  of  their  portion 
and  distance  from  the  mirrors,  belongs 

I  to  geometrical  optics.  The  influence  of 
I  the  form  of  the  wave-front  on  the  dis- 

tinctness of  the  image  may,  however,  be 
considered  in  connection  with  what  has 
gone  before.  We  have  seen  that  the 
paraboloid  and  ellipsoid  are  the  only 

Pjg  4Q_  surfaces  that   reflect  spherical  fronts; 
other  curved  surfaces  give,  in  genera], 

caustics.  If  we  use  only  a  very  small  portion  of  the  sphere,  and 
receive  the  light  normally,  we  have  only  the  cusp  of  the  caustic,  which 
is  very  nearly  a  point.  There  is  a 
certain  amount  of  what  is  called 
longitudinal  aberration,  owing  to 
the  fact  that  the  rays  reflected 
from  the  periphery  come  to  a  point 
situated  nearer  the  mirror  than 
those  reflected  from  the  points  near 
the  axis.  If  the  image  be  thrown 
on  a  screen,  the  bright  spot  formed 
by  the  central  rays  will  be  sur- 

rounded by  a  circular  ring  of  light 

formed    by   the    peripheral    rays  ^"^  ̂ ^ 
which  have  already  come  to  a  focus 
and  are  divei^ing  once  more.  The  position  of  sharpest  definition 
lies  between  the  focal  points  of  the  marginal  and  central  rays.  The 
circle  of  light  is  smallest  at  this  point,  and  is  known  as  the  circle  of 
least  confusion.  The  line  AB  in  Fig.  50  shows  the  position  of  this 

point. 
Focal  Lines.  —  Suppose  now  that  the  incident  light  falls  on  the 

mirror  in  an  oblique  direction.  This  is  the  condition  if  we  consider 
a  small  portion  of  the  hemispherical,  concave  mirror  far  removed 
from  the  axis.  The  reflected  wave  will  come  to  a  focus  in  a  line 
instead  of  a  point ;  as  we  increase  the  distance  of  the  screen  from 
the  mirror,  the  line  will  decrease  in  length,  increasing  in  width  until 
it  is  transformed  into  a  line  at  right  angles  to  the  first. 

These  lines  are  known  as  the  primary  and  secondary  focal  linea 
respectively,  and  can  be  shown  by  holdup  a  concave  mirror  ui  aa 
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oblique  podtion  and  reflecting  the  light  coming  from  a  small,  brill- 
iant source  on  a  screen  placed  at  various  distances  from  the  mirror. 

We  can  best  form  an  idea  of  how  these  lines  are  formed  by  consider- 
ing the  question  first  by  a  ray  method  and  then  by  a  wave-front 

method. 
Let  ABhe  the  axis  of  the  mirror,  near  the  edge  of  which  a  bundle 

of  rays  parallel  to  the  axis  falls.  Construct  the  reflected  rays  from 
a  linear  strip  BC  as  shown  in  the  sectional  view  (Fig.  51) :  we  shall 
have  a  flat,  converging  fan  coming  to  a  focus  at  F\  then  diverging 
and  cutting  the  axis  at  F'\  Now  rotate  the  whole  figure  through several  degrees  around  AB  as  an 
axis ;  the  parallel  sheet  of  incident 
rays  will  trace  the  rectangular  in- 

cident bundle,  the  line  BC  will 
trace  an  approximately  rectan- 

gular area  of  the  mirror,  F'  will 
move  through  a  short  circular  arc, 
approximately  a  straight  line  (the 
primary  focal  line),  while  the  di- 

verging fan  will  trace  out  wedge- 
shaped  portions  of  space  on  each 
side  of  the  axis,  which  have  a 

common  linear  boimdary  at  F" 
(the  secondary  focal  line).  The 
reflected  rays  between  the  two 
focal  lines  BH  a  space  similar  in  yiq,  51. 
shape  to  the  sphenoid  of  crystal- 

Ic^raphy.  If  any*  difficulty  is  found  in  forming  a  picture  of  this rotation  figure  in  the  mind,  it  can  be  removed  by  cutting  out  of 
cardboard  a  diagram  representing  a  section  of  the  mirror,  incident 
and  reflected  rays  as  figured  above,  and  mounting  it  on  a  knitting 
needle  placed  in  coincidence  with  the  axis  AB.  By  rotating  the 
needle  through  a  small  angle,  the  formation  of  the  focal  lines  and 
the  sphenoidial  bundles  of  rays  can  be  readily  seen. 

If  we  require  a  mirror  which  will  form  a  focal  point  in  an  oblique 
direction,  the  portion  BC  must  be  cut  from  a  paraboloid  surface 
the  axis  of  which  ia  AB.  This  is  for  parallel  rays,  and  the  subject 
has  already  been  discussed  under  reflecting  telescopes. 

If  we  require  a  mirror  which  will  form  a  focal  point  in  an  oblique 
direction  for  rays  coming  from  a  source  at  a  small  distance,  the 
mirror  must  be  a  portion  of  an  ellipsoid,  say  the  portion  at  D  in 
Fig.  54,  where  A  and  B  are  the  conjugate  foci.  Such  mirrors  would 
be  very  difficult  to  make,  as  the  curvatures  are  different  along  dif- 

ferent meridians. 
Let  us  next  endeavor  to  explain  the  formation  of  focal  lines  by 

considering  the  form  of  the  wave-front. 
The  curvature  of  the  wave-front  as  it  leaves  the  mirror  imder 

these  ocmditions  is  different  along  different  meridians.  If  we  cut  a 

piece  out  of  the  side  of  a  hen's  egg  we  shall  have  something  of 
analogous  form. 

Let  ilB  be  the  direction  of  greatest  curvature  and  CD  that  of 
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least  curvature  (Fig.  52).  To  start  with,  suppose  the  curvature  be 
equal  along  all  lines  parallel  to  AB,  and  suppose  all  lines  parallel  to 
CD  to  be  straight.  This  will  give  us  a  cylindrical  wave  which  wiU 
come  to  a  linear  focus  at  F^,  the  length  of  the  line  being  equal  to  the 
length  of  the  cylindrical  wave. 

AX19 

FiQ.  52. 

If  we  start  with  a  square  wave-front  we  shall  find  it  contracting 
to  a  line  as  we  approach  Fi,  and  expanding  beyond  Fj,  first  as  a  hori- 

zontal rectangle,  then  a  square,  and  finally  a  vertical  rectangle. 
Now  let  us  impress  a  slight  curvature  parallel  to  CD.  The  result 
of  this  will  be  that  our  square  will  now  contract  in  both  directions, 
only  in  one  less  rapidly  than  in  the  other,  and  the  line  at  Fi  into 
which  it  shrinks  will  be  shorter  than  before,  and  instead  of  being 
straight  will  be  slightly  concave  towards  F2.  From  here  it  can  be 
regarded  as  an  expanding  wave  in  a  vertical  plane,  and  a  contracting 
wave  in  a  horizontal  plane.  It  is  easily  seen  that  the  line  at  Fj  will 
now  open  out,  first  into  a  horizontal  rectangle,  as  before,  then  a 
square  (as  the  two  sides  closing  in  become  equal  to  the  top  and  bot- 

tom moving  oid),  then  a  vertical  rectangle,  and  finally  a  vertical  line 
at  F2y  as  the  sides  come  together. 

It  is  interesting  to  inquh-e  as  to  the  nature  of  the  rectangular 
wave  surface  between  Fi  and  F2.    From  its  nature  we  see  that  it 

must  be  concave  towards  F2  in  the 
horizontal  plane,  and  convex  in  the 
vertical,  the  surface  resembling  a 
small  portion  cut  out  from  the  inside 
of  a  thick  cylindrical  ring.  We  can, 
indeed,  find  surfaces  of  this  form  on 
our  geometrically  constructed  wave- 
fronts. 

Consider  the  diagram  shown  in  Fig. 
53  (which  will  be  recognized  as  the 
"  volcanic  cone  "  form),  remember- 

ing that  the  complete  wave-front  is 
formed  by  the  rotation  of  this  figure 
around  the  axis  of  the  mirror. 

The  bowl  of  the  crater  is  concave 
along  every  meridian,  but  it  is  at  once  apparent  that  any  portion  of 
the  outer  slope  has  the  required  saddle-shape,  being  concave  in 
horizontal  planes  and  convex  in  vertical  planes.  From  this  it  is 
evident  that  the  outer  wall  of  the  volcanic  cone,  before  it  crosses 
the  axis  of  the  mirror,  always  represents  the  portions  of  the  wave- 
front  between  the  primary  and  secondary  focal  lines. 

That  this  is  true  is  evident,  when  we  recollect  that  the  first  focal 
line  is  formed  by  the  intersection  of  rays  on  the  caustic  surface,  or, 

Fig.  53. 
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regarded  from  the  wave  point  of  view,  by  the  passage  through  their 
f<>ei  on  the  cusp  of  the  wave,  of  adjacent  elements  of  the  wave-front. 
The  second  fociEtl  line  lies  on  the  axis  of  the  mirror ;  consequently  the 
wave-front  between  the  lines  is  that  portion  of  the  surface  which  has 
passed  through  a  focus  on  the  cusp,  but  which  has  not  crossed  the  axis. 

It  will  be  found  that  a  small  glass  model  of  the  wave-front,  shown 
in  cross  section  in  Fig.  53,  is  extremely  useful  in  making  the  whole 
matter  clear.  It  can  be  made  by  drawing  down  a  large  thin  tube, 
melting  the  end  down  flat,  and  then  sucking  it  in  a  little. 

Fermat's  Principle.  —  We  sometimes  find  it  stated  that  a  ray  of 
li|^t  in  passing  from  one  point  to  another  by  way  of  either  a  reflect- 

ing or  refracting  surface,  chooses  a  path  such  that  the  time  of  transit 
is  a  minimum.  This  principle  was  stated  by  Fermat  more  than  two 
centuries  ago.  It  is  true,  however,  only  for  plane  surfaces.  In  the 
case  of  reflection  from  a  plane  surface  the  incident  and  reflected  rays 
make  equal  angles  with  the  normal,  and  we  know  from  elementary 
geometry  that  this  path  is  the  shortest  that  can  be  traced  from  one 
point  to  the  other  by  way  of  the  surface.  The  same  is  true  for 
convex  surfaces,  but  for  concave  surfaces  we  find  that  in  certain 
cases  the  path  is  a  maximum  instead  of  a  minimum. 

That  the  path  is  sometimes  a  maximum  can  be  seen  by  the  con- 
struction shown  in  Fig.  54.  We  will  consider  the  passage  of  a  ray 

f ipm  the  point  A  to  the  point 
B  by  way  of  the  reflecting 
spherical  surfaces  CDE  and 
FGH.  Around  the  points  A 
and  B  as  foci  we  construct  an 
ellipse  which  we  will  suppose 
to  be  tangent  to  the  two  re- 

flecting smfaces  at  D  and  G, 
This  dlipee  is  an  aplanatic 
surface  for  rays  issuing  from 
either  focus,  consequently 
the  time  of  transit  of  a  ray 
frcMn  one  focus  to  the  other  ^'°*  ̂ ' 
by  way  of  the  elliptical  sur- 

face is  the  same  for  every  point  on  the  surface.  Now  the  ellipse  and 
the  two  spherical  surfaces  have  common  tangent  planes  at  D  and  G, 
consequently  D  and  G  will  be  the  points  on  the  spherical  mirrors  so 
oriented  that  they  can  reflect  rays  from  A  U)  B,  It  is  easy  to  see 
that  the  path  AGB  is  shorter  than  any  other  path  between  A  and  B 
by  way  of  the  sphere  which  is  exterior  to  the  ellipse,  while  in  the  case 
of  the  other  sphere  the  path  actually  pursued  (ADB)  is  longer  than 
any  other  path  which  we  can  draw  from  A  to  the  surface  and  from 
thence  to  B.  In  this  case  we  see  that  the  path  chosen  by  the  ray  is 
such  &s  to  make  the  time  of  transit  a  maximum.  The  conditions  for 

a  maximum  or  minimum  may  be  expressed  by  saying  that  the  varia- 
tion of  the  time  of  transit  with  the  change  of  path,  ceases  at  the 

points  for  which  the  path  is  either  a  maximum  or  minunum,  or 
c(AD+DB)^0.  This  matter  will  be  further  discussed  under  re- 
fraction. 



CHAPTER  IV 

REFRACTION  OF  LIGHT 

In  the  preceding  chapter  we  have  discussed  the  forms  and  behavior 
of  the  wave-fronts  reflected  back  mto  the  first  medium,  when  light 
falls  upon  the  boundary  between  two  media  of  different  optical 
density.  A  portion  of  the  energy,  however,  always  passes  into  the 
second  medium,  except,  perhaps,  in  the  special  case  of  total  reflec- 

tion, and  even  in  this  case  mathematical  analysis  shows  us  that 
there  is  a  disturbance  beyond  the  boimdary,  though  only  penetrating 
to  a  distance  of  a  few  wave-lengths.  The  energy  crossing  the  bound- 

ary may  either  be  absorbed  by  the  second  medium,  or  propagated 
according  to  the  laws  governing  luminous  disturbances  in  it. 

In  the  present  chapter  we  shall  consider  only  the  case  of  wave 
propagation  in  an  isotropic  medium,  or  one  in  which  the  velocity  of 
propagation  is  independent  of  direction.  Later  on  we  shall  inves- 

tigate the  refraction  of  light  in  bodies  in  which  the  velocity  is  differ- 
ent in  different  directions. 

We  will  begin  by  considering  the  refraction  of  a  plane-wave  at  a 
plane  surface. 

Refraction  of  Plane-wave  at  Plane  Surface.  —  Suppose  a  {dane- 
wave  incident  at  an  angle  of  45^  on  a  flat  surface  of  glass,  and  as- 

sume the  velocity  in  the  glass  to  be  less  than  the  velocity  in  air,  as 
we  shall  subsequently  show  it  to  be. 

The  various  points  on  the  glass  surface  become  in  succession  cen- 
tres of  secondary  disturbances  as  they  are  struck  by  the  incident 

wave.    These  secondary  wave- 
3  lets  spread  out  in  both  media, 

and  it  has  been  shown  by  Huy- 
gens's  construction  that  the  re- 

flected wave  is  the  envdope  d 
those  spreading  out  in  the  first 
medium.  If  we  apply  the  same 
construction  to  the  second  me- 
diiun,  supposing  for  the  sake  of 

^o-  ̂ -  simplicity  that  the  vdocity  d 
the  wave  propagation  in  it  is 

only  one  half  as  great  as  m  the  first,  the  wavelets  in  the  ̂ buss  will 
have  radii  half  as  large  as  the  corresponding  wavelets  in  air,  and  the 
enveloping  surface  or  refracted  wave-front  is  turned  thitni^  an 
angle  (Fig.  55).  The  rays,  or  normals  of  the  wave,  are  therefwe 
U'nt  an  equal  amoimt. 

It  was  determined  in  1621  by  Snell  that  in  every  case  of  refrac- 
tion the  incident  and  refracted  rays  make  such  an^es  with  the 

normal  to  the  surface,  that  the  ratio  of  their  sines  is  constant  for 
64 
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any  two  given  media.  Snell's  law  of  refraction  we  now  know  holds 
only  for  isotropic  media.  It  can  be  easily  deduced  from  Huygens's 
construction  in  the  following  way. 

Construction.  —  The  angle  of  incidence  i  is  the  angle  between  the 
incident  ray  and  the  normal  to  the  surface.  It  is  also  the  angle 
between  the  wave-front  and  the  surface.  The  same  is  true  for  the 
angle  of  refraction.    Let  the  velocity  in  air  be  y,  and  the  velocity  in 

glass  be  v'  [equal  to  say  ̂  ),  and  let  t  equal  the  time  required  for  the 

wave  in  air  to  traverse  the  distance  BB'  (Fig.  51).  Then  BB'^vt, 
and  the  radius  of  the  secondary  disturbance  aroimd  A  in  the  glass 

will  be  AA'  or 

BB' 

We  have  then 

BB' 

AB' 

=  sint  and 

A  A' 

AB' 

=smr. 

or sin  I     BB'      V  XX*    xu*  o -: —  =  — -—  =  -7  =  constant,  m  this  case  2. smr     A  A      v 

This  constant  is  the  relative  refractive  index  between  the  media,  and 
the  above  relation  holds  for  every  value  of  i,  if  the  second  medium  is 
the  one  in  which  the  disturbance  travels  at  a  lesser  velocity.  The 
refractive  index  is  usually  designated  by  fi,  and  in  the  above  case  is 
of  course  2,  which  is  hi^er  than  is  usually  the  case. 

Total  Reflection.  —  We  have  seen  that  in  passing  from  a  rare  to  a 
denser  medium  a  refracted  ray  always  exists,  no  matter  how  great 
the  angle  of  incidence.  This  is  not  true  if  we  reverse  the  condi- 

tions, for  now  the  relative 
refractive  index  will  be 
leas  than  one,  and  we  shall 
find  that,  if  t  exceeds  a  cer- 

tain value,  sin  r  is  greater 
than  one.  But  no  angle 
has  a  sine  greater  than 

one,  therefore  there  can  be  ""■"""""" no  refracted  ray.  Let  us 

apply  Huygens's  construc- ticm  to  the  case.  The 
secondary  waves  in  the 
seconck  medium  will  have 
radii  greater  than  the 
ooneqxmding  ones  in  the 
first  medium,  since  their 
velocity  of  propagation  is 
grei^r.  By  dividing  the 

of  the  reflected  wave- 

Cf5 

/;C- 

c«'
 

f 
#
'
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kts  by  A*,  we  obtain  the  dimensions  of  the  refracted  wavelets.  We 
shall  find  that,  up  to  a  certain  value  of  t,  these  secondary  disturb- 

ances will  intersect  the  surface  urUhin  the  projection  of  the  incident 
wave  upon  it ;  in  other  words,  a  tangent  plane  can  be  drawn  from 

the  point  B'  (Pig.  62).  At  a  certain  value  of  t,  however,  the  second- 
aiy  wavelet  around  A  will  intersect  the  surface  at  B^  and  the  same 
wul  be  true  for  all  of  the  other  wavelets :   (since,  if  the  short  leg  of 
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one  of  the  right  triangles  divided  by  /x  gives  us  the  hypotenuse,  the 
same  will  be  true  of  all  the  other  similar  right  triangles).    The 

tangent  plane  drawn  from  B'  to  these  wavelets  will  be  nonnal  to 
the  surface,  and  will  touch  the  wavelets  in  a  single  pomt  only  (in 
the  sectional  diagram).     The  refracted  ray  therefore  will  travel 
along  the  surface. 

The  value  of  i  for  which  this  condition  exists  can  be  found  by 
AC  AC 

combining  sin  i=  ——-  with  —  =  AB,  which  gives  us  sin  i=/x,  fi  of 
AB  fJL 

course  being  the  refractive  index  of  the  rarer  medium  with  respect  to 
the  denser.  If,  as  is  customary,  we  consider  fi  as  the  refractive  index 
of  the  denser  with  respect  to  the  rarer  the  last  equation  becomes 

sm2  = 

1 

The  angle  determined  by  the  above  expression  is  known  as  the 
Critical  Angle.  If  it  be  exceeded,  the  secondary  wavelets  cut  the 

surface  beyond  the  point  B'  and  no  tangent  plane  can  be  drawn, 
therefore  no  refracted  ray  exists.  The  energy  in  this  case  is  totally 
reflected. 

If  in  the  formula  - —  =/a  we  assign  various  values  to  t,  and  solve smr 

for  r,  we  shall  find  that  every  possible  value  of  i  between  0®  and  90° 
gives  a  corresponding  value  of  r  if  /a  is  greater  than  one,  which  is  al- 

ways the  case  when  the  ray  passes  ifrom  a  rare  into  a  denser  medium. 
Take  the  case  of  rays  of  light  entering  the 
level  surface  of  a  pond,  at  all  possible  inci- 

;    /  ,/'        dences   from  0°  to  90*^.    The  zenith  light I^asses  straight  down,  the  horizon  light  is  re- 

fracted  in  a  direction  given  by  ̂̂ ^        =1.33, smr 

Fio.  57. or  smr  = 
1 

1.33' 

which  gives  for   r  a   value 

slightly  greater  than  48°.  In  other  words,  no  ray  in  the  water 
makes  an  angle  with  the  normal  greater  than  about  48°.  The  light 
therefore  which  enters  an  eye  under  water  consists  of  rays  embraced 

by  a  cone  of  96°  angular  aperture  (Fig.  57)  instead  of  180°,  as  is the  case  when  the  eye  in  air  is  directed 
towards  the  zenith.  If  therefore,  when 
•submerged  in  water,  the  eye  be  directed 
towards  the  surface,  the  sky  appears  com- 

pressed into  a  circle  of  light  subtending 

an  angle  of  96°,  the  appearance  being 
precisely  as  if  the  water  were  covered 
with  an  opaque  roof  with  a  round  hole 
directly  overliead.  If,  however,  we  are 
in  diving  armor,  and  look  upward  through  the  plate  glass  window 
of  the  helmet,  the  illusion  of  the  hole  vanishes,  for  now  the  ho- 

FiG.  58. 
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rizon  rays  are  refract<*d  back  into  their  original  direction  on  pass- 
ing into  air  once  more,  as  is  shown  in  Fig.  58,  the  96°  cone 

widening  out  to  180°. In  this  connection  it  is  of  interest  to  ascertain  how  the  external 
world  appears  to  a  fish  below  the  surface  of  smooth  water.  The 
objects  surrounding  or  overhanging  the  pond  must  all  appear 
within  the  circle  of  light  previously  alluded  to.  There  must  be  a 
great  deal  of  distortion  of  objects  which  are  not  very  nearly  over- 

head, but  we  can  gain  absolutely  no  idea  of  their  appearance  by 
opening  the  eyes  under  water,  since  the  lens  of  the  human  eye  is 
only  adapted  to  vision  in  air,  and  when  submerged  is  quite  unable 
to  distinguish  the  shape  of  objects.  .There  is,  however,  no  diffi- 

culty in  photographing  the  circular  \Vindow  of  light  and  the  ex- 
ternal world  as  seen  through  -it;  It  was  found  after  a  little  ex- 

perimenting that  better  results  were  obtained  with  a  pin-hole  than 
with  a  lens,  and  a  small  camera  was  constructed  which  could  be 
filled  with  water  and  pointed  in  any  direction.  If  pointed  vertically 
it  recorded  the  view  Sfeen  by  a  fish  in  a  pond ;  if  horizontally,  the  view 
as  seen  by  a  fish  looking  out  through  the  side  of  an  aquarium.  It 
is  obvious  that  the  plate  must  be  inmiersed  in  water,  as  otherwise 
refraction  occurs  as  in  the  helmet  of  diving  armor. 

The  fish-€ye  camera  can  be  made  of  a  wooden  or  metal  box  meas- 
uring about  12X12X5  cms.  (inside  measure).  A  hole  3  cms.  in  di- 

ameter is  bored  through  the  centre  of  one  of  the  sides,  over  which  is 
cemented  a  piece  of  mirror  glass  with  the  silvered  and  varnished 
side  facing  the  interior.  The  glass  must  be  quite  opaque,  i.e.  free 
from  pin-holes  in  the  silvered  film.  A  very  small  hole  should  be 
made  through  the  film  by  scratching  it  carefully  with  a  needle, 
before  the  plate  is  cemented  to  the  box.  This  small  aperture 
passes  the  rays  of  light  which  form  the  image  to  the  photographic 
plate  which  lies  against  the  opposite  side  of  the  box.  The  box 
must  be  light-tight,  and  filled  with  clean  water.  A  little  considera- 

tion will  fi&ow  that  the  part  played  by  the  water  in  the  pond  is,  in 
this  case,  played  by  the  glass  plate.  A  number  of  views  secured 
i^ith  the  apparatus  are  reproduced  below,  Fig.  59.  The  camera 

obviously  has  an  aperture  of  180°. 
One  of  the  views  is  of  a  railroad  bridge  passing  overhead,  the 

other  represents  the  appearance  of  a  crowd  of  men  standing  around 
a  pond,  to  a  fish  below  the  surface.  The  two  lower  views  were 
taken  with  the  camera  pointing  in  the  horizontal  direction,  i.e. 
the  views  correspond  to  what  a  fish  sees  when  looking  out  through 
the  side  of  an  aquarium.  One  of  them  shows  a  view  looking  both 
up  and  down  a  street,  the  other  a  row  of  men  standing  in  a  straight 
line  taken  from  a  point  only  50  cms.  in  front  of  the  central  figure. 
These  last  two  show  in  a  very  effective  manner  that  the  an^e  of 
view  embraces  180°. 

Effect  of  Refraction  on  the  Width  of  the  Beam.  —  It  is  at  once 
i^iparent,  by  reference  to  the  diagrams  for  the  construction  of 
the  refracted  wave-fronts,  that  the  width  of  the  beam  is  increase<l 
in  a  direction  parallel  to  the  plane  of  incidence,  when  the  rays  pass 
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from  a  rare  to  a  dense  medium,  or  a  given  portion  of  the  wave-froffl 
is  sprfiad  out  over  a  larger  surface.  In  passing  from  a  dense  to  a 
rare  medium  the  reverse  is  the  case,  the  wave-front  being  com- 

pressed into  a  smaller  area.  This  change  in  the  width  of  tiie  beam 
diminishes  or  enlarges  (in  one  direction)  the  apparent  size  of  objects 
seen  under  these  conditions,  a  matter  which  will  be  more  com- 

pletely investigated  later  on. 

i 
Refraction  of  a  Wave  by  a  Plane  Parallel  Plate.  —  The  applica- 

tion of  Huygens'a  construction  to  the  passage  of  a  plane-wave 
through  a  glass  plate  bounded  by  parallel  planes,  shows  at  once  that 
the  emergent  wave-front  is  par^lel  to  the  incident,  no  matter  how 
great  the  angle  of  incidence.  The  direction  of  the  ray  is  therefore 
unchanged,  though  each  individual  ray  is  shifted  to  one  side  by  its 
passage  through  the  plate.  Inasmuch  as  the  position  of  an  object 
at  a  great  <Hstance  depends  solely  on  the  direction  of  the  parallel 
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rays  reaching  the  eye,  it  will  not  be  changed  by  the  interposition  of 
a  thick  plate,  at  any  angle.  We  can  test  this  by  viewing  a  very  dis- 

tant object  through  a  thick  piece  of  plate  glass  and  turning  the  plate 
rapidly  around  a  vertical  axis  to  the  right  and  left.  Objects  near 
the  plate,  however,  will  be  found  to  shift  their  apparent  position 
considerably  as  the  plate  is  turned.  If  the  two  objects  and  the  eye 
be  in  tJie  same  straight  line  it  may  seem  at  first  si^t  as  if  the  inter- 

vention of  the  oblique  plate  would  in  no  way  affect  their  apparent 
positions,  for  parallel  rays  from  the  distant  object  are  unchanged  in 
direetkm  by  passage  through  the  plate,  and  the  same  is  true  of  the 
rays  from  ibe  near  object.  If,  however,  we  remember  that  the  ray 
is  shifted  laterally,  the  difficiilty  disappears,  for  the  lateral  shift, 
while  it  does  not  alter  the  apparent  position  of  an  object  at  infinity, 
dk^aces  an  object  situated  at  a  finite  distance.  This  will  be  made 
dear  by  reference  to  Fig.  60. 

Let  A  be  a  point  not  far  from  the  plate.  It  is 
seen  by  an  eye  at  E  by  means  of  the  rays  pur- 
suinfltthepaUi  ABCE,  and  its  apparent  position 
is  A  •  If  the  oblique  plate  be  removed,  the 
point  A  will  be  seen  by  the  direct  pencil  of 
imys  AE,  and  will  appear  in  its  true  position  A. 

If  we  make  the  same  construction  for  parallel 
rays  ooming  from  a  distant  point  we  shall 
&id  that  the  apparent  position,  or  the  direction 
from  which  the  rays  by  which  it  is  seen  come, 
is  unchanged. 

Tbe  Opthalmometer.  —  This  principle  is  made 

uae  of  in  the  opthalmometer,  an  instrument  de-  ^^°*  ̂ ' 
vised  by  Helmholtz  for  determining  the  curvature  of  the  lens  of 
the  eye,  by  measuring  the  diameter  of  the  image  of  a  source  of  light 
seen  leBected  from  the  curved  surface. 

The  instrument  enables  us  to  measure  the  distance  between  two 

points,  or  the  diameter  of  an  object,  without  taking  into  account 
its  distanoe,  by  an  optical  method. 

It  eoourisls  of  a  small  telescope  with  two  plane  parallel  thick  glass 
plates  in  front  of  the  objective,  arranged  so  as  to  rotate  about  a 

udSy  the  angle  of  inclination  between  the  plates  being 
by  a  graduated  circle.  If  the  object  is  at  a  great  dis- 

taaoe  rotati<m  of  the  plates  produces  no  effect  of  course.  If  at  a 
small  distance  we  see  it  doubled  as  soon  as  the  plates  are  inclined, 
and  by  setting  the  plates  in  such  a  position  that  the  two  images 
touch  each  other  end  to  end,  and  reading  off  the  inclination  we  can 
determine  the  length  I  of  the  object  by  the  formula 

I    o^^:^  ^  Vn^ — sin^  <^ — cos  <|> ^s=2asm<>   —   — —9 
Vn*— sin** 

in  which  a  is  the  thickness  of  the  plates,  n  their  refractive  index,  and 
*  the  an^e  through  which  each  plate  is  turned  from  the  zero  posi- 

tion ({dates  parallel). 
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Fig.  61. 

As  will  be  seen,  the  distance  of  the  object  does  not  come  in  at  all. 
As  we  bring  the  object  nearer,  it  appears  larger,  but  the  angular 
shift  necessary  to  produce  a  given  displacement  increases  at  the 
same  rate.  In  other  words  there  is  compensation.  The  instrument 
can  be  used  only  for  measuring  objects  at  a  moderate  distance. 

Refraction  of  a  Spherical  Wave  at  a  Plane  Surface.  —  Suppose  a 
spherical  wave  originating  at  0  (Fig.  61)  to  be  refracted  at  the  plane 

surface  AB.  If  we  coni^truct 
the  refracted  wave-front  by 
the  method  of  Huygens,  mak- 

ing the  points  on  the  refract- 
ing surface  the  centres  of  sec- 

ondary wavelets  whose  radii 
are  found  by  dividing  their 
distances  (measured  along 
rays)  from  the  wave  in  its  im- 
refracted  position,  by  the  re- 

fractive index  of  the  medium^ 
we  shall  find  that  the  incident  wave  is  flattened  down  into  what  at 

first  sight  appears  to  be  a  sphere  of  less  curvature.  Let  us  inves- 
tigate the  form  of  the  refracted  wave,  which  is  sometimes  errone- 

ously stated  to  be  an  hyperboloid. 
Suppose  light  diverging  from  0  to 

be  refracted  at  the  surface  AP 
(Fig.  62).  Draw  an  incident  ray  OP, 
which  is  refracted  in  the  direction 
PQ,  Draw  OD  ±  to  the  surface,  and 

produce  it  to  0',  making  OD  =  DO\ 
Draw  a  circle  passing  through  the 

points  0,  P,  and  0',  and  produce 
PQ  backwards  until  it  intersects  the 
circle  at  M,  and  the  prolongation  of 

00'  at  J.  Z  DOP  =  incidence  Z, 
also  O'MPy  both  being  measured  by 
arc  O'P.  Moreover  ZOMJ= inci- 

dence Z,  being  equal  to  O'MPy  be- 
cause OMO'  =^0P0'  (measured  by 

+  arc  0^0')  and  OPO' ^w-^2i.  We can  now  write 

O'J 

Fio.  62. 

smt 
sinr 

O'M' 
since  sin  O'MJ  =  sin  i  (supplementary  angles)  and  the  sides  of  A 
in  ratio  of  sines  of  opposite  angles. 

O'J      OJ  . 

M= 

O'M     OM ' 

M= 

O'J-OJ 

00' 

00' 

^/,.    ̂ ..     ̂ ,w    ̂ ,7  and  0'M-03f  =  ̂ ^^=  Constant. O'M-OM     O'M-OM  fi 

This  same  relation  holds  no  matter  where  P  be  taken,  conse- 
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qucntly  the  locus  of  Af  is  an  hyperbola  having  0  and  0'  for  foci,  and 
the  refracted  ray  PQ  is  normal  to  the  hyperbola  at  M.  The  hy- 

perbola is  therefore  the  orthogonal  surface  of  the  refracted  wave, 
since  it  is  everywhere  normal  to  the  refracted  rays,  and  the  re- 

fracted wave-fronts  are  parallel  curves,  located  by  measuring  off 
equal  distances  on  the  rays  from  the  hyperbola.  They  will  not 
be  themselves  hyperbolae,  for  the  parallels  to  a  conic  are  in  general 
curves  of  the  eighth  degree.  The  evolute  of  the  hyperbola  is  the 
caustic  of  the  refracted  wave,  in  this  case  virtual  of  course.  After 
refraction,  then,  the  different  elements  of  the  wave-front  appear  to 
come  from  points  distributed  along  the  caustic.  If  then  we  transfer 
our  eyes  from  one  position  of  the  wave-front  to  another,  the  posi- 

tion of  the  radiant  point  in  space  will  apparently  alter.  The  same 
thing  is  true  when  the  waves  are  refracted  from  a  dense  to  a  rare 
medium,  the  caustic  in 
this  case  being  the  evolute  \ 

of  an  ellipse,  and  the  re-  Jk-'^x^ fracted  waves  parallels  of  J^\\    \ 

an  ellipse.    The  formation      ^/^  \   \   \ of  a  caustic  under  these  ̂ /x.    \  \  \ 
conditions    is    shown    in  ̂ ^\\^\\\ 
Rg.  63.  ^<^N\\\ 

A  'small  portion  of  the  ^wS! wave  around  the  ray  leav-  NWj 
ing  the  surface  normally  \.^ 
comes  from  the  cusp  of  ^fltw/^y?^/^/;?/ 
the  caustic,  which  we  may  P^^  ̂ 3 
regard  as  a  point,  conse- 

quently this  portion  of  the  wave  is  approximately  spherical. 
The  cusp  of  the  caustic  from  which  this  portion  comes  is  elevated 

above  the  true  radiant  point,  consequently  the  refraction  appears 
to  bring  the  point  nearer  the  eye.  The  bottom  of  a  vessel  of  water 
consequently  appears  to  be  nearer  than  it  really  is. 

The  apparent  elevation  of  the  bottom  of  a  body  of  still  water  is 
a  matter  of  conunon  observation.  It  is  most  marked  when  the 
eye  is  only  a  little  above  the  plane  of  the  surface  and  the  bottom  at 
a  considerable  distance  is  under  observation.  The  rays  which  leave 
the  surface  at  nearly  grazing  emergence  come  from  that  portion 
of  the  caustic  which  is  very  near  the  surface,  as  is  apparent  from 
Fig.  63.  The  bottom  at  a  distance  may  thus  appear  elevated 
almost  to  the  surface. 

In  the  case  just  considered  the  caustic  is  virtual  and  not  real,  and 
since  it  is  in  reality  non-existent,  there  are  no  moving  cusps  on  the 
wave-front  as  in  the  cases  considered  under  reflection.  If  we  could 
reverse  the  emergent  wave,  and  at  the  same  time  remove  the  water, 
the  caustic  would  become  real,  and  cusps  would  develop  upon  the 

wave-front.  This  cannot  of  "^rse  be  done  experimentally,  but 
attention  is  drawn  to  it  in  .to  clearly  define  the  difference 
between  a  real  and  virtual  caustic. 

Refractive  Index  of  a  Plate  measured  by  the  Microscope.  — 
This  i4>parent  elevation  of  a  point  due  to  the  decrease  in  the  radius 



72 PHYSICAL  OPTICS 

of  curvature  of  the  wave-front  when  it  emerges  into  the  air  can  be 
used  for  measuring  the  refractive  index  of  a  glass  plate,  of  which 
we  know  the  thickness  d.  An  object  seen  through  the  plate  ap- 

pears nearer  by  the  amount  a=— ^   K n 
If  we  focus  a  microscope  upon  an  object,  and  then  place  the  glass 

plate  over  it,  we  shall  have  to  raise  the  microscope  through  a  dis- 
tance a  to  bring  the  object  into  focus.    The  refractive  index  is  then 

given  by  n  =  - — .     We  should  use  an  objective  of  as  short  focus 
a— a 

as  possible,  consistent  with  its  use  with  the  plate.    It  is  best  to 
provide  the  eye-piece  with  cross  hairs  and  focus  by  absence  of 
parallax,  i.e.  so  that  there  is  no  relative  motion  between  the  object 
and  the  cross  hair  as  the  eye  is  moved  from  side  to  side. 

Two  modifications  of  the  method  may  be  cited.    Make  a  mark 
on  the  upper  and  lower  surface.    To  change  from  one  to  the  other 

the  microscope  must  be  raised  a  distance  a:  then  n=~.     Make a 
a  small  dot  with  white  paint  on  the  upper  surface  and  illuminate 
it  from  above,  on  a  dark  background.    Focus  first  on  the  object 
and  then  on  its  image  seen  reflected  from  the  lower  surface,  moving 

the  microscope  a  distance  a :  then  n=  — .    The  values  are  cbrrect a 
to  the  third  place  of  the  decimal  if  the  observations  are  made  with 
great  care. 

Fermat's  Law.  —  In  the  case  of  reflection  we  have  seen  that  the 
path  of  a  ray  from  one  point  to  another  by  way  of  a  reflecting  sur- 

face is  either  a  maximum  or  a  minimum.  The  same  is  true  in  the 
case  of  refraction,  as  we  shall  now  show.  If  the  refracting  surface 
is  plane,  the  time  of  transit  is  a  minimum,  and  we  have  what  is 
known  as  the  principal  of  least  time.  If  the  refracting  surface  is 
curved,  the  time  may  be  either  a  maximum  or  a  minimum,  according 
to  whether  the  refracting  surface  lies  within  or  without  the  aplanatic 

surface,  the  same  as  in  the  case  of  reflection. 

Fermat's  law  may  be  deduced  from  Snell's 
law  by  the  maximum  and  minimum 
method  of  the  calculus. 

Let  A  be  a  luminous  point  at  height  a 

above  the  refracting  surface  A'B',  and  B  a 
point  illuminated  by  a  disturbance  reach- 

ing it  by  way  of  any  point  on  the  refracting 
surface,  for  example,  over  the  path  APB 
(Fig.  64).    The  time  of  transit  obviously 
changes  with  the  position  of  P.    We  wUl 
start  by  assuming  it  to  be  a  maximum  or 
minimum,  and  see  if  the  ordinary  law  of 
refraction  follows. 

From  A  and  B  drop  perpendiculars  on  the  refracting  surface,  of 
length  a  and  b  respectively :  let  the  distance  A'B'^p,  then  A'P^x 
and  PB'=p^z.    Call  the  velocities  in  the  two  media  v  and  v\ 

Fio.  64. 
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AP  PR 
then  the  time  along  AP  is   and  the  time  along  PB  is  ̂-r-  •    The V  V 

whole  time,  which  we  require  to  be  either  a  maximum  or  a  minimum, 

.AP.PB  ^^,     VoM-^  .  Vb'-f (p~x)^ 
V          V                        V  v^ 

^=      /^    -^  P-^   =0 

Now  =fiin<>   and —    P~'^      -=Rin^! 
V^T^  ^/v-i-ip-xy 

,  sin^     sin^   sin*     v     r^      .       u*  u  •   a    ii»   i 
. .   =  — r">  or  -: — 7  =  -:  =  Const.,  which  is  Snell  s  law. 
V  v'  sin^     v' 

A  second  differentiation,  or  in  this  case  a  mere  inspection  of  the 
figure,  shows  us  that  the  time  is  a  minimum. 

We  will  now  examine  the  case  of  rrfraction  by  a  curved  surface, 
following  a  demonstration  by  Czapski. 

In  Fig.  65  let  AS  be  a  portion  of  an  aplanatic  refracting  surface. 
Though  we  have  not  yet  discussed  this  surface,  we  can  make  use  of 
it  in  the  present  case.  It  is  the 
surface  which  will  bring  all  rays 
emanating  from  0  accurately 

together  at  O'j  or  change  the 
expanding  spherical  waves  into 
contracting  spheres  with  centres 
at  (y.  The  times  of  transit  over 

all  paths  from  0  to  0'  by  way  of 
the  I4>lanatic  surface  (a  surface 
.capable  of  bringing  rays  to- 

gether at  a  point)  are  equal,  or  p^^  05 
if  n  and  n'  be  the  refractive  in- 

dexes of  the  media  the  reduced  path  is  n(OP)+n'(PO')  =  Con- 
stant. (By  reduced  path  we  mean  the  length  of  path  in  vacuo, 

which  will  contain  the  same  number  of  waves  as  the  number  con- 
tained in  the  actual  path.) 

Now  suppose  that  we  have  a  refracting  surface  A'-B'  of  greater 
curvature  than  the  aplanatic,  which  it  touches  at  P.  The  ray  inci- 

dent at  P  is  obviously  the  one  which  passes  through  0',  and  we  are 
to  ascertidn  whether  the  reduced  path  is  greater  or  less  than  any  hypo- 

thetical path  through  some  other  point  on  AB.  Let  this  point  be 

at  9,  for  which  the  reduced  path  will  be  n{OQ)  +n'(QO').  The  ray 
whidi  reaches  0'  by  way  of  the  point  R  on  the  aplanatic  surface  has 
a  reduced  path  n(Ofi)4-n'/2Q)4-n'(QO')  and  the  difference  be- tween them  is 

[n(00)  +n'(0O01  -  [n{OR)  -\-n'(RQ)  +n'(0001, 

or  n(00-Ofi)-n'(fiO). 

Now  (OQ-OR)<RQ  (sides  of  a  triangle). 
ThflreCwe,  since  n  <  n',  n{OQ—OR)  <  n'RQ,  and  the  path  by  way 
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of  Q  is  less  than  the  path  by  way  of  R ;  but  the  latter  is  the  same 
as  the  dctiuil  path  by  way  of  P,  therefore  that  path  is  a  maximum. 
In  the  same  way  we  may  show  that  if  the  refracting  surface  has  a 
curvature  less  than  the  aplanatic,  i.e.  lies  without  it,  the  path  will 
be  a  minimum. 

Refraction  by  a  Prism.  —  In  the  case  of  refraction  by  a  prism  we 
have  to  determine  the  deviation  of  a  ray  or  wave-front,  by  passage 
through  a  medium  bounded  by  two  planes  which  make  an  angle  with 
each  other;    this  angle  is  called  the  angle  of  the  prism.    If  the 

refractive  index  of  the  prism  be  greater  than  that 
of  the  medium  in  which  it  is  immersed,  as  is 
usually  the  case,  the  deviation  of  the  ray  is  al- 

ways away  from  the  vertex,  that  is,  towards  the 
base  of  the  prism.  This  is  obvious  at  first  sight, 
except  perhaps  in  the  case  in  which  the  incident 
ray  falls  on  the  prism  in  the  direction  shown  in 
Fig.  66,  for  here  the  deviation  at  the  first  sur- 

face is  towards  the  vertex,  while  that  at  the  sec- 
ond is  towards  the  base,  the  final  direction  de- 

pending on  the  relative  magnitude  of  these  two 
deviations.  The  angle  of  refraction  at  the 
second  surface  is  greater  than  that  at  the  first, 
and  since  the  deviation  increases  as  this  angle 
increases,  the  deviation  towards  the  base  at  the 

second  surface  is  greater  than  the  deviation  towards  the  apex 
at  the  first. 

We  will  now  derive  an  expression  for  the  deviation.  Let  the  angle 
of  the  prism  be  «  (Fig. 
67)  and  let  i  and  r  be 
the  angles  of  incidence 
and  refraction  at  the  first 

surface,  r'  and  i'  at  the second.  The  deviation  is 

obviously  D,  the  angle  be- 
tween the  emergent  ray 

and  the  incident  ray.  The 
deviation  at  the  first  sur- 

face is  I— r,  at  the  second 
i'  —  r',  while 

Fio.  66. 

2rt.^ 

D=(i-r)+(i'-r')  Fio.  67. 
=  i+i'-(r-fr'). 

But  r-fr'  =  a,  since  a+the  two  base  angles  of  the  prism 
and  (r-\-r')  -f  the  base  angles =2  right  angles. 

This  formula  holds  for  the  condition  shown  in  the  previous  figure, 
except  that  in  this  case  the  negative  sign  must  be  prefixed  to  the 
angles  i  and  r.  Suppose  the  angle  a  becomes  zero,  the  prism  then 
becoming  a  plane  parallel  plate.  The  deviation  then  becomes 

i(— t')— 0,  which  is  equal  to  zero  (since  in  this  case  i=t'). 
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Index  of  a  Prism.  —  Let  us  now  suppose  the  angle  of 
incidence  to  be  such  that  the  ray  passes  through  the  prism  parallel 
to  the  base.  Li  this  case  i—i'  and  r=r\  and  if  we  can  measure  D 
and  know  the  angle  a  we  can  easily  determine  the  refractive  index 
of  the  prism. 

We  have  /)=2t  — a,  or  t=**        ,  also  r=  "• 

Substituting  these  values  in  fi=  ̂   we  have  m=  ?i5ii?^±^. sm  r  sm  2  a 

We  must  now  find  some  method  of  arranging  the  angle  of  incidence 
so  that  the  path  of  the  ray  through  the  prism  will  be  parallel  to  the 
base,  since  it  is  only  for  this  condition  that  the  above  formula  holds. 

This  adjustment  is  very  easily  made,  for  the  deviation  of  the  ray 
can  be  shown  to  be  a  minimum  when  the  passage  through  the  prism 
is  symmetrical.  There  are  several  methods  of  proving  this,  the  most 
direct  and  rational  being  the  method  of  maxima  and  minima  of  the 
calculus.  We  must  obtain  an  expression  showing  the  change  of 
deviation  with  the  change  of  the  aiiple  r,  and  by  equating  this  to 
zero  derive  the  condition  for  a  maximum  or  minimum.  In  other 
words 

-7-  =0  and  -rr  >  0  (condition  for  minimum), or  or 

dD^d(i+i'-a)^^ dr  dr 

We  have  sin  t = ft  sin  r,  and  sin  i' = /i  sin  r' = /x  sin  («— r) . 

Then  t = sin"*  (/x  sin  r)  and  i'  =  sin"*  [/i  sin  (a — r)] ; 

.'.  Z)=sin~*  (ft  sin  r)  +sin~*  [/xsin  (a-r)]  -  a, 

dP  _       ficosr   AiCos(«— r)      _q 
^^      [l-fi«sm*r]*      l-fx^sinM^-r]* 

Expressing  the  cos  by  the  sin  we  have 

/iA(l  — sin^r)^  _  /iA[l  — sin^(«-r)]^  _q 
[l-/x«sinV]*     [l-fi«sinM«-r)]* 

Equating  the  above  terms,  multiplying  the  numerator  by  the 
denominator  and  cancelling,  gives  us, 

(ft*—  1)  sin*r=  (ft*-  1)  sin*  (a-r)y 

or  r^a—r  and  r  =  n^^'- 

By  symmetrical  passage  r  ̂   r'  \  .*.  D  is  either  a  maximum  or minimum.    A  second  differentiation  gives 
d^D_   ^^   

ri-,.*8in«^)(l-M*8m«^)' 
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If  ft  >1  an  the  factors  are  positive  and  the  whole  expression  is 
positive,  therefore  /)  is  a  minimum. 

There  is  another  condition  for  which  we  can  get  a  simple  expres- 
sion for  /A,  namely :  when  either  the  incident  or  emergent  ray  is 

normal  to  the  surface  of  the  prism. 

If  1  =  0,  r  =  0,  and  r'-^a,  D-^i'-a, 
Therefore ^sin(Z)-h«). 

sin  a 

Fio.  68. 

Magnifying  Power  of  Prisms.  —  When  the  prism  is  set  at  mini- 
mum deviation  the  widths  of  the  incident  and  emergent  beams  are 

the  same,  otherwise  not.  For  example:  in  Fig. 
68  when  the  incident  beam  falls  normally  on  the 
first  surface,  and  leaves  the  second  surface  at  a 
large  angle  with  the  normal,  the  width  of  the  beam 
has  been  contracted.  If  we  view  an  object  under 
these  conditions,  the  eye  being  placed  in  the  con- 

tracted beam,  we  shall  find  that  it  is  magnified  in 
the  direction  in  which  the  beam  has  suffered  con- 

traction. A  circular  opening  in  a  card  backed  by 
a  sodium  flame  is  a  suitable  object,  and  will  be 
found  to  appear  as  an  ellipse.  If  an  achromatic 
prism  is  available  a  circular  white  object  can  be 
used,  when  the  effect  is  very  striking.  If  on  the 
other  hand  the  incident  light  makes  a  large  angle 

with  the  normal,  the  emergent  wave-front  is  expanded  in  width, 
and,  if  the  eye  be  placed  in  it,  the  object  will  appear  decreased  in 
size  in  this  dimension,  a  circular  card  appearing  as  if  turned  edge- 

wise. Brewster  suggested  that  by  using  two  achromatic  prisms 
at  right  angles  to  each  other,  magnification  might  be  shown  in 
both  directions,  and  the  action  of  a  telescope  imitated. 

Lord  Raylei^  has  given  a  very  neat  demonstration  of  magnifying 

power,  based  on  Fermat's  law,  which  is  applicable  to  telescopes  as 
well  as  to  the  case  just  cited.    It  proves  by  a  wave-front  method 
that  the  contraction  of  a  beam  of  light,  or 
the  compression  of  a  wave-front,  causes 
magnification.     Consider  a  wave-front  of 
width  AB  (Fig.  69)  refracted  at  the  surface 
CPy   and    compressed    thereby   to   width 
A^B\    By    Fermat's    law    the    time    of 
transit  over  the  path  AC  A'  is  equal  to  the 
time  of  transit  over  the  path  BPB\  being  a 
minimum  in  each  case.     This  we  may  ex- 

press by  saying  that   j  fids  (the  reduced 
path)  is  the  same  along  each  ray.    If  from 
any  cause  B  is  retarded  relatively  to  A, 

say  an  amount  BEy  B'  will  be  retarded  an  equal  amount  relatively 
to  il',  namely  B'E'  =  BE}    If  this  retardation  be  considered  as 

*  This  is  of  course  only  true  \l  AB  and  A*B'  are  in  the  same  medium  :  the  first 
surface  of  the  prism,  parallel  to  AB,  is  not  represented. 

Fio.  69. 
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represented  by  a  rotation  of  the  wave-front  AB  through  angle  0  it 
will  be  measured  by  {AB)6,  The  wave-fronts  AB  in  the  two  po- 

sitions can  be  thought  of  as  two  separate  fronts  coming  from  two 
distant  stars  subtending  an  angle  $  at  the  point  of  observation. 

The  retardation  of  B'  must  be  of  the  same  amount,  consequently 
the  rotation  of  the  wave-front  A'B'  will  be  much  greater  than  6^ 
being  measured  by  ̂   (A'B').  Since  the  retardations  are  equal we  can  write 

tf(AB)=*(A'B')or|  =  ̂ - 

Now  *  is  the  angle  formed  by  the  rotation  of  A'B'  the  compressed 
wave-front,  consequently  we  may  regard  it  in  its  two  positions  as 
two  fronts  coming  from  stars  which  subtend  an  angle  ̂ ,  as  much 

greater  than  ̂   as  AS  is  greater  than  A^B\ 
The  same  reasoning  can  be  applied  to  telescopes,  the  compression 

here  being  symmetrical,  a  plane-wave  of  large  area  emerging  from 
the  eye-piece  as  a  plane-wave  of  small  area,  the  magnifying  power 
being  equal  to  the  ratio  of  the  vndths  of  the  stream  of  light  b^ore  and 
after  entering  the  telescope. 

Refraction  by  a  Lens.  —  In  the  chapter  on  reflection  it  has  been 
shown  that  a  parabolic  mirror  transforms  a  plane-wave  into  a  con- 

tracting spherical  wave,  while  an  ellipsoidal  mirror  exerts  the  same 
action  on  spherical  waves  originating  at  one  of  the  foci.  It  is  pos- 

sible to  construct  refracting  surfaces  having  the  same  property. 
We  will  begin  by  computing  the  refracting  surface,  which  shall  be 
aplanatic  for  spherical  waves. 

Let  0  (Fig.  70)  be  the  luminous  point,  and  0'  the  conjugate  focus 
where  the  converging  waves 
are  to  shrink  to  a  point.    By 

Fermat's   principle   the    re-         ^-_i  \    \    V         ̂ __2 
duced  paths  along  the  differ- 

ent rays  wUl  be  equal,  and 
the  disturbances  will  all  reach 

(y  in  the  same  phase,  result-  %  ■ 
ing  in  intense  illumination. 
Suppose  0  to  lie  in  a  medium 
of  ref.  index  1,  practically  in 

air,  while  0'  is  in  a  medium of  ref.  index  2  between 
which  we  require  an  apla-  P,o  70. 
natic  surface  of  separation. 

Let  r  and  r'  be  the  distances  of  any  point  on  the  surface  from  0 
and  0',  then  r  4- fir' = Constant,  the  equation  of  a  Cartesian  oval. 
Choose  a  point  on  the  line  joining  0  and  0'  such  that  r=5  and 
1^=7.  The  constant  for  this  particular  case  will  be  19.  Now  de- 

scribe around  0  a  circle  of  radius  6  and  around'  0'  a  circle  of  radius 
Qf  ±H — 2-    The  uitersection  of  these  circles  will  give  two  more 2 
points  on  the  aplanatic  surface,  which  can  be  gradually  built  up  by 
gmng  to  r  constantly  increasing  values. 
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The  general  form  of  the  equation  of  a  Cartesian  oval  is 

/xr-fMV  =  Constant,  from  which  we  get  mt"  +/*'3~=0• 

In  the  case  just  considered  the  conjugate  foci  lie  in  different  media. 
If  they  are  to  be  in  the  same  m^um  we  require  an  intervening 
medium  capable  of  effecting  the  required  change  in  the  form  of  the 
wave-front.    We  thus  come  to  the  Aplanatic  Lens. 

Spherical  light  waves,  originating  at  a  point  in  air,  are  to  be  trans- 
formed by  a  lens  into  converging  spheres  which  come  to  a  focus  at 

another  point  also  situated  in  air.  Suppose  the  lens  to  be  midway 
between  the  two  points  and  the  curvature  of  its  two  surfaces  the 
same.  The  spherical  wave  will  be  changed  into  a  plane-wave  by  the 
first  surface,  consequently  the  simplest  way  to  construct  the  form 
of  the  lens  will  be  to  trace  the  surface  aplanatic  for  a  plane-wave  by 
the  method  given  above,  modifying  it,  however,  in  such  a  way  as  to 
make  the  sum  of  any  path  measured  along  a  ray  from  the  plane- 
wave  to  the  aplanatic  surface,  and  the  reduced  path  from  this 
point  to  the  focus,  a  constant.  These  aplanatic  surfaces  are,  how- 

ever, of  very  little  practical  importance,  for  they  can  only  be  re- 
produced approximately,  and  then  only  when  the  departure  from  a 

spherical  surface  is  very  slight.  In  the  process  of  lens  making  the 
surfaces  which  are  being  ground  together  assume  of  their  own 
accord  a  spherical  form,  since  two  surfaces,  to  fit  together  in  all  po- 

sitions, must  be  of  constant  curvature.  Lenses  with  spherical  sur- 
faces do  not  bring  rays  accurately  to  a  point,  or  in  other  words  do 

not  give  converging  waves  which  are  tnily  spherical.  This  results 
in  what  is  known  as  spherical  aberration,  which  has  been  treated 
sufficiently  for  the  purposes  of  this  book  under  reflection,  A  spheri- 

cal surface  may  be  made  approximately  aplanatic  by  local  grinding, 
if  the  amount  of  material  to  be  removed  be  not  too  great.  Th^ 
process  is  known  as  correcting  the  lens  for  spherical  aberration,  or 
figuring,  and  is  largely  a  cut  and  try  operation. 

Refraction  by  Sphere.  —  There  is  one  special  case  in  which  the 
spherical  lens  is  aplanatic,  which  is  made  use  of  in  the  construction 
of  the  microscope.  Weierstrasse  gives  this  simple  method  of  con- 

structing the  refracted  rays  when  incident  upon  a  sphere. 

Suppose  a  sphere  of  refractive  index  n'  and  radius  r  immersed  in  a 
medium  of  refractive  index  n.    If  the  sphere  is  in  air,  n=L 

Describe  a  circle  of  radius  r  representing  the  sphere,  and  around 

its  centre  two  other  circles  of  radii  —  r   and  -^r,  respectively,  as  in n  n 
Fig.  71.  Draw  the  ray  LE  incident  upon  the  sphere  at  E,  at 
incidence  angle  a,  and  continue  it  until  it  cuts  the  outer  circle  at  A  : 
then  join  this  point  with  the  centre,  the  line  cutting  the  inner  circle 

at  A'.  The  line  EA'  is  then  the  refracted  ray.  If  now  we  have  a 
convergent  system  of  rays  falling  upon  the  sphere,  which  would 
unite  at  A  if  the  sphere  were  absent,  it  is  clear  from  the  con- 

struction that  the  sphere  will  bring  them  all  together  in  a  point 

focus  at  A\  Conversely  if  rays  emanate  from  A'  within  the 
sphere,  they  will,  after  refraction  out  through  the  lower  half  of  the 
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sphere,  traverse  paths  which,  if  produced  backwards,  meet  at  A. 
A  and  A'  are  called  the  aplanatic  points  of  the  sphere,  and  the  sphere 
is  an  aplanatic  surface  for  these  two  points,  one  of  which  is  real,  the 
other  virtual. 

Fio.  71. 

The  proof  of  the  above  construction  is  as  follows. 

Tnan^es  EM  A  and  EM  A'  are  similar  having  Z^  in  conmion, 
and  its  enclosing  sides  in  equal  ratio 

EM  ̂ AM^n' MA'     EM     n 

:.Z.EA'M=^ZAEM, 
and  since  AEM=a^  S=a. 

In  triangle  EMA' 

sin  8  ̂   EM  ̂   n' 
sini3     A'M     n 

sin «     n' 
' '  ainfi     n 

Microscope  Objective.  —  The  existence  of  the  aplanatic  points 
just  inroved  was  utilized  by  Amici  in  the  construction  of  micro- 

scope objectives  of  wide  aperture.  A  section  of  such  an  objective  is 
shown  in  fig.  72. 

A  hemispherical  lens  /  receives  the  wide  cone  of  rays  from  a 
point  at  L.  After  refraction  by  the  plane  surface,  they  pursue 
directions  as  if  coming  originally  from  D,  If  U  is  the  aplanatic 
pcnnt  refraction  by  the  spherical  surface  will  render  them  still  less 
divergent  without  introducing  any  spherical  aberration.  Since 
rrfn^ion  at  a  plane  surface  introduces  aberration,  better  conditions 
obtain  if  a  dim  of  some  oil  having  the  same  refractive  index  as  the 

18  introduced  between  the  plane  surface  and  the  object. 
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which  must  now  be  at  U,  the  aplanatic  point.  Thia  virtually  im- 
beds the  object  within  the  medium  of  the  sphere,  and  the  wave 

leaving  it  has  its  centre  at  L*.     The  next  lens  7/  is  a  meniscus,  its 

\-'''C'''i  i/ f^ f\ 1 w Hi 

y 
first  or  concave  surface  having  the  same  radius  of  curvature  as 
the  spherical  wave  leaving  lens  /,  i.e.  its  centre  of  curvature  is  at  V. 
The  wave  therefore  enters  lens  II  without  change  of  form.  The 
second  surface  of  the  meniscus  is  spherical  and  of  such  a  curvature 

that  L*  is  an  aplanatic  point  for  it.  The  wave  on  leaving  the  me- 
luscus  is  still  spherical,  the  centre  being  now  pushed  back  to  L*. 
The  rays  are  rendered  still  less  divergent  and  finally  convergent  by 
the  two  achromatic  lenses  ///  and  IV, 

The  Amici  principle  has  a  disadvantage  which  makes  it  impos- 
sible to  use  it  more  than  twice.  It  introduces  chromatic  aberra- 
tion, which  can  be  compensated  by  the  overcorrected  (for  color) 

achromatic  lenses  III  and  IV  provided  the  divergence  is  not  too 
small.  If  it  is  too  small,  as  it  would  be  if  the  principle  was  made 
use  of  again,  it  would  be  impossible  to  compensate  it,  and  at  Uie 
same  time  render  the  rays  convei^nt. 

Focal  Length  of  a  Lens.  —  The  distance  from  the  middle  of  the 
lens  to  the  focus  varies  with  the  distance  of  the  source  of  light :  if  it 
be  at  infinity  the  waves  are  plane  and  the  distance  between  the  lens 
and  the  focus  is  called  the  focal  length  of  the  lens.  This  may  be 
expressed  in  terms  of  the  radii  of  curvature  of  the  two  surfaces  and 
the  refractive  index  of  the  glass,  and  the  formula  which  we  will 
now  deduce  can  be  used  for  determining  the  refractive  index  of  a 
lens. 

Let  ̂   =  ref.  index  of  lens,  r  =  radius  of  surface  AMB,  a  =  radius 
of  surface  ANB  aady  =  AD  (Fig.  73). 

All  disturbances  from  0  reach  0  at  the  s 
e  time ; 

.-.  OA+0'A=OM+^{MN)+NO', 
y*  =  2rMD-MD'=2sND-ND'. 

(MD^  and  ND*  can  be  rejected  since  MD  and  ND  are  8 
comparison  to  r  and  s.) 
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.\MD=j^,ND=^; 2r  28 

•••''^=^,^^-f(^i>  ••••"> 
Denote  OD  by  u  and  O'D  by  r,  and  we  have 

OA=u  +  ̂   and  0'A==v+^  (approximately); 2u  2 1^ 

,-.  OA  +  O'A =00'  +  ̂(-  +  i\ 2\«     vj 
.     (2) 

But  OA+0'A=OM-f  0'iV+fi(MAr),  and  substituting  from  (2) we  get 

2\u     vj 

Substituting  for  Mli  the  value  given  in  (1), 

where/  is  the  value  of  &  when  u  =  co,  that  is  when  the  incident  rays 
are  parallel.  The  focal  length  of  the  lens  is  therefore  /.  Measure 
the  radii  of  curvature  of  the  two  surfaces  of  a  lens  and  its  focal 
length,  and  determine  ft. 

Refraction  of  light  in  Non-Homogeneous  Media.  —  The  con- 
sideration of  the  laws  of  refraction  in  media  in  which  the  refractive 

index  varies  continuously  from  point  to  point  leads  us  to  a  most  in- 
teresting class  of  phenomena,  the  most  com- 

mon examples  of  which  are  the  illusions 
known  as  Mirages. 

As  an  introduction  to  the  subject  it  will  be 
well  to  investigate  the  refraction  of  a  ray  of 
hf^t  by  a  number  of  media  of  different  re- 

fractive indices  arranged  in  horizontal  strata 
of  equal  thickness.  I^t  the  velopities  of  light 
in  the  different  strata  be  represented  by  Vy  v\ 
and  l/^  and  let  the  an^e  of  incidence  on  tiie  first  layer  be  t  (Fig.  74) 
—  we  require  the  deviation  of  the  ray  by  the  two  boundaries. 

Fio.  74. 
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We  have  ̂ ^  =  -^  for  first  boundary,      .',  aia  r=9in  i-  - sm  r     V  B 

The  incideDce  angle  at  the  secoad  boundary  is  obviously  r,  there- 
fore we  have 

mar      v'  v      v       . .  ,     .        smi       e 
-:   i  =  -7J  or  —;   T  =  -n,  which  gives  -;   ;  -  -7;, 
ain  r      r '        sm  r      v  °^        sin  r'     »"' 

showing  that  the  direction  of  the  ray  in  the  third  medium  is  the  same 
as  if  the  intervening  medium  were  not  present.  Now  suppose  tlie 
number  of  layers  to  be  increased  indefinitely,  and  the  thickness  of 
each  to  be  reduced  indefinitely.  This  gives  us  a  medium  of  con- 

tinuously varying  refractive  index,  and  we  see  that  the  direction 
of  the  ray  at  any  point  is  the  same  as  if  the  upper  layers  were 
removed,  and  the  ray  entered  the  fiat  surface  of  a  medium  of  re- 

fractive index  equal  to  that  which  the  non-homogeneous  medium 
has  at  the  point  in  question.  Suppose  a  ray  to  be  travelling  in  a 
horizontal  direction  in  a  medium  of  this  nature.  As  the  ray  is 
moving  in  a  direction  in  which  the  refractive  index  does  not  change, 
it  may  seem  at  first  sight  as  if  there  would  be  no  change  of  direction. 
The  discussion  of  the  case  by  ray  methods  would  lead  to  this  con- 

clusion, a  result  which  plainly' shows  the  danger  of  handling  optical problems  in  this  way.  No  matter  how  limited  the  width  of  the  ray, 
the  wave-front,  —  the  motion  of  which  constitutes  the  rays,  — 
must  have  a  finite  size,  and  the  upper  and  lower  edges  of  the  front 

are  moving  in  regions  of  different 
optical  density.  The  upper  ed^ 
will  consequently  move  faster 
than  the  lower,  and  the  front 
will  gradually  wheel  around,  which 
means  that  the  direction  of  pr(q>- 
agation,  or  the  direction  of  the 
ray,  is  constantly  changmg.  We 

can  treat  the  case  by  Huygens's 
construction  by  describing  second- 

ary wavelets  of  constantly  decreas- 
ing radii  around  points  on  the 

wave-front,  the  enveloping  plane 
representing  the  front  in  its  next 
position  (Fig.  75).  By  repeating 

the  process  we  can  show  the  gradual  change  of  direction.  The 
resulting  curved  rays  are  concave  towartb  the  (Erection  of  higher 
refractive  index. 

Astronomical  Refraction.  —  The  Optical  density  or  refractive 
index  of  the  earth's  atmosphere  decreases  as  we  ascend  from  the 
surface,  consequently  the  rays  of  light,  which  reach  our  eyes  frwa 
the  stars,  move  in  curved  paths,  except  when  the  star  is  in  tiie  2^ 
nith.  Since  the  direction  in  which  the  star  appears  to  be  is  the  di- 

rection from  which  the  ray  comes  when  it  enters  the  eye,  the  true 
position  of  the  star  can  only  be  determined  by  t^dng  the  refraction 
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of  the  atmosphere  into  account.  The  effect  of  refraction  is  to  make 
the  star  appear  higher  up  above  the  horizon,  or  nearer  the  zenith 
than  it  really  is.  For  stars  at  the  horizon  the  elevation  amounts 
to  36  minutes  of  arc. 

Now  we  have  seen  that  the  final  direction  of  the  ray  is  indepen- 
dent of  the  layers  intervening  between  the  medium  in  which  the 

observation  is  made  and  the  region  from  which  the  light  comes ;  it 
is  therefore  apparent  that  the  change  in  direction  can  be  determined 
by  determining  the  refractive  index  of  the  air  at  the  point  where 
the  instrument  is  situated,  which  can  be  done  by  observing  its 
temperature,  pressure,  etc. 

The  curvature  of  light  rays  in  the  atmosphere  also  influences  the 

apparent  positions  of  objects  on  the  earth ^s  surface,  the  usual  effect 
being  an  elevation  of  an  object  above  its  true  position,  a  circum- 

stance which  must  be  taken  into  account  in  all  geodetic  observations. 
As  a  result  of  this  refraction  it  is  possible  to  see  the  sun  and  the 
eclipsed  moon  above  the  horizon  at  the  same  time. 

While  the  radius  of  curvature  of  a  ray  of  light  travelling  parallel 

to  the  earth's  surface  is  much  greater  (about  7  times)  than  the 
radius  of  the  earth,  it  is  possible  to  conceive  of  an  atmosphere  with 
a  density  gradient  sufficient  to  lessen  the  radius  of  the  ray  to  that 
of  the  plffiQet.  If  such  a  condition  prevailed  a  ray  would  travel 
completely  around  the  planet,  if  the  atmosphere  were  perfectly 
transparent.  In  some  cases  we  may  even  have  an  atmosphere  with 
a  density  gradient  sufficient  to  give  us  an  even  smaller  radius  of 
curvature. 

Schmidt's  Theory  of  the  Sun.  —  Schmidt  has  made  the  sugges- 
tion that  the  sun  may  be  such  a  body,  and  that  the  disk  as  we  see 

it  may  be  an  optical  illusion.  He  considers  the  sun  to  be  a  mass 
of  gas  the  density  of  which  increases  from  the  surface  towards  the 
centre.  At  a  sufficient  depth  the  radiation  of  the  gas  will  be 

"  white  "  light,  i.e.  it  will  give  a  continuous  spectrum.  What  we 
shall  see,  however,  will  be  a  white-hot  ball  with  a  sharply  defined 
rim.  Tlie  radius  of  the  ball  will  be  the  radius  of  the  sphere  taken 
within  the  gas  mass,  upon  the  surface  of  which  light  rays  will  have 
a  similar  radius  of  curvatiu^.  Schmidt  calls  this  the  critical 

sphere. 
In  Pig.  76  consider  the  circle  to  be  the  critical  sphere,  and 

assume  li^t  radiated  in  all  directions  from  a  point  A  deep  down 
within  the  gas  mass.  The  ray  B^  with  a  small  radius,  will  turn 
back  into  the  mass;  the  ray  D,  leaving  A  at  a  smaller  angle  with 

the  normal  will  travel  around  the  critical  sphere;  while  the  ray  £', 
leaving  A  at  a  slightly  less  angle,  will  pass  off  into  space.  Other 
rays,  such  as  C,  wUl  iJso  pass  off  into  space,  but  will  not  reach  us. 
If  the  gas  without  the  critical  sphere  does  not  emit  light  the  ray  E 
will  oome  i^pparently  from  the  edge  of  the  critical  sphere,  notwith- 
Htandhig  the  fact  that  it  originated  much  deeper  down  in  the  mass, 
wb^e  the  gas  is  radiating  li^t  as  a  result  of  its  high  temperature 
and  density.  On  this  theory  what  we  call  the  diameter  of  the  sun 
is  mody  the  diameter  of  the  critical  sphere,  plus  a  slight  increase 
due  to  ihe  refraction  of  the  gas  outside  of  it.    An  atmosphere  can 
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in  the  same  way  cause  an  increase  in  the  apparent  diameter  of  the 
body  which  it  surrounds.  We  can  show  this  very  nicely  in  the 
following  way.  Make  a  small  rectangular  glass  tank  by  cement- 

ing five  squares  of  glass  together  with  sealing  wax.  Fill  it  with 
melted  gelatine  and  support  an  empty  test  tube  in  the  fluid  with 
a  clamp  stand.  The  bottom  of  the  test  tube  should  be  within 
half  a  centimeter  of  the  bottom.  After  the  jelly  has  solidified, 
pour  hot  water  into  the  test  tube,  and  immediately  withdraw  it.  It 
will  leave  a  cylindrical  hole  in  the  jelly,  with  a  hemispherical  bot- 

tom.   Now  pour  a  mixture  of  glycerine  and  powdered  chalk  into 

Fio.  76. 

the  cavity  imtil  it  is  half  full.  Fill  the  remainder  with  water  to 
which  a  few  drops  of  milk  have  been  added.  The  glycerine  will 
gradually  diffuse  into  the  gelatine,  increasing  its  refractive  index. 
The  condition  at  the  end  of  a  few  minutes  will  be  not  unlike  that  of 
a  white  body  surrounded  by  a  dense  atmosphere,  for  the  refractive 
index  will  be  high  at  the  boundary  between  the  jelly  and  glycerine, 
gradually  decreasing  as  we  pass  out  into  the  jelly.  The  magnifi- 

cation resulting  can  be  seen  by  looking  through  the  side  of  the 
trough,  the  lower  portion  of  the  cavity  appearing  swollen  out  like  a 
mushroom.  If  we  perform  the  experiment  with  pure  glycerine 
and  clean  water  the  same  thing  happens.  By  placing  an  arc  light 
behind  the  tank  and  throwing  an  image  of  the  cavity  upon  a  piece 
of  ground  glass  with  a  camera  objective,  placed  at  the  centre  of  the 
shadow  of  the  tank,  we  can  see  the  bright  ring  of  light  which  ap- 

pears to  surround  the  bottom  of  the  cavity.  This  is  analogous  to 
the  ring  of  light  which  would  be  seen  surrounding  the  earth  by  an 
observer  on  the  moon  during  a  lunar  eclipse,  or  rather  a  solar 
eclipse.    As  the  glycerine  penetrates  into  the  jelly  this  ring  of 
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li^t  eventually  separates  from  the  line  of  the  cavity.  Photo- 
graphs of  the  gelatine  cavity  at  two  different  stages  of  the  diffu- 

sion are  reproduced  in  Fig.  77. 

^ 

Hiitge. — The  normal  variation  of  the  refractive  index  in  the 
atmosphere  is  often  disturbed  by  temperature  variations,  as  when 
the  air  near  the  surface  is  warmed  by  the  heated  ground,  or  when  a 
layer  of  cold  air  flows  over  a  layer  of  warm  air,  as  may  occasionally 
happen.  These  abnormal  conditions  in  the  atmosphere  give  rise  to 
the  phenomenon  of  mirage,  the  commonest  type  being  that  seen  on 
the  desert  where  the  air  is  heated  by  the  hot  sand.  In  this  case  the 
refractive  index  is  abnormally  low  along  the  ground,  rises  to  a 
maxiniiim  as  we  ascend,  and  then  decreases  more  slowly  according 
to  the  usual  law.  Rays  of  light  near  the  surface  are  therefore  con- 

cave upwards,  while  those  travelling  at  greater  elevations  are  con- 
cave downuxmU.  The  result  of  this  is,  that  rayB  which  would  or- 

dinarily strike  the  ground  are  turned  upwards  and  reach  the  eye, 
spearing  as  if  reflected  in  the  ground,  while  other  rays  starting 
originally  from  the  same  point  may  reach  the  eye  by  the  usual  path. 
The  point  thus  appears  double.  The  sky  at  the  horizon  may  thus 
i^ipear  as  if  mirrored  in  the  sand,  and  since  the  only  rellectii^  body 
in  nature  capable  of  acting  in  this  manner  with  which  we  are 
familiar  is  a  smooth  sheet  of  water,  the  natural  inference  is  that  a 

Fra.  78. 

lake  exists  between  us  and  the  horizon.  Where  the  sky  is  broken 
by  mountains,  we  see  their  inverted  images  mirrored.  The  paths 
of  the  rays  in  mirage  of  this  type  are  shown  in  Fig.  78. 

It  can  be  very  beautifully  reproduced  by  a  method  which  was 
described  by  the  author  in  the  Philosophical  Magazine  in  1899,  and 
K^ch  has  since  been  somewhat  improved.  Three  slabs  of  flat 
riieet  sted  each  a  metre  long,  20  cms.  wide  and  3  or  4  mms.  thick, 
are  mounted  oo  iron  tripods  and  carefully  brought  into  the  same 
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plane,  so  that  the  upper  surface  is  continuous  and  flat,  which  can 

be  ascertained  by  **  sighting  "  it  from  one  end  (Fig.  79).  The  sur- 
face is  sprinkled  with  sand,  to  prevent  reflection,  which  may  occur 

at  grazing  incidence.  A  sheet  of  ground  glass  with  an  arc-light 
behind  it  represents  the  sky,  or  a  mirror  mounted  so  as  to  reflect 
the  sky  when  viewed  from  the  opposite  end  of  the  desert.  The 
artificial  sky  must  come  down  to  the  level  of  the  sanded  surface, 
and  in  front  of  it  a  chain  of  mountains  cut  out  of  pasteboard  is 

mounted,  with  peaks  varying  from  1  to  2  cms.  in  height,  and  val- 
leys which  come  quite  down  to  the  sand.  The  desert  is  heated  by 

a  long  gas  burner  made  by  drilling  numerous  small  holes  in  a  long 
piece  of  gas  pipe.  The  gas  should  be  introduced  at  each  end  of  the 
long  tube,  and  the  flames  should  be  about  5  cms.  in  height.  If  we 
look  along  the  sand,  holding  the  eye  an  inch  or  two  above  the  plane 
of  the  surface,  we  shall  see,  as  the  desert  warms  up,  what  appears 
to  be  a  brilliant  pool  of  water  on  the  sand,  in  which  the  inverted 
images  of  the  mountains  and  sky  appear  reflected.  Photographs 
of  this  artificial  mirage  are  shown  in  Fig.  80,  Plate  3. 

Another  type  of  mirage,  sometimes  seen  at  sea,  can  be  referred  to 
a  stratum  of  hot  air  at  a  considerable  distance  above  the  earth's 
surface,  which  behaves  in  a  manner  precisely  similar  to  the  hot  air 
on  the  ground,  giving  rise  to  inverted  images  of  distant  ships  hig^ 
above  the  horizon.  Objects  ordinarily  below  the  horizon  are  fre- 

quently brought  into  view,  by  the  curvature  of  the  rays  resulting 
from  an  abnormally  rapid  change  in  the  refractive  index  of  the  air^ 
a  case  being  on  record  where  ships  moored  off  the  French  coast 
across  the  English  Channel  20  miles  distant  were  seen  from  Dover. 

Mirages  are  frequently  seen  on  cold  autumn  mornings  over  large 
bodies  of  water,  the  air  in  the  vicinity  Of  the  surface  of  the  water 
being  warmed.  A  frequent  illusion,  known  as  Fata  Morgana,  is  the 
apparent  elevation  of  objects  on  a  distant  shore  into  pinnacles  and 
columns.  It  results  from  a  distribution  of  density  similar  to  that 
causing  the  desert  mirage,  the  transition  being  less  abrupt,  however. 
A  medium  stratified  in  horizontal  layers,  with  a  maximum  refractive 
index  along  the  central  plane,  will  render  divergent  ra3rs  parallel  and 
then  convergent,  the  medium  acting  as  a  sort  of  continuous  lens. 

Fig.  81  is  a  somewhat  exaggerated  diagram  of  this  effect.  An  eye 

at  0  receives  rays  from  0'  which  have  come  over  a  number  of  differ- 
ent paths,  and  can  be  considered 

as  situated  at  a  focus  towards 

^  which  these  rayB  converge,  (y 
will  therefore  appear  magnified 
in  the  vertical  direction  into  a 

Fio.  81.  column  AB,    As  the  curvature 
of  the  rays  is  only  in  vertical 

planes  there  will  be  no  corresponding  horizontal  magnification. 
Rocks  and  other  objects  lying  along  the  shore  are  thus  seen  raised 
to  the  dignity  of  lofty  cliffs,  and  blocks  of  ice  floating  in  the  water 
appear  as  white  pinnacles. 

Non-Homogeneous  Cylinders  as  Pseudo-Lenses.  —  If  there  was 
a  similar  variation  in  the  refractive  index  in  horizontal  directions, 
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magnification  in  all  directions  would  occur.  In  a  medium  capable 
of  acting  in  this  way  the  equi-indical  surfaces,  or  layers,  of  equ^ 
refractive  index  will  be  coaxial  cylinders,  the  highest  refractive 
index  being  along  the  axis.  Exner  has  shown  that  the  eyes  of  some 
insects  are  arranged  in  this  way,  the  convergence  of  the  rays  to  a 
focus  resulting  from  the  action  of  a  non-homogeneous  medium. 

Cylinders  of  gelatine  soaked  in  water  were  found  by  Exner  and 
Matthiessen  to  behave  in  the  same  way. 

It  is  possible  to  prepare  cylinders  which  have  the  maximum 
refractive  index  on  the  surface  or  along  the  axis,  and  act  accord- 

ingly as  concave  or  convex  lenses. 
Tlie  original  method  has  been  improved  by  the  author  by  the  use 

of  glycerine.  These  pseudo-lenses  are  not  at  all  difficult  to  pre- 
pare and  are  extremely  interesting.  A  handful  of  photographic 

gelatine  is  soaked  in  clean  water  until  thoroughly  softened.  The 
excess  of  water  is  poured  off  and  the  mass  is  then  heated  until  quite 
fluid,  and  filtered  through  a  funnel  with  a  small  piece  of  absorbent 
cotton  placed  at  the  bottom  of  the  cone.  If  the  gelatine  refuses  to 
run  through,  add  a  little  more  boiling  water.  Pour  a  small  quan- 

tity into  a  test  tube,  and  let  it  stand  until  solid.  Evaporate  the 
remainder  over  a  small  flame,  stirring  constantly  until  it  is  of  the 
oonsifltency  of  syrup.  This  means  boiling  it  down  to  one-third  or 
leas  of  its  original  volume.  Now  add  an  equal  volume  of  glycer- 

ine, and  pour  the  mixture  into  a  second  test  tube.  After  the  jellies 
have  set,  crack  the  bottom  of  the  tubes  by  a  sharp  blow,  warm 
than  by  the  momentary  application  of  a  Bunsen  flame  and  push 
out  the  cylinders. 

Cut  the  cylinders  into  disks  of  different  thicknesses,  with  a  warm 
pen-knife.  The  best  thickness  is  about  two-thirds  of  the  diameter. 
Mount  the  disks  between  small  squares  of  thin  plate-glass  (window 
l^ass  will  do),  wanning  the  plates  slightly, 
to  insure  getting  the  jdly  into  optical  con- 

tact (Fig.  82).  It  may  be  found  necessary 
to  prop  the  upper  plate  in  position  until 

|i  !  !i  liiil 

?„;i)  iiii»»*'
 

the  surface  in  contact  with  the  glass  has 

"  set."  The  cylinders  which  are  made  of 
gelatine  and  water  are  now  to  be  immersed  ^ 
in  glycerine,  the  glycerine  jelly  cylinders 
in  cold  water.  The  glycerine  should  be  stirred  occasionally,  as  the 
layers  in  contact  with  the  jelly  take  up  the  displaced  water.  The 
action  will  be  found  to  be  well  under  way  in  a  quarter  of  an  hour, 
the  ̂ yoerine  gradually  diffusing  into  the  jelly,  driving  out  the 
water,  and  the  water  gradually  replacing  the  glycerine.  A  jelly 
containing  glycerine  has  a  higher  refractive  index  than  one  contain- 

ing water,  consequently  the  cylinders  soaked  in  glycerine  act  as 
concave,  while  those  soaked  in  water  act  as  convex  lenses. 

TTie  focal  length  will  be  found  to  be  only  8  or  10  cms.,  and  very 
Abtp  images  of  the  filament  of  an  incandescent  lamp  or  a  gas 
flaoDie  can  be  obtained  with  them. 

Schott  has  prepared  similar  cylinders  of  glass,  by  pouring  the 
mcdten  glass  into  iron  tubes.    The  sudden  chilling  of  the  outer 
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layer  produced  tension  in  the  glass  cylinder,  and  a  corresponding 
variation  in  the  refractive  index,  plane  parallel  plates  cut  from  the 
cylinder  acting  as  concave  lenses. 

Following  the  mathematical  treatment  which  Exner  gave  for 
cylinders  of  this  nature,  we  arrive  at  two  interesting  conclusions, 

namely  that  the  ordinary  lens  formula  -  +  -  =  -  holds  for  them, 

and  that  to  be  aplanatic,  the  equation  which  shows  the  relation  be- 
tween the  refractive  index  and  the  distance  from  the  axis  of  the 

cylinder  is  that  of  a  parabola. 

Fio.  83. 

Let  0  (Fig.  83)  be  the  source  and  0'  the  conjugate  focus,  at  dis- 
tances a  and  b  from  the  surfaces  of  a  cylinder  of  thickness  c 

Consider  the  ray  incident  at  angle  a,  at  a  point  at  distance  x  from 
the  axis,  where  the  refractive  index  is  n.    The  angle  of  refraction 

a 
P=-'    From  now  on  the  ray  moves  in  a  path  which  is  approxi- n 

mately  circular  for  rays  near  the  axis,  turning  through  an  angle  - r 

before  reaching  the  second  surface  (r  =  radius  of  curvature  of  ray). 

The  ray  meets  the  second  surface  at  an  incidence  angle  y  =  —  )3, r 
for  P  and  y  can  be  regarded  as  angles  of  a  triangle  whose  exterior 

angle  -  is  equal  to  their  sum.    The  angle  of  refraction  into  air  is 

Tie 

nc 

r  r 

Since  we  are  considering  rays  near  the  axis  Xi=Xf=x,  where  x  is 
the  distance  of  any  point  on  the  ray  from  the  axis 

b  r  r      a 
X  .  X     ne 

or  -  +  7  =  — a     b      r 
(1) 

VV    G 

yn 

We  now  require  an  expression  for  r,  the  radius  of 
curvature  of  the  ray. 

Let  GH  he  the  element  of  wave-front  (Fig.  84) ;  the 
velocities  and  refractive  indices  at  G  and  H  are  respec- 

tively v\  w'  and  v,  n,  which  are  so  related  that  v'>v  and n>n\ 
If  the  radius  of  the  secondary  wavelet  around  G  is  GL 

and  the  radius  of  the  one  around  H  is  HK,  the  radius  of 
curvature  r  will  be  found  by  producing  LK  until  it 
meets  GH  produced,  say  at  J.    UGH  equals  dx. 
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^-^^M  (Homol.  sides  of  =A)  =  ?.=!L'=  ̂ Jii?, r  +  dx     GL  ̂         .  ^     v'     n  n      ' 
where  dn  is  the  increment  of  n  corresponding  to  the  increment  dx, 

m  =  (r4-dx)(n4-dn),  rdn^—ndx,  -  =   ^. r         n  dx 

By  equation  (1)  ?  +  ?=-€5^   (2) a     0  dx 

Now  n=/(x)=ni+CfX+C8X*-f Cior^H —  in  which  Ui  equals  the 
index  at  the  axis,  and  on  account  of  the  symmetrical  distribution  of 
n  around  the  axis,  n  has  the  same  value  for   —  x  as  for    +x,  and 

/.  for  nearly  central  rays  n=ni+C8x',      .     .     .     (3) 

^  =  2c»x,  -+i  =  -2c8e=  Constant, dx  a     0 

in  which  Cs  is  a  constant  depending  on  the  law  of  change  of  the  re- 
fractive index. 

If  we  let  —  2  Cs€ = -,  we  have  (4)  -  + 1- = - ,  the  classical  formula  for 
p  a    o    p 

lenses.    This  formula  shows  us  that  the  focus  is  inversely  propor- 
tional to  the  length  of  the  cylinder. 

By  combining  (3)  and  (4),  we  get  n=ni—  - — x*, 
2pc 

ni— n=  - —  and  if  ni— n=An,  x^=2pAn. 2  pc 

If  we  plot  X  and  An  on  a  system  of  rectangular  coordinates,  we 
shall  get  a  parabola. 

We  have  thus  far  confined  our  attention  to  nearly  axial  rays  for 
which  X  is  small,  and  obtained  our  final  expression  by  n^ecting 
powers  higher  than  the  square  in  the  series.  Let  us  now  consider 
rays  farther  removed  from  the  axis,  and  determine  the  law  govern- 

ing the  change  of  refractive  index  which  must  hold  if  the  cylinder 
bring  all  rays  to  the  same  focus,  or  be  aplanatic. 

By  (2),  we  have  ^1^  =  1^ x  dx     p 

—  cpdn=xdx. 

(Integrating)  -  cpn  =-54-  Const. 

For  x=:0,  n^n^  and  since  the  above  equation  holds  for  all 
values  of  x  it  holds  when  x^^^O.  From  this  relation  we  determine 
the  constant  to  be  —^^^ 

-€pn=---cpn,  n=ni--; — ,  x*  =  2p€An, A  £t  p€ 
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an  expression  identical  with  the  one  which  we  obtained  for  the  aadal 
rays. 

The  nature  of  the  function  is  therefore  paitibolic,  and  if  we  plot 
ordinates  equal  to  the  refractive  indioeSi  and 
abscissae  equal  to  the  plus  and  minus  values  of 
Xf  we  shall  get  a  parabola,  which  is  concave 
down  or  up  according  to  whether  the  highest 
or  lowest  value  of  n  is  found  along  the  axis,  or 
according  as  we  consider  a  cylinder  (Fig.  85) 
which  acts  as  a  concave  or  convex  lens. 

If  we  consider  the  cylinder  to  be  of  infinite 
length  the  rays  will  come  to  a  focus  on  the 
axis,  then  diverge  again,  and  moving  in  curved 
paths  come  to  a  focus  again  at  a  point  further 
along  on  the  axis. 

The  same  thing  will  take  place  in  vertical 
planes  or  in  two  dimensions  if  the  equi-indical 

Fio.  86.  surfaces  are  parallel  planes  instead  of  coaxial 
cylinders.  Such  conditions  sometimes  exist 

in  the  atmosphere,  as  Professor  Everett  has  shown,  and  if  the  eye 
be  situated  at  the  focus  where  the  rays  come  together,  vertical  mag- 

nification of  the  object  will  result  as  we  have  seen. 
Curved  Light  Rays.  —  A  ray  of  light  entering  a  medium  of  this 

description  will  be  bent  towards,  and  cross  the  line  of  maximum 
optical  density,  where  it  changes  its  curvature  and  is  again  bent 
towards  the  line,  which  it  may  thus  cross  again  and  again,  travers- 

ing a  path  which  is  approximately  a  sine  curve.  If  we  are  dealing 
with  a  diverging  pencil  of  rays,  the  rays  will  alternately  converge  to 
and  diverge  from  a  focus,  passing  in  this  way  through  a  number  of 
successive  foci.  These  efTects  can  be  well  shown  by  the  following 
device,  which  was  described  by  the  author  in  the  PhiUmphtad 
Magazine  for  April,  1899. 

A  glass  trough  50  cms.  long  by  10  cms.  high  and  2  cms.  wide,  with 
plate  glass  ends,  is  filled  to  the  depth  of  3  cms.  with  a  strong  solution 
of  alum.  On  this  is  floated  a  layer  of  water  containing  10%  of 
alcohol,  which  is  very  much  lighter  than  the  alum  solution,  though 
having  about  the  same  refractive  index.  A  mixture  of  glycerine  and 
85%  alcohol  has  a  much  higher  refractive  index,  but  a  specific  grav- 

ity intermediate  between  these  two  liquids,  consequently  it  is  pos- 
sible by  means  of  a  glass  siphon,  drawn  down  to  a  small  aperture 

which  is  bent  in  a  horizontal  direction,  to  introduce  a  layer  of  it 
between  the  alum  solution  and  the  supernatant  water.  The  nec- 

essary precautions  and  fuller  directions  will  l)e  found  in  the  original 
paper.  The  three  solutions  were  previously  acidified  with  sulphuric 
acid,  and  rendered  fluorescent  with  sulphate  of  quinine  in  order 
that  the  paths  of  the  rays  could  be  followed.  By  cautious  stirring 
the  diffusion  of  the  layers  into  each  other  can  be  assisted,  and  we 
shall  have  as  a  result  a  medium  in  which  the  refractive  index 
increases  from  the  surface  towards  the  median  plane,  and  then  de- 

creases from  this  plane  towards  the  bottom,  the  condition  being 
similar  to  the  atmospheric  condition  producing  the  Fata  Morgana. 
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If  a  very  narrow  beam  of  light  from  an  arc-lamp,  made  parallel  by- 
means  of  a  condensiiig  lens,  be  thrown  obliquely  into  one  end  of  the 
trough,  it  will  be  seen  to  traverse  the  liquid  in  the  form  of  a  mc«t 
beautiful  blue  wave,  the  curvature  of  which  varies  with  the  angle  at 
which  the  ray  enters.  A  ray  of  light  travelling  in  a  sine  curve  b 
shown  in  Fig.  86,  Plate  3,  which  was  photographed  directly  from 
the  trough. 

The  alternate  convei^ence  and  divergence  of  rays,  and  the  suc- 
cessive foci  can  be  shown  by  allowing  a  parallel  bundle  of  rays  to 

enter  one  end  of  the  trough  in  a  horizontal  direction.  A  photo- 
graph of  this  phenomenon  is  also  shown  in  Fig.  87,  Plate  3. 

Scintillation.  —  In  addition  to  the  more  or  less  regular  gradations 
in  the  refractive  index  of  the  atmosphere  there  exist  striae,  or  small 
r^ons  of  sudden  change  due  to  the  mixing  of  hot  and  cold  currents, 
somewhat     similar    to 
the  conditions  existing 
in  a  mixture  of  glycer- 

ine and  water.     When 

a   wave-front  of   light  ,--''^'', 

passes  through  a  region  _.-'''','''  "',' 

where  the  refractive  -■  ̂ ''  ̂  '',''•'-'' 
index  is  low  it  gains,  ̂ -''  ̂ '■,;'>'' 
and  while  travellit^  in  '      ,  ',<^''''' '''-''    ,,'  \  ji^. 
a   region    of   high    re-   ̂ ^.i"''       ,'"      '*'  VjAA'^'** 
fractivt  index  it  loses.  "^  %*^''  ''■'■ 
The   result  of  this   is,  djC*-'     ̂ i'''    ,-'      >- 

that  the  striae  deform        ''  j^fS^^     ,'''  .'^^'i^' 
the     plane-waves     of  '^  \,t*^'''    ̂ '^^f'''' 
light  conung  from  the  B'-''  y,fX'^i^''' 
stars    into    corrugated  ^f^'  ' ' 
waves,      portions      of 

which    are    convex   in  ^"''  ̂ ■ 
the  direction  of  propa- 

gation, whUe  other  portions  are  concave.     The  concave  portions 
naturally  converge,  while  the  convex  portions  diverge;   tiie  result 
being  that  the  energy  concentrates  itself  in  certain  areas  at  the  ex- 

pense of  the  adjacent  areas,  as  shown  in  Fig.  88. 
This  uneven  distribution  of  light  produces  the  familiar  phenome- 

non of  scintillation  or  twinkling  of  the  stars.  If  the  intensity  of  the 
ti^t  from  a  star  were  sufficient,  we  should  find  that  instead  of 
illuminating  a  white  surface  uniformly,  as  does  the  sun  or  moon,  it 
would  illuminate  it  unevenly,  dark  and  light  patches  alternating 
over  the  surface.  This  uneven  illumination  is  actually  observed 
during  the  few  moments  immediately  preceding  the  total  stage  of  a 
solar  eclipse,  the  patches  of  light  and  shadow  being  arranged  in  more 
or  less  parallel  bajids.  The  bands  are  sometimes  erroneously  referred 

to  as  "  diffraction  fringes  "  bordering  the  moon's  shadow.  They 
move  along  over  the  ground  with  a  velocity  depending  on  the  ve- 

locity of  the  upper  currents  of  the  atmosphere,  usually  from  ten 
to  twenty  feet  per  second.  The  same  phenomenon  occurs  also  in 
the  case  of  star  light,  except  that  the  light  is  too  feeble  to  produce 
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shadow-bands  which  are  visible.  Their  presence,  however,  can  be 
inferred  from  the  well-known  fact  that  the  brilUancy  of  the  star 
observed  by  the  eye  appears  to  suffer  rapid  periodic  changes,  the 
star  appearing  bright  or  feeble  according  to  whether  the  eye  is  in. 
a  light  or  dark  area  of  the  moving  system  of  shadows.  The  width 
of  the  bands  is  frequently  not  over  3  or  4  cms.  This  means  that  it 
may  easily  happen  that  one  eye  is  in  a  dark,  while  the  other  is  in  a 
bright  area  at  the  same  moment.  If  we  look  at  a  star  with  the  eyes 
slightly  converged,  which  we  can  easily  do  by  focussing  them  on 
some  object  at  a  distance  of  five  or  six  feet,  and  in  a  line  with  the 
star,  the  star  will  appear  doubled  and  the  two  images  will  fluctuate 

in  intensity,  but  the  fluctuations  will  not  be  "  in  step,"  one  eye  see- 
ing the  star  dark  at  the  moment  when  the  other  eye  sees  it  bright. 

If  a  star  is  viewed  through  a  telescope  of  large  aperture,  the 
resultant  illumination  at  the  focus  is  the  integral  of  the  bright  and 
dark  bands  covering  the  object-glass  at  the  moment,  and  this  aver- 

age illumination  is  practically  constant,  therefore  scintillation  is  no 
longer  observed.  If  the  aperture  of  the  instrument  be  contracted 
by  a  diaphragm  of  such  size  that  only  the  light  of  a  single  bright  or 
dark  band  can  enter  the  instrument,  the  twinkling  reappears.  It  is 
possible  in  this  way  to  actually  measure  the  radius  of  curvature  of 
the  corrugations  of  the  wave-front  in  the  case  of  star  light.  Sup- 

pose that  at  a  given  instant  the  wave  entering  the  small  aperture  of 
the  telescope  is  concave,  it  will  come  to  a  focus  at  a  point  slightly 
nearer  the  object-glass  than  the  focus  of  the  telescope  for  objects  at 
infinity.  At  another  instant  when  the  aperture  is  in  a  dark  band 
where  the  wave  is  convex,  the  focal  point  for  this  wave  will  be 
behind  the  principal  focus.  As  the  dark  and  light  bands  sweep 
across  the  aperture  the  image  of  the  star  will  alternately  appear 
sharp  and  blurred.  If  the  eye-piece  is  at  the  focus  for  the  concave 
wave  it  will  be  inside  the  focus  for  the  convex  wave.  By  pushing 
the  eye-piece  in  up  to  a  point  where  it  is  possible  to  occasionally 
catch  a  glimpse  of  a  sharp  image  of  the  star,  and  then  drawing  it 
out  to  a  point  outside  the  focus,  for  which  the  same  conditions  pre- 

vail, it  will  be  possible  to  determine  the  minimum  radius  of  curvi^- 
ture  of  the  convex  and  concave  portions  of  the  wave-front.  Meas- 

urements made  in  this  way  show  that  the  average  radius  of  curvature 
is  about  6000  metres,  although  it  may  sometimes  fall  as  low  as 
1800  metres,  or  rise  as  high  as  20,000  metres.  Obviously  the  con- 

ditions most  favorable  for  work  with  astronomical  instruments  are 
to  be  found  when  the  radius  of  curvature  of  the  corrugations  is  very 
large.    This  means  that  the  waves  are  approximately  plane. 

One  other  point  is  worthy  of  mention  in  this  connection,  namely, 
the  difference  between  planets  and  stars  in  the  matter  of  twinkling. 
In  the  case  of  planets  the  light  comes  from  a  luminous  disk  of  an 
appreciable  size,  every  point  of  which  produces  a  system  of  shadow- 
bands  of  its  own.  It  is  true  that  the  inclination  to  each  other  of 
the  rays  coming  from  the  different  portions  of  the  planet  to  the  eye 
is  very  slight,  but  when  we  consider  that  they  have  traversed  a  dis- 

tance of,  say  6000  metres,  in  coming  to  a  focus,  that  is,  in  forming 
a  bright  band,  it  is  easy  to  see  that  the  light  from  one  side  of  the 
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planet  may  easily  produce  a  system  of  shadow-bands  exactly 
out  of  step  with  those  produced  by  the  light  of  the  other  side  of  the 
disk.  Tt^  superposition  of  a  large  number  of  shadow  systems  re- 

sults in  practically  uniform  illumination  and  absence  of  scintilla- 
tion. This  explanation  of  scintillation,  while  it  accounts  for  alterna- 

tions in  the  intensity  of  the  light,  does  not  account  for  the  peculiar 
chromatic  changes  which  were  first  observed  by  Respighi.  If  the 
spectrum  of  a  scintillating  star  is  observed  it  is  seen  to  be  traversed 
by  broad  dark  bands,  parallel  to  the  Fraunhofcr  lines,  which  travel 
from  the  red  to  the  violet,  or  from  the  violet  to  the  red,  according 
as  the  star  is  in  the  west  or  the  east.  If  the  star  is  in  the  zenith, 
the  motion  of  the  bands  is  oscillatory.  Respighi  believed  that  the 
chromatic  changes  were  due  to  the  rotation  of  the  earth.  Owing  to 
the  dispersion  of  the  air  the  violet  rays  will  reach  the  eye  over  differ- 

ent paths  frcun  those  traversed  by  the  red  rays.    In  Fig.  89  the 

Fio.  89. 

dotted  arc  represents  the  upper  limit  of  the  atmosphere  of  the  earth, 

which  rotates  in  the  direction  of  the  arrow.  Let  the  observer's  eye 
be  situated  at  A.  Two  parallel  rays  from  the  star  are  designated 
by  1  and  2.  The  dispersed  rays  are  designated  by  r  and  v.  It  is 
dear  that  the  violet  rays  from  1,  and  the  red  rays  from  2,  enter  the 
eye  or  the  spectroscope  at  A,  if  1  and  2  are  taken  a  little  closer 
together  Uian  in  the  diagram.  The  violet  rays  thus  traverse  paths 
lying  ab(we  those  traversed  by  the  red.  Let  us  now  imagine  that 
one  of  the  irregularities  in  the  air  previously  mentioned,  indicated 
by  a  black  spot,  lies  in  the  path  of  the  red  rays,  and  suppose  further 
that  this  irrc^gularity  is  of  such  a  nature  as  to  cause  the  wave-front, 
orii^nally  plime,  to  become  convex.  The  intensity  in  the  red  region 
wiU  consequently  become  less,  for  reasons  already  given.  The  ro- 

tation of  the  earth  now  comes  into  play,  carrying  this  irregularity 
up  and  into  the  path  of  the  violet  rays,  causing  the  minimum  of 
intensity  to  shift  from  the  red  towanls  the  violet  end  of  the  spec- 

trum. This  is  the  sequence  observed  by  Respighi  for  a  star  in 
the  west,  which  is  the  case  represented  in  the  diagram.  Tliese 
chrooiatic  changes  manifest  themselves  to  the  eye  as  an  irregular 
f>himgp  in  the  color  of  the  star. 

The  effective  velocity  with  which  the  refracting  mass  of  air  is 
carried  across  the  rays  is  obviously  the  difference  between  the 
velocity  of  the  surface  of  the  earth  and  a  region  high  up  in  the  air. 
Their  w^|p»W  velocity  is  the  same,  but  the  actual  velocity  of  the 
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upper  atmosphere  is  a  little  greater,  owing  to  its  greater  distance 
from  the  earth's  centre,  and  a  little  calculation  will  show  that  dif- 

ference is  of  the  right  order  of  magnitude  to  account  for  the  chro- 
matic changes  observed  by  Respi^i. 

We  should  also  have  dark  bands  moving  across  the  spectrum  if 
the  upper  air  currents  were  in  rapid  motion,  for  a  wind  would 
cause  the  refracting  regions  to  sweep  across  the  ray  paths  as  well  as 
the  rotation  of  the  earth.  Pemtner  in  his  Meteorological  Optica 

expressed  doubts  as  to  the  correctness  of  Respighi's  theory,  and 
ascribe  the  constancy  in  the  direction  of  motion  of  the  bands  in 
the  spectrum  to  the  fact  that  the  upper  air  currents  travel  for  the 
most  part  in  the  same  direction.  Probably  both  factors  come  into 
play,  and  until  more  data  have  been  obtained  it  is  impossible  to 
say  which  is  the  predominant  one.  As  Pemtner  points  out,  the 
prevailing  winds  in  the  southern  zones  are  easterly,  which  should 
cause  the  bands  to  move  in  the  opposite  direction  along  the  spec- 

trum. Data  obtained  by  observers  in  southern  latitudes  are 
much  to  be  desired. 

The  Method  of  Striae.  —  A  very  ingenious  and  beautiful  method 
was  originated  by  Topler  (TTied.  Ann,,  cxxxi.,  p.  33)  (which  he 
named  the  '' Schlieren-methode ")  for  making  visible  in  a  trans- 

parent medium  those  regions  in  which  the  refractive  index  differed 
but  slightly  from  that  of  the  surrounding  r^ons.  By  employing  as 
a  source  of  light  the  instantaneous  flash  of  an  electric  spark  he  was 
able  actually  to  see  the  spherical  sound-waves  sent  off  from  another 
spark  which  had  occurred  a  moment  before.  Mach  has  used  the 
method  extensively  for  studying  by  photography  the  lur  waves 
given  off  by  sparks,  and  accompanying  rifle  buUets  in  then:  flight, 
and  an  extensive  series  of  photographs  were  made  by  the  author 
{Phil,  Mag.,  Aug.  1899,  July  1900,  May  1901)  of  sound  waves 
undergoing  reflection  and  refraction,  to  illustrate  some  of  the  fun- 

damental principles  of  optics.  The  apparatus  for  showing  these 
waves  can  be  set  up  in  a  few  minutes,  with  very  Uttle  trouble,  and 
as  the  experiment  is  a  very  beautiful  and  instructive  one  it  will  be 
described  in  detail. 

at 
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FlO.  90. 

The  general  arrangement  of  the  "  Schlieren  "  apparatus  is  shown 
in  Fig.  90.  A  good-sized  achromatic  lens  of  the  finest  quality  ob- 

tainable, and  of  rather  long  focus,  is  the  most  important  part  of 
the  device.  The  object-glass  of  a  small  telescope  three  or  four  inches 
in  diameter  is  about  right. 

This  lens  is  mounted  in  front  of  a  suitable  source  of  light  (in  the 
present  case,  an  electric  spark),  which  should  be  at  such  a  distance 
that  its  image  on  the  other  side  of  the  lens  is  at  a  distance  of  about fifteen  feet. 



REFRACTION  OF  LIGHT  Uo 

The  image  of  the  spark,  which  we  will  suppose  to  be  atr^ght, 
horiaontal,  and  very  oarrow,  is  about  two-thirds  covered  with  a 
horizontal  diaphragm  (a),  and  immediately  behind  this  is  placed  the 
\'iG wing-telescope.  On  looking  into  the  telescope  we  see  the  field  of 
the  lens  uniforinly  illuminate<l  by  the  light  that  passes  under  the 
diaphragm,  since  every  part  of  the  image  of  the  spark  receives  light 
from  the  whole  lens.  If  the  diaphragm  be  lowered  the  field  nill 
darken,  if  it  be  raised  the  illumination  will  be  increased.  In  general 
it  is  beist  to  have  the  diaphragm  so  adjusted  that  the  lens  is  quite 
feebly  illuminated,  though  this  is  nut  true  for  photographic  wurk. 
Let  us  now  suppose  that  there  is  a  globular  mass  of  air-(j')  in  front  of 
the  lens  of  slightly  greater  optical  density  than  that  of  the  surround- 

ing air.  The  rays  of  light  going  through  the  upper  portion  of  this 
denser  mass  will  be  bent  down,  and  will  form  an  image  of  the  spark 
))elow  the  diaphragm,  allowing  more  light  to  piiter  the  telescopic 
from  this  particular  part  of  the  field ;  con.se<|Ucntly,  on  looking 
into  the  instrument,  we  shall  see  the  up|)er  portion  of  the  globular 
nia.-is  of  air  brighter  than  the  rest  of  the  ficlil.  The  nij-s  which  trav- 

erse the  under  part  of  "  h,"  however,  will  I>e  Ixuit  u|).  forming  an 
linage  of  the  spark  higher  up,  and  wholly  covenil  by  the  diaphragm, 
consequently  this  part  of  the  field  will  appear  bluck.  If  will  l>c  read- 

ily understood,  that  with  the  long  path  )>otwet'n  the  U'ns  and  the 
image  a  very  slight  change  in  the  optical  density  of  any  |>ortion  of 
the  metUum  in  front  of  the  lens  will  l)e  sufficient  to  rai.se  or  depress 
the  ima^  above  or  below  the  edge  of  the  diaphragm,  and  will  con- 
^■quently  make  itself  manifest  in  the  telescope. 

The  importance  of  using  a  lens  of  fir»t-class  quality  is  quite  ap- 
parent, since  variations  in  the  density  of  tii(<  glass  oF  the  lens  will  act 

in  the  same  way  as  variations  in  the  density  of  the  meilium  liefore 
it,  and  produce  unequal  illumination  of  the  field.  It  is  impossible 
to  Sod  a  lens  which  will  give  an  at»solutely  even,  feeble  iliumina- 
tioD,  but  a  good  achromatic  telescopc-objci-tive  is  perfei-t  enough 
itx  eveiy  purpose.  A  more  complete  <liscu.ssion  of  the  operation 

of  the  apparatus  will  Ix;  found  in  Topler's  original  pa|>er  in  the 
AnnaUn.  The  sound-wavtw,  whi<'h  are  n-gions  of  condensation, 
and  consequent  greater  optical  density,  make  themselves  apparent 
in  the  same  way  aa  the  gIot)ular  mass  of  air  already  referred  to. 
They  must  be  illuminated  by  a  flash  of  exceedingly  short  duration, 
whieli  ina-ft  occur  while  the  wave  is  in  the  fieUI  of  view. 

Tupler  showed  that  this  could  l>e  done  by  starting  the  sound- 
wave with  an  electric  spark,  and  illuminating  it  n-ith  the  flash  of  a 

nerond  spark  occurring  a  moment  later,  while  the  wave  was  still  in 
the  field.  A  diagram  of  the  apparat  ih  used  is  shown  in  Fig.  91 .  In 
front  of  the  lens  are  two  brass  balls  (n.  a),  iK-tween  which  the  spark 
of  an  iniluction-eoil  passes,  immiHliately  chai^ng  the  leyden-jar  r. 
which  <lisehatgcs  across  the  gap  at  *■  an  instant  later.  The  eaiiacity 
of  the  jar  is  t>o  r^^ated  that  the  int*'r\'al  iH-tween  the  two  sparks  is 
about  ODC  ten-thousaodth  of  a  second.  Tlie  field  of  the  lens  is  thus 

illuminated  by  the  flash  of  the  .serond  spark  lM<fiire  the  soimd-wave 
rtartMl  by  the  first  spark  has  gone  )M-yond  the  e<lg('  of  the  lens. 

To  (wciire  the  proper  time-interval  lietween  the  two  sparks  it  is 
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necessary  that  the  capacity  of  the  jar  be  quite  small.  This  limits 
the  length  and  brilliancy  of  the  illuminating  spark,  and  with  the 
device  employed  by  Topler  it  was  impossible  to  get  enough  light 
to  secure  photographs  of  the  waves.  After  some  experimenting  it 
was  found  that  if  the  spark  of  the  jar  was  passed  between  two  thin 
pieces  of  magnesium  ribbon  pressed  between  two  pieces  of  thick 
plate  glass,  a  very  marked  improvement  resulted.  With  this  foim 
of  illuminator  five  or  six  times  as  much  light  could  be  obtained  as 
by  the  old  method  of  passing  the  spark  between  two  brass  balls. 

BAifW 

Fio.  91. 

The  spark  is  flattened  out  into  a  band,  and  is  kept  always  in  the 
same  plane,  the  light  issuing  in  a  thin  sheet  from  between  the  plates. 
By  this  arrangement  we  secure  a  light  source  of  considerable  length, 
great  intensity,  and  bounded  by  straight  edges,  the  three  essentials 
for  securing  good  results.  The  glass  plates,  with  the  ribbon  ter- 

minals between  them,  must  be  clamped  in  some  sort  of  a  holder  and 
directed  so  that  the  thin  sheet  of  light  strikes  the  lens :  this  can 
be  accomplished  by  darkening  the  room,  fastening  a  sheet  of  paper 
in  front  of  the  lens,  and  then  adjusting  the  plates  so  that  the  paper 
is  illuminated  as  much  as  possible.  The  image  formed  by  the  lens 
will  be  found  to  have  very  sharp  straight  edges,  on  one  of  which 
the  edge  of  the  diaphragm  can  be  set  in  such  a  manner  as  to  allow 
but  very  little  light  to  pass  when  the  intervening  medium  is  homo- 

geneous; a  very  slight  change,  however,  in  any  portion  may  be 
sufficient  to  cause  the  entire  amount  of  light  passing  through  that 
portion  to  pass  below  the  diaphragm  and  enter  the  telescope. 

For  photographing  the  waves  the  telescope  is  removed  and  a 
photographic  objective  put  in  its  place.  A  vertical  board  is  firmly 
clamped  behind  this  in  such  a  position  that  the  image  of  the  balls, 
between  which  the  sound-spark  passed,  would  be  in  focus  on  a  plate 
held  against  it.  This  arrangement  is  used  instead  of  a  camera, 
because  it  is  necessary  to  move  the  plate  rapidly  during  the  expo- 

sure, to  prevent  the  image  of  more  than  one  wave  being  formed  on 
the  same  place.  It  was  found  that  simply  holding  the  plate  in  the 
hand  against  the  vertical  board  and  advancing  it  slowly  from  left 
to  right,  at  the  same  time  giving  it  a  rapid  up-and-down  motion, 
answered  every  purpose. 
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Tlie  images  obtwned  in  this  manner  show  the  waves  in  different 
stages  <rf  development,  for  the  time-interval  Ijetween  the  two  sparks 
varies  between  rather  wide  limits.  Ttiis  is  really  an  advantage, 
for  on  a  single  plate  it  is  possible  to  pick  out  a  series  showing  the 
sucoeasive  changes  in  the  form  of  the  wave-front  produced  by 
reflecUon,  refraction,  etc.  Each  picture  shows  the  circular  field  of 
the  telescope-lens  with  the  two  brass  rods  crossing  it  and  supportii^ 
in  the  centre  the  two  balls  between  which  the  sound-spark  passes. 
The  hot  air  rising  from  the  spark  appears  in  most  of  the  pictures  like 
a  puff  of  steam  above  the  ball. 
A  few  words  regarding  the  apparatus  may  be  helpful  to  those 

wishing  to  repeat  the  very  beautiful  experiments  of  TQpIer.  An 
induction-coil  capable  of  giving  a  three  or  four-inch  spark  is  about 
ri^t,  while  a  good-dzed  test-tube  partly  filled  with  mercury,  and 
Btani^ng  in  a  cylinder  of  mercury,  will  be  found  most  convenient 
for  a  leyden-jar.  The  balls  between  which  the  sound-spark  passes 
should  be  adjusted  so  as  to  obtain  almost  the  maximum  spark  pos- 

sible, which  will  in  general  be  rather  less  than  half  as  long  as  the 
coil  will  ̂ ve  between  its  terminals.  The  best  results  are  obtained 
when  the  sparks  ̂ ve  off  the  same  crackle  foimd  desirable  in  experi- 

ments with  Herts  waves.  Fresh  plates  of  ̂ ass  should  be  put  in 
the  illuminator  every  little  while. 

It  is  not  at  all  difficult  to  get  the  apparatus  to  work  properiy,  and 
doubtless  it  could  be  made  to  work  on  quite  a  small  scale  with  a 
good  photographic  objective  of  rather  long  focus.  The  objective 
of  a  good-siKed  spy-^ass  would  also  give  good  results.  Topler 
was,  I  believe,  of  the  opinion  that  he  got  more  uniform  results  with 
an  influence-machine  than  with  the  coil.  He  certainly  found  the 
time-interval  between  the  two  sparks  to  be  more  constant.  This, 
however,  is  no  object  in  photographic  work,  for  the  wide  variation 
is  the  very  thing  that  m^ces  the  pictures  interesting. 

The  refraction  of  sourtd  in  a  medium  denser  than  air  is  shown  in 

I^.  92,  where  we  have  a  rectangular  tank  with  sides  made  of  plane- 
pairalle]  ̂ ass,  and  covered  with 
a  collodion  film  of  soap-bubble  1 
thickness  made  by  the  follow- 

ing method.  Ordinary  collodion  I 
is  diluted  with  about  ten  parts 
of  ether,  poured  on  a  small  piece 
of  plate-dass  and  immediately 
drained  off.  As  soon  as  it  is  quite  ̂ 
dry  a  rectangle  is  cut  with 

sharp  knife  on  the  film.  Topler's 
method  of  removing  the  film  was  to  l| 
place  a  drop  of  water  on  one  of  the  I 
cuts,  and  allow  it  to  run  in  by  capil- 

larity. The  following  method  will, 
however,  be  found  better.  One  end 
di  the  ijate  is  lowered  into  a  shal- 
k)w  (fiui  of  water,  and  ttie  plate  inclined  until  the  water  comes  up 
to  one  of  the  cuts.    Bylookingat  the  reflection  of  a  window  in  the 
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water  it  is  possible  to  see  when  the  fihn  commences  to  detach  it- 
self from  the  glass.  If  all  goes  well  it  will  float  off  on  the  surface 

of  the  water  along  the  line  of  the  knife-cut  and  the  plate  should  be 
slowly  lowered  (one  end  resting  on  the  bottom  of  the  dish)  until  the 
rectangular  piece  detaches  itself  and  floats  freely  on  the  siuface. 
The  edges  of  the  tank  are  well  greased  and  then  lowered  carefully 
upon  the  film,  to  which  they  will  adhere.  The  whole  must  then 
be  lifted  from  the  water  in  an  oblique  direction,  when  the  film  will 
be  found  covering  the  tank  and  exhibiting  the  most  beautiful  inter- 

ference-colors. The  tank  was  filled  with  carbonic  acid  and  placed 
under  the  origin  of  the  sound-wave.  On  striking  the  collodion-film 
the  wave  was  partly  reflected  and  partly  transmitted,  and  it  will 
be  seen  that  the  reflected  component  in  the  air  has  moved  farther 
than  the  transmitted  component  in  the  carbonic  acid.  The  spheri- 

cal wave-front  is  transformed  into  one  which  is  parallel  to  an  hy- 
perboloid  on  entering  the  denser  medium.  This  is  well  shown  in 
No.  3  of  the  series,  where  the  wave  in  air,  moving  at  hi^er  veloc- 

ity, has  passed  out  of  the  field  entirely,  and  there  remains  only  the 
slower-moving  disturbance  in  the  denser  gas.  In  No.  4  the  wave  is 
seen  returning  up  through  the  tank  after  having  struck  the  bottom. 

Photographs  were  also  obtained  of  the  refraction  of  the  wave, 
when  the  tank  was  filled  with  hydrogen,  in  which  the  sound  travels 
faster  than  in  air.  The  bulging  down  of  the  wave-front  was  very 
noticeable,  though  it  is  not  as  great  as  we  should  expect.  These 
explosive  waves  travel  at  a  much  higher  velocity  than  ordinary 
sound-waves  (nearly  double  the  speed),  and  it  is  highly  probable 
that  the  relative  speeds  in  two  different  media  is  not  the  same  as 
for  ordinary  sounds,  a  matter  worth  investigating. 

In  examining  liquids  or  solids  for  striae,  or  regions  of  variable 
refractive  index,  we  can  employ  a  flat  gas  flame  as  our  source  of 
light,  covering  the  lower  part  of  it  with  an  opaque  screen  having  a 
straight  edge.  The  lens  will  form  an  inverted  image  of  this  in  front 
of  the  objective  of  the  viewing  telescope,  and  all  but  a  strip  half  a 
millimeter  or  so  in  width  is  to  be  cut  off  from  above  by  a  second 
screen.  The  object  to  be  examined  is  placed  immediately  in  front 
of  the  lens.  A  piece  of  ordinary  window  glass  makes  a  good  object. 
The  heated  air  rising  from  the  hand  can  also  be  seen,  and  if  a  tank 
made  of  optical  glass,  filled  with  warm  water,  is  placed  before  the 
lens,  a  drop  lifted  out  and  allowed  to  fall  back  can  be  seen  descend- 

ing through  the  liquid :  the  change  in  the  refractive  index  is  ob- 
viously due  to  the  cooling  by  evaporation.  Opaque  objects  placed 

before  the  lens  appear  with  brilliantly  illuminated  margins,  the 
light  in  this  case  being  diffracted  :  with  the  arrangement  of  screens 
described  only  the  upper  and  lower  edges  appear  illuminated,  since 
lateral  deflection  of  the  rays  is  without  effect.  The  method  is  an 
extrem(»ly  useful  one,  and  can  l>e  applied  to  many  lines  of  inves- 

tigation, and  the  student  should  be  thoroughly  familiar  with  its 
posvsibilities. 

Invisibility  of  Objects.  —  Opaque  substances  are  seen  by  the 
light  reflected  from  their  surfaces ;  transparent  substances  in  part 
by  reflected  light  and  in  part  by  transmitted  light.     If  we  analyse 
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carefully  the  appearance  of  a  cut-glass  decanter  stopper  we  shall 
find  it  to  be  extremely  complicated.  Each  facet  reflects  the  image 
of  some  object  in  the  room  from  its  surface,  and  in  addition  to  this 
shows  some  other  object  by  refracted  rays  which  have  entered 
some  other  facet,  these  latter  being  in  general  more  or  less  spread 
out  into  a  spectrum  by  dispersion.  If  the  stopper  is  wholly  or  in 
part  made  of  colored  glass,  the  refracted  rays  passing  through  the 
colored  portions  are  modified  by  absorption,  and  affect  the  ap- 

pearance. This  remarkable  complex,  we  say,  looks  like  a  stopper, 
and  unless  we  try  to  paint  a  picture  of  it,  or  have  our  attention 
drawn  to  the  details,  we  are  apt  to  regard  its  appearance  as  quite 
simple. 

We  thus  see  that  reflection,  refraction,  and  absorption  all  play  a 
part  in  making  objects  visible.  It  is  interesting  to  examine  into  the 
conditions  under  which  objects  are  invisible.  If  they  are  immersed 
in  a  medium  of  the  same  refractive  index  and  dispersion,  reflection 
and  refraction  disappear ;  and  if  they  possess  in  addition  the  qual- 

ity of  perfect  transparency,  they  will  be  absolutely  invisible,  the 
light  rays  passing  through  them  without  any  modification  either  in 
intensity  or  direction.  Could  a  transparent  solid  be  found  whose 
refractive  index  was  the  same  as  that  of  air,  objects  made  of  it 
would  be  invisible.  The  effect  of  immersing  a  transparent  solid  in 
a  medium  of  similar  optical  properties  is  usually  illustrated  by  dip- 

ping a  glass  rod  into  Canada  balsam  or  oil  of  cedar,  the  immersed 
portion  being  practically  invisible.  A  still  better  medium  can  be 
made  by  dissolving  chloral  hydrate  in  glycerine  by  the  aid  of  heat. 
Only  a  little  glycerine  should  be  taken,  as  it  is  necessary  to  dis- 

solve some  eight  or  ten  times  its  volume  of  the  chloral  before  the 
solution  acquires  the  right  optical  density.  A  glass  rod,  if  free 
from  bubbles  or  striae,  becomes  absolutely  invisible  when  dipped  in 
the  liquid,  and  if  withdrawn  presents  a  curious  appearance,  the  end 
appearing  to  melt  and  run  freely  in  drops. 

As  a  matter  of  fact,  transparent  objects  are  only  visible  by  virtue 
of  non-uniform  illumination,  as  is  pointed  out  by  Lord  Rayleigh  in 
his  article  on  optics  in  the  Encydopcedia  Britannica,  If  the  illumi- 

nation were  the  same  on  all  sides  they  would  be  invisible,  even  if 
immersed  in  a  medium  of  very  different  optical  index.  A  condition 
ai^roaching  uniform  illumination  might,  he  says,  be  attained  on 
the  top  of  a  monument  in  a  dense  fog.  The  author  has  devised  a 
very  simple  method  of  showing  this  curious  phenomenon,  which,  in 
brief,  is  to  place  the  object  within  a  hollow  globe,  the  interior  sur- 

face of  which  is  painted  with  Balmain's  luminous  paint,  and  view 
the  interior  through  a  small  hole. 

The  apparatus  can  be  made  in  a  few  minutes  in  the  following 
manner.  A  quantity  of  Canada  balsam  is  boiled  down,  until  a 
drop  placed  on  cold  ̂ ass  solidifies.  The  Balmain  paint,  in  the  form 
of  a  dry  powder,  is  stirred  into  the  hot  balsam  until  the  whole  has 
the  consistency  of  thick  paint.  Two  glass  evaporating  dishes  of 
equal  mxe  are  carefully  cleaned  and  warmed,  and  coated  on  the 
outside  with  tiie  hot  mixture,  which  can  be  flowed  over  the  glass, 
and  by  the  dexterous  manipulation  of  a  small  Bunsen  flame  made 
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to  cover  the  entire  outer  surface.  Probably  two  perfectly  plain 
hemispherical  finger-bowls  could  be  used  instead  of  the  evaporating 
dishes.  As  soon  as  the  coating  has  become  hard  a  small  hole  is  cut 
through  it  through  which  the  interior  is  to  be  viewed.  If  the  lips  of 
the  dishes  are  placed  together  the  interior  can  be  seen  through  the 
small  opening,  but  in  this  case  the  line  of  junction,  which  is  aiways 
more  or  less  dark,  comes  opposite  the  aperture,  which  is  a  disad- 

vantageous arrangement. 
If  the  inner  surfaces  be  exposed  to  bright  daylight,  sun  or  electric 

light,  and  the  apparatus  taken  into  a  dark  room,  a  crjrstal  ball  or 
the  cut-glass  stopper  of  a  decanter  placed  inside,  will  be  found  to  be 
quite  invisible  when  viewed  through  the  small  aperture.  A  uniform 
blue  glow  fills  the  interior  of  the  ball,  and  only  the  most  careful 
scrutiny  reveals  the  presence  of  a  solid  object  within  it.  One  or 
two  of  the  side  facets  of  the  stopper  may  appear  if  they  happen  to 
reflect  or  show  by  refraction  any  portion  of  the  line  of  junction  of 
the  two  hemispheres. 

The  apparatus  would  give  better  results  if  made  on  a  laiiger 
scale,  as  the  eye  would  not  have  to  be  brought  so  near  the  object. 
Two  large  wooden  bowls  would  answer  the  purpose  admirably.  It 
is  of  the  utmost  importance  to  have  a  very  thick  and  uniform  coat- 

ing of  the  paint,  as  otherwise  the  illumination  is  not  uniform. 



CHAPTER  V 

DISPERSION 

In  our  treatment  of  refraction  we  have  assumed  a  constant  retarda- 
tion of  the  waves  for  a  medium  of  given  refractive  index.  We  have 

seen  that  the  velocity  of  light  in  the  free  ether  of  space  is  independent 
of  the  color  or  wave-length.  Such,  however,  is  not  the  case  in  re- 

fracting media,  for  here  the  waves  not  only  travel  slower  than  in 
free  space,  but  waves  of  different  length  travel  with  very  different 
velocities.  In  all  such  media  as  air,  water,  and  glass,  the  long  waves 
travel  faster  than  the  short  ones ;  consequently  the  deviation  of  the 
ray,  or  the  angle  through  which  the  wave-front  turns  when  en- 

countering the  boundary  of  the.  medium,  depends  on  the  color  of 
the  light  as  well  as  on  the  optical  density  of  the  medium. 
When  white  light  enters  a  transparent  medium,  the  long  red 

waves  forge  ahead  of  the  green  ones,  which  in  their  turn  get  aliead 
of  the  blue.  If  we  imagine  an  instantaneous  flash  of  white  light 
travermng  a  refracting  medium,  we  must  conceive  it  as  drawn  out 
into  a  sort  of  linear  spectrum  in  the  medium,  that  is,  the  red  waves 
lead  the  train,  the  orange,  yellow,  green,  blue,  and  violet  following 
in  succession.  The  length  of  this  train  will  increase  with  the  length 
of  the  medium  traversed.  On  emerging  again  into  free  ether  the 
train  will  move  on  without  any  further  alteration  in  its  length. 

We  can  form  some  idea  of  the  actual  magnitudes  involved  in  the 
following  way.  Suppose  we  have  a  block  of  perfectly  transparent 
glass  (of  ref.  index  1.52)  twelve  miles  in  thiclmess.  Red  light  will 
traverse  it  in  jdrTT  of  a  second,  and  on  emerging  will  be  about 
1.8  miles  in  advance  of  the  blue  light  which  entered  at  the  same 
time.  If  white  light  were  to  traverse  this  mass  of  glass,  the  time 
elapsing  between  the  arrival  of  the  first  red  and  the  first  blue  light 

at  the  eye  would  be  less  than  ̂ tjVit  of  &  second.  Michelson's 
determination  of  the  velocity  of  li^t  in  carbon  bisulphide  showed 
that  the  red  waves  gained  on  the  blue  waves  during  their  transit 
through  the  tube  of  liquid.  The  absence  of  any  change  of  color 
in  the  variable  star  Algol  furnishes  direct  evidence  that  the  blue 
and  red  rays  traverse  space  with  the  same  velocity.  In  this  case 
the  distance  is  so  vast,  and  the  time  of  transit  so  long,  that  the 
white  light  coming  from  the  star  during  one  of  its  periodic  increases 
in  brilliancy,  would  arrive  at  the  earth  with  its  red  component  so 
far  in  advance  of  the  blue  that  the  fact  could  be  easily  established 
by  the  spectrophotometer  or  even  by  the  eye. 

Inasmuch  as  the  deviation  of  a  ray  of  light  depends  on  the  change 
of  velocity  of  a  wave  on  going,  say,  from  a  rare  into  a  denser  medium, 
we  infer  that  those  rays  wUch  are  deviated  the  most,  namely  the 
violet^  suffer  the  greatest  change  of  velocity  or  move  the  slowest. 

101 
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Later  on,  when  we  come  to  the  study  of  interference,  we  shaU  find 
other  evidence  that  such  is  the  fact. 

Newton  was  the  first  to  systematically  study  the  phenomenon  of 
dispersion.  He  discovered  that  ordinary  white  light  was  made  up 
of  different  colors  which  could  be  separated  from  each  other  by 
passing  the  light  through  a  prism.  His  most  complete  and  con* 
vincing  experiment  may  be  briefly  summed  up  as  follows.  The 
light  of  the  sun  was  admitted  to  a  darkened  room  through  a  small 
hole  in  the  shutter,  and  the  narrow  beam  passed  through  a  prism. 
Instead  of  a  round  white  image  of  the  sun,  there  now  appeared  on 
the  screen  a  colored  band  of  light  or  spectrum,  made  up  in  reality 
of  an  infinite  number  of  differently  colored  images  of  the  sun  super- 

posed, but  slightly  displaced  with  reference  to  one  another. 

|||f||: Diiptfiioii  efCaarfi 

A  small  perforation  was  made  in  the  screen  which  allowed  Hght 
of  approximately  a  single  color  to  pass.  This  ray  was  transmitted 
through  a  second  prism,  and  was  found  to  form  a  fairly  sharp 
image  of  the  sun  on  a  second  screen,  proving  that  monochromatic 
Ught  suffers  no  decompodtion  or  dispersion  in  the  prism.  By 
slightly  tumit^  the  first  prism,  the  spectrum  could  be  moved  so 
as  to  allow  hght  of  any  color  to  pass  through  the  perforation  and 
be  refracted  by  the  second  prism.  Newton  found  that  the  colored 
image  of  the  sun  on  the  screen  chained  its  position  with  every 
change  of  color,  the  deviation  bdng  greatest  when  the  color  waa 
violet,  and  least  when  it  was  red. 

The  refractive  index  of  a  substance  varies  then  with  the  wave- 
length of  the  light  employed.  To  determine  the  relation  between 

the  two  wc  can  measure  the  index  of  a  prism  for  light  of  known 
wave-lengths,  e.g.  the  bright  lines  in  the  spark  spectrum,  or  the  dark 
lines  in  the  solar  spectrum,  and  plot  the  results  on  coordinate  paper, 
taking  the  refractive  indices  as  ordinates,  and  the  wave-lengths 

We  shall  find  that  the  refractive  imlex  increases  more  rapidly  than 
the  wave-length  decreases  as  wc  approach  the  violet,  the  curve 
having  the  general  form  shown  in  Fig.  93,  which  is  the  dispersion 
curve  for  quartz.  Having  plotted  such  a  curve  for  a  given  pri^m, 
we  can  determine  the  wave-length  of  any  other  line  in  the  spectrum 
by  detMmining  the  refractive  index  for  the  line,  and  finding  the 
corresponding  ordinate  on  the  curve.     If  a  prism  spectroscope  is 
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to  be  used  for  wave-length  determinations,  it  must  be  calibrated 
in  this  manner,  for  different  samples  of  glass  have  very  different 
dispersive  powers.  Were  the  deviations  proportional  to  the  wave- 

lengths, the  curve  would  be  a  straight  hne,  and  we  should  have  what 
is  known  as  a  normal  spectrum.  Such  a  spectrum  can  lie  formed 
by  a  (fraction  grating,  but  never  by  a  prism.  The  dispersion 
curve  can  be  shown  experimentally  in  the  following  way.  Let  a 
vertical  normal  spectrum,  formed  by  a  diffraction  grating,  be  viewed 
or  projected  through  a  prism  standing  with  its  refraction  edge 
vertical.  The  entire  spectrum  will  be  deviated  by  the  prism,  but 
the  deviation  will  increase  very  rapidly  as  we  near  the  blue,  the 
spectrum  being  bent  into  a  curve.     Figure  94  shows  disperdon 

curves  made  in  this  way.  A  quartz  prism  in  which  the  rays  trav- 
elled perpendicular  to  the  optic  axis  was  mounted  in  front  of  the 

lens  of  a  camera,  and  a  small  glass  diffraction  grating  placed  behind 

it.  The  source  of  light  was  an  "  end-on  "  helium  tube  placed  at  a 
distance  of  three  meters.  Instead  of  spectrum  lioes  we  have  small 
drdes  (rf  l^t,  corresponding  to  the  different  wave-lengths  emitted 
by  the  (Rowing  helium  gas. 

The  quarts  prism  is  doubly  refracting  and  consequently  gives 
two  spectra,  and  the  photograph  shows  the  dispersion  curve  for 
each.  TTie  complete  curves  have  been  drawn  in  for  the  second  order 
spectra  to  the  left.  The  lower  is  the  dispersion  curve  for  the  or- 

dinary ray,  the  upper  for  the  extraordinary.  They  are  incorrectly 
marked  in  the  figure,  which  would  be  the  condition  for  a  prism  of 
Iceland  ̂ >ar  as  we  shall  see  when  we  come  to  the  subject  of  double 
refraction.  The  two  red  helium  lines  are  marked  1  and  2.  The 
bright  yellow  Une  Dg  is  marked  3,  and  the  green,  blue,  and  violet 
lines  4,  5,  and  6.  The  grating  alone  would  give  the  spectrum  Unes 
(or  rather  dots)  in  the  positions  of  these  numbers.  The  straight 
spectrum  is  made  up  of  the  superposed  spectra  which  the  quartz 
prism  gives  of  the  central  image  formed  by  the  diffraction  grating. 
This  mil  be  better  understood  after  we  come  to  the  subject  of  dif- 

fraction. This  method  of  "  crossed  prisms,"  due  to  Newton,  is  of 
use  in  studying  the  remarkable  phenomenon  of  anomalous  disper- 

sion, which  we  shall  come  to  presently. 
Newbm  came  to  the  erroneous  conclusion  that  the  dispersion  was 

proportional  to  the  refraction,  that  is  to  say  that  substances  of  high 
refractiTe  index  bad  great  dispersive  powers,  or  gave  wide  spectra, 
while  tbe  reverse  was  true  for  substances  of  low  refractive  index. 
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While  this  is  apt  to  be  the  case,  it  is  not  always  true,  for  we  find  that 
there  are  substances  the  mean  refractive  indices  of  which  are  small, 
while  their  dispersive  powers  are  large,  and  vice  versa. 

Achromatism.  —  The  fact  that  d^persion  is  more  or  less  inde- 
pendent of  refractive  index  makes  it  possible  to  arrange  two  prisms 

of  different  kinds  of  ̂ ass,  with  their  refracting  an^es  turned  in 
opposite  directions,  wbach  shall  have  the  power  of  deviating  a  ray 
without  spreading  it  out  into  a  spectrum.  One  of  the  prisms  ahnost 
entirely  annuls  the  dispersion  of  the  other,  without  entirely  annulling 
the  deviation,  a  thing  which  Newton  considered  impossible.  Such 
a  combination  is  known  as  an  achromatic  prism.  Let  us  see  just 
how  such  a  system  operates. 

Flint  glass  has  a  much  higher  dispersive  power  in  proportion  to  its 
mean  refractive  index  than  crown  glass.  The  refractive  indices  of 
the  two  glasses  for  red,  yellow,  and  bluish-green  light  of  wave- 

lengths corresponding  to  the  C,  Dy  and  F  lines  in  the  solar  epectrum 
are  as  follows : 

CDF 
FUnt  glass   1.630    1.635    1.648 
Crown  glass   1.527    1.530    1.536 

If  prisms  of  small  angle  are  employed  we  can  write  the  deviations 
for  these  colors  as  proportional  to  the  refractive  indices  less  1,  that 
is  for  flint  glass  the  distance  from  a  point  on  a  screen  where  the 
direct  ray  falls,  to  the  points  where  the  red-green  and  blue  rays 
fall  when  the  prism  is  put  in  the  path  of  the  light,  will  be  630, 
636,  and  648. 

The  length  of  the  spectrum,  or  rather  the  distance  between  the 
C  and  F  lines,  is  obviously  648-630  or  18. 

For  crown  glass  the  distances  will  be  527,  530,  and  536,  and  the 
distance  between  the  C  and  F  Hnes  will  be  536—527  or  9.  The 
dispersion  of  the  flint  glass  is  therefore  double  that  of  the  crown 
glass.  If  now  we  make  a  crown-glass  prism  of  twice  the  ang^e  of 
the  flint-glass  prism,  the  distance  between  the  C  and  F  lines  will  be 
the  same  as  with  the  flint  prism,  while  the  distances  of  the  lines 
from  the  spot  where  the  direct  ray  falls  will  be  twice  as  great  as 
before,  or  1054,  1060,  and  1072. 

Suppose  now  we  place  the  two  prisms  together  with  their  refract- 
ing angles  turned  in  opposite  directions.  The  crown  prism  alone 

would  shift  the  F  line  to  a  distance  of  1072,  but  the  flint  prism 
shifts  it  back  a  distance  of  648,  and  its  resulting  position  is  1072—648 
or  424  from  the  spot  where  the  direct  ray  would  fall.  The  C  line 
would  be  deviated  by  the  crown  prism  to  a  distance  1054,  but  the 
flint  one  moves  it  back  630,  and  its  position  is  1054—630  or  424. 
The  C  and  F  lines  are  thus  deviated  the  same  amount,  and  Uie  dis- 

persion is  annulled  so  far  as  these  two  colors  are  concerned.  The 
combination  is  achromatic  for  red  and  greenish-blue  light,  deviat- 

ing both  to  a  distance  of  424,  a  trifle  less  than  the  deviation  pro- 
duced by  the  flint  prism  acting  alone.  Let  us  now  see  if  the  yeUow 

light  falls  in  the  same  place.  The  position  of  the  D  line  will  be 
given  by  1060-635  or  425,  that  is,  it  will  be  deviated  a  very  litUe 



DISPERSION 105 

more  than  ̂ e  C  and  F  lines,  consequently  the  combination  is  not 
perfectly  achromatic.  By  means  of  two  prisms  It  is  possible  to 
bring  any  two  parte  of  the  spectrum  together,  the  other  colors 
lying  a  little  to  the  right  or  left  of  the  superposed  portions,  forming 
what  is  known  as  the  secondary  spectrum. 

The  general  rule  to  follow  in  the  construction  of  an  achromatic 

priam  is  as  follows.  To  bring  any  two  lines  of  the  spectrum  to-  ' 
gether,  the  angles  of  the  two  prisms  must  be  so  proportioned  that 
the  distance  between  the  lines  in  question  is  the  same  for  each  prism. 
Were  the  distances  between  the  other  lines  the  same  for  both  prisms, 
the  combination  would  be  truly  achromatic,  but  such  is  not  the 
case,  owing  to  the  irrationality  of  dispersion. 

Achromatic  prisms  are  of  very  little  practical  use,  but  the  principle 
is  of  great  importance  in  connection  with  achromatic  lenses. 

Partial  Achromatizatioii  by  a  Grating.  —  A  diffraction  grating 
^ves  a  normal  spectrum,  that  is,  one  in  which  the  distances  be- 

tween the  lines  are  proportional  to  their  difference  of  wave-length. 
Some  very  beautiful  effects  can  be  seen  by  viewing  a  distant  gas 

flame  through  a  flint-glass  prism  of  60°,  and  a  glass  diffraction 
grating  of  about  2000  lines  to  the  inch.  The  grating  alone  gives 
two  sets  of  spectra  turned  in  opposite  directions.  Those  on  one 
side  of  the  central  image  are  still  further  expanded  by  the  prism, 
while  those  on  the  other  are  more  or  less  closed  up.  By  varyit^ 
the  ao^e  at  which  the  prism  is  placed,  and  tilting  the  grating  so  as 
to  vary  its  dispersion,  we  can  achromatize  for  the  middle  of  the  spec- 

trum and  obtain  a  green  image  of  the  flame,  with  a  red  and  blue 
spectral  band  extendii^  out  from  it  as  a  purple  flare  of  light.  If 
we  turn  the  grating  so  that  its  di- 

rection of  dispersion  makes  a  small 
an^  with  that  of  the  prism  we 
eh^  see  how  this  colored  image 
and  the  purple  flare  has  been  pro- 

duced :  the  spectrum  has  been 
bent  back  upon  itself,  and  resem- 
Ues  a  portion  of  an  eUipee.  As  we 
rotate  the  grating  still  further, 
this  curve  gradually  opens  out, 
acquiring  tbe  form  of  the  disper- 
sm  curve  of  the  prism  when  the 

rotati<Hi  has  reached  90°,  that  is 
when  the  prism  and  grating  are 
crowed.  Photographs  of  the  spec- 

trum obtained  in  this  way,  with 
the  grating  in  four  different  posi- 

tions, are  reproduced  in  Fig.  95. 

It  is  clear  that  when  the  curved  *"'  "^ 
spectrum  is  fiattened  together  (which  occurs  when  the  tines  of  the 
gratiBg  are  vertical)  the  red  and  blue  will  be  superposed,  while  the 
middle  or  green  portion  will  be  pretty  well  concentrated  at  a  single 
apat,  giving  the  green  image  of  the  flame. 

DIract  Viiion  Prisms.  —  By  referring  to  the  table  of  refractive 
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indices  for  crown  and  flint  glass  it  is  easy  to  see  how  a  combination 
of  two  prisms  can  give  dispersion  without  deviation,  that  is,  yield 
an  undeviated  spectrum.  If,  instead  of  giving  the  crown  prism 
an  angle  double  that  of  the  flint,  we  make  it  1.2  times  as  great,  and 
make  the  same  calculation  as  before,  we  shall  find  that  we  have  a 
spectrum  the  length  of  which  is  7,  and  the  centre  of  which  falls  on 
the  spot  where  the  undeviated  ray  would  fall.  Such  a  combina- 

tion is  known  as  a  direct  vision  prism,  and  is  employed  in  cases 
where  any  considerable  deviation  would  be  detrimental,  as  when 
compactness  of  the  instrument  is  desirable. 

Achromatic  Lenses.  —  We  are  now  in  a  position  to  consider  the 
principle  on  which  the  achromatic  lens  is  made.  Any  lens  can  be 
considered  as  a  prism  of  varying  angle,  or  rather  as  a  solid  formed  by 
the  rotation  of  a  thin  section  of  a  curved  prism  around  its  base. 
Since  the  distance  of  the  focus  of  a  lens  from  its  centre  depends  on 
the  deviation  of  the  rays,  it  follows  that  the  focus  will  be  different 
for  the  different  colors,  the  blue  rays  which  are  bent  the  most 
meeting  nearest  the  lens,  and  the  red,  which  are  bent  to  a  less  de- 

gree, coming  together  farther  away,  an  effect  known  as  chromatic 
aberration.  What  we  require  is  a  combination  which  will  produce 
an  equal  deviation,  and  consequently  a  common  meeting  point  for 
rays  of  all  colors.  If  we  can  arrange  two  prisms  of  crown  and  flint 
glass  which  will  give  deviation  without  cUspersion,  we  can  in  the 
same  way,  by  employing  a  double  convex  lens  of  crown  and  a  plane 
concave  of  flint  glass,  give  exactly  the  same  deviation  to  two  colors 
widely  separated  in  the  spectrum,  and  very  nearly  the  same  devi- 

ation to  the  other  colors,  with  the  result  that  rayB  of  diflferent  re- 
frangibiUty  come  together  at  very  nearly  the  same  point. 

Reference  to  Fig.  96  will  make  the  analogy  between  the 
achromatic  lens  and  prism  clear.  The  blackened  parts 
indicate  how  each  portion  of  the  lens  combination  can  be 
considered  as  two  opposed  prisms.  We  found  that  in  the 
case  of  the  prism  the  ratio  between  the  angles  was  1 :  2, 
and  applying  this  to  the  lens  it  is  easy  to  see  that  if  the 
surfaces  A,  B,  and  C  have  the  same  curvature,  the  sur- 

Fio.  96.  face  D  of  the  flint  lens  must  be  plane,  since  the  angle  of 
the  elementary  prismatic  portion  of  the  flint  lens  must 

be  everywhere  \  that  of  the  opposed  elementary  crown  prism. 
Just  as  by  employing  two  prisms  we  could  unite  two  lines  of  the 
spectrum,  so  by  the  use  of  two  lenses  we  can  bring  rays  of  any  two 
different  colors  to  the  same  focus. 

Calculation  of  Achromatic  and  Direct  Vision  Prisms.  —  For 
prisms  of  small  angle  the  deviation  8=p(n— 1),  in  which  p  is  the 
prism  angle  and  n  the  refractive  index.  The  deviation  for  two 
definite  colors  (say  Unes  F  and  C  of  the  solar  spectrum)  are  g^ven  by 

^c=pino-l)' 
Subtracting,  ^F-h^piriF-nc)   (1) 
The  difference  Sjp-  8<;  we  can  designate  as  the  dispersion  angle  for 

the  colors  in  question,  and  for  brevity  write  it  Cfc.    For  a  second 
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prism  of  a  different  angle  and  composed  of  a  different  glass  we  have 
similar  equations. 

We  will  take  into  account  three  colors  corresponding  to  the  lines 
Ff  D,  and  C,  for  which  we  have  equations : 

Prism  1.  8^  =p(ni,— 1),    ire  =p(nF—no)- 

Prism  2.   8'x,=p'(n'i>-l),  CFc=p\7i'F'-n'c). 

Suppose  now  that  these  two  prisms  are  opposed.  We  shall  then 

have  the  total  deviation  g  of  the  color  D  represented  by  8/,— 8'x>,  and 
the  dispersion  angle  «  between  the  rays  F  and  C  by  iFc—Cpc' 

gx,=8^-8'^=p(nx,-l)-p'(n'x,-l),      ....     (2) 

^Fc=irc—VF(}=p{nF—nc)  —  p{n'F—n'c)'    ...     (3) 

For  a  direct  vision  prism  in  which  the  ray  of  color  D  is  undeviated, 
we  set  go— Of  and  obtain  at  once  from  equation  (3)  the  relation 

or  the  angles  must  stand  in  inverse  ratio  to  the  refractive  indices 
less  1. 

For  an  achromatic  prism  which  is  to  deviate  the  rays  of  colors  F 
and  C  the  same  amount,  we  write  «<;#.= 0  and  get  from  our  equation 
t!u'  relation 

P  _n  F  —  n o 
p'     ftp  —  nc 

We  will  now  investigate  the  spectrum  produced  by  a  direct  vision 
prism  which  transmits  the  ray  D  without  deviation.  For  this  we 
have 

g^=0  =  p(/i/>-l)-p'(n'i,-l), 
/       (nx,— 1) 

or  p'^p\-^—J. 
n  />  — 1 

Substituting  this  value  of  p'  in  equation  (3)  and  transposing  gives 
us  for  the  AnpilAr  separation  of  the  rays  F  and  C ^ro 

-<— fe-fer] 
The  quantity  —   =  v  is  called  the  relative  dispersion  of  a 

8ul)stance,  and  it  is  usually  ̂ ven  in  the  tables  which  represent  the 
optical  properties  of  different  kinds  of  glass. 

Our  equation  now  Ijecomes 
*^FC 

=  p(n.-l)[J-lj 
In  a  similar  manner  we  can  derive  an  expression  for  the  deviation 

of  the  ray  D  by  an  achromatic  prism  which  deviates  rays  F  and  C 
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by  the  same  amount.    In  this  case 

g  =p(n^-nc)(v-v'). 

If  in  addition  to  deviating  the  rays  F  and  C  by  the  same  amount, 
rayB  corresponding  to  the  line  A  and  D  are  to  be  united,  we  have 

~>   > 

P  __  n'p  —  n\ 
~i   » 

p  TId—TIa 

n\  —n\  __  Tip  —Ua 
It 

The  quantity  Ur—no  is  known  as  the  mean  dispersion,  and 
quantities  such  as  ni>—n^  or  np—nn  partial  dispersions. 

/  Resolving  Power  of  Prisms.  —  By  the  resolving  power  we  mean 
the  ability  of  the  prism  to  show  a  line  as  double  when  two  different 
wave-lengths  are  present.  This  will  obviously  depend  upon  two 
things:  the  narrowness  of  the  images  of  the  lines  and  their  dis- 

tance apart.  The  former  depends  upon  the  width  of  the  beam  of 
light,  that  is  the  horizontal  aperture  of  the  instrument,  for  as  we 
shall  see  when  we  come  to  the  Chapter  on  Diffraction  the  image  of 
a  very  narrow  slit  broadens  by  diffraction  as  the  aperture  of  the 
lens  is  reduced,  and  it  always  has  a  finite  width.  It  is  moreover 
accompanied  by  fainter  images  on  each  side,  with  dark  minima 
between  them.  Now  Lord  Rayleigh  has  shown  that  if  we  have 
two  wave-lengths  Ai  and  As  which  are  very  nearly  equal,  to  see  the 
slit  image  double,  the  image  due  to  As  must  be  separated  from  that 
due  to  Ai  by  at  least  the  distance  of  the  first  minimum  bordering 
the  image  formed  by  Ai.  This  lies  in  such  a  direction  that  the  path 
difference  between  the  disturbances  coming  from  opposite  sides 
of  the  aperture,  instead  of  being  zero,  the  condition  at  the  centre  of 
the  image,  differs  by  exactly  one  wave-length. 

Though  the  following  treatment  by  Lord  Rayleigh  will  hardly 
be  understood  until  after  the  chapter  on  Diffraction  has  been  read, 
it  is  introduced  at  this  point  for  future  reference. 

*'  Let  AqBo  (Fig.  97)  be  a  plane  wave-surface  of  the  light  before 
it  falls  upon  the  prisms,  AB  the  corresponding  wave-surface  for  a 
particular  part  of  the  spectrum  after  the  light  has  passed  the  prism, 
or  after  it  has  passed  the  eye-piece  of  the  observing-telescope.  The 
path  of  the  ray  from  the  wave-surface  AqEq  to  A  or  B  is  determined 

by  the  condition  that  the  optical  distance,  represented  by   I  fids,  is  a 

minimum ;  and  as  A  jB  is  by  supposition  a  wave-surface,  this  optical 
distance  is  the  same  for  both  points.    Thus 

fpds({0T  A)  ==fpds  (for  B)   (2) 
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"  We  have  now  to  consider  the  behavior  of  light  belonging  to  a 
neighboring  part  of  the  spectrum.    The     — 
path  of  a  ray  from  the  wave-surface  AqBq 
to  il  is  changed;    but  in  virtue  of  the 
minimum  property  the   change  may  be 
ne^ected  in  calculating  the  optical  dis- 

tance, as  it  influences  the  result  by  quan-     — 
tities   of  the   second   order   only  in  the 

change  of  refrangibility.    Accordingly  the  ^°-  ̂^' 

optical  distance  from  AoBoto  A  is  represented  by  j  (fi+V)d«,  the 
integration  being  along  the  path  Aq  ...  A  ;  and,  similarly,  the  optical 

distance  between  AqBq  and  B  is   represented   by     |(fi+V)d5, 
where  the  integration  is  along  the  path  Bq,..  B.  In  virtue  of  (2) 
the  difference  of  the  optical  distance  is 

I  ifids  (along  Bo ...  B)—  I  Sfids  (along  Ao ...  A).    .     .     (3) 

"  The  new  wave-surface  is  formed  in  such  a  position  that  the  op- 
tical distance  is  constant;  and  therefore  the  dispersion,  or  the 

ao^e  through  which  the  wave-surface  is  turned  by  the  change  in 
refran^bility,  is  found  simply  by  dividing  (3)  by  the  distance  AB, 
If,  as  in  common  flint-glass  spectroscopes,  there  is  only  one  dis- 

persing substance,  l  Sfids=&fJLSf  where  s  is  simply  the  thickness 

traversed  by  the  ray.  If  we  call  the  width  of  the  emergent  beam  a, 
the  dispersion  is  represented  by  8fi(»f— «i)/o,  «i  and  St  being  the 
thicknesses  traversed  by  the  extreme  rayB.  In  a  properly  con- 

structed instrument  Si  is  negligible,  and  St  is  the  aggregate  thickness 
of  the  prisms  at  their  thick  ends,  which  we  will  call  t ;  so  that  the 
dispersion  (0)  is  given  by 

tf='-^   (4) a 

"  The  condition  of  resolution  of  a  double  line  whose  components 

subtend  an  angle  0  is  that  0  must  exceed  -•    Hence  from  (4),  in a 
order  that  a  double  line  may  be  resolved  whose  components  have 
indices  m  and  m+^,  it  is  necessary  that  t  should  exceed  the  value 
given  by  the  following  equation : 

<=r.   (5) 

which  expresses  that  the  relative  retardation  of  the  extreme  rays 
due  to  the  change  of  refrangibility  is  the  same,  namely  one  wave- 
leDgjtik^  as  that  incurred  without  a  change  of  refrangibility  when  we 
pass  from  the  principal  direction  to  that  corresponding  to  the  first 
minimum  of  illumination. 

''That  the  resolving  power  of  a  prismatic  spectroscope  of  given 
Bve  material  is  proportional  to  the  total  Uiickness  used,  with- 

/ 
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out  regard  to  the  number  of  angles,  or  setting  of  the  prisms,  is  a  most 
important,  perhaps  the  most  important,  proposition  in  connection 
with  this  subject.  Hitherto  in  descriptions  of  spectroscopes  far 
too  much  stress  has  been  laid  upon  the  amount  of  dispersion  pro- 

duced by  the  prisms ;  but  this  element  by  itself  tells  nothing  as  to 
the  power  of  an  instrument.  It  is  well  known  that  by  a  sufficiently 
close  approach  to  a  grazing  emei^ence,  the  dispersion  of  a  prism 
of  given  thickness  may  be  increased  without  limit ;  but  there  is  no 
corresponding  gain  in  resolving-power.  So  far  as  resolving-power 
is  concerned,  it  is  a  matter  of  indifference  whether  dispersion  be 

effected  by  the  prisms  or  by  the  telescope." 
The  expression  for  the  resolving-power  of  a  prism  is  usually 

written  in  the  form  «7  =  ̂ or>  which  follows  at  once  from  (6). 

This  equation  states  that  two  lines  of  wave-lengths  A  and  X+SX 
will  be  just  barely  separated  when  the  thickness  of  the  prism's  base 

t,  multiplied  by  ̂,  is  equal  to  r- • 
As  an  example  we  may  calculate  the  thickness  of  a  prism  which 

will  just  separate  the  sodium  lines.    We  must  first  get  a  value 

This  we  can  do  by  differentiating  the  dispersion  formula 

The  value  of  B  varies  with  the  material  of  the  prism.    Let 

B=   .984X10"^°,  which  is  for  extra  dense  flint, 
A  =  5.890X10"^  cms., 
8A=  .006X10"^  cms.  (difference  between  A  and  A). 

Therefore    '=2lk=  iS.  =  ̂-«=^''""- 
The  base  of  the  prism  must  thus  be  at  least  a  centimeter  thick 

if  the  sodium  lines  are  to  appear  separated. 
Lord  Rayleigh  found  as  a  result  of  a  niunber  of  experiments 

that  from  1.2  to  1.4  cms.  were  actually  required,  depending  on  the 
observer. 

He  also  found  both  from  theory  and  by  experiment  that  a  de- 
cided improvement  in  resolving  power  resulted  from  stopping  the 

rays  which  passed  through  the  centre  of  the  aperture. 

Christiansen's  Experiment  (Wied.  Ann,,  Nov.  1884). — While 
engaged  upon  some  determinations  of  the  refractive  indices  of  white 
powders  by  the  method  of  immersing  them  in  liquid  mixtures  of 
the  same  refractive  index,  Christiansen  observed  some  very  remark- 

able and  interesting  effects.  Owing  to  the  different  dispersive  pow- 
ers of  the  liquid  and  powder,  complete  transparency  could  only  be 

obtained  for  monochromatic  light.     If  white  light  was  employed 
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the  transmitted  light  was  highly  colored,  the  transmitted  color 
oorresponding  to  the  particular  wave-length  for  which  the  two 
substances  happened  to  have  the  same  refractive  index.  Finely 
powdered  glass  immersed  in  a  mixture  of  benzol  and  bisulphide  of 
carbon  was  found  to  exhibit  the  colors  well.  The  powder  must 
be  quite  free  from  dirt,  the  elimination  of  which  is  sometimes  very 
difficult.  The  author  has  obtained  the  best  results  with  the  pow- 

dered quarts,  which  can  be  procured  from  the  large  chemical  houses. 
The  powder  is  boiled  in  nitro-muriatic  acid  to  free  it  from  impuri- 

ties and  thoroughly  washed  in  clean  water.  It  is  then  dried  and 
placed  in  a  small  flask  with  enough  bisulphide  of  carbon  to  wet  it 
thoroughly.  Benzol  is  then  added  a  Uttle  at  a  time  until  the  mix- 

ture b^ns  to  get  transparent.  It  will  be  found  that  red  light 
is  transmitted  first,  then  yellow,  green,  and  blue  in  succession  as 
more  benzol  is  added.  It  is  best  to  stop  when  the  transmitted  light 
is  yellow.  In  the  general  illumination  of  a  brightly  lighted  room 
the  colors  are  not  very  pronounced,  and  it  is  best  to  employ  a  dis- 

tant lamp  in  a  fairly  dark  room  as  the  source  of  light.  If  a  per- 
manent preparation  is  desired,  the  following  method  gives  good 

results.  A  quantity  of  the  quartz  powder  is  introduced  into  a  100 
c.c.  flask  (not  more  than  ̂   of  the  volume  of  the  flask),  the  neck  of 
which  is  tiien  drawn  down  in  a  blast  until  it  has  a  diameter  of  only 
a  few  mms.  The  liquid  previously  adjusted  in  the  manner  de- 

scribed is  then  introduced  in  sufficient  quantity  to  forfn  a  rather 
thick  pasty  mass,  which  will  stick  in  a  thick  layer  to  the  walls  of 
the  flask  if  it  is  shaken.  The  flask  is  then  packed  in  powdered  ice 
and  salt  and  the  neck  closed  by  fusion  in  the  flame.  The  freezing 
mixture  is  necessary  on  account  of  the  inflammability  of  the  vapor 
and  its  tension,  and  it  is  a  good  plan  to  wrap  a  towel  around  the 
beaker  containing  the  flask  and  cooling  mixture  in  case  of  explo- 

sion. On  removing  the  flask  from  the  ice  it  will  be  found  to  be  quite 
opaque,  owing  to  the  change  in  the  refractive  index  of  the  liquid. 
As  the  temperature  rises  red  light  is  transmitted  first,  and  by 
dif^tly  warming  the  flask  in  spots  by  momentary  contact  with  a 
flame  or  even  with  the  fingers  all  colors  of  the  rainbow  may  be 
made  to  appear  simultaneously,  the  whole  appearing  like  a  great 
opal.  The  reason  of  these  beautiful  temperature  changes  will  be 
r^uiily  understood  by  reference  to  Fig.  98. 

Suppose  il  to  be  a  linear  source  of  light  which  is  deviated  to  the 
rif^t  and  spread  out  into  two  spectra  by  prisms  of  the  same  angle, 
the  (me  composed  of  quartz,  the  other  of  the  Uquid  mixture.  The  re- 

fractive indices  having  the  same 
value  for  ydlow  light,  the  yel-  A- 
kiw  of  one  spectrum  will  fall  im- 

mediately above  the  yellow  of  U 
the  other.  Since,  however,  the  ̂  
liquid  has  a  much  higher  disper- 

sion it  will  yield  a  longer  spec-  U 
tnim  and  the  other  colors  will  Fio.  98. 
not  be  in  ooinGidenoe,  or  in 
other  words  the  refractive  indices  are  different  for  all  the  other 
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colors.  The  bolor  transmitted  will  obviously  be  the  one  for  which 
we  have  coincidence  in  the  above  schematic  diagram.  The  other 
colors  will  be  more  or  less  scattered  by  irregular  refractions  and  re- 

flections. Suppose  now  we  heat  the  mixture,  the  increase  of  tem- 
perature will  cause  the  liquid  to  expand  and  its  refractive  index  to 

decrease,  while  the  effect  upon  the  quartz  is  comparatively  slight. 
This  will  mean  a  shift  of  the  lower  spectrum  in  the  diagram  towards 
the  left,  the  green  regions  of  the  two  spectra  coming  into  coincidence, 
while  a  further  increase  of  temperature  will  bring  the  blue  r^ons 
together.  The  effect  of  the  warming  is  thus  to  shift  the  region  of 
transmission  down  the  spectrum  towards  the  blue. 

In  general,  unless  the  thickness  of  the  heterogeneous  medium  is 
considerable,  the  light  which  is  not  directly  transmitted  emerges  to 
some  extent  as  diffused  light.  The  color  of  this  diffused  light  is 
complementary  to  the  transmitted,  and  the  green  image  of  a  lamp 
flame  seen  through  a  thin  layer  of  the  paste  is  surrounded  by  a  purple 
halo.  The  colors  seen  when  equal  volumes  of  glycerine  and  tur- 

pentine are  shaken  together  into  an  emulsion  are  of  similar  nature, 
though  erroneously  attributed  to  interference  in  some  text-books. 
The  opalescent  precipitate  obtained  by  the  addition  of  hydrofluor- 
silicic  acid  to  a  solution  of  potassium  chloride  has  been  found  by  the 
author  to  be  another  case,  the  color  of  the  transmitted  light  chang- 

ing in  a  most  beautiful  manner  upon  the  addition  of  water,  which 
diminishes  the  refractive  index  of  the  liquid,  precisely  as  the  rise 
of  temperature  did  in  the  case  of  the  benzol  mixture.  Fuller  par- 

ticulars regarding  these  curious  mixtures  will  be  found  in  the  origi- 
nal papers  of  Christiansen,  and  in  an  interesting  paper  by  Lord 

Rayleigh  (PhU.  Mag,,  xx.  358,  1885). 
Determination  of  the  Dispersion  of  a  Substance  in  the  Form  of 

/  a  Powder.  —  If  a  ta-ansparent  substance  in  the  form  of  a  powder  be 
mixed  with  a  liquid  of  the  same  refractive  index,  the  whole  becomes 
optically  homogeneous,  and  the  opacity  resulting  from. the  irregu- 

lar reflection  and  refraction  of  the  particles  disappears.  Owing  to 
the  irrationaUty  of  dispersion  it  is  not  possible  to  obtain  a  liquid  of 
exactly  the  same  refractive  index  and  dispersion,  the  mixture  being 
optically  homogeneous  for  a  single  color  only :  this  color  is  trans- 

mitted as  we  have  seen,  while  the  other  colors  are  scattered,  and  to 
a  greater  or  less  extent  refused  transmission.  Suppose  we  wish  to 
determine  the  dispersion  of  precipitated  potassium  fluosilicate, 
which  in  the  solution  of  KCl,  in  which  it  is  formed,  shows  brilliant 
opalescent  colors  by  transmitted  light.  Introduce  the  mixture 
into  a  hollow  prism  and  allow  it  to  stand  until  the  precipitate  has 
settled.  Place  the  prism  on  the  table  of  a  spectrometer,  cover  the 
upper  part  of  the  prism  with  a  card  to  cut  off  the  light  which  passes 
through  the  clear  liquid  and  examine  the  transmitted  light  with  a 
telescope.  It  will  be  found  to  consist  of  some  definite  portion  of 
the  spectrum,  which  can  be  considerably  narrowed  by  shielding  all 
of  the  prism  except  the  base.  Set  the  cross  hair  of  the  eye-piece 
on  the  centre  of  this  band,  uncover  the  upper  portion  of  the  prism 
and  note  the  wave-length  of  the  Fraunhofer  line  which  comes 
nearest  to  the  cross  hair.    Determine  the  refractive  index  of  the 
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liquid  for  this  line  in  the  usual  manner,  which  will  be  also  the  re- 
fractive index  of  the  powder  for  the  same  color.  By  adding  KCl 

or  water  we  can  vary  the  refractive  index  of  the  liquid,  making  it 
coincide  with  that  of  the  powder  for  the  other  colors  of  the  spec- 

trum, and  in  this  way  the  dispersion  of  the  powder  can  be  deter- 
mined. Compare  this  with  the  dispersion  of  the  liquid  at  such  a 

density,  say,  that  it  is  optically  the  equivalent  of  the  powder  for 
green  light. 

Unless  the  prism  has  a  thickness  of  about  10  cms.  the  trans- 
mitted color  is  very  impure  in  the  case  of  the  fluosilicate.  In  cases 

such  as  this  more  accurate  results  can  be  secured  by  putting  the 
mixture  into  a  long  tube  closed  by  glass  plates,  and  making  an  in- 

dependent observation  of  the  wave-length  of  the  transmitted  light. 
The  potassimn  fluosilicate  has  been  found  by  the  author  to  have 

the  lowest  mean  refractive  index  of  any  known  transparent  solid, 
and  a  dispersion  much  less  than  that  of  water. 

Anomaloos  Dispersion.  —  In  the  case  of  transparent  substances 
the  dispersion  is  said  to  be  normal,  that  is,  the  refractive  index  in- 

creases as  the  wave-length  decreases,  though  the  rate  of  change 
varies  according  to  the  nature  of  the  substance. 

In  the  case  of  substances  which  show  selective  absorption  this  is 
not  generally  the  case,  the  refractive  index  for  the  short  waves 
<m  the  blue  side  of  the  absorption  band  being  less  than  the  index 
for  the  red  light  on  the  other  side  of  the  band. 

This  phenomenon  has  been  named  anomalous  dispersion,  but,  as 
we  shall  see  presently,  there  is  nothing  anomalous  about  it,  the  so- 
caUed  normal  dispersion  being  nothing  more  than  a  special  case  of 
the  anomalous.  Fox  Talbot  appears  to  have  been  the  first  to  notice 
the  peculiar  effect,  but  his  discovery  was  not  followed  up.  In  1860 
Le  Roux  (Ann.  de  Chimie  et  de  PhysiquCy  3d  series,  vol.  xli.,  page  285, 
1861)  discovered  that  a  prism  containing  iodine  vapor  deviated  the 

red  rays  more  than  the  blue,  the  indices  at  a  temperature  of  700°  C. 
for  the  red  and  violet  being  1.0205  and  1.019.  Christiansen  in 
1870  (Pogg.  Ann.,  1870)  detected  anomalous  dispersion  in  the  case 
of  an  alcoholic  solution  of  fuchsine,  which  is  one  of  the  aniline  dyes 
having  a  strong  absorption  band  in  the  green.  Of  the  remaining 
colors,  the  red,  orange,  and  yellow  occur  in  the  same  order  as  in  the 
case  of  a  glass  prism.  The  violet,  however,  is  less  refracted  than 

the  red,  and  separated  from  it  by  a  dark  interval.  Christiansen's 
prism  was  made  of  two  glass  plates  inclined  at  an  angle  of  1  degree, 
the  solution  being  held  between  them  by  capillarity.  The  sub- 

ject was  next  investigated  by  Kundt,  whose  papers  will  be  found 
in  Pogg.  Ann.,  1871,  1872.  His  observations  showed  that  the  phe- 

nomenon is  to  be  observed  in  the  case  of  all  bodies  which  possess 
what  is  known  as  surface  color,  that  is,  bodies  which  selectively 
reflect  certain  wave  lengths.  Ordinary  pigments  do  not  belong  to 
this  class,  the  color  being  produced  by  absorption,  as  we  shall  see 
in  a  succeeding  chapter.  Kundt  appUed  the  method  of  crossed 
prisms,  due  originally  to  Newton,  to  the  investigation  of  anomalous 
dispersion.  If  a  spectrum  is  formed  by  a  glass  prism  with  its  re- 

fracting edge  vertical,  and  this  spectnun  is  further  deviated  by  a 
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Band 

prism  formed  of  an  alcoholic  solution  of  some  aniline  dye  with  its 
n^fracting  edge  horizontal,  the  appearance  seen  will  be  similar  to 
tliat  shown  in  Fig.  99.  Kundt  established  the  law  that  on  ap- 

proaching an  absorp- tion band  from  the  red 
side  the  refractive  in- 

dex is  abnormally  in- 
creased by  the  presence 

of  the  band,  while  if  the 

approach  is  from  the blue  side  the  index  is 
abnormally  decreased. 
So  great  is  the  difficulty 
of  seeing  the  effect  with 
the  small  dispersion  ob- 

tainable by  alcohdic 

solutions,  that  the  ear- 
Fio.  99.  lier   results  of  Kundt 

were  not  at  first  ac- 
cepted by  some  physicists  of  repute,  the  effect  being  attributed  to  a 

want  of  achromatism  of  the  eye.  The  demonstration  by  means  of 
crossed,  prisms,  however,  removed  all  doubts  regarding  the  reality 
of  the  phenomenon. 

Considerable  trouble  is  usually  found  in  repeating  Kundt's  ex- 
periment with  fluid  prisms. 

The  phenomenon  can  be  studied  to  much  better  advantage  by 
means  of  prisms  formed  by  squeezing  fused  cyanine  between  plates 
of  glass.^  A  certain  amount  of  dexterity  is  required  to  make  good 
prisms,  which  can  only  be  acquired  by  practice.  Small  rectangular 
pieces  of  thin  German  plate  glass  are  prepared  (measuring  about 
2X3  cm.),  and  a  thin  strip  cut 
from  a  visiting-card  glued  along 
the  short  side  of  one.  A  piece  of 
cyanine'  about  the  size  of  a 
coarse  shot  is  placed  near  the  op- 

posite side,  and  the  edge  of  the  SI^^^^P^  i 
plate  heated  over  a  small  flame 
until  the  dye  fusi\s,  holding  another 
coverstrip  in  the  flame  at  the  same  Fio.  lOO. 
time,   in  order  to  have  both  at 
al>out  the  same  temperature.  The  hot  edge  of  the  cover  \a  now  to 
1x5  brought  down  into  the  cyanine,  and  the  plate  gently  lowered 
until  the  edge  rests  on  the  strip  of  card.  The  plates  must  be  at 
once  placed  under  pressure  in  a  small  clamp,  where  they  are  to 
remain  until  cold.  The  pressure  is  to  be  applied  close  to  the  re- 

fracting edge  of  the  prism  only,  as  shown  in  figure.  This  is  very 
important.  Experience  is  the  only  guide  to  the  degree  of  pressure 
required. 

» Wood.  PhU.  Mqq..  June.  1901. 
>  Sonio  preparations  of  cyanine  do  not  fuae.    That  used  for  the  preparation  of prisms  was  in  the  form  of  needle-like  crystals,  and  was  prepared  by  GrQoer. 

^///////////y/^y^y/z/z.. 

/^/////////yy/Zt^S^,, 
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It  will  be  found  that  there  is  a  very  narrow  strip  of  clear  glass  at 
the  refracting  edge,  where  the  glass  plates  have  come  into  optical 
contact.  This  produces  a  diffraction-band  superposed  on  the  anom- 

alous spectrum,  but  it  is  so  faint  that  it  is  not  troublesome.  One  has 
only  to  view  a  gas  flame  turned  edgewise  through  the  prism,  the 
anomalous  spectrum  showing  colors  in  the  order  orange  red,  blue/ 
green,  the  latter  being  the  least  deviated. 

It  is  usually  necessary  to  turn  the  prism  slightly  to  get  the  green 
part  of  the  spectrum ;  that  is,  the  incidence  should  not  be  normal. 

If  a  prism  of  this  nature  is  covered  with  a  small  diffraction  grat- 
ing, the  lines  of  which  are  perpendicular  to  the  edge  of  the  prism,  the 

oppositely  curved  branches  of  the  diffraction  spectra  appear  most 
beautifully  when  an  arc  light  is  viewed  throu^  the  combination. 
If  a  grating  is  not  available,  the  cyanine  prism  can  be  mounted  over 
a  stnall  aperture  in  a  card  and  combined  with  a  glass  prism  of  low 
dispersion,  or  better  a  water  prism,  both  being  mounted  on  the 
table  of  a  spectrometer  illuminated  with  sun  or  arc  light. 

Other  remarkable  cases  will  be  described  in  the  Chapter  on  the 
Theory  of  Dispersion. 

Anomalous  Dispersion  in  its  bearing  on  Solar  Phenomena.  • —  In 
a  communication  published  in  the  Proceedings  of  the  Royal  Academy 
of  Sciences,  Amsterdam,^  W.  H.  Julius  makes  the  very  brilliant  sug- 

gestion that  the  ''  flash  spectrum  "  seen  immediately  at  totality 
may  be  due  to  photosphere  light  abnormally  refracted  in  the  atmo- 

sphere of  metallic  vapors  surrounding  the  sun :  in  other  words,  the 
li^t  of  the  flash  spectrum  does  not  come  from  the  reversing  layer 
at  all,  but  from  the  photosphere.  He  shows  that  the  Ught  which 
will  be  thus  abnormally  refracted  will  be  of  wave-lengths  almost 
identical  with  the  wave-lengths  which  the  metallic  vapors  are 
themselves  capable  of  radiating,  that  is,  it  will  be  light  of  wave- 

lengths nearly  identical  with  those  of  the  absorption  bands  of  the 
vi^)ors.  This  beautiful  theory  not  only  explains  the  apparent 
shallowness  of  the  reversing  layer,  a  thing  that  has  alwa3rs  puzzled 
astropbyacists,  but  it  accounts  for  the  extraordinary  bnUiancy 
of  Uie  Imes. 

The  theory  of  Julius  supposes  the  sun  to  be  surrounded  by  an  at- 
mosphere of  metallic  vapors,  the  density  and  refractive  index  of  which 

decrease  with  increasing  distance  from  the  surface.  In  this  atmo- 
sphere the  rays  of  light  coming  from  the  photosphere  will  move  in 

curved  paths  similar  to  those  of  rays  in  our  own  atmosphere.  The 

reader  should  refer  back  to  Schmidt's  theory  of  the  solar  disk. 
The  refractive  index  is,  however,  very  small  except  for  wave- 

lengths very  near  those  which  are  absorbed  by  the  vapor,  conse- 
quently the  light  most  strongly  refracted,  if  it  could  be  sorted  out 

and  examined  with  the  spectroscope,  would  resemble  very  closely 
the  li^t  emitted  by  the  vapors.  Julius  shows  that  this  sorting  out 
of  the  more  refrangible  rays  may  account  for  the  bright  line  spec- 

trum usually  attributed  to  the  reversing  layer,  these  rays  moving 
in  curved  paths  in  the  solar  atmosphere,  thus  reaching  us  after  the 
photosphere  has  been  hidden  by  the  moon. 

>  See  also  Astrophysical  Journal,  zii.  195. 
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This  phenomenon,  namely  the  production  of  a  bright  line  q)eo- 
trum  by  the  anomalous  refraction  of  light  from  a  white-hot  source, 
was  reproduced  in  the  laboratory  by  the  author,  and  independently 
by  Ebert  at  about  the  same  time.  The  conditions  supposed  by  Julius 
to  exist  at  the  surface  of  the  sun  were  imitated  as  closely  as  possible, 
and  a  spectnun  of  bright  lines  was  obtained  with  Ught  from  a  source 
showing  a  continuous  spectrum,  by  means  of  anomalous  disper- 

sion in  an  incandescent  metallic  vapor. 
For  the  reproduction  of  the  phenomenon  in  the  laboratory  it  is 

necessary  to  form  an  atmosphere  of  metaUic  vapor  in  which  the 
refractive  index  changes  rapidly  from  layer  to  layer.  This  was 
accomplished  by  allowing  the  flame  of  a  Bunsen  burner  fed  with 
metallic  sodium  to  play  against  the  under  side  of  a  white  plaster 
plate.  On  looking  along  the  surface  of  the  plate  it  was  seen  that  a 
dark  space  existed  between  the  flame  and  the  cold  surface,  resem- 

bling somewhat  the  dark  space  surrounding  the  cathode  of  a  Crookes's 
tube.  It  seemed  highly  probable  that,  inasmuch  as  the  temperature 
of  the  flame  was  lowered  by  contact  with  the  plate,  the  density  of 
the  sodium  vapor  would  increase  very  rapidly  from  the  surface  of 
the  plate  downward.  The  under  surface  of  the  plaster  plate  having 
been  thus  covered  with  a  non-homogeneous  layer  of  sodium  vapor,  a 
spot  at  the  edge  of  the  flame  was  illuminated  with  sunlight  con- 

centrated by  a  large  mirror.  This  spot  radiated  white  light  in 
every  direction  and  corresponded  to  the  incandescent  photosphere 
of  the  sun  (Fig.  101).    A  telescope  provided  with  an  objective 

\Di»  S890-t  / 
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Fio.  101. 

direct  vision  prism  was  directed  toward  the  white  spot  and  moved 
into  such  a  position  that,  owing  to  the  reduction  in  the  width  of  the 
source  of  light  by  foreshortening,  the  Fraunhofer  lines  appeared  in 
the  spectrum.  This  represented  the  stage  of  an  eclipse  when  only 
the  thin  crescent  of  the  sun  is  visible.  The  sodium  flame  appeared 
superposed  on  the  spectrum,  of  course.  On  moving  the  spectro- 

scope until  it  was  well  inside  of  the  plane  of  the  illuminated  surface 
and  feeding  the  flame  with  fresh  sodium,  the  solar  spectrum  van- 

ished and  there  suddenly  blazed  out  two  narrow  bright  yellow  lines, 
almost  exactly  in  the  place  of  the  sodium  lines,  as  is  shown  in  Fig. 
102,  in  which  the  inverted  sodium  flame  appears  on  the  continuous 
spectrum.  Cutting  off  the  sunlight  with  a  screen  caused  the  in- 

stant disappearance  of  the  bright  lines.  Repeating  the  experiment 
it  was  found  that  the  bright  lines  came  into  view  on  the  sides  of 
the  sodium  lines  towards  the  blue,  that  is  to  say,  it  is  light  tor 
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which  the  medium  has  an  abnormally  low  refractive  index  that  is 
bent  around  the  edge  of  the  plate  and  enters  the  instrument.  This 
is  precisely  what  we 
should  expect,  for  so- 

dium vapor  has  a  re- 
fractive index  of  less 

than  1  forwaves  slightly 
shorter  than  Z>|  and  Dj, 
as  was  shown  by  Juhus 
in  his  paper.  The  ra^ 
then  will  be  concave 
upward  m  a  medium 
in  which  the  refractive 
index  varies,  as  it  has 
been  supposed  to  vary 
in  the  present  case.  If 
the  sodium  vapor  is 
very  dense  we  see  only 
a  angle  bright  Une 
bordering  Z>i,  owing  to 
the  complete  absorp- 

tion of  the  light  be- 
tween the  lines. 

A  search  was  next 

instituted  for  the  Ught  of  a  wave-length  slightly  greater  than 
that  of  the  sodium  lines.  For  these  waves  the  vapor  has  a 
tefractive  index  greater  than  1,  consequently  the  rays  will  be 
concave  downward  in  the  layer  of  vapor.  If  we  move  our  pris- 

matic telescope  down  in  a  search  for  these  rays,  the  solar  spectrum 
will  appear  and  drown  out  everything,  but  if  we  set  up  a  screen 
(shown  in  fig.  103)  in  such  a  position  as  to  just  cut  oiT  the  light 
frwn  the  illuminated  spot,  and  feed  the  flame  with  sodium,  we  shall 
presently  see  bright  lines  appear  on  the  side  of  the  sodium  lines 
towards  the  red.  In  this  case  when  the  vapor  is  dense  we  get  only 
a  sin^e  line  bordering  £>].  The  path  of  these  rays  is  indicated  (on 
an  exaggerated  scale)  in  Fig.  101.  The  arrangement  described  b 
inconvenient  in  many  ways  to  work  with,  and  was  accordingly 
modified  in  the  following  way. 

The  light  of  an  arc  lamp  is  focussed  on  a  horizontal  slit,  and  a  flat 
metal  plate  supported  so  that  the  plane  in  which  its  under  surface 
lies  coincides  with  the  plane  of  the  slit.  The  plate  should  be  an 
inch  or  bo  thick,  with  a  fairly  level  surface.  At  a  distance  of  about 
two  metres  a  telescope  providol  with  a  prism  (direct  vision  if  pos- 

sible), arranged  so  as  to  give  a  vertical  spectrum,  is  placed  at  such 
a  hnght  that  the  prism  barely  catches  the  rays  coming  from  the 
slit  and  grazing  the  surface  of  the  plate  (Fig.  103).  On  looking  into 
the  telescope  we  see  a  bright  continuous  spectrum,  and  the  telescope 
is  to  be  raised  until  this  becomes  quite  faint.  The  Bunsen  burner 
beneath  the  plat«  is  now  to  be  lighted  and  a  bit  of  sodium,  in  a 
anall  iron  capsule,  introduced  into  the  centre  of  the  flame.  The 
resuhs  obtained  are  practically  identical  with  those  which  have 
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been  described.  The  flash  spectrum  of  potassium  has  been  ob- 
tained in  a  similar  manner,  consisting  of  Unes  in  the  extreme  red, 

from  one  to  three  in  number  according  to  the  density  of  the  vapor 
and  position  of  the  telescope.  Fair  results  have  also  been  obtained 
with  thallium. 

3021 
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Julius  applies  the  anomalous  dispersion  theory  to  the  prominences 
as  well  as  to  the  reversing  layer.  This  phenomenon  can  also  be 
reproduced  in  the  laboratory.  Referring  to  Fig.  103,  we  see  that 

its  principle  is  identical  with  that  of  the  *'  schlieren ''  apparatus 
of  Topler,  described  in  the  previous  chapter.  By  arranging  a  sim- 

ilar apparatus  illuminated  with  arc  light,  and  setting  the  screens 
so  that  the  field  is  dark,  most  interesting  results  can  be  obtained 
by  heating  a  small  capsule  containing  a  bit  of  metallic  sodium  in 
front  of  the  large  lens,  and  placing  a  large  direct  vision  prism  in 
front  of  the  telescope. 

Julius  has  made  quite  recently  (Astraphysi4xd «/.,  Vol.  XXV.,  No. 
2),  a  very  comprehensive  study  of  the  ways  in  which  the  ̂ >peBr- 
ance  of  an  absorption  band  may  be  modified  by  dispersion.  The 
source  of  light  was  placed  behind  a  metal  tube  electrically  heated 
in  which  sodium  vapor  was  formed.  By  means  of  screeos  with 
apertures  of  various  shapes  the  appearance  of  the  D  lines  oould 
be  modified  in  various  ways.  Wings  could  be  caused  to  appear 

on  either  side  of  the  lines,  as  in  fi  and  P'  (Plate  4)  or  the  con- 
tinuous spectrum  could  be  caused  to  disappear  entirely,  a  pair  of 

bright  lines  only  remaining,  as  in  y  and  y'.  By  using  a  pair  of crossed  slits  as  a  screen  the  curious  effects  shown  in  the  second 
column  of  photographs  were  obtained,  which  have  suggested  to 
Julius  that  many  of  the  phenomena  seen  in  the  spectra  of  sun- 
spots,  faculae,  prominences,  etc.,  may  be  the  result  of  anomalous 
dispersion. 

Julius  has  recently  described  (Phys.  Zeii,,  1910)  some  experi- 
ments intended  to  illustrat(^  how  dark  spots  on  the  solar  disk  can  be 

produced  by  refraction.  I>ops  of  glycerine  susp>ended  in  strong 
brine  in  a  glass  trough  appeared  dark  when  the  trough  was  placed 

before  an  illuminated  screen,  supposed  to  represent  the  sim's  disk. 
He  appears  to  have  overlooked  the  fact  that  the  glycerine  drop 

has  a  ̂^  fish-eye  view ''  of  the  disk  which  subtends  a  solid  angle  of 
96**  only,  instead  of  180°.  It  seems  doubtful  if  anomalous  disper- 

sion can  explain  as  many  phenomena  as  Julius  supposes. 



CHAPTER  VI 

INTERFERENCE  OF  LIGHT 

Thus  far  we  have  treated  single  disturbances  only,  and  have  not 
considered  the  effect  at  a  point  when  two  or  more  trains  of  waves 
act  on  it  simqltaneously.  We  know  from  observation  that  two  rays 
of  light  will  cross  each  other  without  in  any  way  interfering  with  one 
another.  The  feeble  rays  from  a  faintly  illuminated  object  will 
cross  a  region  traversed  by  ra3rs  of  great  intensity  without  being 
influenced  in  any  way  so  far  as  we  can  see.  In  this  respect  then 
light  does  not  interfere  with  light.  When  two  light-waves  strike 
the  same  particle  of  ether  at  the  same  time,  its  displacement  is  the 
algebraic  sum  of  the  displacements  that  would  be  produced  by  the 
waves  acting  separately.  This  is  known  as  the  principle  of  super- 

position. It  was  stated  by  Huygens  in  1678  as  follows.  "The 
displacement,  due  to  a  source  of  small  vibrations,  is  the  same 
whether  it  acts  alone  or  in  conjunction  with  other  sources,  provided 

the  displacements  are  small."  This  is  the  fundamental  principle 
which  underlies  the  whole  subject  of  interference.  When  we  con- 

sider the  effect  at  a  point  which  is  simultaneously  acted  upon  by 
two  separate  waves,  we  have  then  merely  to  sum  the  separate 
effects. 

Thus,  if  either  of  the  two  waves  acting  alone  would  cause  the 
ether  particle  to  execute  a  vibration  of  unit  amplitude,  both  together 
will  cause  it  to  vibrate  over  double  the  path,  if  the  waves  are  in  the 
same  phase,  that  is,  if  they  both  reach  the  point  at  the  same  mo- 

ment. If  they  reach  the  point  in  opposite  phase,  that  is,  half  a 
wave-length  apart,  the  displacements  are  equal  but  in  opposite 
directions,  the  resultant  displacement  being  zero,  or  in  other  words 
the  particle  does  not  move. 

We  must  note  carefully,  however,  that  the  interference  is  only 
at  this  point.  The  waves  have  not  destroyed  each  other,  for  each 
runs  along  beyond  the  point  in  question  precisely  the  same  as  if  it 
had  not  encountered  the  other.  Indeed  this  must  be  so,  for  waves 
represent  energy,  and  energy  cannot  be  destroyed. 

Interference  then  does  not  destroy  any  of  the  energy,  and  we 
shall  see  later  on  that  whenever  we  produce  a  decrease  in  the  illu- 

mination at  any  point  by  means  of  interference,  we  shall  produce  a 
corresponding  increase  at  some  other  point,  or  the  total  illumina- 

tion remains  the  same.  That  this  is  strictly  true  we  shall  prove 
presently. 

The  intenaty  of  the  illumination  obviously  depends  on  the  am- 
plitude of  the  vibration,  but  the  relation  between  them  is  not  at 

<mce  obvious.  We  say  in  general  that  two  candles  produce  doul)le 
the  illumination  that  one  candle  does,  that  three  candles  produce 119 
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triple  the  illumination,  etc.  What  is  it  that  we  have  doubled  at 
the  point  by  lighting  the  second  candle?  At  first  sight  it  might 
appear  as  if  we  had  doubled  the  amplitude,  but  we  shall  show 
presently  that  this  is  not  the  case.  One  thing,  however,  we  can 
be  pretty  sure  of,  namely,  that  we  have  doubled  the  amount  of 
energy  at  the  point.  Now  the  energy  in  wave-motion  exists  partly 
as  kinetic  and  partly  as  potential,  that  is,  we  have  displaced  par- 

ticles at  rest  but  possessing  potential  energy  in  virtue  of  their  dis- 
placement from  their  position  of  equiUbrium,  and  particles  moving 

across  the  line  of  equilibrium  which  possess  kinetic  energy  only. 
Other  particles  on  the  wave  possess  both  potential  and  kinetic 
energy,  and  it  can  be  shown  that  the  total  energy  of  the  wave  is 

equally  divided  between  potential  and  kinetic.  Let  *us  now  deter- mine the  relation  existing  between  the  energy  and  the  amplitude. 
Average  Kinetic  Energy  of  a  Vibrating  Particle.  —  The  displace- 

ment of  a  particle  at  any  time  t  is  given  by  the  equation 

y=asin  (wt  —  a). 

Its  velocity  at  any  moment  then  will  be  t;  =  -^  =  ow  cos  (orf— a)  and 
at 

its   kinetic   energy   imv^,  where  m   represents  the  mass  of  the 
particle. 

The  velocity  varies  from  0  to  aw,  as  is  clear  from  the  above  formula, 
and  the  mean  energy  during  a  complete  vibration  of  periodic  time 
Tis 

maWI'f.  ,1.0/  J      \1     1      «2*      u'u        2ir =  -- —    \t-\'-r-8m2{iat  —  a)    =-waV,mwhich«=-— -. 4ir    0  I        2 4  '  T 

The  average  energy  is  therefore  ̂ ^-^  __m   a 

4         r   ' which  can  be  taken  as  the  measure  of  the  intensity,  if  we  define 
intensity  as  the  energy  in  unit  volume  of  the  vibrating  medium.  It 
can  be  proved  that  the  total  energy  is  evenly  divided  between 
kinetic  and  potential,  and  since  we  have  only  considered  the  kinetic 
energy  in  the  above  treatment  the  total  energy  will  be  double  the 
amount  calculated.  We  can  also  define  intensity  as  the  quantity 
of  energy  transmitted  in  unit  time  across  unit  cross  section  of  a  plane 
perpendicular  to  the  direction  in  which  the  energy  is  travelling.  In 
this  case  the  velocity  of  propagation  enters  as  a  factor,  and  we  must 

multiply  the  quantity  calculated  above  by  t;=— ,  which  gives  us 

The  important  thing  to  notice  is  that  the  intensity  vanes  directly 
as  the  square  of  the  amplitude,  and  inversely  as  the  square  of  the 
periodic  time.    The  first  is  of  importance  in  the  study  of  interfer- 
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ence,  the  second  in  considering  the  laws  of  radiation  which  will 
fonn  the  subject  of  a  subsequent  chapter. 

If  we  are  dealing  with  two  sources  of  light  which  emit  mono- 
chromatic radiations  of  the  same  periodic  time  or  wave-length, 

their  intensities  are  in  the  ratio  of  the  squares  of  their  amplitudes  or 

a' 

r 

72*
 

In  comparing  the  intensities  when  the  periodic  times  are  different, 
we  cannot  use  the  eye,  for  it  is  impossible  to  judge  accurately  of  the 
equ€dity  between  two  different  colors.  Moreover  the  eye  cannot 
directly  determine  the  true  intensity,  for,  as  we  know,  the  true 
intensity  or  energy  of  the  extreme  red  end  of  the  spectrum  is  far 
greater  than  that  of  the  yellow,  while  the  eye  is  more  strongly  im- 

pressed by  the  latter.  In  comparing  the  intensities  of  two  sources 
which  do  not  emit  similar  radiations,  we  must  resort  to  some  meas- 

uring instrument  which  reduces  them  to  energy  of  the  same  type, 
for  example  the  thermopile  or  bolometer,  which  measures  their  heat- 

ing power.  Since  the  intensity  of  radiation  varies  as  the  inverse 
square  of  the  distance  from  the  source,  as  can  be  proved  by  the 
most  elementary  methods,  it  follows  that  the  amplitude  varies 
inversely  as  the  distance. 

Composition  of  >^brations.  —  If  we  have  a  point  moving  in  a 
circular  orbit  with  a  uniform  velocity,  the  projection  of  this  point 
on  any  diameter  of  the  circle  moves  with  harmonic  motion,  just  as 
does  a  particle  vibrating  under  the  influence  of  a  force  chrectly 
proportional  to  its  distance  from  its  position  of  equilibrium.    The 
point  moving  in  a  circle  has  an  acceleration  V^/r  (directed  towards 
the  centre),  where  V=the  orbital  velocity,  and  r=the  radius  of 
the  circle.    This  acceleration  can  be  resolved  into  two  components 
parallel  and  at  right  angles  to  the  given  diameter  A  A'.    The  one 
parallel  to  the  diameter  is  V^/rXx/r,  where  x  is  the  distance  of  P, 
the  projection  of  the  point  on  the  diameter,  from  the  centre  of  the 
circle  (Rg.  104). 

The  acceleration  of  P  is  then  -r.x,  directed 

always  towards  the  centre,  and  proportional  to 
its  distance  from  the  centre.  This  acceleration 
is  similar  to  that  which  the  particles  of  an  elastic 

body  receive  when*  moved  out  of  their  position of  equiUbrium,  and  we  assume  the  ether  particles 
acted  on  by  a  force  of  a  kindred  nature.  The 
velocity  with  which  the  point  P  moves  on  the 
diameter  is  i^=  V  sin  <^,  where  <^  represents  the 

phase. 
Suppose  now  we  require  the  effect  on  a  point  of  two  harmonic 

motions  of  equal  periods  and  different  amplitudes  and  phases.  We 
can  represent  their  motions  by  constructing  two  concentric  circles 

with  radii  proportional  to  the  amplitudes  (Fig.  105). ' Tlie  two  harmonic  motions  will  be  represented  by  the  projections 

Fio.  104. 
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on  a  diameter  of  two  points  G  and  G\  which  move  around  these 
circles  with  equal  angular  velocity.  P  will  then  represent  the  po- 

sition of  the  particle  at  a  given  time  as  due  to  the  motion  repre- 
sented by  G  alone,  while  P'  will  represent  its  position  at  the  same 

time  as  due  to  the  motion  represented  by  G'  alone.  If  both  these 
motions  are  impressed  simultaneously,  the  position  of  the  particle 

will  be  represented  by  R,  so  situated  that   RC^PC+P'C  (by 
the    principle    of    superposition).    The 
phase  difference  between  the  two  vibra- 

tions is  the  angle  GCG',  wMch  of  course 
,^^  remains  constant.    If  we  complete  the 
^^\         parallelogram  GCG'S,  R  will  represent  the 
.^     \       projection  of  S  on  the  diameter,  and  as 

>v      \     the  parallelogram  turns  with  G  and  G\  the 
\       I     motion  of  R,  the  projection  of  S,  will 
j       J     represent  the  resultant  motion.    The  di- 

\      \  y      /     agonal  of  the  parallelogram  is  evidently 
\      ̂  — ^      /      the  amplitude  of  the  resultant  vibration, 

\^  ^/^        and  its  square  measures  the  intensity. Now  the  square  of  the  diameter  of  a  paral- 
FiG.  105.  lelogram  is  by  Geometry  equal  to  the 

sum  of  the  squares  on  two  adjacent  sides, 
plus  twice  the  product  of  the  sides  into  the  cosine  of  the  included 

angle.  Consequently  if  a  and  a'  are  the  amplitudes  of  the  com- 
ponent vibrations,  and  e  the  phase  difference  between  them,  the 

resultant  intensity  will  be 

/=a^-f  a'^+2aa'  cos  e. 

Suppose  now  that  we  have  two  waves  of  equal  length  and  ampli- 
tude, arriving  at  a  point  in  the  same  phase.  In  the  above  formula 

a  will  equal  a',  and  cos  e  will  equal  one,  therefore  the  resultant  in- 
tensity will  be  4  a*,  or  quadruple  the  illumination  produced  by  one 

wave  alone.  If  the  two  waves  reach  the  point  a  quarter  of  a  wave- 
length apart  the  phase  difference  will  be  90°,  and  the  illumination 

2a*,  or  twice  that  due  to  a  single  wave.  If  the  phase  difference  is 
180°,  then  cosc=— 1  and  the  illumination  becomes  zero. 

Distribution  of  Illumination.  —  If  we  have  two  similar  sources 
of  light,  which  are  vibrating  in  unison,  the  value  of  e  in  the  expres- 

sion which  we  have  just  deduced  will  vary  from  }^int  to  point.  Let 
us  consider  the  distribution  of  illumination  along  a  line,  perpen- 

dicular to  the  direction  in  which  the  two  sources  lie.  In  this  case 

we  will  consider  that  a  =  a'  since  the  sources  are  similar,  and  we  will 
consider  the  sources  as  lying  on  each  side  of  the  axis  of  ordinates. 
Taking  distances  along  the  other  line  as  abscissae,  and  representing 
the  illuminations  as  ordinates,  we  have  the  illumination  due  to  one 
source  represented  by  a  straight  line  parallel  to  the  axis  of  abscissae, 
the  ordinate  of  which  is  a*.  With  both  sources  acting  together  the 
amplitude  will  vary  from  point  to  point ;  on  the  axis  of  ordinates, 
where  the  disturbances  arrive  in  the  same  phase,  we  have  the 
amplitude  2  a  and  the  intensity  4  a*.    We  can  express  our  abscissae 
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Fio.  106. 

in  terms  of  the  phase  difference.  If  this  is  90**,  or  the  waves  arrive 
a  quarter  of  a  wave-length  apart,  cose=0  and  the  illumination  is 
2  a^  or  double  that  due  • 
to  one  source  acting  * 
alone.  For  6=180,  cos 
€=— l.and  the  illmni-  / 
nation  is  zero.  Inter- 

mediate points  can  be 
determined  by  assign- 

ing different  values  to 
€,  a  curve  similar  to  that 
shown  in  Fig.  106  being 
the  result. 

If  now  there  be  no 
loss  of  energy  the  total 
iUumination  must  re- 

main the  same ;  we  can 
represent  this  by  the  area  comprised  between  the  curved  line  and 
the  axis  of  abscissae.  The  total  intensity  due  to  the  two  sources 
acting  without  interference,  whicli  would  be  the  case  if  they  did 
not  vibrate  in  unison,  would  be  2  a*.  This  is  true  of  course  only 
when  we  consider  the  average  illumination  for  a  time  which  is  long 
in  comparison  to  the  time  between  certain  assumed  abrupt  changes 
in  the  phases  of  the  vibrating  sources. 

If  no  energy  is  lost  the  area  between  a  line  parallel  to  the  axis  of 
abscissae  of  ordinate  2  a^  and  the  two  ordinates  erected  at  6=0  and 
e— 360  should  be  equal  to  the  area  of  the  curve  within  the  same limits. 
The  total  illumination  along  a  distance  Ax  on  the  axis  of  abscissae 18 

Zi  =  2a-Ax, 
if  we  assume  no  interference. 

With  interference  taking  place  the  total  illumination  is 

*~J    (2a*+2a'cose)dx,  in  which  x  is  the  value  for  which  c=0. 

Smoe  6  is  a  linear  function  of  x  we  can  write  c=  /iTAx,  in  which 
^  is  a  constant,  and  if  Ax  represents  the  distance  from  e=0  to €=360 

/i:Ax  =  2ir. 
we  have 

/,=2o'Arl    2a'<io&Kxdx, 

/,=  2  o'Ax  +  ̂  [sin  K{,x + Ax)  -  sin  Kx\, 

/,=2a'Ax=/i. 

It  must  be  clearly  understood  at  the  outset  that  to  have  pernio- 
'^UM  interference,  the  phase  relation  between  the  two  sources  must 



124  PHYSICAL  OPTICS 

remain  constant,  or  they  must  be  similar ;  their  periodic  times  of 
vibration  must  be  the  same,  and  any  changes  of  phase  which  occur 
in  ofte  must  occur  also  in  the  other.  The  only  way  in  which  this 
condition  can  be  attained  experimentally  is  by  making  one  source 
the  image  of  the  other,  or  by  dividing  the  bundle  of  rays  which 
issue  from  a  single  source  into  two  portions,  either  by  reflection  or 
refraction,  and  then  reuniting  them. 

Resultant  of  a  Large  Number  of  Disturbances  of  Arbitrary 
Phase.  —  We  have  seen  that  when  two  waves  in  the  same  phase  act 
on  a  point,  double  the  amplitude,  and  consequently  four  times  the 
illumination,  results.  The  question  now  perhaps  occiuns,  why  do 
not  two  candles  produce  twice  the  ampUtude  of  one  candle,  and 
consequently  four  times  the  illumination?  The  answer  to  this 
will  be  readily  seen  if  we  consider  carefully  the  manner  in  which  any 
given  point  is  illuminated  by  a  candle.  In  the  flame  of  a  candle 
there  are  countless  radiating  particles,  in  all  possible  phases  of  vi- 

bration. The  illumination  is  due  to  the  joint  action  of  them  all, 
and  to  determine  it  we  must  find  the  resvUant  of  a  large  number  of 
vibrations  of  arbitrary  phase.  In  other  words,  if  we  have  a  great 
number  of  particles,  each  one  of  which  alone  would  give  an  ampK- 
tude  1  and  unit  illumination  at  a  given  point,  what  will  be  the  am- 

plitude produced  by  all  of  them  acting  together?  If  there  are  n 
particles,  and  it  so  happened  that  all  of  them  were  vibrating  in  such 
a  manner  as  to  send  vibrations  in  similar  phase  to  the  point,  the 
resultant  amplitude  would  be  n  and  the  illumination  n\  Another 
candle  with  n  particles  vibrating  in  the  same  manner  and  in 
unison  with  the  first,  acting  with  the  first,  would  give  us  an  ampli- 

tude 2  n  and  an  illvunination  (2  nY  or  4  n*,  that  is  four  times  the 
illumination  of  a  single  candle.  It  is  obviously  impossible,  nowever, 
for  all  the  particles  to  send  their  waves  to  the  point  in  the  same 
phase,  for  they  are  all  vibrating  independently  of  each  other,  and 
they  are,  moreover,  at  different  distances  from  the  illuminated 
point.  The  amplitude  produced  cannot  then  be  equal  to  n.  Lord 
Rayleigh  has  shown  that  the  average  illumination  (not  amplitude) 
due  to  a  large  number  of  disturbances  of  arbitrary  phase  is  simply 
n  times  the  illumination  due  to  a  single  one  of  the  disturbances* 
This  was  done  by  the  theory  of  probabilities,  and  the  reader  is  re- 

ferred to  the  original  paper  for  the  method,  or  the  earlier  edition  of 
this  book. 

Interference  of  Light.  —  Grimaldi,  who  was  the  first  to  observe 
accurately  and  describe  diffraction,  or  the  bending  of  light  around  the 
edges  of  obstacles,  described  as  early  as  1665  an  experiment  which 
he  believed  proved  that  darkness  could  be  produced  by  the  addition 
of  light  to  light.  He  admitted  sunlight  into  a  darkened  room 
through  two  neighboring  pin-holes,  and  received  the  light  on  a  white 
screen.  Each  pin-hole  casts  on  the  screen  a  circular  image  of  the  gua 
surrounded  by  a  feebly  illuminated  ring.  By  placing  the  sci^Q^n. 
at  such  a  distance  from  the  pin-holes  that  the  outer  rings  overlapped, 
the  outer  edge  of  the  ring  formed  by  one  of  the  holes  bleing  tangent 
to  the  outer  edge  of  the  sun's  image  formed  by  the  other,  he  ob- 

served that  the  edge  of  the  ring  was  less  brilUant  in  the  overlapping 
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portion  than  at  other  places.  We  shall  see  presently  that  inter- 
ference could  not  have  occurred  under  these  conditions,  for  two 

sources  of  light,  in  order  to  produce  permanent  destructive  inter- 
ference at  a  given  point,  must  be  similar  —  that  is,  must  be  vibrat- 

ing in  unison  with  sunilar  ampUtude  and  period  —  and  two  pin-holes 
illuminated  by  sunlight  would  not 
fulfil  these  conditions  unless  they 
were  less  than  0.05  nmi.  apart,  as 

will  be  proved  later  on.  ""--^.^ 
A  century  later  this  experiment     .-*,_-.- 

was  modified  by  Young,  and   true     -  -  -^-^^^ 
destructive   interference   of   light    .T-----' 

observed.    Young  passed  the  sun-        ^ .  - ' ' 
light  through  a  pin-hole,  and  then     '"' received  the  diverging  cone  upon 
two   other  pin-holes    (Fig.  107). 
From  each  one  of  these  a  divergent 
cone  of  light  spread  out,  and  where  these  two  cones  of  light  over- 

lapped on  a  screen,  he  observed  dark  and  light  bands.  In  this  ex- 
periment, the  two  pin-holes  lie  on  the  wave-front  of  the  disturbances 

coming  from  the  first  hole,  consequently  they  are  always  in  the 
same  phase.  The  dark  bands  are  the  loci  of  points  situated  at  dis- 

tances from  the  two  pin-holes,  differing  by  an  odd  number  of  half- 
waves.  The  fringes  in  this  experiment,  being  produced  by  diffracted 
ligjit,  did  not  prove  that  two  streams  of  ordinary  light  could  destroy 
one  another  at  a  point.  Diffracted  light  was  not  well  understood 
at  the  time ;  some  modification  was  supposed  to  have  taken  place, 
and  the  fringes  might  be  due  in  some  way  to  this  modification. 

Fresnel  realised  the  importance  of  producing  two  streams  of 
li^t,  capable  of  interfering  and  containing  no  diffracted  light. 
The  streams  must  come  from  two  similar  sources,  and  not  pass  the 
edges  of  any  obstacles.  This  was  accomplished  by  Fresnel  by  re- 

flecting the  rays  from  a  point 
source  of  light  from  two  mir- 

rors inclined  very  slightly 
towards  one  another.  Two 
virtual  images  of  the  point 
were  thus  formed  behind  the 
mirrors,  separated  by  a  very 
small  distance,  depending  on 
the  angle  between  the  mir- 

rors. Two  mirrors  of  sil- 
vered or  black  glass,  receive 

light  from  a  point  source  at  & 
(Fig.  108). 

The   light   reflected   from 
the  two  mirrors  comes  then 

from  two  virtual  images  *S' 
and  S",  which  lie  very  close 

if  the  ang^e  between  the  mirrors  is  small.    We  thus  have 

ooming  from  the  two  similar  sources,  &'  and  &'\  and  within  the 

• 

7to.l08. 
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region  where  they  overlap  interference  takes  place.  The  light, 
instead  of  being  uniformly  distributed,  is  collected,  as  it  were,  into 
bright  lines  with  dark  spaces  between  them.  The  dark  bands  are 
the  places  where  the  waves  from  the  two  sources  arrive  half  a  wave- 

length apart  and  destroy  each  other :  at  the  bright  bands  the  waves 
arrive  together,  and  we  have  reenforcement.  It  is  evident  that  as 
the  angle  between  the  mirrors  increases,  the  two  virtual  souroes 

S'  and  S"  approach,  coalescing  when  the  angle  equals  180. 
Let  us  now  examine  the  form  and  position  of  the  fringes. 
Inasmuch  as  we  can  consider  the  virtual  sources  S'  and  S"  as  if 

they  were  real  points  of  light,  we  will  sup- 
pose the  mirrors  removed,  and  consider  1^ 

illumination  on  a  screen  placed  at  a  dis- 
tance "  a  "  from  the  sources.    Let  AB  be 

a  section  of  the  screen  (Rg.  109).    At  P, 
vi:- •-^,..*^   jp   ̂ jjj^jjj  ig  Qjj  3^  ijjjg  perpendicular  to  the  line joining  the  sources  at  its  middle  point,  we 

shall  have  a  maximum  illumination,  since 
P  is  equidistant  from  the  sources,  and  the 

Fig.  109.  waves  starting  together  reach  it  in  similar 
phase  and  reenforce.  Going  away  from  P 

we  shall  find  a  point  M  half  a  wave-length  nearer  j8^  than  Si,  and 
here  the  waves  will  arrive  half  a  wave-length  apart,  and  destroy 
one  another.  If  we  advance  a  little  further  along  the  line  AB  we 
shall  reach  a  point  where  the  path  difference  is  a  whole  wave-length, 
and  we  shall  have  another  maximum.  Let  us  determine  the  dis- 

tance of  any  bright  or  dark  band  from  P  in  terms  of  the  distance  a, 
the  distance  S  between  the  sources  and  the  wave-length  of  Ught. 
Around  Af  as  a  centre  with  a  radius  MS^y  describe  an  arc  cutting 
MSi  at  C  Since  SiS^  is  small  in  comparison  to  a,  this  arc  is  ap- 

proximately a  straight  line  perpendicular  to  the  line  MO  (0  being 
the  point  midway  between  the  two  sources). 

S1S2  is  perpendicular  to  OP,  and   therefore  the  angle  Si<SM7«- 
angle  MOP. 

If  the  angles  are  equal,  so  also  are  their  circular  measures,  or 
AfP     S  C 
-pr^  =  — ^,  or  calling  x  the  distance  of  the  dark  band  from  the 

centre  of  the  fringe  system,  and  s  the  distance  between  the  sources, 
we  have 

a       8 

The  general  expression  then  for  the  position  of  any  bright  or  dark 

band  will  bex=  -n-,  odd  values  of  n  corresponding  to  dark  bands, 

even  values  to  Ught. 
It  is  clear  from  the  diagram  that  the  point  P  will  be  a  maximum 

for  light  of  any  color  or  wave-length.  If  the  source  of  light  is  white 
this  central  band  will  also  be  white.  The  positions  of  other  mityima. 
being  a  function  of  the  wave-length,  it  follows  that  the  spacing 
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between  the  bands  will  be  different  for  the  different  colors,  conse- 
quently there  will  be  an  overlapping,  and  instead  of  white  fringes 

with  dark  spaces  between  we  shall  have  colored  fringes,  the  dark 
minima  being  absent  except  in  the  immediate  vicinity  of  the  central 
white  band. 

We  will  now  take  up  a  more  complete  investigation  of  the  dis- 
tribution of  the  maxima  and  minima  in  space.  The  locus  of  all 

points  equidistant  from  two  points  is  a  plane  perpendicular  to  the 
middle  point  of  a  line  joining  the  points.  The  first  maximum  is 
then  a  plane  lying  between  the  two  sources.  The  second  maximum 
is  the  locus  of  all  points  in  space  so  situated  that  the  differences 
between  their  distances  from  the  sources  is  one  wave-length.  Points 
fulfilling  this  condition  lie  on  a  hyperboloid  of  revolution,  the 
sources  being  the  foci,  for  by  definition  an  hyperboloid  is  a  surface 
generated  by  the  movement  of  a  point  in  such  a  way,  that  the 
difference  between  its  distances  from  two  fixed  points  is  a  constant. 
The  locus  of  the  second  maximum  will  be  another  h>Tx?rboloid  with 
a  constant  difference  of  2.  The  loci  of  the  maxima  and  minima  in 
space  form  a  sjrstem  of  confocal  hyperboloids,  and  the  fringes 
formed  on  a  screen  intercepting  them  will  be  hyperlxjlae. 

In  the  case  of  our  interference  experiments  the  luminous  points 
are  so  near  together,  and  the  screen  so  far  removed,  that  its  inter- 

sections with  the  hyperboloids  are  approximately  straight  Un(»s. 
Very  satisfactory  Fresnel  mirrors  can  be  made  of  modern  mirror 

glass,  or  even  of  thin  plate  glass,  unsilvered.  Silvered  glass  is  prefer- 
able owing  to  its  greater  reflecting  power.  The  varnish  can  be  dis- 

solved from  the  silvered  surface  with  alcohol,  and  the  metal  film 
polished.  If  glass  of  this  description  cannot  be  procured,  a  piece  of 
thin  plate  glass  can  be  chemically  silvered.  Two  pieces  measuring 
about  2  cms.  along  each  edge  are  laid  side  by  side  on  a  second  piece 
of  (date  glass,  the  outer  edge  of  one  being  raised  slightly  by  means 
of  a  narrow  strip  of  thin  paper.  The  edges  of  the  plates  should  be 
in  contact  and  both  should  be  pressed  against  the  supporting  plate. 
They  are  then  fastened  in  this  position  with  a  little  sealing  wax. 
The  an^e  between  the  plates  should  be  such  as  to  make  the  reflected 
images  of  an  illuminated  sUt  (situated  at  a  distance  of  40  or  50 
cms.)  appear  about  3  mms.  apart.  A  suitable  slit  can  be  made  by 
ruling  a  line  on  a  piece  of  the  mirror  glass  with  the  point  of  a  knife. 
It  should  he  backed  with  a  bright  sodium  flame  and  the  mirrors 
mounted  about  30  cms.  from  it.  The  dividing  line  between  the 
mirrors  should  be  adjusted  accurately  parallel  to  the  reflected  images, 
which  lie  on  either  side  of  it,  and  the  field  examined  at  a  distance  of 
20  or  30  cms.  from  the  mirrors  with  an  eye-piece  or  pocket  magnify- 
ing-giass.  The  eye-piece  should  be  held  at  the  point  at  which  both 
of  the  reflected  images  are  seen.  If  the  fringes  do  not  appear  at 
once  they  can  usually  be  brought  into  view  by  readjusting  the  mir- 

ror for  parallelism  with  the  slit,  the  field  being  watched  with  the 
eye-pieoe.  The  distance  of  the  nth  fringe  from  the  centre  of  the 
system  is  given  by 

2a<»    2' 
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a  and  b  being  the  distances  of  the  slit  and  the  plane  in  which  the 
fringes  are  seen  from  the  mirrors,  and  w  the  very  acute  exterior 
angle  between  the  mirrors.  If  we  measure  this  angle,  which  we 
can  do  with  a  spectrometer,  and  the  distance  between  the  fringes, 
we  can  determine  roughly  the  wave-length  of  the  sodium  light. 

The  Flow  of  Energy  in  a  System  of  Interference  Fringes.  —  The 
interference  minima  formed  by  two  similar  sources  of  light 
form  a  system  of  confocal  hyperboloids,  and  the  question  of  the 
flow  of  energy  in  this  case,  or  any  similar  case,  does  not  appear  to 
have  been  discussed.  Energy  is  obviously  flowing  out  from  both 
sources  at  its  normal  rate,  but  the  direction  of  flow  is  perhaps  not 
quite  obvious.  Suppose  the  minima  equal  to  zero,  which  is  nearly 
correct  at  the  centre  of  the  system.  Energy  evidently  cannot  cross 
a  plane  along  which  there  is  no  disturbance. 

In  stationary  waves,  if  the  nodes  are  absolutely  at  rest,  which  is 
the  case  if  the  two  wave-trains  are  of  equal  amphtude,  we  cannot 
speak  of  a  flow  of  energy  across  them.  A  node  may  be  considered 
as  having  the  properties  of  a  perfect  reflector,  that  is  to  say  the 
point  acquires  the  power  of  reflecting  as  a  result  of  the  arrival  of  a 
wave  travelUng  in  the  opposite  direction.  We  are  thus  forced  to 
the  conclusion  that  the  flow  of  energy  in  the  case  of  the  interference 
fringes  must  be  along  the  hjTDcrboloids,  that  is  along  curved  paths. 
We  can  show  this  experimentally  by  means  of  ripples  in  mercury 
excited  by  two  needles  moimted  on  the  prong  of  a  tuning-fork.  If 
we  view  the  mercury  surface  through  a  narrow  slit  opened  and 
closed  by  the  vibrations  of  another  fork  slightly  out  of  tune  with 
the  first,  we  see  the  waves  (stroboscopically)  creeping  slowly  along 
the  surface,  and  following  the  lines  of  the  hyperboloids.  Two  ques- 

tions now  naturally  occur  to  us.  How  does  the  energy  get  into  the 
bright  fringes,  if  the  dark  fringes  are  supposed  to  act  as  barriers? 
and  what  is  the  nature  of  the  wave  that  is  travelling  along  a  bright 
fringe?  In  regard  to  the  first  question :  the  dark  fringes  are  never 
absolutely  black,  as  no  one  of  them  is  equidistant  from  both  sources. 
The  amplitudes  are  therefore  slightly  cUflferent,  and  there  will  be  a 
flow  of  energy  in  the  direction  of  the  disturbance  having  the  larger 
amplitude.  Though  it  may  be  very  slight  at  any  given  point,  it  is 
ample  to  account  for  the  flow  along  the  hyperboloid.  We  can  take 
as  an  analogous  case  two  parallel  sheets  of  cloth  tightly  stretched, 
and  very  close  together.  Consider  water  forcing  its  way  into  the 
space  between  the  two  sheets  from  both  sides.  A  very  small  flow 
across  unit  cross  section  will  give  us  a  large  flow  across  unit  section 
taken  perpendicular  to  the  sheets. 
We  may,  however,  have  a  fringe  which  is  absolutely  black,  for 

there  is  nothing  to  prevent  us  from  considering  the  sources  as  vi- 
brating with  a  difference  of  phase  of  180°.  This  makes  the  centre 

of  the  system  dark,  and  equal  to  zero,  and  it  must  act  as  a  barrier 
to  the  flow  of  energy  from  both  sources.  In  other  words,  the  cen- 

tral fringe  can  be  considered  as  acting  as  a  perfect  mirror,  and  we 
can  regard  the  fringes  as  formed  by  the  interference  of  these  re- 

flected waves  with  the  direct.  If  the  flow  of  energy  is  along  the 
hyperboloids,  it  is  evident  that  in  the  r^on  between  the  sources 
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the  Sow  is  in  a  direction  nearly  perpendicular  to  the  rays.  We  can 
watch  this  flow  with  the  mercury  ripples  and  tuning-forks.  (I  &nd 
that  a  ring  of  cast(H--oil  or  glycerine  poured  around  the  edge  of  the 
mercuiy  surface  preventfi  troublesome  reBections  from  the  walls,  and 
to  A  large  extent  waves  due  to  jars  from  the  table.  It  ia  anali^ous 
to  painting  the  walls  of  a  room  black  in  optical  experiments.)  The 
bftn  ot  li^t  perpendicular  to  the  line  joining  the  vibrating  sources 
slide  out  ndeways,  each  one  of  them  forming  one  of  the  waves 
which  travel  along  the  hyperboloid.  We  can  perhaps  get  a  better 
idea  of  what  happens  if  we  consider  what  is  going  on  in  a  bright 
fringe  outside  of  the  r^on  between  the  sources.  What  is  the  type 
of  wave,  and  is  it  capable  of  showing  us  both  of  the  sources  if  it 
alone  is  allowed  to  enter  the  eye?  If  we  regard  the  dark  fringes  as 
abeolut^y  dark,  that  is  as  perfect  reflectors,  we  must  regard  the 
waves  as  travelling  between  them  as  between  two  silver  walls.  The 
indd«ice  is  very  oblique,  i.e.  the  wave  is  nearly  perpendicular  to 
the  rcBectJng  plane ;  and  if  we  con^der  the  wave  as  a  portion  of 
a  sphere  with  its  centre  at  one  of  the  sources,  the  wave  after  re- 
Bection  from  the  interference  plane  will  be  a  [wrtion  of  a  sphere 
with  its  centre  of  curvature  at  the  other  source.  This  process  will 
repeat  itself  over  and  over  agun,  a  given  portion  of  the  wave-front 
appearing  to  come  first  from  one  source  and  then  from  the  other. 
The  bri^t  fringe  will  then  contain  two  groups  of  wave-fronts  in- 

clined to  each  other  at  a  small  angle.  These  can  be  seen  with  the 

tuning-fork  waves,  and  on  looking  over  some  of  Mr.  Vincent's 
pbotograi^,  published  in  the  Philosophical  Magazine  some  time 
■go,  I  found  one  which  showed  the  phenomenon  very  clearly.  An 
enJargen>ent  of  a  portion  of  this  photograph  i»  reproduced  in  Fig. 
110,  the  inclined  wave-fronts  showing  cHpecially  weU  above  the 
point  marked  X. 

TIkhi^  each  bright  fringe  contains  two  wave-fronts,  we  cannot 
"  resolve  "  the  sources  with  them,  for  calculation  show's  that  th«r 
width  will  be  insufficient.  In  other  words,  if  we  screen  off  the  other 
briKfat  fringes,  passing  the  waves  in  the  one  through  a  slit,  the  dit 
width  neceflsary  turns  out  to  be  just  what  is  needed  to  prevent 
resolution. 
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In  the  region  between  the  sources  we  must  regard  the  same  thing 
as  going  on,  the  only  difference  being  that  here  the  incidence  is 
more  nearly  normal.  The  waves  are  stationary  on  the  line  joining 
the  sources,  but  as  soon  as  we  get  off  this  line  we  must  regard  the 
stationary  waves  as  oozing  out  in  all  directions,  the  velocity  of  the 
oozing  increasing  with  the  distance  from  the  line. 

The  language  which  I  have  used  here  is  not  very  exact,  but  it  is 
not  easy  id  visualize  what  is  going  on,  and  still  harder  to  put  it 
into  words. 

Lloyd's  Single  Mirror.  —  Even  simpler  than  the  Fresnel  mirrors 
is  the  device  employed  by  Dr.  Lloyd.  Here  the  light  streams  from 
the  source  and  its  reflected  image  are  made  to  interfere.  The  ex- 

periment is  easily  repeated  with  a  strip  of  plate  glass  thirty  or  forty 
centimetres  long  and  three  or  four  wide,  mount^  in  a  clamp-stand 
with  its  surface  vertical.  The  illuminated  sUt  is  placed  a  little  be- 

yond the  further  end,  and  one  or  two  millimetres  in  front  of  the 
plane  of  the  surface.  If  the  eye  is  now  brought  up  to  the  opposite 
end,  the  slit  and  its  reflected  image  are  both  seen,  and  the  fringes 
are  easily  found  at  this  point  with  an  eye-piece.  Dr.  Lloyd  found 
that  the  centre  of  the  system  did  not  lie  on  the  plane  of  the  surface, 
as  might  be  expected,  but  was  displaced  by  the  width  of  half  a  fringe. 
This  is  due  to  the  phase  change  which  the  light  experiences  on  reflec- 

tion. As  the  mirror  is  turned  slowly  about  a  vertical  axis,  the  dis- 
tance between  the  fringes  changes.  With  the  images  close  together 

they  are  broad  and  very  easily  seen ;  with  the  images  farther  apart 
they  are  very  fine,  and  only  seen  with  diflBculty.  TWs  piece  of 
apparatus  is  the  easiest  of  all  to  work  with,  it  being  almost  impos- 

sible to  miss  finding  the  fringes  at  the  first  attempt. 
Fresners  Bi-Prism.  —  In  this  experiment  the  beam  of  light  is 

divided  by  refraction  by 
means  of  a  prism  of  very 
obtuse  angle,  as  shown  in 

Fig.  111. 
The  rays,  originally  em- 

anating from  a  source  at  «, 
after  refraction  have  di- 

rections as  if  they  came 

from  the  two  sources  s' 
and  s'\  The  illuminated 
slit  should  be  parallel  to 

the  edge  joining  the  two  opposed  prisms. 
The  wave-length  of  the  light  can  be  approximately  determined 

with  the  bi-prism.  ""^^^^   ■*    *-- 
If  a  is  the  distance  of  the  source  from  the  prism,  b  is  the  distance 

of  the  plane  in  which  the  fringes  are  observed,  and  c  the  distance 
between  Si  and  so,  we  have,  if  we  call  8  the  angle  of  deviation  pro- 

duced by  eacli  half  of  the  prism, 

c  =  2asin3  =  2a(/ti— l)c, 

Fia.  111. 

in  which  m-  is  the  refractive  index  of  the  glass  and  c  the  prism  ang^e. 
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The  distance  of  the  nth  fringe  from  the  centre  of  the  system  is  given 

^  c      2     2a(*i-l)€    2' 

which  shows  us  that  the  bi-prism  is  equivalent  to  a  pair  of  Fresnel 
mirrors  inclined  at  an  angle  (fi  —  l)c.  A  bi-prism  can  be  easily 
made  in  the  following  manner.  Heat  a  little  Canada  balsam  in  a 
watch  ̂ ass  over  a  small  flame  imtil  a  drop  becomes  nearly  solid  on 
cooling.  Cut  two  pieces  of  thin  plate  glass  measuring  1X2  cms., 
and  cement  them,  with  the  long  edges  in  contact,  to  a  second  piece 
of  plate  glass  with  a  little  of  the  balsam,  pressing  the  outer  edges 
into  contact  with  the  supporting  plate,  and  allowing  the  inner  edges 
to  be  slightly  raised  (0.5  mm.  is  about  right)  by  the  balsam  layer,  as 
shown  in  Fig.  112.  A  prism  made  in  this  way  works  almost  as  well 
as  those  supplied  by  opticians,  which  are  made  of  a  single  piece  of 

In  using   the   prism,   it   should    be 
mounted  at  a  distance  of  about  40  cms. 
from  the  illuminated  slit,  and  the  divid- 

ing line  between  the  plates  made  par-  Fio.  112. 
allel  to  it.    The  fringes  can  be  found 
with  the  eye-piece  in  the  same  way  as  in  the  case  of  the  mirrors, 
a  little  readjusting  of  the  prism  being  perhaps  necessary.  The 
fringes  obtained  by  all  of  the  devices  thus  mentioned  are  modified 
by  diffraction  effects,  due  to  the  fact  that  the  waves  which  diverge 
from  the  two  virtual  sources  are  not  complete,  but  are  abruptly 
cut  off  at  the  point  of  imion  of  the  mirrors,  or  at  the  obtuse  angle 
of  the  prism. 

Bi-Prism  of  Variable  Angle.  —  A  modification  of  the  bi-prism 
can  be  made  by  cutting  off  a  strip  of  glass  from  the  edge  of  a  sheet 

of  dun  plate  glass.  In  polishing  the  plate  the  edge  is'  always 
rounded  off  a  little  as  a  result  of  the  polishing  process.  If  this  strip 
is  mounted  at  a  distance  of  half  a  metre  or  so  from  a  sUt  illuminated 
by  monochromatic  light  (monochromatic  illuminator),  and  the  slit 

viewed  throu^  the  portion  where  the  plate  begins  to  "  round  off," 
from  a  distance  of  30  cms.  or  so  behind  the  plate,  two  images  will  be 
seen.  An  eyepiece  will  show  a  beautiful  system  of  interference 
fringes  which  crowd  closer  together  as  we  recede  from  the  edge  of 
the  plate.  The  reason  of  this  is  that  the  rays  which  are  deflected 
by  tiie  edge  of  the  plate,  where  the  prism  angle  is  greatest,  come 
as  if  from  a  source  at  some  distance  from  the  real  source.  The 
exfrianation  of  the  dark  region  between  the  edge  of  the  plate  and 
the  line  where  the  interference  fringes  begin  is  very  simple  and  is 
left  to  the  reader.  Diffraction  fringes  are  seen  beyond  the  edge 
of  the  shadow;  these  are  much  fainter,  however. 

A  photograph  of  the  fringes  obtained  in  this  way  is  reproduced 
in  Fig.  113,  together  with  a  diagram  of  the  prism  and  the  rays. 

The  Corresponding  Points  of  the  Sources.  —  It  is  clear  that  con- 
tinuous interference  can  result  only  between  streams  of  light  which 

oome  from  corresponding  parts  of  the  two  sources.    Our  slit  is 
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backed  by  a  sodium  flame,  and  even  if  we  make  it  extrem^  narrow, 
the  phase  of  tlie  vibration  will  by  no  means  be  constant  acrosB  its 
width.    We  muat  remember  that  the  sodium  flame  oontaiuB  count- 

less vibrating  sources  of  light,  and  continuous  interference  can  reealt 

only  in  the  case  of  rays  emitted  by  one  of  these  and  its  image,  or 
between  the  two  images  of  the  same  vibrator.  A  large  numbor  ot 

these  sources  will  be  comprised  by  the  width  of  the  slit,  cooae- 
quently  interference  takes  place 
between  streams  of  light  which 
come  from  corresponding  parts  of 
the  images.  In  the  case  of  the 
Fresnei  mirrors  and  the  bi-prism 
the  corresponding  parts  lie  on  the 
same  ̂ de  of  the  images,  while  in 

the  case  of  Lloyd's  single  mirror 
they  are  on  opposite  aides.  In 

Fio.  in.  the  latter  case  the  axis  of  sym- 
metry, or  the  position  of  the 

central  fringe,  for  which  the  path  difference  is  zero,  is  the  same  for 
all  the  corresponding  points ;  in  the  former  case  it  is  different  for 

each  pair  of  points.  The  fringes  obtained  with  lioyd's  mirror  are 
therefore  more  sharply  defined,  and  a  wider  sUt  can  be  uaed.  This 
will  be  clear  by  reference  to  Fig.  114,  in  which  A,  B,  C  are  corre- 
spon<linR  pointls,  and  s  the  axis  of  symmetry,  which  in  the  case  of 
the  hi-prism  souni>s  is  .soon  to  have  a  different  poution  for  each  pair 
of  corresponding  |K)int«. 

Limit  to  the  Number  of  Fringes.  —  Very  interesting  conclunons 
regarding  the  vibrations  of  the  molecules  in  the  flame  can  be  drawn 
from  the  number  of  fringes  which  can  be  counted.  At  the  first  dark 
fringe  it  is  clear  that  we  have  destructive  interference  betwe^i  vi- 

brations which  left  the  corresponding  points  at  the  am 
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At  the  100th  dark  frmge  we  have  interference  between  a  vibration 
from  one  source  with  a  vibration  from  the  other  which  left  the 
source  100  T  earUer,  if  T  is  the  time  of  the  vibration.  At  the  1000th 
dark  fringe  we  have  interference  between  vibrations  which  left  the 
sources  1000  T  apart.  If  now  we  consider  that  our  molecules  exe- 

cute only  about  1000  vibrations  without  any  abrupt  phase  change, 
it  is  clear  that  we  cannot  have  more  than  1000  dark  fringes ;  for, 
with  a  difference  of  path  greater  than  1000  wave-lengths,  we  shall 
have  a  train  of  waves  meeting  another  train  which  left  the  source 
under  different  phase  conditions,  and  which  may  therefore  reenforce, 
instead  of  destroy,  one  another.  The  number  of  fringes  which  can 
be  observed  ̂ ves  us  therefore  information  regarding  the  number 
of  regular  vibrations  performed  by  each  molecule  before  an  abrupt 
change  occurs.  Fizeau  counted  as  many  as  50,000  fringes  in  the 
case  of  sodiiun  light,  while  improved  apparatus  and  methods  of 
modem  times  have  ridsed  the  number  to  a  million  in  the  case  of 
certain  kinds  of  monochromatic  light,  from  which  we  conclude  that 
under  favorable  conditions  as  many  as  a  million  vibrations  can  be 
performed  before  any  abrupt  change  takes  place.  We  can  liken  the 
molecule  to  a  tuning-fork  struck  at  regular  intervals  with  a  hammer. 
At  every  blow  there  is  an  abrupt  change  of  phase.  If  our  fork 
vibrates  3000  times  per  second,  and  we  strike  it  every  2  seconds, 
we  could  obtain  interference  with  a  path  difference  of  something 
less  than  6000  wave-lengths,  while  if  we  struck  it  but  once  in  10  sec- 

onds the  path  difference  could  be  increased  to  nearly  30,000  wave- 
lengths. In  this  case  the  waves  would  be  4  inches  long  and  the 

maximiun  path  difference  about  2  miles.  It  is  obviously  impos- 
sible to  perform  such  an  experiment,  but  the  analogy  is  useful. 

Shift  oi  the  Fdnges  by  Introduction  of  Thin  Transparent  Plate.  — 
If  a  thin  plate  of  some  transparent  substance  is  put  in  the  path  of 
one  of  the  interfering  streams  of  light,  the  optical  path  will  be  in- 

creased owing  to  the  retardation  of  the  waves  in  the  glass.  If  the 
refractive  index  is  ft  and  the  thickness  c,  the  increment  of  path  is 

(/A— l)c,  in  which  there  are  (fi—1)-  waves.     Increasing  the  path 

by  one  whole  wave-length  will  cause  a  bright  or  dark  fringe  to  shift 
into  the  position  of  its  neighbor,  therefore  in  the  above  case  the 

shift  wiU  be  n  fringe  widths ;  n=  (m—I)^  if  we  call  a  fringe  width 
the  distance  between  two  bright  fringes. 

When  the  fringes  are  formed  with  white  light  the  introduction  of 
the  plate  produces  a  somewhat  more  compUcated  effect.  This  case 
will  be  discussed  presently.  It  is  clear  that  we  can  determine  the 
refractive  index  of  a  thin  plate  if  we  know  its  thickness,  and  meas- 

ure the  shift  of  the  fringes.  The  above  formula  holds  only  for 
monochromatic  light,  and  with  light  of  this  description  the 
fringes  are  similar  in  appearance,  and  the  shift  cannot  be 
detmnined  if  it  exceeds  one  fringe  width,  imless  it  can  be  pro- 

duced gradually,  as  by  introducing  a  gas  slowly  into  a  tube, 
the  ends  of  which  are  closed  with  glass  plates,  and  watching 
the  drift  of  the  fringes.    More  will  be  said  on  this  subject  after  we 

\ 

\ 
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have  taken  up  the  subject  of  the  interference  of  white  li^t.    If  we 
require  the  actual  distance  through  which  the  centr^  fringe  is 

shifted  we  can  easily  deduce  the  expression  a;=(/i— !)€-,  in  which 8 

8  is  the  distance  between  the  sources  and  a  the  distance  of  the-screen. 
Interference  Fringes  with  White  Light.  —  We  have  thus  far  con- 

sidered our  sources  as  sending  out  light  of  a  single  wave-length  only. 
If  we  illuminate  the  slit  with  white  light  and  examine  the  fringe  sys- 

tem, we  find  that  only  a  few  rainbow  colored  bands  are  visdble. 
The  cause  of  this  is  at  once  apparent.  The  formulae  which  we 
have  deduced  for  the  distances  between  the  fringes  show  us  that 
this  distance  is  a  function  of  X  the  wave-length,  which  occurs  in  the 
numerator  of  our  expression  for  x,  the  distance  of  a  given  fringe 
from  the  centre.  It  is  thus  clear  that  the  shorter  the  wave,  the 
closer  together  will  the  fringes  lie.  If  we  assume  white  light  to  be 
made  up  of  waves  of  various  lengths,  the  fringes  will  be  out^f-step 
at  every  point  save  on  the  axis  of  symmetry.  The  central  bright 
fringe  will  coincide  for  all  the  colors,  but  since  the  red  bands  are 
about  twice  as  broad  as  the  violet,  the  bands  soon  get  completely 
out-of-step,  and  we  have  practically  uniform  illumination. 

The  condition  of  things  is  shown  in  Fig.  115,  in  which  the  red 
fringes  are  represented  by  the  unbroken  line,  the  violet  by  the  dotted 
line.  The  first  dark  fringe  on  each  side  of  the  central  bright  one  will 
therefore  be  tinged  deeply  with  violet.  The  other  colors  will  pro- 

duce other  systems  of  bands  of  intermediate  spacing,  and  it  is 

Fio.  116. 

clear  that  at  points  a  short  distance  from  the  centre,  we  shall  have 
maximum  illumination  for  a  large  number  of  wave-lengths  regularly 
distributed  throughout  the  spectrum.  The  resultant  illumination 
cannot  be  distinguished  from  white  light  by  the  unaided  eye,  and 
the  field  therefore  appears  uniformly  illuminated.  Something  re- 

sembling interference  is  taking  place,  however,  in  this  region  just  as 
before,  as  we  can  readily  prove  by  substituting  a  small  spectroscope 
for  the  eye-piece,  when  the  spectrum  will  be  found  to  be  crossed  by 
dark  bands  corresponding  to  the  wave-lengths,  for  which  the  posi- 

tion of  the  slit  of  the  instrument  is  a  position  of  zero  illumination. 
We  can  get  a  better  idea  of  the  state  of  affairs  if  we  consider  what 
happens  if  we  place  the  slit  of  the  spectroscope  on  the  central  bri^t 
band  and  then  move  it  slowly  out  into  the  fringe  system.  At  the 
central  bright  band  we  have  all  colors  present,  and  consequently  see 
a  continuous  spectrum.  On  moving  the  instrument  the  slit  enters 
presently  into  the  first  dark  fringe  for  violet,  and  the  violet  of  the 
spectrum  disappears.  As  we  move  the  sht  along  the  other  colors 

cUsappear  in  turn,  a  dark  band  moving  up  the  spectrum.'  By  the 
time  that  we  reach  the  first  dark  band  for  red,  we  are  again  in  a 
region  of  maximum  illumination  for  violet,  which,  therefore,  ap- 
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pears  again  as  the  dark  band  in  the  spectrum  nears  the  red  end.  It 
is  clear  that  owing  to  the  difference  of  spacing  of  the  fringes,  the 
dark  bands  will  enter  the  spectrum  at  the  violet  end  more  rapidly 
than  they  leave  i\  at  the  red  end;  they  will  consequently  accimiu- 
late  in  the  spectrum,  the  number  increasing  as  we  move  the  spec- 

troscope farther  and  farther  away  from  the  central  band.  The 

experiment  can  be  easily  performed  by  means  of  Lloyd's  single 
mirror,  illuminating  the  dit  with  sim  or  lamp  light,  and  substitut- 

ing a  small  pocket  spectroscope  for  the  eye-piece.  The  instrument 
a&ould  be  mounted  in  a  clamp-stand  and  pointed  towards  the 
double  source,  the  slit  being  close  to  the  edge  of  the  plate.  This 
way  of  looking  at  the  case  is  not  strictly  correct,  as  we  shall  see 
later  on.  It  would  be  allowable  however  if  white  light  really  con- 

sisted of  a  mixture  of  all  possible  colors. 
We  will  now  deduce  an  expression  for  the  number  of  bands  in  the 

spectrum.  Take  a  point  in  the  fringe  system  corresponding  to  the 
nih  mtrnvnum  for  Xi.    The  path  difference  will  be 

2 

Now  let  the  wave-length  decrease  to  X2,  such  that  the  same  path 
difference  is  represented  by 

8=(2n  +  l)| 

This  new  value  Aj  represents  the  wave-length  for  which  the  point 
is  a  minimum. 

Writing  2n|  =  (2n  +  l)|, 

2nA,  =  2  wXj-f-Xs,  or  adding  X,  to  each  side, 

2  nXi  —  2  nA,— Xa  -hXi =Xi, 

(Xi-X2)(2n-hl)  =  X,, 

Xi 

X,  —  X2  — 2n-f  1 

This  exfMression  shows  us  that  the  change  in  wave-length  X|--X, 
which  is  necessary  to  change  the  point  from  a  maximum  to  a  mini- 

mum is  equal  to  the  wave-length  divided  by  2  n  -h  1 .  If  n  is  large, 
i,e.  if  we  are  far  out  in  the  system,  the  necessary  change  will  be  very 
small.  For  example,  let  X,  =  .0005,  and  suppose  that  we  are  at 
the  SOth  fringe,  then 

.0005-X,=  ^^,  X2=. 000495. 

The  point  will  therefore  be  a  maximum  or  minimum  for  a  large 
number  (A  wave-lengths,  within  the  range  of  the  visible  spectrum. 

Suppoee  now  that  we  are  at  an  unknown  point  in  the  fringe  system 
and  wish  to  determine  the  path  difference. 
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Let  Xi,  ̂ 2)  ̂ f  etc.,  correspond  to  the  wave-lengths  (going  from 
red  to  violet)  of  the  dark  bands  in  the  spectrum. 

8=(2n  +  l)^^  =  (2n+3)^  =  (2n  +  2p-l)^- 

We  count  the  number  of  bands  between  two  widely  separated 
Fraimhofer  lines  (if  we  are  using  sunUght).  This  nimiber  is  p  in 
the  above  equation.  Xi  and  X,  are  the  wave-lengths  of  the  lines  be- 

tween which  we  have  p  dark  bands ;  then  • 

S=(2n  +  l)^'  =  (2n+2p-l)^- 

Suppose  p  =  50,  and  Xi=6399  (C  line)  and  X,=3967  (H  line). 
Substituting  these  values,  we  find  that  n=80,  which  shows  us 

that  we  are  dealing  with  the  80th  minimum  for  each  color.  From 
this  we  can  calculate  the  path  difiference,  which  we  find  to  be  259 
half  wave-lengths  for  the  violet  and  161  for  the  red. 

Fizeau  and  Foucault  were  enabled  in  this  way  to  detect  inter- 
ference with  a  path  difiference  of  7000  waves.  This  result  has  been 

interpreted  by  many  writers  as  indicating  that  the  elementary 
components  of  white  light  must  consist  of  periodic  wave-trains, 
several  thousand  regular  vibrations  being  executed  without  abrupt 
change  of  phase.  Lord  Rayleigh  has  shown,  however,  that  we  can 
infer  nothing  whatsoever  about  the  regularity  of  the  vibrations  of 
the  source  in  this  case,  the  limit  of  the  number  of  bands  seen  in  the 
spectroscope  depending  solely  on  its  resolving  power.  The  inter- 

ference, in  point  of  fact,  does  not  take  place  until  after  the  light 
has  passed  through  the  spectroscope.  We  shall  study  the  case 
more  in  detail  when  we  come  to  the  subject  of  white  light. 

A  Simple  Interference  Refractometer.  —  A  very  simple  and  in- 
expensive interference  apparatus,  which  can  be  used  for  measuring 

the  refractive  index  and  dispersion  of  a  gas,  and  for  showing  and 
measuring  anomalous  dispersion  at  the  absorption  bands  of  a  gas, 
can  be  made  of  a  slit  and  a  long  focus  lens.  This  type  of  apparatus 
was  used  by  Fizeau  in  determining  the  velocity  of  light  in  a  rapidly 
moving  medium  (see  Chapter  on  Relative  Motion  of  Matter  and 
Ether),  and  it  has  since  been  employed  by  Lord  Raylei^  in  deter- 

mining the  refractive  indices  of  the  rare  gases  of  the  atmosphere. 
As  usually  employed  its  chief  disadvantage  lies  in  the  fact  that 

the  fringes  are  very  narrow,  and  invisible  except  when  viewed 
through  a  very  high  power  eye-piece. 

This  trouble  I  have  found  can  be  overcome  by  the  use  of  long 
focus  lenses,  which  lessens  the  convergence  of  the  interfering  rays. 
A  lens  of  about  2  metres  focus  (spectacle  lens)  is  covered  by  a  screen 
furnished  with  two  vertical  sUts  a  millimetre  or  two  in  width,  and 
separated  by  a  distance  of  from  .5  to  3  cms.  depending  on  the  re- 

quired separation  of  the  interfering  beams.  If  we  are  to  measure 
the  refractive  index  of  a  gas,  we  use  two  parallel  tubes,  with  their 
ends  closed  by  pieces  of  thin  plate  glass  cut  from  the  same  piece, 
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and  the  beams  must  be  far  enough  apart  to  enable  us  to  pass  one 
down  each  tube. 

The  slits  can  be  made  by  pasting  strips  of  black  paper  across  an 
aperture  cut  in  a  card.  Widening  the  sht  decreases  the  width  of 
the  band  in  which  the  fringes  appear  (since  the  diffraction  is  then 
less),  but  increases  their  illumination.  The  illuminated  sht  should 
be  well  made,  as  it  is  necessary  to  make  it  very  narrow.  The  slit 
of  a  small  spectroscope  can  be  used,  and  it  should  be  mounted  at  a 
distance  of  4  metres  from  the  lens.  An  image  of  the  sun  or  the 
crater  of  the  arc  should  be  focussed  on  the  sht,  and  the  lens  with 
its  two  apertures  placed  in  such  a  position  that  it  receives  the  light 
from  the  sUt.  Hold  a  card  behind  the  lens,  and  move  back  until 
the  two  lines  of  Ught  transmitted  by  the  slits  fuse  together  into  a 
single  image  at  the  conjugate  focus.  This  is  the  position  for  the 
eye-piece,  and  we  shall  find  the  image  traversed  by  a  beautiful  set 
of  vertical  interference  fringes.  Their  distance  apart  will  increase, 
as  the  distance  between  the  two  slits  is  made  less,  and  their  sharp- 

ness will  increase  as  the  first  slit  is  narrowed. 

If  it  is  desired  to  receive  the  fringe  system  on  the  sht  of  a  spec- 
troscope, the  three  slits  should  be  moimted  in  a  horizontal  position 

and  the  slit  of  the  spectroscope  substituted  for  the  eye-piece.  The 
spectrum  will  then  be  foimd  to  be  traversed  by  horizontal  dark 
bands  which  are  closer  together  in  the  blue  than  in  the  red.  This  ̂  
is  the  arrangement  commonly  used  for  the  study  of  anomalous  dis- 

persion of  gases  by  the  interference  method. 
The  shift  of  the  fringes  by  the  introduction  of  a  transparent 

plate  can  be  shown  by  holding  a  very  thin  flake  of  mica  over  one 
of  the  slits.  If  the  flake  is  too  thick  the  fringes  will  be  shifted  out 
of  the  field  and  disappear.  Or  we  can  put  two  pieces  of  thin  plate 
glass,  one  in  front  of  each  slit,  and  by  slowly  turning  one  of  them 
cause  the  fringes  to  move,  the  result  depending  on  the  increase  in 
the  path  throu^  the  glass  with  increasing  an^e  of  incidence. 

Ap^cation  of  Interference  Phenomena  to  Astronomical  Obser- 
▼ations.  —  If  the  first  slit  of  the  interference  refractor  just  de- 

scribed exceeds  a  certain  width  the  fringes  are  no  longer  visible. 
This  is  due  to  the  fact  that  each  vertical  linear  element  of  the 

widened  slit  forms  its  own  set  of  fringes,  and  these  sets  are  rela- 
tively dis^daced,  the  superposition  of  all  producing  imiform  illu- 

mination. The  greater  the  distance  between  the  two  sUts  in  front 
of  the  lens,  the  finer  must  be  the  front  sUt,  in  order  to  have  the 
fringes  appear.  It  is  thus  clear  that  we  have  a  means  of  measur- 

ing the  angular  diameter  subtended  by  a  distant  source  of  light. 
This  method  was  proposed  by  Fizeau  in  1868  for  measuring  the 
diameteiB  of  the  fixed  stars.  In  1874  St6phan  made  the  attempt 
but  was  unable  to  obtain  a  measurable  quantity.  Michelson  in  / 
1890  succeeded,  however,  in  measuring  the  diameters  of  the  four 
moons  of  Jupiter,  by  placing  two  slits,  the  distance  between  which 
could  be  varied,  in  front  of  the  object  glass  of  the  Lick  telescope. 
The  method  can  also  be  used  for  determining  the  distance  between 
the  components  of  a  double  star. 

Each  star  produces  its  own  fringe  system,  the  two  being  dis- 
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placed  with  respect  to  one  another  through  the  angle  c,  which  is 
the  angle  subtended  by  the  stars.  This  angle  is,  of  course,  inde- 

pendent of  the  distance  between  the  slits.  If  now  the  slits  are  close 
together,  the  fringes  are  broad,  and  the  angular  displacement  c  of 
the  two  systems  does  not  alter  their  appearance.  As  we  separate 
the  slits,  however,  the  fringes  become  finer  and  presently  disappear, 
owing  to  the  fact  that  the  maxima  of  one  system  fall  upon  the 
minima  of  the  other.  If  the  distance  between  the  slits,  when  this 
happens,  is  8,  we  have  c  given  by  the  equation 

8 

Interference  of  Waves  of  Different  Lengths.  Light-Beats. — 
When  two  tuning-forks  of  slightly  different  pitch  are  sounded  si- 

multaneously we  hear  a  fluttering  sound,  the  intensity  rising  and 
falling.  The  interference  in  this  case  is  not  continuous  in  time  at 
a  given  point  in  space.  If  we  draw  two  wave-trains  of  slightly 
different  wave-length  we  shall  see  that  they  are  "  in  step  "  and 
"  out-of-step  ''  at  periodic  intervals.  Where  they  are  in  step  we. 
shall  have  maximum  ampUtude,  where  they  are  out-of-step  we 
shall  have  minimum  or  zero  amplitude.  As  the  double  wave- 
trains  sweep  by  a  given  point  it  will  be  in  alternation  the  seat  of 
large  and  small  disturbances. 

If  we  seek  for  the  optical  analogy  it  is  easy  to  see  that  two  sources 
of  monochromatic  light,  of  slightly  different  period,  should  ̂ ve  us 
a  moving  system  of  interference  fringes,  any  given  point  in  space 
being  alternately  the  seat  of  maximum  and  minimum  illumination. 

/    The  frequency  of  the  beats  being  equal  to  the  difference  between 

the  two  interfering  trains,  the  wave-length  of  the  beat  is  -r-i — T' 

Light-beats  have  never  been  obtained  by  uniting  two  streams 
of  light  from  sources  of  different  color.  Bighi  has,  however,  per- 

formed an  experiment  in  which  the  frequency  of  vibration  of  pne 
of  the  two  streams  of  light  which  form  a  system  of  fringes  can  be 
increased  any  desired  number  of  times  per  second  by  passing  the 
light  through  a  revolving  Nicol  prism.  This  experiment  will  be 
described  in  detail  in  the  Chapter  on  Elliptical  Polarization. 

It  is  also  worthy  of  remark  that  the  moving  fringes  observed  in 
a  Michelson  interferometer,  as  the  back  mirror  is  advanced,  can  be 
regarded  as  a  manifestation  of  light-beats,  the  wave-lengths  of  one 
of  the  interfering  trains  being  lessened  by  reflection  from  the  mov- 

ing mirror  by  Doppler's  principle.  This  manner  of  regarding  the 
phenomenon  appears  to  be  due  to  Mr.  A.  B.  Porter.  The  analogy 
hiis  perhaps  occurred  to  others,  but  my  attention  was  first  directed 

to  it  by  Mr.  Porter's  note  in  Science j  1905. 
The  moving  system  of  interference  fringes  which  constitute  beats 

can  be  most  beautifully  shown  by  means  of  capillary  waves  on  a 
mercury  surface,  the  disturbances  being  originated  by  two  tuning- 
forks  of  sHghtly  different  pitch. 

Two  forks  of  the  same  pitch  are  thrown  slightly  out  of  tune  by 
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frstening  small  lumps  of  soft  wax  to  the  prongs  of  one  of  them.  A 
light  bit  of  wire  is  fastened  to  a  prong  of  each  fork^  and  after  setting 

"  the  forks  in  vibration,  the  tips  of  the  wires  are  dipped  into  the  sur- 
face of  clean  mercury.  The  hyperboloid  fringes  will  be  seen  to  be 

in  motion,  sweeping  around  in  a  most  beautiful  manner.  Between 
the  wire  points  they  will  be  observed  to  travel  from  one  vibrating 
point  towards  the  other.  If  the  wax  lumps  are  removed,  the 
fringes  immediately  become  motionless.  The  phenomenon  can 
be  projected  on  a  screen  to  advantage,  by  reflecting  the  light 
down  upon  the  mercury  surface,  and  thence  to  the  screen  through 
a  projecting  lens,  by  means  of  a  pidr  of  mirrors  or  large  reflecting 
prisms. 
Achromatic  Interference  Fringes.  —  As  we  have  seen,  the 

fringes  obtained  with  Lloyd's  mirror  and  a  source  illuminated  with 
white  li^t  soon  blend  into  a  uniformly  illuminated  field,  owing  to 
the  fact  that  the  distance  between  the  maxima  and  minima  varies 
with  the  color.  If  by  some  artifice  we  can  make  the  widths  of  the 
fringes  the  same,  the  system  will  become  achromatic,  and  we  can 
count  a  large  nimiber  of  fringes  even  with  white  light.  This  can 
be  accomplished  by  using,  as  our  source,  a  short  spectrum  with  its 
blue  end  towards  the  reflecting  plate.  The  blue  sources  will  thus 
be  closer  together  than  the  red,  and  if  the  adjustments  are  right 
the  blue  sources  will  give  fringes  of  the  same  width  as  the  red,  which 
are  farther  apart. 

The  condition  is  best  realized  by  employing  a  diffraction  grating 
and  a  lens  to  form  the  spectrum.  A  vertical  slit  is  illuminated  with 
sun  or  iac  light,  and  a  glass  grating  with  two  to  three  thousand  lines 
to  the  inch,  combined  with  a 
lens  of  four  or  five  inches  focus, 
is  so  arranged  as  to  form  a 
series  of  diffraction  spectra  on  a 
card  mounted  in  the  focal  plane 
of  the  lens.  The  card  should 
be  perforated  with  a  small  hole 
throu^  which  the  light  of  one 
of  the  first  order  spectra  is 
allowed  to  pass.  The  Lloyd 
plate  is  placed  in  such  a  posi- 

tion as  to  furnish  a  reflected 

image  of  the  i^)ectrum,  the  blue 
end  of  which  is  turned  towards 
the  original  spectrum,  as  shown 
in  Pig.  116.  The  reflecting 
surface  should  be  pointed  ex- 

actly at  the  central  image 
brmed  by  the  grating  and  lens, 
f  perfect  achromatization  is  de- 

sired.   The  fringes  are  viewed 

<f; 

UOf&s 
Mirror 

'  Mtrror 

n 

19 

Fill.  IIG. 

before  with  an  eye-piece,  a  little  adjusting  of  the  plate  being  all 
that  is  necessary  to  completely  fill  the  field  of  view  with  fine  black 
and  white  lines. 

\ 
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If  the  spectrum  is  formed  by  a  prism  of  about  20**,  which 
can  be  made  of  plate  glass,  and  filled  with  water,  less  perfect 
achromatization  is  obtained;  still  a  large  number  of  fringes  can  be 
seen. 

The  spectrum  in  this  case  can  be  virtual,  Le,  no  lens  need  be  used, 
the  prism  being  mounted  between  the  slit  and  the  mirror,  as  shown 
in  the  second  diagram  (Fig.  116).  If  the  prism  is  placed  between 
the  mirror  and  the  eye-piece  no  achromatization  results,  for  in  this 
case  the  two  spectra  are  not  opposed. 

Introduction  of  Thin  Transparent  Plate.  —  As  we  have  just  seen, 
a  plate  of  thickness  c  and  refractive  index  fi  shifts  the  central  fringe 
for  monochromatic  Ught  through  a  distance 

X=(ft-l)c^. s 

This  distance  will  be  different  for  the  different  colored  systems,  since 
fjL  varies  with  the  wave-length,  and  there  will  therefore  be  no  point 
at  which  the  waves  of  all  lengths  will  arrive  in  the  same  phase,  or, 
in  other  words,  there  will  be  no  strictly  achromatic  fringe. 

There  will,  however,  be  a  system  of  colored  fringes  with  a  central 
band  which  appears  nearly  achromatic,  the  determining  condition  of 
which  is  not  that  the  path  difference  be  equal  to  zero,  but  that  the 
change  in  phase  with  change  of  A  be  a  minimum. 

Draw  a  system  of  fringes  with  different  colored  pieces  of  chalk, 
adopting  the  method  shown  in  Fig.  115.  Make  the  distance  be- 

tween the  red  fringes  slightly  greater  than  that  between  the  yellow, 
the  yellow  greater  than  the  green,  and  so  on.  Suppose  now  that 
the  introduction  of  the  plate  shifts  the  whole  system  to  the  right. 
Owing  to  the  dispersion  of  the  plate  the  blue  fringes  will  be  shifted 
through  a  slightly  greater  distance  than  the  green,  and  the  green  a 
trifle  more  than  the  yellow.  It  is  clear  that  this  difference  may 
close  up  the  rainbow  colored  band  to  the  right  of  the  central  fringe, 
into  an  approximately  achromatic  band,  and  expand  what  was 
originally  the  white  central  band  into  a  rainbow  band.  If  we  do 
not  take  this  into  account,  we  shall  make  an  error  of  one  fringe 
width  in  measuring  the  shift  of  what  appears  to  be  the  central  band. 
If  our  plate  had  a  higher  dispersion  with  the  same  average  refractive 
index,  the  second  or  third  rainbow  band  might  be  achromatized 
and  appear  to  be  the  centre  of  the  system. 

Let  the  distance  of  the  approximately  achromatic  fringe  from 
the  original  centre  of  the  system  be  x. 

The  geometrical  path  difference  at  this  point,  disregarding  the 

plate,  is  — ,  using  the  same  notation  as  before.    The  actual  optical a 
xs 

difference  of  path  is  "~— (/x— l)c,  since  the  shift  is  towards  thM^ 
side  on  which  the  plate  is  introduced,  and  the  original  short  path 
is  lengthened  by  the  introduction  of  the  plate.  Now  (fi— l)c 
is  a  function  of  X,  and  we  will  write  it  /(A).  The  difference  of 
phase  at  the  point  in  question  for  any  value  of  A  will  be,  writing 
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xs 
2)=  0'-l)«=/(X)  and  D'  =  - 

A 

The  required  condition  of  minimum  phase  variation  with  X  is 
given  by  di£Ferentiating  this  expression  with  respect  to  X  and  equat- 

ing to  zero ;  performing  the  operation  we  get,  putting  /(X)  =  ̂Mi-l 

aX -2V-(X)A-^^.Z)--A2./(X)^0^  or  2)'=/(X)-X/'(X). 
The  central  fringe  corresponding  to  wave-length  X  is  shifted  by 

the  plate  to  the  position  of  the  nth  fringe  given  by 

X  X 

By  our  original  supposition  regarding  the  position  of  the  shifted 
achromatic  (approximately)  fringe  it  occupies  the  position  of  a 
fringe  of  order  n'  given  by 

„'=^  =  ̂=„_/'(X), OA         A 

and  is  therefore  shifted  relatively  to  the  central  fringe  for  mono- 
chromatic light  of  wave-length  A  by  a  nimiber  of  fringes  given  by 

n'-»=-/(X). 
The  variation  of  fi  with  X  is  well  expressed  in  the  present  case  by 

B 
V 

which  we  shall  discuss  more  in  detail  when  we  come  to  the  subject 
of  dispersion. 

/(A)  =  (m-  l)t, 

M^  =/'(A)  =  -  2S« dk      ̂   ̂  '  A'  ' 
,  2Bt 

which  shows  us  that  the  shift  of  the  approximately  achromatic 
fringe  obtained  with  white  light,  with  respect  to  the  central  fringe 
obtained  with  monochromatic  light  of  wave-length  X,  varies  in- 
versdy  as  the  cube  of  the  wave-length,  and  directly  as  the  thick- 

ness of  the  plate.    We  shall  have  occasion  to  make  use  of  this 
formula  when  we  come  to  the  subject  of  the  interferometer. 

A  rranaricable  instance  of  the  shifting  of  the  region  of  fringe  visi- 

^jjity  far  out  into  the  system  was  observed  by  the  author  ̂   in  study- 
^B^he  dispersion  of  sodiimi  vapor  with  the  interferometer.  The  path 
(fifferenoe  under  which  it  is  possible  to  obtain  interference  fringes 
with  the  Di  light  of  a  helium  tube  can  be  nearly  trebled  by  the 

>  R.  W.  Wood,  "  Archromatisatton  of  approximately  monochromatio  interference 
by  a  highly  dtipersivo  medium,'*  Phil.  Mag.,  September,  1904. 

the  equation  it.=A  +  75, 

\ 
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intFoductioQ  of  a  small  amount  of  sodium  vapor  into  the  path  of  one 
of  the  interfering  beams.  This  development  of  fringes  far  out  in  the 
system  by  the  dispersive  action  of  the  vapor  is  accompanied  by 
their  complete  disappearance  at  the  centre  of  the  system,  where 
the  difference  of  path  is  zero. 

The  introduction  of  a  medium  into  the  path  of  one  of  the  inter- 
fering beams  causes  a  shift  of  the  fringe  system  as  a  whole,  and  if 

the  medium  is  dispersing,  the  shifts  will  be  different  for  the  differ- 
ent colors.  The  red,  green,  and  blue  fringes,  which  are  out^f-etep 

at  a  given  point,  may  thus  be  brought  into  coincidence  by  the  in- 
equality of  their  respective  displacements.  In  tUs  case,  however, 

since  the  systems  are  shifted  as  a  whole,  the  fringes  will  be  thrown 
out-of-step  at  the  centre  of  the  system,  consequently  we  have  ob- 

tained an  increased  visibiUty  far  out  in  the  system  at  the  expense  of 
visibility  at  the  centre.  Now  the  heUum  light  is  very  near  the  D 
hues  of  sodium,  and  sodium  vapor  in  this  region  of  the  spectrum 
has  a  dispersive  power  so  great  that  a  prism  of  it  giving  the  same 

deviation  as  a  60^  glass  prism  (if  it  could  be  formed)  would  separate 
two  lines  only  ̂   dislBX  apart  as  the  D  lines,  by  an  amount  as  great 
as  the  distance  between  the  red  and  the  greenish-blue  of  the  spec- 

trum yielded  by  the  glass  prism.  This  enormous  dispersive  power 
may  well  be  expected  to  modify  profoundly  the  appearance  of  the 
fringe  system  produced  even  with  light  as  monochromatic  as  that 
of  the  1>8  line.  That  a  change  is  produced  depends  on  the  fact 
that  no  light  is  absolutely  monochromatic,  the  finest  spectrum  lines 
having  an  appreciable  ̂ dth.  We  can  thus  consider  the  Dj  light 
as  an  extremely  short  spectrum,  and  apply  the  same  reasoning  as  in 
the  case  of  a  thin  transparent  plate  introduced  into  the  path  of 
one  of  the  interfering  streams  of  white  light. 

Fio.  117. 

The  treatment  will  be  better  understood  after  a  study  of  the  in- 
terferometer and  the  resolution  of  spectral  lines,  but  it  is  given  here, 

on  account  of  the  identity  of  the  phenomenon  with  the  displacement 
of  the  white  centre.  The  helium  fringes  imder  ordinary  circum- 

stances disappear  when  the  path  difference  is  between  1.5  and  2  cmfi^ 
there  being  no  recurrence  of  visibility  by  further  increment  of  pftr 
difference  as  in  the  case  of  sodium  light.  We  must  therefore  regard 
the  helium  (Da)  line  as  a  single  line  of  finite  breadth  or  a  close 
group  of  lines.  In  Fig.  117  let  BC  represent  the  intensity  curve 
of  the  helium  light,  C  being  the  edge  of  shorter  wave-length.     Im- 
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mediately  above  we  have  a  Bchematic  representation  of  the  fringe 
system,  with  its  centre  at  A.  Light  from  the  side  B  of  the  Dt  line 
will  produce  the  fringes  indicated  by  the  dotted  line,  which  are 
farther  apart  than  the  fringes  formed  by  the  light  of  shorter  wave- 

length coming  from  the  aide  C  of  the  line.  There  will,  in  addition, 
be  an  infinite  number  of  other  systems  formed  by  light  of  wave- 

lengths intermediate  between  B  and  C  which  are  indicated  by  light 
shading. 

Now  suppose  sodium  vapor  to  be  introduced  into  one  path  of 
the  instrument,  and  the  whole  system  shifted  slightly  to  the  left  in 
consequence.  Owing  to  the  enormous  dispersive  power  of  the 

vapor,  the  dotted  system  (longer  A's)  will  be  shifted  more  than  the 
other,  since  the  Z),  line  lies  on  the  blue  side  of  the  sodium  absorption- 
band,  and  the  change  in  the  velocity  of  the  light  is  greatest  for  the 
longest  waves,  namely,  those  on  the  B  side  of  the  line.  The  result 
of  this  dispersive  action  is  that  the  fringes  are  brought  into  step  at 
a  point  D,  to  the  right  of  the  centre,  thrown  out-of-step  at  the 
centre  and  still  more  ou1>of-step  to  the  left  of  the  centre. 

The  achromatizing  action  of  the  sodium  vapor  is  most  beautifully 
shown  if  we  illuminate  the  interferometer  with  white  light. 

Under  ordinary  conditions  only  two  or  three  black  and  white 
fringes  are  seen,  bordered  on  each  side  by  perhaps  a  dozen  rtunbow 
colored  bands,  which  fade  rapidly  into  a  uniform  illumination.  If 
sodium  vapor  is  formed  in  one  of  the  interferometer  paths,  the 
colored  fringes  rapidly  achromatize,  and  increase  in  number,  break- 

ing up,  however,  into  groups  as  shown  in  Fig.  118.  As  the  density 
of  the  vapor  increases  the  number  of  groups  increases,  each  group, 
however,  containing  fewer  frii^es.  The  position  of  the  centre  of 
the  grouped  system  drifts  in  the  same  direction  as  the  point  of  max- 

imum visibility  in  the  previous  experiments. 
Tbe  explanation  of  the  altered  appearance  of  the  fringes  in  this 

case  is  not  as  ample  aa  in  those    .          
previously  considered.  We 
are  dealing  with  two  wide 
ranges  of  wave-lengths  on 
opposite  sides  of  the  absorp- 

tion-band. The  fringe  shifts 
of  the  two  spectral  regions  will 
be  in  opposite  directions,  while 
tbe  drifts  of  the  point«  of 
miudmunn  visilnlity  will  be  in 
the  same  direction.  Each  set 
will  be  more  or  leas  perfectly  achromatized,  and  in  the  re^on  in 
n^dch  they  overlap  we  have  a  periodic  visibility,  owing  to  the  differ- 

ence in  the  widths  of  the  fringes  of  the  two  systems. 
Tlie  fdlowing  treatment,  which  is  rigorous,  has  been  given  by 

Lord  Rayleigh. 

"  Tlie  remarkable  shift  of  the  bands  of  helium  light  when  a  layer 
of  sodium  vapor  is  interposed  in  the  path  of  one  of  the  interfering 
pencils,  is  of  the  same  nature  as  the  displacement  of  the  white  centre 
found  by  Aiiy  and  Stokes  to  follow  the  insertion  of  a  thin  plate  of 
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glass.  If  D  denote  the  thickness  of  the  plate  and  /&  its  refractive 
index,  (fi—l)D  is  the  retardation  due  to  the  insertion  of  the  plate, 
and  if  R  be  the  relative  retardation  due  to  other  causes,  the  whole 
relative  retardation  is 

i2  +  (,t-l)Z),   (1) 

in  which  R  and  D  are  supposed  to  be  independent  of  the  wave-length 
A,  while  fi  does  depend  upon  it.     The  order  of  the  band  (n)  is  given by 

„^g+(M-l)Z)   (2) A 

For  the  achromatic  band  in  the  case  of  white  light,  or  for  the  place 
of  greatest  distinctness  when  the  bands  are  formed  with  light  ap- 

proximately homogeneous,  7i  must  be  stationary  as  X  varies,  %.e. 

I=«   •  (2> 
For  a  small  range  of  wave-length  we  may  write 

A=Ao+8X, 

SO  that      n  =   ttt;   
Ao-j-dA 

Ao  Ao\    dAo  Ao  / 

The  achromatic  band  occurs,  not  when  the  whole  relative  retarda- 
tion (1)  vanishes,  but  when 

R  +  (f.,^l)D=DK%   (5) 

OAq 

If  D  be  great  enough,  there  is  no  limit  to  the  shift  that  may  be 
caused  by  the  introduction  of  the  dispersive  plate. 

**  As  Schuster  has  especially  emphasized,  the  question  here  is  really 
one  of  the  group-vehcity.  Approximately  homogeneous  light  con- 

sists of  a  train  of  waves  in  which  the  amplitude  and  wave-length 
slowly  vary.  A  heal  peculiarity  of  amplitude  or  wave-length 
travels  in  a  dispersive  medium  with  the  group  and  not  with  the 
w^aye-velocity ;  and  the  relative  retardation  with  which  we  are  con- 

cerned is  the  relative  retardation  of  the  groups.  From  this  point 
of  view  it  is  obvious  that  what  is  to  be  made  to  vanish  is  not  (1), 
in  which  /*  is  the  ratio  of  wave-velocities  Fo/F,  b\it  that  derivwi 
from  it  by  replacing  /*  by  f/o/  f/,  or  by  VJ  f/,  where  U  is  the 
group-velocity  in  the  dispersive  medium.  In  vacuum  the  distinc- 

tion between  f/o  and  Vq  disappears,  but  in  the  dispersive  medium 

C/  =  ̂ ,   (6)' 

»  Theory  of  Sound,  §  101,  1877. 
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ib  htiag  the  reciprocal  of  the  wave-length  in  the  medium. 
denote  as  usual  the  wave-length  in  mcuo  by  \, 

fc=2£fi=  2tV,i 
\V (7) 

Accordingly 

,* 

(8) 

U      d{kY)     <((1A) ' 
Substituting  this  for  ̂   in  (1),  we  see  tliat  tlie  position  of  tile  moat 
distinct  band  is  given  by 

H  +  ̂,.-l-i*)D-0,   (9) 

in  agreement  with  (5)," 
Distribution  of  Phase  over  Small  Area  illuminated  by  Source  of 

Finite  Size.  —  In  Young's  celebrated  experiment,  where  interference 
was  observed  between  the  diffracted  rays  coming  through  two  pin- 

holes illuminated  by  sunlight  coining  from  another  small  hole,  it 
is  clear  that  the  phase  of  the  vibration  must  be  the  same  at  the 
two  pin-holes.  If  the  source  of  light  were  infinitely  small,  the  phase 
relation  between  the  vibrations  passing  through  the  two  holes  would 
be  permanent,  even  if  the  holes  were  widely  separated;  but  if  the 
source  has  finite  size,  as  is  always  the  case,  this  will  not  be  true.  The 
reason  for  this  is  clear.  The  vibration  at  each  hole  is  the  resultant 
of  the  disturbances  coming  from  the  various  points  of  the  source, 
and  this  will  vary  with  the  position  of  the  holes.  We  will  now  derive 
an  expression  for  the  maximum  distance  allowable  between  the  holes, 
in  teiins  of  the  size  of  the  source  and  its  distance,  or  what  amounts  to 
the  same  thing,  the  area  over  which  we  can  regard  the  phase  as  con- 
stant. 

Suppose  we  have  a  luminous  sphere  (F^g.  1 19),  the  sun  for  example, 
with  ite  centre  at  0.  The  vibra- 

tion at  P,  a  point  on  a  sphere 
concentric  with  this,  is  the  resultant 
of  all  the  separate  disturbances  com- 

ing from  the  source.  If  we  take 
another  point  infinitely  near  P,  it  is 
obvious  that  we  shall  have  the  same 

resultant,  while  at  a  point  P'  the 
resultant  is  clearly  different  owing 
to  the  changes  in  the  lengths  of  the  ' 
paths  over  which  the  component 
vibrations  travel.  What  we  require 
ifl  the  maximum  distance  between 

P  and  P"  consistent  with  uniform 

phase. 
The  vibrations  from  a  point  A  on 

the  luminous  sphere  will  reach  Id 
tlie  same  time  a  circle  described  on 
tbe  outer  sphere,  passing  throu^ 
P,  the  plane  of  which  is  perpendicul^  to  OA,  since  all  points  on  it 
are  equidistant  from  A. 
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We  now  construct  two  other  circles  on  the  outer  sphere,  one  just 

within,  the  "other  without  the  first  circle,  such  that  their  distances 
from  A  differ  by  only  a  small  fraction  of  a  wave-length  from  the 
distance  of  the  first  circle.  This  will  give  us  a  narrow  circular  zone, 
over  which  the  phase,  due  to  vibrations  coming  from  A,  is  constant. 

The  width  of  this  zone  will  be  represented  by 

^=- — , 

sma 
in  which  a  is  the  angle  subtended  from  P  by  AO,  and  x  is  the  half 
width  of  the  zone;  A  is  a  small  fraction  which  should  not  be  over  i. 

P,  however,  receives  vibrations  from  all  other  points  on  the  lumi- 
nous hemisphere,  and  for  each  one  of  these  we  can  construct  a  zone 

passing  through  P  in  exactly  the  same  manner.  There  will  be  a 
small  area  around  P  common  to  all  the  zones,  over  which  the  re- 

sultant phase  due  to  all  the  vibrations  will  be  the  same.  The  larg- 
est value  which  sin  a  can  have  is  attained  when  the  luminous  point 

considered  is  at  D,  when  sin  a  =-^,  in  which  p  is  the  radius  of  the R 
source  and  R  the  radius  of  the  large  sphere.     Inserting  this  value  in 
the  above  equation  gives  us  the  serai-diameter  of  the  small  area 
which  we  are  after.    The  diameter  of  the  area  is  given  by 

2x=  J^  if  wetakeA=i. 

2p 

Since  -£  represents  the  apparent  diameter  of  the  luminous  source R 
when  viewed  from  P,  we  can  say  in  general  that  the  phase  can  be 
considered  constant  over  a  circular  area  not  greater  in  diameter 
than  the  wave-length  of  light  divided  by  the  apparent  diameter 

of  the  source.     In  the  case  of  sunlight  -^  =  tan  16' =.005,  and R 

A  =  .0005nmi. 

2a:=^^=.05mm. .01 

In  ordinary  sunlight,  therefore,  the  phase  is  the  same  over  an 
area  measuring  only  .05  mm.  in  diameter,  or  in  a  square  milli- 

metre there  are  400  different  states  of  vibration.  We  can  easily 

apply  our  formula  to  Young's  experiment.  Suppose  we  form  an 
image  of  the  sun  with  a  lens  of  5  mm.  focus.     Its  diameter  will  be 

.05  nmi.  and  from  a  distance  of  1  metre  ̂   will  be  .00005. R 
The  diameter  of  our  circle  of  similar  phase  will  be  5  mms.,  i,e.  the 

two  pin-holes  should  not  be  over  5  mms.  apart  if  we  are  to  regard 
them  as  similar  sources,  which  is  the  condition  which  we  must  fulfil 
if  we  wish  to  obtain  interference  fringes. 

Interference  Fringes  when  the  Sources  lire  in  Line.  —  If  we  con- 
sider the  hyperboloid  fringes  formed  in  space  when  waves  radiate 
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in  all  directions  from  two  similar  sources,  to  be  cut  by  a  plane  per- 
pendicular to  the  line  joining  the  sources,  the  maxima  and  minima 

form  circles  which  have  a  conmion  centre  on  the  prolongation  of  the 
line  joining  the  sources. 

Fringes  of  this  description  were  obtained  by  Meslin  (Compt. 
RenduBf  1893)  by  an  ingenious  modification  of  the  arrangement  of 

Fig.  120. 

the  BiDet  split  lens.  This  instrument  consists  of  a  double  convex 
lens,  cut  in  halves,  the  two  portions  being  slightly  separated,  so  as 
to  form  two  images  8i,  St  of  the  source,  the  fringes  being  observed 
in  the  plane  X  (Fig.  120).  By  displacing  one  of  the  halves  as  shown 
in  Fig.  121  the  sources  are  brought  into  the  line  of  sight.    The 

-^--•^  .._.J_J           ---.s^i  ,-<" 

..2:.... Fig.  121. 

fringes  will  be  circles  in  this  case,  but  they  will  not  be  found  as  be- 
fore in  the  plane  X,  since  the  beams  from  the  two  sources  do  not 

overiap  in  this  region,  but  in  the  plane  X'  between  the  sources,  where 
overii^ping  occurs.  This  is  in  reality  interference  between  waves 
radiating  from  a  source,  with  waves  converging  to  a  similar  source. 

There  are  other  methods  by  which  two  similar  sources  in  line  can 
be  obtained. 

It  would  seem  at  first  sight  as  if  the  conditions  could  be  easily 
fulfilled  by  putting  a  very  minute  source  of  monochromatic  light  in 
front  of  and  close  to  a  silvered  reflecting  surface.  A  minute  electric 
flame,  obtained  by  passing  the  discharge  of  a  smaU  induction  coil 
between  two  metal  points  charged  with  sodium,  and  mounted  very 
close  together,  would  apparently  fulfil  the  conditions.  If  the  experi- 

ment is  tried,  no  fringes  are  seen,  however.  This  is  possibly  due  to 
the  impossibility  of  getting  the  source  small  enough,  but  more  prob- 

ably a  rather  pecuUar  factor  comes  into  play.  The  light  which 
forms  the  reflected  image  leaves  the  flame  in  a  direction  opposite 
to  the  stream  with  which  it  is  to  interfere.  It  is  doubtful  if  we  can 
consider  the  sources  similar  in  this  case.  If  we  were  dealing  with  a 
sin|[^e  sodium  molecule  the  case  would  be  different,  but  we  must 
remember  that  the  sodium  flame  has  the  power  of  absorbing  pre- 

cisely the  radiations  which  it  emits,  consequently  we  should  have 
more  lig)it  frcmi  the  back  of  the  flame  in  the  case  of  the  reflected 
image,  while  the  direct  beam  would  consist  chiefly  of  light  from  the 
front  of  the  flame.    Interference  between  these  two  portions  is 
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obviously  impossible.    There  are  other  objections  to  the  arrange- 
ment, as  a  little  consideration  will  show. 

If,  however,  we  reflect  a  point  source  of  light  at  two  parallel  sur- 
faces we  have  beams  capable  of  interfering  and  producing  circular 

fringes.  The  reflecting  surfaces  must  be  equidistant,  i.e.  parallel, 
and  the  incidence  normal.  The  axis  of  the  circular  fringe  sjrstem 
will  then  coincide  with  the  ray  normal  to  the  surfaces,  and  an  eye- 

piece cannot  be  brought  into  such  a  position  as  to  show  the  circular 
maxima  and  minima. 

If  the  reflecting  surfaces  are  half-silvered,  that  is  coated  with  a  film 
of  silver  of  such  thickness  as  to  reflect  and  transmit  equal  quantities 
of  light,  the  circular  fringes  can  be  seen  when  an  eye-piece  is  held 
behind  the  plates.  The  distance  between  the  source  and  its  virtual 
image  formed  by  a  double  reflection  between  the  plates  is  twice  the 
distance  between  the  reflecting  surfaces.  This  device  is  essentially 
the  form  of  interferometer  designed  by  Fabry  and  Perot,  and  will  be 
discussed  more  in  detail  presently. 

Interference  Fringes  along  Caustics.  —  In  the  Chapter  on  Reflec- 
tion we  have  seen  that  the  caustic  surfaces  are  traced  by  the  cusped 

wave-fronts.    Just  within  the  caustic  we  therefore  have  two  wave- 
fronts,  which  travel  obliquely  with  respect 
to  each  other,  and  which  came  originally 

from  the  same  source.    Let  c,  c'  be  the 
caustic  traced  by  the  cusped  waves,  the 
crests  of  which  are  represented  by  solid 
lines,  the  troughs  by  dotted  lines  (Fig. 
122).    Along  the  line  A  we  have  crests 

Fio.  122.  meeting  troughs,  and  a  consequent  de- 
structive interference,  while  leJong  the 

line  B  we  have  similar  phases,  and  maximum  illimiination.  It  is 
clear  from  the  diagram  that  the  interference  is  between  a  portion 
of  the  wave  which  has  passed  through  a  focus  with  one  which  is 
converging  to  a  focus,  the  condition  being  similar  in  some  respects 
to  experiments  with  the  Billet  split  lens,  described  in  the  previous 
section.  These  fringes  are  easily  seen  by  concentrating  simlight 
upon  a  pin-hole  and  reflecting  the  light  from  an  oblique  concave 
mirror.  The  fringes  will  be  found  in  the  region  between  the  pri- 

mary and  secondary  focal  lines,  i.e.  along  the  caustic. 
Interference  of  Polarized  Light.  —  The  study  of  the  interference 

of  polarized  light  was  taken  up  by  Fresnel  and  Arago  in  181B. 

Young's  explanation  of  the  colors  of  thin  plates  of  doubly  refract- 
ing substances  in  polarized  light  was  not  wholly  satisfactory  to 

Fresnel.  The  non-appearance  of  color  in  the  absence  of  the  polarizer 
and  analyzer  had  not  been  accounted  for,  Young's  explanation 
being  simply  that  the  color  was  produced  by  interference  between 
the  ordinary  and  extraordinary  rays  emerging  from  the  thin  plate. 

Fresnel  made  as  a  preliminary  experiment  the  following.  Einploy- 
ing  a  thin  crystal  of  Iceland  spar  in  the  same  manner  as  a  bi-prism,  he 
looked  for  interference  fringes  in  the  overlapping  portion  of  the  two 
bundles  of  rays  into  which  the  doubly  refracting  crystal  divided  the 
incident  light.    He  had,  what  amounted  to  two  similar  sources  of 
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li^t,  radiating  beams  polarized  at  right  angles  to  each  other.  No 
fringes  were  observed.  To  compensate  for  the  path  difference 
resulting  from  the  difference  of  retardation  between  the  two  rays, 
Fresnel  placed  a  glass  plate  of  calculated  thickness  in  the  path  of  the 
least  retarded  beam.  This  seemed  necessary  to  Fresnel,  because 
at  the  time  he  was  unaware  of  the  fact  that  interference  was  possible 
under  conditions  involving  considerable  difference  of  path.  The 
introduction  of  the  retarding  plate  gave  rise  however  to  diffraction 
fringes,  which  made  it  difficult  to  draw  conclusions. 

FVesnd  accordingly  modified  the  experiment,  reflecting  the  light 
after  its  passage  through  the  crystal,  from  a  ̂ass  plate  of  such  thick- 

ness that  the  path  difference  between  rays  reflected  from  the  front 
and  back  surface  was  the  same  as  the  path  difference  between  the 
ordinary  and  extraordinary  rays  emerging  from  the  crystal  plate. 
This  arrangement  might  be  expected  to  show  interference  between 
the  ordinary  ray  reflected  from  the  front  surface  of  the  glass  plate 
and  the  extraordinary  ray  reflected  from  the  back  surface,  but  there 
was  no  trace  of  a  fringe  system.  A  still  better  arrangement  was  then 
tried  by  Fresnel,  consisting  of  two  crystals  of  equal  thickness  with 
their  principal  sections  at  right  angles  to  one  another.  The  ordi- 

nary ray  from  the  first  crystal  is  refracted  as  an  extraordinary  ray 
in  the  second,  and  vice  versa,  the  result  being  two  beams  polarized 
at  right  angles  to  each  other  with  no  path  difference  between  them : 
in  this  case  also  no  fringes  were  observed.  These  experiments  es- 

tablished the  fact  that  the  two  beams  of  light  polarized  at  right 
angles  to  each  other,  into  which  a  doubly  refracting  crystal  divides 
ordinary  light,  are  incapable  of  interfering.  Arago  then  devised  an 
experiment  in  which  the  two  polarized  rays  were  obtained  indepen- 

dently of  double  refraction.  Two  parallel  slits  in  close  proximity 

were  illimiinated  as  in  Young's  experiment,  and  behind  each  was 
placed  a  pile  of  mica  plates  at  the  polarizing  angle.  By  rotating 
either  of  the  piles  the  transmitted  polarized  ray  could  be  set  at 
any  angle.  It  was  found  that  when  the  planes  of  polarization  were 
parallel,  fringes  were  produced,  but  when  the  planes  were  at  right 
allies  the  illumination  was  uniform.^ 

Fresnel  then  devised  a  very  beautiful  modification  of  the  experi- 
ment. A  selenite  plate  was  placed  in  front  of  the  two  slits,  and  a 

set  of  fringes  produced  similar  to  those  produced  by  the  slits  alone. 
Because  of  the  selenite  plate  we  must  regard  each  slit  as  sending 
two  beams  polarized  at  right  angles  to  each  other.  The  two  ordi- 

nary beams  being  polarized  parallel  to  each  other  interfere  and  form 
a  fringe  system,  and  the  two  extraordinary  rays,  being  also  polarized 
parallel,  give  rise  to  a  second  system  superposed  on  the  first.  If  now 
two  beams  polarized  at  right  angles  were  capable  of  interfering,  we 
«houkl  have  a  set  of  fringes  due  to  the  interference  of  an  ordinary 
beam  from  one  slit,  with  an  extraordinary  beam  from  the  other 
dit,  and  since  the  retardation  of  the  two  in  the  selenite  plate  is 
differ^it,  there  would  be  a  considerable  path  difference,  and  the 
fringe  system  would  be  displaced  with  reference  to  the  first.  As  a 
maiter  of  fact  two  systems  would  be  found,  one  to  the  left,  the  other 

1  Two  plAtM  of  tourmaline  furnish  an  easier  means  of  repeating  this  experiment. 
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to  the  right  of  the  original  system.    These  extra  fringe  systems  were 
not  found,  however. 

Frcsnel  then  cut  the  selenite  plate  in  two  between  the  slits,  and 
turned  one  half  through  a  right  angle.  By  this  device  the  ordinary 
ray  from  one  slit  was  brought  into  the  same  plane  of  polarixatioii 
as  the  extraordinary  ray  from  the  other :  the  two  sets  interfered  and 
produced  two  systems  of  fringes  displaced  to  the  right  and  left  of  the 
original  system,  owing  to  the  retardation  of  the  ordinary  ray  on  the 
extraordinary.  These  experiments  establish  the  first  of  the  Fresnel- 
Arago  laws  that  *^  Two  rays  polarized  parallel  will  interfere,  while 
two  rays  polarized  at  a  right  angle  will  not." 

Fresnel  and  Arago  then  showed  by  a  modification  of  the  last  ex- 
periment that  two  rays  polarized  at  right  an^es,  obtained  from  ordi- 

nary light,  can  be  made  parallel  without  thereby  acquiring  the 
property  of  interfering.  The  two  piles  of  mica  plates  were  placed 
behind  the  slits  in  such  positions  that  the  rays  were  polarized  at  a 
right  angle,  and  a  doubly  refracting  crystal  was  mounted  behind 
them,  with  its  principal  section  at  an  angle  of  45  degrees  to  the  planes 
of  |X)larization.  This  crystal  resolved  each  of  the  two  plane  polar- 

ized beams  into  two  rectangularly  polarized  components  of  equal 
IP  intensity.    At  first  sight  it  mi^t  appear  as 

g  if  we  had  here  exactly  the  same  conditions 
y  that  we  had  in  the  last  experiment ;  that  is, 
/  each  slit  furnishes  two  equally  intense  reo- 

[   ^^1  tangularly  polarized  beams  which  would  in- terfere in  pairs  and  produce  fringes.  Fresnel 
found,  however,  that  no  fringes  were  f(Hmed. 
Let  us  see  wherein  the  difference  lies. 

We  will  begin  by  assuming  ordinary  light  to 
Fiii.  1J3.  consist  of  plane  polarized  light,  the  plsuie  of 

polarization  changing  constantly  with  great 
rapidity.  Suppose  at  a  given  moment  the  plane  of  polarization  of 
thf*  light  incident  on  the  slit^  to  be  represented  by  the  line  AB  (Fig. 
V2:\) :  furthonnore,  let  mw'  and  nn'  l>e  the  planes  of  polarization  of the  Ih^uhs  transmitttM  by  the  mioa  plates.  The  Wbration  OB  is 
rt^s<)lv(^l  into  the  vibrations  on '  and  om'\  one  pile  of  plates  transmits the  fonnor  and  the  other  pile  the  la t tor  component.  We  thus  have 
Ivains  {www  th«^  slit*?  (x>lariz(\1  at  a  right  angle  to  each  other.  We 
will  now  bring  them  into  the  same  plane  by  means  of  the  doubly 
n^fraoting  or\-stal.  which  we  will  supixise  to  ho  tourmaline,  since  this 
crystal  has  the  prii>]vrty  of  aK<i>rbing  one  of  the  rectangularly  polar- 
\7A\\  t\>nnxMient.<  into  which  it  di\ides  a  ray.  Suppose  the  CT>-stal  so 
]>lao«\l  that  the  plane  of  the  transmitte*!  \*ibration  is  paraUel  to  the 
y\:\\w  i^f  the  vibnuion  of  the  inoi*lent  light  (which  we  oonsader  plane 
jv>lariz<\l^  for  an  intinitosinial  of  time.  Call  this  plane  AB  as  he^ 
U^vc  Jmij.  12 1 V  «M)'  will  Iv  rt^>lvt\l  into  components,  one  of  which, 
s\h  In  transmit tf\l,  and  ovi'  is  .alsi^  n^^lvoil  into  two  components, 
onr  of  which .  iv,  is  transmit lf\l.  Thi^so  two  lx*ams  are  of  equal  in- 
tonsit>  and  i\>lari7«\l  in  t])o  same  plane,  .and  will  accordingly  pro- 
diuv  a  NOt  of  fringu^.     And  now  ciMn*^  the  impi^rtant  point. 

rhr  ]>lane  of  }v>l:iriR;Uion  of  the  incident  light  is  changing  with 

m 

/ 

k' 

/ 
/ 
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Fig.  124. 

inconceivable  rapidity  all  the  time.  In  the  next  infinitesimal  of 
time  suppose  the  plane  turned  through  a  right  angle  to  the  position 

A'  B\  The  piles  of  mica  plates  re- 
solve this  into  on'  and  om  at  right 

an^es  to  each  other.  The  tourmaline 
plate  only  transmits  the  components 
which  are  parallel  to  AB,  namely,  od 
and  od%  which  do  not  coincide,  but 
have  a  phase  difference  of  180.  The 
two  equally  intense  beams  give  rise  to 
a  set  of  fringes  as  before,  but  a  phase 
difference  of  180  exists  between  them, 
and  the  maxima  fall  in  the  places  oc- 

cupied by  the  minima  of  the  previous 
case.  The  non-interference  of  two 
beams  polarized  at  a  right  angle,  ob- 

tained from  ordinary  light  and  brought 
to  the  same  plane  of  polarization,  is 
then  only  apparent.  What  we  really 
have  are  maxima  and  minima,  which 
change  place  as  rapidly  as  the  plane 
of  polarization  of  ordinary  light  changes,  and  the  result  is  uniform 
illumination.  Were  it  possible  to  take  an  absolutely  instantaneous 
photograph  of  the  iUuminated  field  we  should  probably  find  the 
fringes. 

If  two  beams  of  light  polarized  at  right  angles  were  derived  origi- 
nally from  a  polarized  beam,  they  will  interfere  when  brought  into 

t^e  same  plane  of  polarization. 
Tliis  is  simply  the  permanent  condition  of  what  in  the  previous 

case  existed  only  for  an  infinitesimal  of  time,  and  was  experimentally 
investigated  by  Fresnel,  who  found  that  the  position  of  the  maxima 
in  the  fringe  system  depended  on  whether  the  plane,  into  which  the 
rays  polarized  at  right  angles  were  brought,  was  parallel  or  at  right 
BJDifies  to  the  original  plane,  a  phase  difference  of  180  being  intro- 

duced in  the  latter  case,  as  we  have  seen. 
The  Fresnel-Arago  Laws.  —  These  results  can  be  summed  up  into 

what  are  known  as  the  Fresnel-Arago  laws. 
1.  Two  rays  polarized  in  the  same  plane  interfere  in  the  same 

manner  as  ordinary  light. 
2.  Two  rays  polarized  at  right  angles  do  not  interfere. 
3.  Two  rays  polarized  at  right  angles  (obtained  from  ordinary 

li^t),  and  brought  into  the  same  plane  of  polarization,  do  not 
interfere  in  the  ordinary  sense. 

4.  Two  rays  polarized  at  right  angles  (obtained  from  plane  po- 
larized light)  interfere  when  brought  into  the  same  plane  of 

polarization. 
5.  In  the  latter  case,  under  certain  conditions,  half  a  wave-length, 

corresponding  to  the  phase  difference  of  180,  must  be  added  to  the 
path  difference. 

The  Colors  of  Thin  Plates.  —  The  iridescent  colors  which  are 
displayed  by  thin  films  of  transparent  substances  were  first  investi- 

N 
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gated  by  Boyle.  In  1665  Hooke  devised  the  method  of  producing 
the  colors  by  means  of  an  air  film  between  two  lenses  of  large  radius 
of  curvature.  He  found  that  the  colors  were  distributed  in  concen- 

tric rings,  showing  that  they  depended  on  the  thickness  of  the  film, 
and  that  equal  thickness  gave  always  the  same  color.  Hooke  ex- 

plained the  production  of  color  as  follows.  A  portion  of  the  light  is 
reflected  from  the  upper  surface,  and  a  portion  penetrates  the  fihn 
and  is  reflected  from  the  lower  surface.  This  portion  has  suffered 
two  refractions  and  a  reflection,  and  is  weakened  in  consequence. 
This  weaker  impulse  will  reach  the  eye  a  moment  later  than  the  one 
coming  from  the  upper  surface,  and  Hooke  supposed  the  sensation 
of  yellow  to  be  due  to  a  weak  impulse  following  a  stronger  one.  If 
the  thickness  of  the  film  increases,  the  weaker  impidse  will  lag 
behind  the  stronger  until  it  will  unite  with  the  next  following 
stronger,  finally  lagging  behind  this  sufficiently  to  once  more  pro- 

duce the  sensation  of  yellow.  Thus  he  explained  the  recurrence  of 

the  color  with  increasing  thickness.  Hooke's  notion  was  that  sensa- 
tion of  color  depended  on  successive  impacts  on  the  retina  of  strong 

and  weak  impulses.  If  the  stronger  preceded  the  weaker  one  color 
was  produced.  If  tnce  versa,  then  another  color  resulted.  He  was 
right  in  explaining  the  color  as  produced  by  the  union  of  the  lig^t 
streams  reflected  from  the  two  surfaces,  and  being  ignorant  of  the 
nature  of  white  light  and  of  wave-length  as  we  speak  of  it,  gave  what 
seemed  the  simplest  and  most  probable  explanation  of  the  regular 
sequence  of  the  colors. 

The  subject  was  more  carefully  investigated  by  Newton,  who 
made  careful  measurements  of  the  colored  rings  (since  known  by  his 
name)  produced  by  the  air  film  between  a  lens  and  a  plate  of  ̂ ass. 

It  remained  for  Young,  however,  to  give  the  true  explanation 
that  the  rings  were  due  to  the  interference  between  the  wave-trains 
reflected  from  the  upper  and  lower  surface  of  the  fihn. 

If  we  place  the  curved  surface  of  a  plano-convex  lens  of  very  long 
focus  (the  longer  the  better,  say  2  or  3  metres)  on  a  flat  plate  of  l^ass, 
and  view  the  reflected  image  of  a  sodium  flame,  we  shall  see  the 
point  of  contact  surrounded  by  dark  and  bright  circles  of  light,  pro- 

duced by  interference  of  the  streams  of  light  reflected  from  the  two 
surfaces.  This  gives  us  a  very  simple  means  of  obtaining  inter- 

ference under  a  variable  path  difference.  The  diameters  of  the 
circles  vary  according  to  the  same  law  as  that  which  obtains  in 
the  case  of  the  zone-plate,  the  scale  however  varies  with  the  wave- 

length, red  light  giving  us  larger  rings  than  yellow  or  green. 
If  the  source  emits  two  wave-lengths,  the  bright  rings  will  there- 

fore be  in-step  at  some  points,  and  out-of-step  at  others.  In  the 
case  of  sodium  light  we  have  two  wave-lengths  the  difference  be- 

tween which  is  y^Vtt  of  their  actual  values.  The  fringes  are  there- 
fore exactly  out-of-step,  or  in  *'  Dissonance  '*  at  the  500th  ring  from 

the  centre.  At  the  lOOOth  ring  they  are  again  in-step  or  in  "  Con- 
sonance.*' When  in  dissonance  they  are  quite  invisible.  The  al- 

ternate appearance  and  disappearance  of  the  sodium  flame  rings 
cannot  be  well  seen  with  the  lens  and  plate  unless  we  use  a  st.rong 
magnifying  glass  to  view  the  fringes. 
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Their  distinctness  is  much  greater  if  we  got  rid  of  the  light  re- 
I  Beded  from  the  upper  surface  of  the  lens,  and  the  lower  surface 
l>ot  the  plate.  Tliis  can  be  done  by  putting  a  horizontal  slit  .5  cm. 
Fin  width  in  front  of  tlie  soda  Same.     The  imagea  reflected  from  the 

jfiffcn-nt  surfiiwji  will  appear  tieparated,  the  rings  being  seen  only 
e  of  them.     An  eawer  way  of  showing  Dissonance  is  to  use  s 
n  and  thalliunt  (lame.    This  gives  red  and  green  rings  when 

p  oceura,  and  yellow  (subjective)  at  the  points  where  the 
I  irrwn  ar*"  suiMTixiscd,     It  whit*  light  is  employed  wc  get 

it  rinu*. 



164  PHYSICAL  OPTICS 

The  best  arrangement  of  all,  however,  is  to  blacken  the  back 
surface  of  the  lens  with  a  mixture  of  glycerine  and  lampblack, 
which  can  be  easily  washed  ofif,  and  lay  upon  the  curved  surface  a 
thin  prism  of  small  angle  (say  8  or  10  degrees),  fastening  it  in  posi- 

tion with  a  few  drops  of  melted  wax  at  the  comers. 
It  can  now  be  mounted  in  a  vertical  position,  and  the  light  from  a 

mercury  arc  thrown  upon  it  with  a  condensing  lens  placed  in  such 
a  position  that  the  reflected  light  is  focussed  upon  a  photographic 
objective  placed  in  such  a  position  that  it  gives  an  enlargement  of 
several  diameters.  The  rings  can  be  observed  with  an  eye-piece 
or  photographed.  A  tank  filled  with  a  solution  of  bichromate  of 
potash,  used  as  a  ray  filter,  gives  us  only  the  green  and  the  two 
yellow  lines ;  we  can  see  the  dissonance  of  the  green  and  yellow 
fringes,  and  far  out  in  the  system  the  dissonance  of  the  two  yellow 
lines.  A  photograph  of  these  fringes  made  by  the  author  is  repro- 

duced in  Fig.  125.  In  the  upper  figure  we  have  the  fringes  formed 
by  the  green  mercury  light,  just  below  those  obtained  with  the 
green  and  the  two  yellow  lines.  In  this  case  the  green  and  double 
yellow  lines  get  out-of-step  at  intervals.  Far  out  in  the  system 
the  two  yellow  lines  get  out-of-step,  and  their  dissonance  with  the 
green  line  vanishes.  Still  farther  out  dissonance  again  occiurs.  In 
the  lower  figure  we  have  the  rings  formed  by  the  two  yellow,  the 
green  and  a  number  of  blue  and  violet  lines,  producing  a  remark- 

able complex  of  color  when  seen  with  the  eye-piece. 
Newton's  Rings.  —  The  thickness  of  a  film  of  air  at  any  point 

between  a  spherical  and  a  plane  surface  in  contact  is  easily  expressed 
in  terms  of  the  distance  of  the  point  from  the  point  of  tangency,  and 
the  radius  of  curvature  of  the  surface. 

This  gave  Newton  the  means  of  accurately  determining  the  color 
produced  by  an  air  film  of  any  thickness.  A  lens,  the  radius  and 
curvature  of  which  is  known,  is  placed  on  a  piece  of  plate  glass  and 
viewed  by  reflected  light.  Circular  colored  rings  are  seen  sur- 

rounding the  point  of  contact,  the  colors  being  most  brilliant 
where  the  air  film  is  very  thin.  We  wish  to  determine  its  thickness 
€,  for  example,  where  the  first  yellow  ring  appears.  Let  the  radius 
of  curvature  of  the  lens  be  i?,  and  the  radius  of  the  yellow  ring  r 
(Fig.  126).    We  have 

r2  =  /P-(/2-€)»=2/2c-£»  or  c=^, 
2  R 

since  c^  is  small  in  comparison  to  2  Kc,  an  expression  which  shows 
us  that  the  thickness  of  the  air  film  is  proportional  to  the  square 

of  the  radius  of  the  ring.  Newton  found  that 
with  monochromatic  light  he  got  alternately 
bright  and  dark  rings,  and  that  the  rings  when 
produced  by  red  light  were  larger  than  when 
produced  by  blue.  With  white  light,  then,  we 
have  an  infinite  number  of  ring  systems  super- 

posed, and  to  the  blending  of  these  systems  is 
due  the  complicated  succession  of  color  observed  by  Newton. 

It  may  be  remarked  here  that  in  viewing  the  interference  phe- 
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nomena  produced  by  thin  plates,  the  eye  must  be  focussed  upon 
the  film. 

Let  AB  he  A  ray  incident  nearly  normally  on  the  upper  surface 
of  the  air  film  (Fig.  127).  A  portion  is  refracted  to  C,  where  it 
undergoes  a  second  reflection,  emerging  from  the  upper  surface 
after  a  second  refraction  at  D,  It  then  pursues  a  direction  identical 

with  the  first  reflected  portion  of  some  other  ray  A'Z),  very  close  to 
A  B.  (If  the  incidence  is  absolutely  normal,  it  will  coincide,  of  course, 
with  the  first  reflected  portion  of  AB,)  Suppose  the  path  BCD  to 
be  one-half  wave-length.  Then  the  waves  which  have  twice  trav- 

ersed the  film  will  be  half  a  wave-length  behind  those  which  are 
reflected  from  the  upper  surface,  and  if  the  amplitudes  are  the 
same  there  will  be  destructive  interference,  and  no  light  will  be 
reflected  by  the  film.  In  other  words,  every  ray 
which  would  ordinarily  be  reflected  from  the 
upper  surface  will  be  destroyed  by  one  coming 
from  the  under  surface.  If  the  film  were  in- 

finitely thin  the  path  BCD  would  be  zero,  and  we 
should  expect  the  waves  to  agree  in  phase  and 
reenforce  one  another ;  but,  as  a  matter  of  fact, 
we  find  that  when  the  film  is  very  thin  exactly 
the  reverse  is  true,  no  light  is  reflected:  and 
when  the  path  BCD,  which  is  practically  twice 

the  film's  thickness,  is  exactly  one-half  wave- 
length, we  have  the  two  streams  reenforcing  each 

other  instead  of  destroying  each  other.  The  explanation  of  this  is 
that  the  two  reflections  take  place  under  different  conditions.  At 
the  upper  surface  the  reflection  is  from  a  dense  medium  to  a  rare ; 
at  the  lower  surface,  from  a  rare  to  a  dense.  The  waves  reflected 
at  the  rarer  medium  are  reflected  without  change  of  phase,  those 
reflected  at  the  denser  medium  suffer  a  phase  change  of  180°.  This 
is,  of  course,  equivalent  to  a  path  difference  of  half  a  wave-length. 

When  the  thickness  of  the  plate  is  small  in  comparison  with  the 
wave-length,  the  waves  reflected  at  the  lower  surface  destroy  those 
reflected  from  the  upper  surface,  by  virtue  of  this  sudden  change 
of  phase,  and  no  light  is  reflected. 

This  explanation  was  given  by  Young,  who  devised  a  very  beau- 
tiful experiment  in  support  of  it.  By  using  a  lens  of  crown  and  a 

plate  of  flint  ̂ ass  with  a  film  of  cassia  oil  between  them,  he  secured 
a  system  in  which  reflection  from  the  upper  and  lower  surface  of  the 
film  took  place  under  the  same  condition,  the  oil  having  a  refractive 
index  intermediate  between  that  of  the  crown  and  flint  glass.  The 
ring  system  formed  under  these  conditions  had  a  white  centre,  ex- 

actly in  accordance  with  his  theory. 
Under  normal  incidence  we  have  then  the  following  equations  for 

the  thickness  e  of  the  film : 

«« (2  n  —  1)  2  for  a  maximum 
lor  a  maximum  i 

by  reflection, 

e«s2(n  — I)  -  for  a  minimum 4 
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where  the  reflection  takes  place  under  opposite  conditions,  and 

e—2n-  for  a  maximum 
by  reflection, 

e  =  (2  n -hi) -  for  a  minimum 
4  J 

where  the  conditions  are  the  same  as  in  the  case  of  the  cassia  oil 
experiment.  In  these  equations  A  is  the  wave-length  in  the  film.  If 
the  film  has  a  refractive  index  ft,  and  X  is  the  wave-length  of  light 

used,  we  must  write  -  for  A  in  our  equations. 
To  determine  the  successive  thicknesses  of  the  film  which  will 

reflect  Hght  of  wave-length  X,  we  give  to  n  values  1, 2,  3, 4,  etc.,  and 

find  for  e  values  corresponding  to  7,  87,  5-,  etc.    That  is,  thick- 4      4      4 

nesses  corresponding  to  odd  values  of  the  quarter  wave-length  give 

maxima,  and  thicknesses  corresponding  to 0, 2-,  4-,  etc.,  give  minima. 

With  films  of  such  thickness  that  no  light  is  reflected,  the  energy 
is  not  lost,  but  is  transmitted ;  therefore  such  films  have  an  increased 
transmitting  power  for  monochromatic  Ught,  none  being  lost  by  re- 

flection from  the  first  surface. 
The  above  equations  show  us  that  as  we  increase  the  thickness  of 

the  film  it  alternately  reflects  and  refuses  to  reflect ;  therefore  in  the 
case  of  a  film  enclosed  between  a  lens  and  a  plate,  the  thickness  of 
which  increases  as  we  go  out  from  the  point  of  contact,  the  locus  of 
points  in  the  film  which  reflect  and  which  refuse  to  reflect,  are  con- 

centric circles. 

Newton's  Rings  in  White  Light.  —  The  formula  for  the  thickness 
of  the  plate  required  to  produce  a  maximum  or  minimiun,  shows  us 
that  if  we  decrease  X  we  must  decrease  the  thickness  of  the  film ; 
that  to  produce  the  first  red  maximum  the  thickness  of  the  film 
must  be  J  of  the  wave-length  of  the  red  wave,  while  to  produce  the 
first  blue  ring,  it  must  he  only  J  of  the  blue  wave.  The  first  blue 
maximum,  therefore,  lies  nearer  the  centre  than  the  red,  and  the 
maxima  for  the  other  colors  occupy  intermediate  positions.  An  in- 

spection of  the  formula  for  the  maxima  e= (2  n— 1)7  shows  us  that 4 

with  a  given  thickness,  large  in  comparison  to  the  wave-length,  the 
formula  will  hold  for  a  number  of  different  values  of  X,  taking  differ- 

ent values  as  we  change  X.  Thus  a  given  thickness  may  fulfil  the 
conditions  of  the  equation  for  maxima  for  a  large  number  of  differ- 

ent colors.  The  analogy  between  this  case  and  that  of  the  fringe 
produced  by  the  Fresnel  mirrors  with  large  path-difference  is  ob- 
\dous.    Suppose  the  thickness  of  the  film  to  be  .01  m.,  we  then  have 

.01  =  w-  or  .04  =  nX  for  a  maximum  when  the  value  of  n  is  any  odd 

number.  If  we  give  X  its  value  for  red,  .0007,  we  find  n  to  be  57,  or 
we  have  n  =  57  for  red,  corresponding  to  the  28th  maximum. 
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With  violet  light  of  wave-length  .0003  we  find  n=133,  corre- 
sponding to  the  66th  maximum.  Between  these  two  values  we  shall 

have  66.28  other  maxima  for  intermediate  wave-lengths.  Con- 

sequently a  film  measuring  .01  mm.  in  thickness  will* reflect  38 different  parts  of  the  spectrum  and  refuse  to  reflect  38  intermediate 
parts,  or  if  we  examine  the  hght  reflected  from  the  film  with  the 
spectroscope  we  shall  find  the  spectrum  crossed  by  38  dark  bands. 

Refractive  Index  and  Dispersion  of  a  Thin  Plate.  —  It  is  plain  that 
we  have  here  a  means  of  determining  the  thickness  of  a  thin  film. 
By  examining  the  light  reflected  from  it  with  a  spectroscope  and 
counting  the  number  of  dark  bands  between  any  two  known  points 
(Fraunhofer  lines)  in  the  spectrum,  we  can,  by  making  the  substitu- 

tions in  the  formula,  calculate  the  thickness.  In  the  formula  which 
we  have  given  we  have  supposed  the  incidence  normal,  and  X  to  be 
the  value  of  the  wave-length  in  the  material  of  the  film.  If  we  are 
dealing  with  films  of  glass  we  must,  of  course,  reduce  the  wave- 

length values  to  their  values  in  glass. 
The  complete  formula  for  determining  the  thickness  of  a  plate  of 

any  substance  with  light  reflected  at  any  incidence  is 
nXiXj 

2/AC0sr(X,— Xj)' 

in  which  n  is  the  number  of  dark  bands  between  wave-lengths  Aj^,  X2» 
M  the  refractive  index  of  the  film,  and  r  the  angle  of  refraction. 

If  we  know  the  thickness  we  can  determine  /a  at  different  points 
of  the  spectrum,  or  measure  the  dispersion. 

Influence  of  Multiple  Reflections.  —  The  theory  of  thin  plates 
as  it  came  from  the  hands  of  Young  had  an  imperfection.  The  por- 

tions of  the  light  reflected  from  the  two  surfaces  are  not  equal,  since 
the  li^t  which  suffers  reflection  at  the  second  surface  has  already 
been  weakened  by  reflection  at  the  first.  The  two  portions  should 
therefore  never  wholly  destroy  each  other  as  they  do  when  we  em- 

ploy monochromatic  hght.  Poisson  showed  that  we  must  take  into 
aooount  the  multiple  reflections  which  occur  within  the  film.  If 

the  retardation  of  the  ray  A'B'C'B  on  the 
ray  AB  is  8=2  e  cos  r,  the  retardation  of  ,^  \ 
consecutive  rays  incident  at  B"  B'",  etc., 
are  2«,  3«,  etc.  (Fig.  128).  We  thus 
know  the  phases  of  the  components  as 
ibey  arrive  at  fi,  and  to  calculate  their 
joint  effects  we  must  know  their  ampli- 

tudes. A  certain  percentage  of  the  incident 
Ii|[^t  will  be  reflected  at  the  glass-air  surface,  and  a  certain  per- 

centage at  the  air-^ass  surface,  but  we  have  no  right  to  assume  that 
the  fractional  part  reflected  is  the  same  in  each  case.  The  following 
method  of  ascertaining  the  relations  between  the  amplitudes  of  the 
reflected  rays  was  used  by  Stokes. 

Let  the  ami^tude  of  the  incident  ray  be  a,  then  the  amplitude  of 
the  reflected  ray  will  be  ab,  in  which  b  is  a  fraction,  and  the  am- 

plitude of  tiie  refracted  ray  will  be  oc,  c  being  in  general  a  fraction 

■N 
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larger  than  6.  By  the  principle  of  reversibility,  if  we  send  these 
two  rays  back  along  their  paths,  they  should  give  rise  to  the  orig- 

inal ray,  reversed  in  direction  of  course,  with 
the  original  amplitude  a.  If  we  reverse  BC, 
however,  it  will  give  rise  to  two  rays,  one  along 
BA  of  amplitude  ab^,  and  one  along  BE  of  am- 

plitude abc.  In  reversing  DB  we  cannot  obtain 
the  amplitudes  of  the  reflected  and  refracted 
components  by  multiplying  its  amplitude  by  b 
and  c  respectively,  since  the  reflection  takes 
place  under  different  conditions.  We  will  there- 

fore designate  the  amplitudes  of  the  reversed 
components  of  BD  by  dcf  (along  BA)  and  ace  (along  BE).  If  the 
sum  of  these  components  is  to  represent  a  ray  along  BA  of  amr 
plitude  a,  and  we  are  to  have  no  ray  BEy  as  must  be  the  case  if  the 
reversed  rays  give  rise  to  the  original  ray  only,  the  following  relar 
tions  between  6,  c,  e,  and/ must  hold : 

acf-{-ab^=a  and  ace-\-abc=0. 

These  equations  give  us 

cf=  1  —  6*=  I  —  e  and  6  =  —  e. 

The  latter  equation  shows  us  that  the  amplitude  of  the  ray  aris- 
ing from  reflection  in  passing  from  the  upper  to  the  lower  medium 

is  equal  to  the  amplitude  of  a  ray  of  equal  intensity  which  has  suf- 
fered reflection  in  passing  from  the  lower  to  the  upper  medium. 

The  fact  that  the  sign  of  b  is  opposite  to  the  sign  of  e  indicates 
moreover  that  there  is  a  relative  phase  change  of  half  a  period  between 
the  ray  reflected  under  opposite  conditions.  This  explains  the  ab- 

sence of  a  ray  along  BE  when  we  reverse  the  reflected  and  refracted 
components,  the  components  along  BE  having  a  phase  difference 
of  180  and  destroying  one  another. 

The  perfect  blackness  of  the  interference  fringes  when  mono- 
chromatic light  is  used  follows  at  once  from  the  above  equations. 

The  amplitude  of  the  stream  reflected  from  the  first  surface  is  ab. 
The  transmitted  amplitude  is  ac,  of  which  abc  is  reflected  from  the 
lower  surface,  and  abcf  emerges  into  the  upper  medium.  The 
amplitudes  emerging  into  the  upper  medium  owing  to  the  multiple 
reflections  form  a  series  abcf  +  at^cf  +  ab^cf  H —  .  Complete  inter- 

ference will  occur  if  the  sum  is  equal  to  ab.  This  is  seen  to  be  the 
case,  for 

abcf(l-\-b'^b\  etc.)=a6c/=  V^=a&7-^=a6, 1—0  1—0 

since  cf=  1— 6^^  ̂g  ̂ ^  have  seen  above. 
Curves  of  Equal  Thickness  and  Equal  Inclination.  Haidinger's 

Fringes.  —  In  the  case  of  fringes  formed  by  the  reflection  of  light  from 
a  thin  film  of  variable  thickness,  the  thickness  of  the  film  along  any 

fringe  is  a  constant.  These  fringes  are  therefore  called  "  curves  of 
equal  thickness." 
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The  fringes  are  located  at  the  fUm,  and  the  eye  should  be  focussed 
on  the  film  to  see  them  distinctly. 

Another  class  of  fringes  was  first  described  by  Haidinger,  in  1849, 
and  subsequently  studied  by  Michelson  in  1882  and  by  Lummer 
in  1884.  They  are  produced  by  interference  of  light  reflected  from 
the  surface  of  a  thick  plane-parallel  plate,  when  waves  of  different 
inclinations  fall  upon  it.  To  see  them  as  circles  the  eye  must  be 
normal  to  the  plate,  and  the  light  reflected  down  upon  it  by  a  trans- 

parent plate-^ass  mirror  moimted  at  an  angle  of  45^  between  the 
eye  and  the  plate.  They  are  located  at  infinity,  i.e.  formed  by  the 
interference  of  parallel  rays,  and  are  invisible  unless  the  eye  is  fo- 
ci^8ed  for  infinity. 

Testing  Glass  Plates  for  Flatness  and  Plane-Parallelism. — 
If  we  have  an  optical  glass  flat,  we  can  test  the  flatness  of  any 
other  plate  by  laying  it  upon  the  flat  and  observing  the  reflection 
of  a  sodium  flame  from  the  surfaces.  Flatness  is  indicated  by 
perfectly  stndght  fringes,  parallel  and  equidistant.  If  we  have  no 
fiat  plate  we  can  use  a  method  due  to  Lord  Rayleigh.  The  glass 
plate  is  mounted  in  a  small  dish,  which  is  then  filled  with  clean  water 
until  the  fluid  covers  the  plate  to  the  depth  of  about  a  milli- 

metre. There  should  be  a  margin  of  surface  of  2  or  3  cms. 
between  the  edges  of  the  plate  and  the  sides  of  the  dish,  to 
avoid  capillary  troubles.  The  whole  is  mounted  upon  a  stand 
provided  with  levelling  screws,  in  a  locality  free  from  all  tremors. 
A  ̂ ass  plate  should  be  placed  over  the  (fish  to  prevent  air  cur- 

rents from  disturbing  the  surface.  The  fringes  formed  by  the 
interference  between  rays  reflected  from  the  glass-water  surface 
and  the  water-air  surface  are  observed.  The  two  surfaces  should 
first  be  made  as  nearly  parallel  as  possible,  by  observing  the  re- 

flection of  a  very  small  and  bright  point  of  light,  and  bringing  the 
two  images  together  by  means  of  the  levelling  screws.  A  small 
mirror  should  be  moimted  over  the  surface  of  the  water  which  re- 

flects sodium  light  down  upon  the  surface.  The  surface  should 
be  observed  by  means  of  a  magnifying  glass.  At  first  the  fringes 
will  usually  be  found  very  close  together,  but  they  may  be  made  as 
broad  as  desired  by  leveUing.  If  the  water  surface  is  of  a  certain 
thickness,  they  may  not  appear  owing  to  the  fringes  formed  by  D 
and  Dt  being  in  di^nance.  It  is  safer  to  use  the  light  of  the  mer 
cuiy  arc  filtered  through  a  green  glass,  for  the  green  fine  is  very  h 
nn^eneous.  If  the  fringes  are  curved  the  plate  is  not  flat.  W 
must  now  determine  the  nature  of  the  surface,  that  is  whether  con- 

vex or  concave,  spherical,  cylindrical,  or  saddle-shaped.  ^ 
If  we  move  our  eye  so  as  to  increase  the  angle  of  incidence,  the" retardation  will  decrease,  since  cos  i  decreases  in  the  formula  for  a 

2ftccosi  =  nX 

fringe  of  order  n  which  remains  constant  for  a  given  fringe.  The 
thickness  e  must  therefore  increase,  and  a  given  fringe  move 
towards  a  region  of  greater  thickness. 

If  the  surface  is  convex  the  fringes  will  move  out  towards  th< 

\ 



160  PHYSICAL  OPTICS 

edge  as  the  eye  is  moved  down,  if  concave  they  will  move  away  from 
the  edge. 

It  is  however  so  much  easier  to  work  with  a  glass  flat,  that  the 
water  method  should  only  be  attempted  to  standardize  the  test 
plate.  Suppose  we  have  a  small  square  plate  which  we  know  to  be 
flat. 

If  we  place  a  larger  piece  of  thin  plate  glass  upon  it,  and  press  down 
upon  the  four  comers  with  the  fingers,  the  imder  surface  will  be- 

come concave,  and  we  see  Newton's  rings,  which  will  close  in  to- 
wards the  centre  as  the  eye  is  moved  down. 

If  the  surface  is  cyUndrical,  and  we  can  bring  the  plate  into  this 
condition  by  pressing  down  upon  two  opposite  edges,  the  fringes  will 
be  straight,  but  not  equidistant,  lying  closer  together  along  tiie  two 
edges  than  at  the  surface. 

A  saddle-shaped  surface  gives  fringes  shaped  Uke  hyx)erboloids. 
The  thickness  along  a  given  fringe  is  a  constant,  and  the  fringes  can 
therefore  be  regarded  in  the  same  way  as  the  contour  Unes  on  a  map. 

It  is  instructive  to  try  the  experiment  of  improving  or  figuring  a 
poor  surface  by  means  of  dilute  hydrofluoric  acid  appUed  with  a  soft 
brush  over  the  regions  from  which  material  must  be  removed. 
The  surface  should  be  tested  frequently  by  laying  it  upon  the  test 
plate.  A  subsequent  polishing  with  rouge  upon  a  surface  of  pitch 
will  remove  the  slight  irregularities  introduced  by  the  etching  process. 

To  test  for  plane-paralleUsm  we  observe  the  Haidinger  fringes 
obtained  with  thick  plates  when  the  eye  is  focussed  for  infinity. 
Moimt  the  plate  in  a  horizontal  position  and  reflect  the  green 

light  from  the  mercury  arc  down  upon  it  from  above  by  means 

of  a  piece  of  plate  glass  at  an  angle  of  45^.  The  plate  must 
first  be  made  perpendicular  to  the  line  of  vision  (from  above)  by 
observing  the  reflection  of  the  pupil  of  the  eye  in  it.  The  fringes 
appear  as  concentric  circles  when  the  eye  is  focussed  for  infinity. 
The  direction  of  the  incident  light  and  the  line  of  vision  should 
coincide  as  nearly  as  possible.  Fix  the  attention  upon  the  central 
ring,  and  move  the  plate  slowly  in  its  own  plane.  If  the  rings  ex- 

pand, new  ones  opening  out  from  the  center,  we  are  moving  towards 
a  region  of  greater  thickness,  for  the  incidence  angle  i  is  greater 
for  each  successive  ring  and  the  formula  for  a  ring  of  order  n  is 

nX  =  2  /AC  cos  I. 

As  i  increases  cos  i  decreases,  therefore  e  must  increase,  that  is  the 
ring  moves  out.  To  determine  the  error,  count  the  rings  which 
develop  in  passing  from  edge  to  edge  of  the  plate.    If  A;  represents 

k 
this  number,  then  ̂   is  the  number  of  wave-lengths  by  which  the 

k 
plate  departs  from  parallelism,  and  r—  A.  is  the  actual  difference  in 

2/1. 
thickness  in  millimetres.  (X  =  .000546  for  the  green  mercury 
Ught.) 

Colors  of  Iridescent  Crystals  and  Opals.  —  Some  very  remarkable 
phenomena  connected  with  the  colors  of  thin  films  are  frequently 
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exhibited  in  crystals  of  chlorate  of  potash.  The  cause  of  these  colors 
was  investigated  by  Stokes,  and  found  to  be  due  to  the  existence  of 

planes  within  the  cr3r8tal  at  which  a  periodic  "twinning  "  had  oc- 
curred. The  colors  are  extremely  brilliant  and  pure,  much  more  so 

than  any  exhibited  by  soap  films.  An  interesting  paper  by  Lord 
Rayleigh  will  be  found  in  the  Phil  Mag.^  xxvi.,  pp.  256-265,  1888. 
One  of  the  most  remarkable  facts  connected  with  the  phenomenon 
is  that  the  spectrum  of  the  reflected  light  is  frequently  found  to  con- 

sist almost  entirely  of  a  comparatively  narrow  band.  The  same 
phenomenon  is  also  exhibited  by  the  fiery  opal.  One  in  possession 
of  the  author  at  a  certain  angle  of  incidence  reflects  yellow  Ught 
which,  when  examined  in  the  spectroscope,  is  foimd  to  consist  of  a 
narrow  band  not  much  wider  than  the  distance  between  the  yellow 
mercury  lines.  In  the  case  of  a  single  thin  film,  of  such  thickness 
that  but  a  single  region  of  the  spectnun  is  reflected,  this  region  is 
always  of  considerable  breadth.  To  accoimt  for  the  reflection  of 
li^t  of  such  a  high  degree  of  purity  Lord  Rayleigh  assimies  that 
the  reflection  takes  place  at  a  nimiber  of  thin  laminae  sensibly 
equidistant,  the  distance  between  any  two  being  of  the  order  of 

magnitude  of  the  light-wave.  Quoting  from  his  paper,  "  In  ordeit 
to  explain  the  vigor  and  purity  of  the  color  reflected  in  certain! 
crystals  it  is  necessary  to  suppose  that  there  are  a  considerable 
number  of  thin  surfaces  disposed  at  approximate  equal  intervals. 
At  each  angle  of  incidence  there  wQuld -bs--  ̂   pflrtiirnlar  WftYfV 
length  f6r  Which  the  phases  of  .Ihe  several  reflections  are  in  agree- 
mmt."  ̂ Thc"SBl6Ctt6n  of  light  of  a  particular  wave-length  would  thus iS^place  upon  the  same  principle  as  in  diffraction  spectra,  and 

might  reach  a  high  d^ree  of  perfection."  Lord  Rayleigh  de- 
scribes an  interesting  acoustical  analogue,  the  sound  of  a  bird  call, 

giving  a  pure  tone  of  high  pitch,  being  most  copiously  reflected 
from  a  number  of  flat  equidistant  screens  made  of  thin  muslin, 
stretched  upon  brass  rings  at  a  certain  distance  apart  {Nature,  xl., 
p.  227,  1889). 

This  remarkable  limitation  of  the  reflected  light  to  a  narrow  region 
of  the  spectrum  will  be  better  understood  after  a  study  of  the  diffrac- 

tion grating.  It  will  be  interesting  to  compare  this  action  of  mul- 
tiple films  with  the  action  of  the  Fabry  and  Perot  Interferometer, 

which  will  be  described  in  a  subsequent  chapter.  The  colored  crys- 
tals of  chlorate  of  potash  are  easily  prepared  by  making  a  hot  satu- 

rated sdution  of  the  potash,  and  allowing  it  to  cool  slowly  in  a  large 
flat-bottomed  tray.  On  breaking  up  the  crystalUne  mass,  and 
ahiiking  the  tray  gently  in  front  of  a  window,  numerous  highly 
colored  flakes  will  appear,  which  can  be  Ufted  out  by  means  of  a 
small  bent  spatula,  made  of  thin  sheet  copp>er  or  brass.  They 
should  be  dried  on  filter-paper,  and  mounted  in  balsam,  preferably 
between  two  glass  prisms  of  about  ten  degrees  angle.  The  thin 
flakes  have  the  remarkable  prop>erty  of  reflecting  practically  all  of 
the  incident  li^t  of  a  certain  color  or  colors,  while  freely  trans- 1 
mitting  the  remainder  of  the  spectrum.  The  reflected  colors  are 
of  great  spectral  purity,  the  width  of  the  band  being  sometimes  not 
greater  than  the  distance  between  the  yellow  mercury  lines.    Seen 
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iiy  trnriHrriitUMl  lifi^t  the  flake«  often  appear  delicately  tinted,  and 
1,iii^  H[H;(!tniiii  of  tli<!  tnuiHinitteil  light  will  be  found  to  be  croesed  by 
rtrxr  or  niort!  tiumiw  and  intcniiely  black  bands. 

ISUikcH  lAm-TVMl  that  many  crytttals  reflected  two  or  even  thiee 
nitrniw  tianili*  in  the  visible  tipectrum,  and  inferred  that,  in  these 
i:ni*iM,  ihi'.Tc  iiiiiHt  U:  Mivoral  wtH  of  multiple  twin  planes.  It  seems 
ciiriiiiiH  tliat  li<!  WOK  IihI  to  adopt  this  hypothesis,  as  the  more  ob- 
vioiw  «-x]>luiiiitii)n  would  tx!  to  n;fcr  the  colors  to  different  orders. 

A  thin  filiii,  or  a  numlwr  of  parallel  thin  films  of  equal  thickness  D, 
rcllcct.H  at,  riorriinl  incidence  li|;lit  of  wave-lengths  given  by  the  equi^ 
lion  2  I)  -  It,  21)  =  X,  2/>  =  3A,  2/>  =  4X,  etc.,  if  we  considw 
no  phamschanKi'  Ut  wciir.  If  2  />  =  .0006  mm.  the  Sim  will  reflect 
n-il  liKht,  mid  nltni-vioirt  light  of  wave-lengths  .00030  and  .00020. 
If.  Iiowi'vor,  2  /J  in  «|uid  to  some  wave-length  in  the  infra-red  region, 
Htiy  at  .(N)12  nitn.  [  1.2ft).  it  it*  (!lrar  that  we  shall  have  more  than  one 
rt'il<'i'1.<'(i  niliir  ill  I  \u'  virtihio  ri^on,  the  maxima  occuning  at  wave- 
li'iiKth.-*  .INNMi,  .(XXM,  .ODU),  .00024,  etc.  Such  a  film  should  appear 
ixirph'.  Hiniv  it  rt-flcc-ii  nnl  ami  violet  light.  If  the  first-order  color 
Ik  iit  2  f.  the  higher  onlcrs  uill  fall  at  1  ̂,  .66  i^,  .50  n,  .40  /*,  etc.,  and 
the  tiliiw  will  n-flivt  narn>w  nwons  in  the  red,  green,  and  violet. 

W'l-  I'tiii  miin-oviT.  by  moitsiiring  the  wave-lengths  of  the  bands  in 
tht'  \'iNib]i'  iind  ultra-violet  s])ectnmi,  calculate  the  position  of  the 
liixt-onltT  biuiil  ill  the  infrn-ntl.  An  examination  of  the  crystals  by 
t  raiisniil  (ill  liglit.  <lcnviHl  from  a  cadmium  spark,  with  a  small 

quartz  spectrograph, 
^on-ed  that  they  were 
perfectly  transparent  down 
to  the  vcri-  end  of  the  spec- 

trum. The  following  in- 
vt>!ti  pit  ions  were  made  by 
the  author. 

A  nunilter  of  the  films 
wort^  mounted  in  glycerine 
liftwtvntwoquarti;  prisms, 
by  which  dericc  all  Ught 
oxivpl  ihat  reflected  from 
the  t\iuiili^ant  laminae  is 
olimindic<i.  The  wlors  ap- 
iicar  much  more  saturatml 
when  the  filnos  are  thus 
KivM;;itrti  for  ibe  li^t  re- 
f.tVT«\i  ;iv«n  their  upper 
Ar;.i  \>»TiT  furiaces!  is  not 
iW5Tv\\-Ti\i  by  int«Tf«cDce, 
ar;.i  .i'juio?  the  ivWtivtly 
rf^^vi«\i  <viiMs.  TTiis  rir- 
^.::'.ts';&n.v  nuy  tv  due  to 
•.hi  ?jkT  5Ji«  ii»e  tfi^ances 

:»-.-  rvKx*  if  BO*  equal  to 
T^iA.  ,-c  n.'«arjy  u»  the  larp 
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The  films,  after  having  been  prepared  in  the  manner  described 
above,  were  mounted  in  front  of  the  slit  of  a  small  quartz  spectro- 

graph, and  oriented  so  as  to  throw  the  light  from  a  cadmium  spark 
into  the  instrument. 

A  series  of  photographs  obtained  in  this  way  is  reproduced  in 
Fig.  130.  In  some  cases  a  number  of  bands  appear  in  the  ultra- 

violet, and  in  other  cases  only  one  or  two.  It  is  obvious  that  the 
thicker  the  reflecting  strata,  the  larger  will  be  the  nimiber  of  regions 
selectively  reflected  in  a  given  spectral  range.  The  approximate 
values  of  the  lengths  of  the  reflected  waves  are  given  in  the  following 
table: 

IsT  Ordbr  Colob HiauBR  Orobr  Colors 

A 1.6m .80 .54      .40      .30      .26 
.23 

B .617 .31 
C .53 .28 
D 

1m 
.53 .28 

E .64 .325 .22 
F 1.26  m .633 .435      .32        .23 
G 1.13 .565 .39        .235 
H 1.23 .614 .42        .326      .266 .226 
I .44 .23 
J .60 

.30 

In  all  except  A  and  J  the  cadmium-spark  spectrum  is  recorded 
for  comparison. 

It  will  be  noticed  that  certain  films  (spectra  F  and  G  for  example) 
reflect  double  bands,  which  are  often  as  close  together  as  the  yellow 
mercury  lines.  One  film  which  I  examined  showed  a  double  line  in 
the  red  the  components  of  which  were  just  barely  resolvable.  Its 
i^pearance  reminded  one  of  the  sodium  lines  when  on  the  point  of 
fuang  together  owing  to  the  density  of  the  vapor.  There  seems 
to  be  no  way  of  explaining  cases  of  this  sort  except  by  assuming  a 
double  set  of  twin  planes.  In  the  case  above  referred  to  there 
may  have  been  two  thin  crystalline  plates  stuck  together.  The 
q^edmen  unfortunately  was  destroyed  so  that  further  examination 
was  impossible. 

A  search  for  the  predicted  bands  in  the  infra-red  region  was  under- 
taken at  my  request  by  Mr.  A.  H.  Pfund.  The  Ught  from  a  Nemst 

lamp  was  reflected  from  one  of  the  purple  films,  into  the  slit  of  a 
reflecting  spectrometer  furnished  with  a  rock-salt  prism  and 
radiometer.  This  particular  film  showed  a  sharp  band  in  the  red 
at  wave-length  60,  another  in  the  violet  at  wave-length  40,  and 
others  in  the  ultra-violet.  The  first-order  color  should  be  found  at 
about  1.2  M.  The  radiometer  gave  a  deflection  of  several  centimetres, 
when  illuminated  with  the  red  band,  immediately  dropping  back 
to  aero  as  the  prism  was  so  turned  as  to  bring  the  infra-red  region 
up(m  the  slit.  At  about  1  /a  a  large  deflection  was  obtained,  which 
at  1 J2  |4  was  "  off  the  scale."  The  energy  curve  was  then  plotted 
fr(»n  a  large  number  of  readings,  the  slit  having  been  narrowed  in  the 
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meantime.  This  curve  is  reproduced  in  Fig.  131.  The  width  and 
asymmetry  of  the  infra-red,  or  first-order  band,  are  due  to  the 
fact  that  the  energy  curve  in  this  region  of  the  spectrum  is  very 
steep  and  asymmetrical. 

A  crystal  reflecting  red,  green,  and  violet  bands  at  wave-lengths 
66,  50,  and  40,  should  show  two  maxima  in  the  infra-red,  one  at  2|*, 
the  other  at  1  fi. 
50 

100 

I 
30 

-ZV. 
^ 

It  seems  probable  that  large-sized  flakes  of  chlorate  of  potash 
may  at  times  prove  useful  in  research  work  when  it  is  desired  to 
isolate  a  single  spectral  line,  or  cut  out  a  narrow  region  of  a  con- 

tinuous spectrum.  The  advantage  of  the  flake  over  the  spectro- 
scope would  lie  in  the  large  amount  of  light  available,  which  is  often 

of  great  advantage.  The  power  of  the  crystals  to  reflect  a  compara- 
tively narrow  hand  in  the  infra-red  might  sometimes  be  made  use 

of  as  well.  In  making  crystallizations  on  a  small  scale,  I  have  sel- 
dom obtained  satisfactory  flakes  much  over  .7  cm.'.  Larger  ones 

could  perhaps  l>e  made  by  working  on  a  large  scale. 
One  flake,  measuring  about  6  mms.  on  a  side,  exhibited  total 

reflection  at  normal  incidence  of  a  region  of  the  spectrum  only  10  or 
12  Angstrom  units  in  width,  that  is,  only  double  the  distance  between 
the  I)  lines.  The  spectrum  of  the  transmitted  light  exhibited  a  very 
black  band  at  the  same  point,  and  of  the  same  width.  This  band 
was  photographed,  after  having  been  brought  into  the  vicinity  of 
the  D  lines  by  suitable  inclin^ion  of  the  plate,  and  the  D  lines 
themselves  impressed  on  the  plate  by  holding  a  sodium  flame  in 
front  of  the  sUt  for  a  few  seconds.    The  photograph  is  reproduced  in 
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Fig.  132,  spectrum  "  c."  The  positioD  of  the  D  lines  I  have  marked 
on  the  spectrum  immediately  above  this  one.  (The  markB  refer 
to  the  lower  spectrum  only.) 

By  increaaii^  the  angle  of  incidence,  the  band  can  be  made  to 
move  down  the  spectrum,  widemng  as  it  moves.  When  in  the  green 
it  appears  as  in  spectrum  "b"  and  is 
accompanied  by  fainter  lateral  min- 

ima. The  narrowness  of  the  reflected 
re^on  has  been  shown  to  be  due  to 
multiple  twin  planes,  sensibly  equi- 

distant. From  the  width  of  the  re- 
flected re^on  we  can  form  an  estimate 

of  the  number  of  laminae  present  in 
the  crystal  plate.  Each  lamina  gives 
us  by  reflection  a  virtual  image  of  the 
source,  these  images  being  in  line,  one 
behind  the  other,  at  normal  incidence. 

The  action  is  not  unlike  that  of  a  dif-     *  *''*'■  "^ 
fraction  grating  when  the  diffracted  ray  is  at  grazing  emei^nce. 
If  we  are  dealing  with  a  first-order  spectiomi,  1000  lines  are  necessary 
to  resolve  the  D  lines. 

If  now  we  compare  the  width  of  the  band  in  the  photograph  with 
the  distance  between  the  D  Hnes,  it  is  clear  that  the  crystal  plate  is 
very  nearly  able  to  separate  or  resolve  the  D  lines.  In  other  words, 
if  we  incline  the  plate  a  little  less,  cauEung  the  band  to  move  up  the 
spectrum,  it  will  reflect  D,  before  it  reflects  Di.  It  was,  however, 
not  quite  able  to  do  this,  but  would  easily  separate  lines  of  twice 

the  separation  of  the  D'b.  From  this  we  may  infer  that  the  number 
of  twin  planes  in  the  crystal  is  somewhere  between  500  and  1000, 
say  rou^ly  700.  If  we  are  dealing  with  a  first-order  spectnim  the 
path  difference  between  rays  reflected  from  two  adjacent  twin  planes 
must  be  equal  to  the  wave-length  of  the  light  in  the  crystal.  Assum- 

ing no  phase-change  this  makes  the  thickness  of  each  lamina  about 
.0M>2  mms.,  and  multiplying  this  by  700  gives  us  .14  mm.  aa  the 
thickness  of  the  crystal  plate,  which  was  not  very  far  from  the  truth. 

It  is  interesting  to  compare  this  crystal  with  the  best  Lippmann 
photographs,  which  show  color  resulting  from  the  same  type  of 
interferratce. 

Mr.  H.  E.  Ives  has  made  the  best  Uppmann  photographs  with 
monochrcHnatic  light  that  I  know  of.  The  spectrum  of  the  band 

reflected  from  his  best  plate  is  shown  Fig.  132,  "a,"on  the  same  scale 
of  wavelengths,  i.e.  taken  with  the  same  spectroscope.  It  has  a 
^dth  about  three  times  as  great  as  the  band  reflected  from  the  crys- 

tal. If  I  remember  ri^tly,  Mr.  Ives  sectioned  a  similar  film  and 
counted  about  250  silver  laminae,  built  up  by  the  stationary  waves. 
This  is  in  good  agreement  with  our  estimate  of  the  number  in  the 
chlorate  crystal. 

The  intensity  of  the  light  reflected  from  the  thin  planes  will  be 
found  to  vary  in  a  remarkable  manner  as  the  crj^tal  is  turned 
about.    The  following  laws  were  discovered  by  Stokes ; 

(1)  If  one  of  the  crystalline  plates  be  turned  round  in  its  own 
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plane,  without  alteration  of  the  angle  of  incidence,  the  peculiar 
reflection  vanishes  twice  in  a  revolution,  viz.  when  the  plft"*^  ̂ ^  i"- 
cWesaejsQmcideg.Kith-lhe  plane  of  symmetry  of  the.  cxygtal. 

(2)  As  the  angle  of  incidence  is  increased  the  reflected^ight  be- 
comes brighter  and  rises  in  refrangibility. 

(3)  The  colors  are  not  due  to  absorption,  the  transmitted  light 
being  strictly  complementary  to  the  reflected. 

(4)  The  colored  light  is  not  polarized.  It  is  produced  indiffer- 
ently whether  the  incident  light  be  conmion  light  or  polarized  in 

any  plane,  and  is  seen  whether  the  reflected  light  be  viewed  directly 

or  through  a  Nicolas  prism  turned  in  any  way. 
(5)  The  spectrum  of  the  reflected  light  is  frequently  foimd  to 

consist  almost  entirely  of  a  comparatively  narrow  band.  When 
the  angle  of  incidence  is  increased,  the  band  moves  in  the  direction 
of  increasing  refrangibility,  and  at  the  same  time  increases  rapidly 
in  width.    In  many  cases  the  reflection  appears  to  be  almost  total. 

Effect  of  a  Prism  upon  Newton^s  Rings.  —  It  was  observed  by 
Newton  that,  when  the  cotored  ring  system  formed  by  a  lens  and  a 
flat  plate  was  viewed  through  a  prism,  the  number  of  rings  visible 
was  greatly  increased  on  one  side  of  the  system,  the  increase  being 
about  twelvefold.  If  the  fringes  were  equidistant,  as  is  the  case 
with  the  Fresnel  mirrors  or  the  bi-prism,  a  prismatic  shift  would 
bring  the  fringes  of  different  colors  into  step  at  a  point  far  out  in  the 

system,  jbut  would  throw  them  out-ofnstep  at  the  centre,  so  that 
their  appearance  would  not  be  much  altered.  The  rings,  however, 
become  narrower  as  we  advance  out  into  the  S3rstem,  and  if  we  am- 

plify the  problem  by  supposing  that  we  have  only  red  and  blue 
fringes  which  are  shifted  through  different  distances  by  the  prism,  it 
is  not  difficult  to  see  how  the  achromatization  results,  for  the  blue 
arcs,  from  a  portion  near  the  centre,  can  be  made  to  fit  i^proxi- 
mately  over  the  red  arcs  in  a  more  remote  region.  Now  the  blue 
rings  are  shifted  more  than  the  red,  consequently  the  achromatiia- 
tion  will  occur  on  the  side  of  centre  towaitls  wHch  the  shifts  have 

m  place.  A  full  treatment  of  the  subject  will  be  found  in  Lord 

rleigh's  paper  on  achromatic  interference  bands  (Phil.  Mag., 
1889).  Fringes  can  often  be  found  by  this  means  on  thin  i^Ums 
bulbs,  easily  made  by  blowing  out  a  glass  tube ;  sodium  li^t  will 
give  fringes  without  the  prism,  but  nothing  can  be  seen  with  in^te 
light  owing  to  the  thickness  of  the  glass. 

Achromatization  of  the  Fringes  formed  by  a  Thin  Reflecting 
Lamina.  —  An  arrangement  was  devised  by  Talbot  which  yielded 
achromatic  fringes  of  equal  widths.  The  achromatization  which  we 
have  just  considered  depends  upon  the  different  widths  in  the  differ- 

ent parts  of  the  system,  and  cannot  be  applied  to  the  equidistant 
fringes  obtained  with  a  wedge-shaped  film. 

To  obtain  achromatization  in  this  case  it  is  necessary  to  arrange 
matters  so  that  the  scale  of  the  system  is  the  same  for  the  different 
colors.  Now  the  scale  depends  on  the  angle  of  the  wedge  (which  is 
obviously  fixed)  imd  the  angle  of  refraction.  Under  oniinary  cir- 

cumstances the  angle. of  refraction  is  very  nearly  the  same  for  the 
different  colors,  but  if  >|p  employ  an  air  film  between  glass  plates. 
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with  the  li^t  incident  in  such  a  direction  that  the  angle  of  refrac- 

tion is  nearly  90°,  owioK  to  the  powerful  dispersion  tiie  anj^e  will 
varj-  with  k,  and  since  the  an|i;)c  is  greater  for  the  blue  than  for  the 
red,  the  blue  fnnges  may  be  formed  on  the  same  scale  as  the  red, 
and  nearly  perfect  achromatization  result. 

To  obtain  a  sufficiently  large  angle  of  refraction  it  is  necessary-  to 
employ  a  prism  of  the  form  shown  in  Fig.  133.     A  right-angle  prism 
answers  nearly  as  well.     It  should  l>c  placed  with  its  hypotenuse  on  a 
silvered  glass  plate  or  a  plate  of  polished  speculum  metal.     A  hori- 
tontal  slit  illuminated  nnth  whitr  light  is  placed  in  such  a  portion 
that  the  light  is  incident  on  the  second  surface  at  nearly  the  critical 
anf^e.     Tliis  position  can  be  found  by  lifting  one  end  of  the  pristn  a 
little  and  watching   the  slit  image, 

\-arying  the  height  of  the  slit  until  a     \ 

number  of  images    appear  side  by        ''•. nde.     On  lowering  the  prism   these 
bnagee  will  run  together.    They  are 
virtual  images  forme<I   by  multiple 
reflections  between   the   pri.sm   face 
and  the  metal  plate.     This  condition  p,„  [33 
has  been  overlooked  by  the  majority 
of  previous  writers,  so  far  as  I  have  been  able  to  find,  and  it  modifies 
the  appearance  of  the  fringes,  as  we  shall  see  presently,  Tlie  colore<i 
fringes  can  now  be  found  with  an  eye-piece,  and  by  tilting  up  the 
«lge  of  the  prism  which  is  nearest  to  the  slit  it  is  usually  possible  to 
arhromatise  them  at  once,  50  or  60  black  and  white  bamls  appearing 
in  the  field.  When  the  prism  rests  on  the  plate,  the  fringes  arc  broad 
and  hi^y  colored.  An  eye  ac<^ustonie4l  to  the  appearance  of  fringe 

systems  near  the  central 

I  fringe  will  recognize  that 
there  is  something  peculiar 

I  in  this  cas(>.  The  appcar- 
I  anee  is  due  to  the  fact  that 

■phaveanunil)erof  virtual 

I  sources  in  line  one  liehind 
I  the  other.  If  the  slit  is 
1  illuminated  with  sodium 

light,  the  fringes  will  pre- 
sent a  remarkable  appear- 

ance. The  maxima  will 

appear  hri|^t  and  narrow,  with  broad  minima  lH>tween  them.  On 
one  side  of  each  nuudmum  a  number  of  fainter  maxima  will  be  seen, 
wluch  gives  a  corrugated  or  shaded  appearance  to  the  system.  \ 
l^xitogn^ih  of  the  system  can  l>e  obtained  by  laying  an  orthochm- 
matic  plate  on  the  face  of  the  prism,  and  exposing  it  for  a  eouple 
of  hours,  taking  care  to  shield  it  from  all  light  except  that  which 
comes  throu^  the  sUt.  A  picture  obtained  in  this  way  is  repro- 

duced in  Ilg.  134. 
Hie  influence  of  the  multiple  reflection  is  to  increase  the  steepness 

of  the  intennty  curve  for  the  maxima.  A  similar  effect  occurs  in  the 
case  of  the  Fahry  and  Perot  interferometer.    The  explanation  of 
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the  phenomeDOD  will  be  postponed  until  we  come  to  the  atudy  of 
diffraction,  and  discuss  the  fringes  produced  by  more  than  two 
similar  sources. 

On  the  Polarized  Fringes  produced  by  the  Interference  of  Two 

Streams  of  Light  polarized  at  Right  Angles.'  —  In  the  case  of  ordi- 
nary thin-film  interferences  the  planes  of  vibration  of  the  disturb- 
ances reflected  from  the  two  surfaces  of  the  film  are  parallel. 

It  is  possible,  however,  to  prepare  a  film  which  shall  fulfil  the 
requirement  that  the  vibrations  reflected  from  its  upper  surface 
make  any  desired  ai^e  with  those  coming  from  the  lower  surface. 
The  path-difference  between  the  two  streams  will  vary  with  the 
thickness  of  the  film ;  and  if  the  amplitudes  be  equal  we  shall  have  the 
vibrations  compounding  into  circiUar,  elliptic,  or  plane  ones,  acooid- 
ing  to  their  phase-difference. 

A  thin  glass  or  gelatine  film,  backed  by  a  metallic  reflecting  sur- 
face, is  all  that  is  necessary.  The  incident  sodium  h^t  should  be 

polarized  at  an  ai^e  of  45°  with  the  plane  of  incidence  by  passage 
through  a  Nicol,  and  the  reflected  light  examined  with  an  anialyziiig 
Nicol.  The  fringes  obtained  in  this  way  present  a  most  curious 
appearance,  reminding  one  forcibly  of  a  spectrum  line  with  a  fainter 
component  seen  in  the  Fabry  and  Perot  interferometer.  Thar 
general  appearance  is  shown  in  Fig.  134  a,  which  represents  the  binges 
obtained  by  flowing  a  plate  of  speculum  metal  with  a  rather  dilute 
solution  of  gelatine,  and  allowing  it  to  dry  in  a  sli^tly  inclined 

position. 
The  easiest  way  to  get  them,  however,  is  to  blow  out  the  end  of  a 

rather  large  glass  tube  into  a  large  thin  balloon  of  tissue  j^ass,  picking 
out  a  portion,  by  the  light  of 

fUMr*futiB«T^^~  ^     a  sodium  flame,  which  shows fairly  straight  interference 
fringes  one  or  two  millimetreB 
apart.  A  small  piece  of  the 
thin  glass  is  laid,  with  its 
slightly  convex  side  down, 
upon  a  clean  mercury  sur- 

face, and  sodium  light,  poUr- 
ized  in  azimuth  45°  reflected 
from  the  surface  at  an  an^e 

of  about  60°.  On  \-iewing 
the  reflected  light  through  a 
Xicol,  the  curious  douMe 
fringes  can  be  easily  found 
bv  slowlv  turning  the  NiooL 
The  light  will  be  found  to  be 
plane-polarized  along  the 
lines  1.  3.  5.  7.  thou^  in 

Fni.  134  a.  general  the  planes  of  polari- 
zation along  one  set  of  lines 

is  indimtl  to  the  plane  of  polarization  along  the  alternate  lines, 
as  is  indicated  bdow  the  figure,  the  arrows  representing  the  di- 

•  Wood.  PkiL  Mag..  .XprO,  ISOi. 

\Q\Q\^\^ 
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rection  of  the  vibration  (electric  vector).  Between  the  lines  of 
plane-polarized  li^t,  which  appear  as  dark  fringes  when  the  Nicol 
-s  so  oriented  as  to  extinguish  the  Ught,  we  have  either  elliptically 
Dr  circularly-polarized  U^t,  as  can  at  once  be  shown  by  the  intro- 
juction  of  a  quarterwave  plate,  which  enables  us  to  extinguish  the 
igfat  along  the  lines  2, 4,  6,  and  8,  by  suitable  adjustment  of  the 
nica  plate  and  analyzer.  The  direction  of  revolution  of  the  vibra- 
ion  along  lines  2  and  6  is  opposite  to  that  along  lines  4  and  8. 
To  account  for  these  fringes  we  must  investigate  the  planes  of 

3olarization  of  the  rays  reflected  from  the  two  surfaces,  and  then 
x>inpoimd  them  with  various  phase-diflferences. 

The  incident  light  vibrates  in  a  plane  indicated  by  the  arrow  at  the 
bop  of  Fig.  134  a.  The  light  reflected  from  the  glass  surface  is  of  course 

plane-polarized,  vibrating  parallel  to  the  surface  when  the  angle  of 
incidence  is  equal  to  the  polarizing  angle.  For  larger  angles  of  inci- 

dence, the  pkme  of  the  reflected  vibration  makes  an  angle  with  the 
surface,  depending  on  the  magnitude  of  the  reflected  component 
which  lies  in  the  plane  of  incidence.  To  determine  the  nature  of 
the  vibration  coming  from  the  glass-metal  surface,  it  is  necessary  to 
get  rid  of  the  light  reflected  from  the  upper  surface  of  the  glass. 
This  can  be  done  by  laying  a  small  piece  of  rather  thick  plate  glass 
on  a  plate  of  speculum  metal  with  a  film  of  benzole  between,  and 
allowing  a  narrow  beam  of  light  to  fall  upon  the  surface  of  the  glass. 
The  images  reflected  from  the  two  siufaces  appear  separated,  and 
can  be  independently  examined  with  a  Nicol.  The  benzole  film 
practically  brings  the  metal  surface  into  optical  contact  with  the 
^ass.  The  reflected  beams  will  be  found  to  be  plane-polarized,  the 
vibrations  being  in  the  directions  shown  in  Fig.  134  a,  for  an  angle  of 
incidence  near  the  polarizing  angle.  As  the  angle  of  incidence  in- 

creases, the  planes  of  the  two  vibrations  both  turn  towards  the  ver- 
tical, and  fiimlly  make  an  angle  of  90^  with  each  other,  i,e,  60^  and 

30^  with  the  reflecting  surface. 
If  we  compound  the  two  components  shown  in  Fig.  135a  with 

varying  phase-differences,  we  can  accoimt  easily  for  tiie  polarized 
fringes.    In  Fig.  135&  let 
BC  be  the  vibration  from  E 
the  ̂ as8  and  BA  that 
from  the  metal.  When 
the  path  is  zero  or  a  whole 
Quniber  of  waves,  we  have 
the  plane-polarized  result- 

ant BE.  If  the  path-dif- 
ference is  an  odd  number 

of  half-waves,  we  have  the 
plane-polarized  resultant 
BF.  These  two  states 
occur  along  the  lines  1,  5 
and  3,  7  respectively.  The  angles  which  the  planes  of  vibration 
make  with  the  reflecting  surface  should  be  respectively  greater  and 
len  than  the  angle  made  by  the  component  coming  from  the  metal, 
BB  was  found  to  be  the  case.    As  we  increase  the  angle  of  incidence 

MCTAc 

Fio.  136. 
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the  component  BC  (from  glass)  increases  in  magnitude  and  turns 
up  towards  the  vertical,  the  inclinations  of  the  planes  of  polarization 
of  the  two  sets  of  fringes  becoming  greater. 

Between  the  lines  along  which  the  light  reflected  from  the  film  is 
plane-polarized,  we  have  lines  of  elliptically  (or  in  some  cases  circu- 

larly) polarized  light.  The  directions  of  revolution  were  determined 
with  the  quarter-wave  plate,  and  are  as  shown  in  Fig.  134  a.  Geo- 

metrical computations  of  the  elliptic  vibrations,  resulting  from  two 
components  such  as  are  shown  in  Fig.  135  b,  agreed  perfectly  with  the 
experimentally  determined  orbits,  both  in  respect  to  the  directions  of 
the  major  axes  and  the  directions  of  rotation.  The  method  used  was 

similar  to  the  one  given  in  Miiller-Pouillet's  text-book  (vol.  ii.,  1, 
page  1135),  the  only  modification  necessary  being  the  rotation  of  one 
of  the  sets  of  parallel  lines,  which  represent  displacements,  throu^  a 
certain  angle,  since,  in  the  case  with  which  we  are  dealing,  the  two 
components  are  not  at  right  angles.  By  sufficiently  increasing  the 
incidence  angle,  the  components  AB  and  BC  can,  however,  be 
brought  to  very  nearly  a  right  angle.  At  the  same  time  the  inten- 

sity of  the  component  from  the  glass  surface  has  increased  to  such  a 
degree  as  to  be  about  equal  to  the  one  from  the  metal,  and  we  have 
circular  polarization  along  certain  Unes. 

Preparation  of  Films  for  the  Exhibition  of  Newton's  Colors.  —  In 
the  case  of  a  thin  transparent  lamina,  such  as  a  soap-film,  the  ampli- 

tudes of  the  disturbances  reflected  from  the  two  surfaces  are  equal, 
and  consequently  completely  destroy  each  other  when  the  phase- 
difference  is  180°.  Inasmuch,  however,  as  only  a  small  percentage 
of  light  is  reflected  from  each  surface,  the  colors,  though  saturated, 
are  not  as  intense  as  is  desirable.  If  a  plate  of  mica  is  pressed 
against  a  pool  of  molten  selenium  on  a  glass  plate,  and  the  whole 
allowed  to  cool  under  pressure,  on  stripping  off  the  mica,  films  of 
mica  of  variable  thickness  will  be  left  upon  the  surface  of  the  sele- 

nium, which  show  Newton's  colors  of  great  beauty,  arranged  in  mo- 
saics. The  patches  of  equal  thickness  being  sharply  bounded  by 

straight  lines,  present  an  appearance  similar  to  that  of  selenite 
films  under  the  polariscope.  The  selenium  has  a  much  higher 
refractive  index  than  the  mica,  consequently  the  reflection  at  each 
surface  is  the  reflection  of  rays  incident  from  a  rare  to  a  denser 
medium,  and  the  difference  of  phase  is  given  by  the  difference  of 
path  alone ;  i.e.  we  do  not  have  the  loss  of  half  a  wave-length  due 
to  reflection  under  opposite  conditions,  as  would  be  the  case  if  the 
mica  films  were  in  air. 

If  the  mica  is  cemented  to  the  plate  with  sealing  wax  or  any  of  the 
common  resinous  cements,  very  httle  trace  of  the  colors  is  to  be  seen, 
owing  to  the  fact  that  the  refractive  indices  of  the  two  media  being  so 
nearly  the  same,  practically  no  energy  is  reflected  from  the  boundary. 
The  use  of  selenium  can  be  avoided  by  very  lightly  silvering  the 
surface  of  the  mica,  which  may  then  be  cemented  to  the  glass  with 
any  good  laboratory  cement,  the  metallic  layer  taking  the  place  of 
the  medium  of  high  refractive  index.  This  latter  method  is  the  best 
for  the  preparation  of  large  mosaics  suitable  for  lantern-projection. 
In  the  patches  which  show  no  color  by  reflected  light,  the  interfer- 
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once  may  be  detected  with  a  small  spectroscope,  the  spectrum  ap- 
pearing crossed  by  black  bands,  corresponding  in  position  to  the 

wave-lengths  absent  in  the  reflected  light.  Still  more  brilliant  films 
ran  l)e  prepared  by  first  thickly  silvering  the  mica,  cementing  the 
silvered  side  to  the  glass  plate,  and  then  stripping  the  mica  off.  The 

(•olors  are  scarcely  visible,  owing  to  the  disproportionality  l)etween 
the  amplitudes  of  the  two  interfering  streams  of  light,  but  appear  as 
Hoon  as  the  upper  surface  of  the  mica  is  half-silvered,  which  can  be 
<tone  by  immersing  the  plate  in  a  silvering  solution  until  the  colors 
rt^ach  Uieir  maximum  brilliancy.  To  obtain  films  which  show  the 
maximimi  brilliancy,  it  is  clear  that  the  amplitude  of  the  stream 
reflected  from  the  first  surface  must  have  th(»  largest  possibh?  value 
consistent  with  the  fulfilling  of  the  condition  that  it  l)e  completely 
destroyed  by  the  disturbance  coming  from  the  second  surface  when 

the  phase-difference  is  180*^. 
In  the  case  of  transparent  films,  the  wave-lengths  absent  in  the 

reflected  light  appear  in  excess  in  the  transmitttnl  light,  there  Iwing 

no  destruction  of  energ>'.  If  the  second  surface  is  a  perf(H*t  reflector, 
the  energy  thrown  down  upon  it  by  iiit<Tference  at  tlu*  first  surface 
will  all  be  returned.  If  we  consider  tlu»  upper  metallic  surface  as 
non-absorbing,  and  work  out  the  ciise  by  the  method  of  nuiltiple 
reflections,  we  find  that  no  color  will  be  produced,  light  of  all  wave- 

lengths being  reflected  with  equal  facility.  Tlw  fact  that  brilliant 
colors  appear,  means  that  light  is  absorbed  at  one  or  lM)th  of  the 
.silvered  surfaces,  since  this  is  th(»  onlv  wav  in  which  the  energv  of 
the  absent  wave-lengths  can  disappear.  If  we  assume  a  certain 
percentage  reflected  and  a  certain  percentage  absorlxHl  In'  the  thin 
silver  film,  we  find  that  the  waves  for  which  the  phascM.lifferenc(»  is 
180®  are  compelled  to  make  more  transits  through  the  film  than 
thoHe  for  which  the  f)has(Mlifference  is  3()0°.  It  is  possible  to  obtain 
experimentally  a  condition  in  which  the  former  are  almost  com- 
pletdy  absent  in  the  reflected  light,  while  tlu*  lattcT  are  reflected 
with  scarcely  any  loss  of  intensity.  To  calculate  the  most  favorable 
cvinditions,  we  should  recjuire  data  regarding  the  j)ercentages  re- 

flected and  transmitted  by  films  of  various  thicknesses. 
Another  method  is  to  substitute  a  thin  film  of  collodion  for  the 

mica,  half-silvering  the  film  as  before. 
A  sheet  of  glass  can  l)e  silven»d  ch(»rnically,  or  procured  by  n»niov- 

ing  the  varnish  from  the  back  of  a  pi(»ce  of  modem  mirror-glass  with 
alcohol.  The  silver  film  is  then  flowed  with  collodion  <lilute<l  with 

three  or  four  parts  of  ether.  As  soon  as  the  film  dries  colors  apiK»ar. 
contrary  to  theor>'.  TTiese  colors  may  1k»  quite  l)rilliant.  and  are 
due  to  diffraction,  as  will  V>e  shown  pn*s(»ntly.  If  the  plate  Im»  now 
immersed  in  Brashear\s  silvering-l)ath,  the  colors  will  instantly 
disappear,  owing  to  the  fact  that  tlie  coll<xlion  film  and  the  solution 
liave  nearly  the  same  refractive  index.  As  soon  as  the  silvtT  iM^gins 
to  deposit,  the  colors  reappear  and  increase*  rapidly  in  intensity. 
The  bath  should  be  rocked,  the  process  Innng  similar  to  the  <lev(»l«)i>- 
ment  of  a  negative.  A  little  exp(»rience  will  enable  the  moment  of 
maximum  brilliancy  to  \yo  correctly  jii<lg«Ml,  when  the  plate  shoultl  l>e 
immediately  removed  from  the  solution,  washtHl,  and  dried.     It  is 
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well  to  provide  the  plate  with  a  cover  of  glass  mounted  over  it  at  an 

angle  of  20^,  the  whole  forming  a  prismatic  box.  The  object  of 
inclining  the  cover  is  to  get  rid  of  the  light  reflected  from  it,  which 
would  otherwise  dilute  the  interference  colors.  Plates  prepared  in 
this  way  show  a  wonderful  blaze  of  color  and  make  excellent  prepa- 

rations for  the  lantern. 

Colors  of  Frilled  Transparent  Films  on  Metallic  Surfaces.  —  We 
will  now  consider  a  remarkable  case  of  interference  which  appears  to 
be  essentially  different  from  any  of  the  cases  which  have  been  pre- 

viously studied.  The  theory  of  thin  films  shows,  as  Lord  Raylei^ 

points  out  in  his  article  on  "  Wave-Theory  of  Light,"  that  a  trans- 
parent film  on  a  perfectly  reflecting  surface  shows  no  interference- 

colors.  As  has  been  already  pointed  out,  a  thin  film  of  collodion 
deposited  on  a  bright  surface  of  silver  shows  brilliant  colors  in  re- 

flected light.  It,  moreover,  scatters  light  of  a  color  complementary 
to  the  color  of  the  directly  reflected  light.  This  is  apparently  due 

to  the  fact  that  the  collodion  film  "  frills,"  the  mesh,  however,  being 
so  small  that  it  can  be  detected  only  with  the  high^  powers  of  the 
microscope.  Commercial  ether  and  collodion  should  be  used.  If 
chemically  pure  ether  obtained  by  distillation  is  used,  the  film  does 
not  frill,  and  no  trace  of  color  is  exhibited.  Still  more  remarkable 
is  the  fact  that  if  sunlight  is  thrown  down  upon  the  plate  at  normal 
incidence,  brilliant  colors  are  seen  at  grazing  emergence,  if  a  Nicol 
prism  is  held  before  the  eye.  These  colors  change  to  their  comple- 

mentary tints  if  the  Nicol  is  rotated  through  90®,  i.e.  in  the  scattered 
light,  one  half  of  the  spectrum  is  polarized  in  one  plane,  and  the  re- 

mainder in  a  plane  perpendicular  to  it. 
In  the  cases  of  the  transparent  films  with  the  first  siuf  ace  li^tly 

silvered,  the  second  heavily  coated,  the  waves  absent  in  the  reflected 
Hght  are  absorbed  by  the  metal,  as  I  have  already  shown.  In  the 
present  case  these  waves  are  scattered  by  the  granular  surface.  If 
a  spot  on  the  fiilm  which  appears  purple  by  reflected  light  is  illumi- 

nated with  sunlight,  it  will  be  found  that  green  light  is  scattered, 
not  in  all  directions,  but  through  a  range  corresponding  to  the  size 
of  the  granulation,  as  in  the  case  of  the  mixed  plates,  described  in 
the  chapter  on  Diffraction. 

If  the  Ught  is  incident  normally,  the  scattered  light  comes  off 

through  an  angular  range  included  between  10®  and  30®,  and  again 
at  an  angle  of  nearly  90°,  the  latter  being  strongly  polarized.  Con- 

versely, if  the  sunlight  be  incident  at  nearly  90®,  strongly  polarized 
light  is  scattered  normally.  Considerable  difficulty  has  been  found 
in  explaining  these  colors  satisfactorily.  They  appear  to  be  satu- 

rated, i.e.  certain  wave-lengths  are  completely  absent  in  the  reflected 
light,  and  until  the  granulation  was  detected  with  the  microscope  it 
was  impossible  to  make  even  a  satisfactory  hypothesis.  Even  now 
the  polarization  effects  are  difficult  to  accoimt  for. 

At  first  sight  it  may  seem  as  if  the  colors  could  be  classed  with  the 
phenomena  of  mixed  plates,  their  brilliancy  and  saturation  remind- 

ing one  of  the  appearances  produced  by  laminary  retardation.  The 
films,  however,  show  no  color  by  transmitted  light  when  deposited 
on  glass,  and  the  effective  doubling  of  the  retardation,  by  the  reflec- 
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tion  back  throu^  the  film  by  the  metal  surface,  can  hardly  account 
for  the  observed  effects.  Moreover,  the  energy  stream  reflected 
from  the  surface  of  the  collodion  appears  to  be  essential,  for  if  we 
employ  light  polarized  perpendicular  to  the  plane  of  incidence,  and 
set  the  plate  at  the  polarizing  angle  of  collodion,  so  that  no  reflection 
occurs  except  at  the  metal  surface,  all  trace  of  color  disappears.  If 
the  an^e  of  incidence  is  larger  than  the  polarizing  angle,  the  color 
of  the  reflected  li^t  changes  to  its  complementary  tint  when  the 
idane  of  polarization  is  made  parallel  to  the  plane  of  incidence.  As 
oas  been  shown  in  a  preceding  section,  the  effects  at  large  angles  of 
incidence  involve  the  interference  of  two  streams  of  light  polarized 

in  planes  inclined  at  90°  to  each  other,  which  are  complicated  enou^ 
with  monochromatic  light  and  structureless  flbns.  For  the  present 
only  normal  incidence  will  be  considered.  Though  I  know  of  no 
direct  way  of  proving  that,  in  this  case,  the  light  reflected  from  the 
<x>Uodion  surface  is  an  essential  factor,  there  is  strong  indirect 
evidence. 

If  the  film  IS  wedge-shaped  and  sodium  light  is  employed,  the  dark 
fringes  seen  at  normal  incidence  move  towards  the  thick  edge  of  the 
wedge  as  the  angle  of  incidence  is  increased,  exactly  as  they  do  with 
thin  films  of  the  ordinary  type.  If  the  incident  light  is  polarized 
perpendicularly  to  the  plane  of  incidence,  the  fringes  gradually  fade 
out,  disappearing  at  the  polarizing  angle.  This  indicates  that  they 
are  produced  in  the  same  way  at  normal  incidence  as  at  the  polariz- 

ing an^e,  namely,  through  the  agency  of  light  reflected  from  the 
surface  of  the  collodion. 

If  we  consider  some  value  of  X,  for  which  the  path-difference  be- 
tween the  rays  reflected  from  the  collodion  and  metal  siu-faces 

amounts  to  an  odd  number  of  half-waves,  the  color  corresponding  to 
this  wave-length  will  be  weakened  in  the  reflected  beam  owing  to 
interference.  In  the  case  of  transparent  thin  films  the  absent  color 
appears  in  excess  in  the  transmitted  light,  while  in  the  present  case 
it  is  thrown  back  through  the  filpi  by  the  metal  surface.  It  is  thus 
dear  that  the  colors  which  are  weakened  in  the  reflected  light  are 
inade  to  traverse  the  frilled  film  a  greater  number  of  times  tlian  the 
colors  for  which  the  path-difference  is  an  even  number  of  half-waves. 

This  accoimts  for  the  fact  that  these  colors  are  more  strongly 
scattered  by  the  granulations  of  the  films. 

A  collodion  surface  reflects  only  about  5  per  cent  of  the  incident 
and  it  is  found  impossible  to  account  for  the  strong  colors 

in  the  reflected  light,  by  compounding  the  feeble  stream  of  light 
from  the  collodion  with  the  powerful  stream  coming  from  the  metal. 

It  appeared,  however,  that  the  observed  effects  could  Im?  accounted 
for,  if  the  somewhat  arbitrary  assumption  were  made  that  the  granu- 

lated surface  reflected  more  strongly  than  a  smooth  surface.  As 
lias  been  said,  the  granulations  are  too  small  to  interfere  with  the 
ivgular  reflection  of  light,  the  scattering  being  selective,  so  to  speak, 
ie.  confined  to  the  waves  which,  owing  to  interference,  are  compelled 
to  traverse  the  film  a  numl)er  of  times. 

The  assumption  above  refernnl  to  appeared  to  be  too  arbitrary  to 
make  without  some  experimental  evidence,  and  experiments  were 
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therefore  made  to  determine  the  effect  of  the  "  frilling  "  of  the  film 
on  its  rejflecting  power.  One  of  the  faces  of  a  60°  prism  of  crown 
glass  was  iSowed  with  collodion  of  the  same  dilution  as  that  used  in 
the  preparation  of  the  colored  films.  It  showed  in  reflected  light 
interference-colors,  which,  however,  were  very  much  diluted  with 
white  light,  owing  to  the  small  difference  between  the  refractive 
indices  of  the  two  media.  In  working  with  the  film  on  silver  it  was 
found  that,  if  the  colors  did  not  appear  at  once,  as  soon  as  the  filna 
dried,  they  could  be  brought  out  by  breathing  on  the  film,  the  deposit 
of  moisture  being  advantageous  to  the  formation  of  the  granular 
tions.  It  was  always  possible  to  intensify  the  colors  in  tins  way. 
The  film  deposited  on  the  surface  of  the  prism  was  treated  in  tUs 
way,  one-half  of  it  being  screened  from  the  deix)sit  of  moisture  by  a 
plate  of  glass.  As  soon  as  the  moisture  had  evaporated,  it  was  found 
that  the  reflecting  power  of  the  siu^ace  had  been  greatly  increased^ 
the  film  appearing  almost  as  bright  as  a  half-silvered  surface. 

The  increase  in  the  brilliancy  of  the  reflected  light  was  about  three- 
fold, as  was  shown  by  covering  the  unfrilled  portion  with  a  sheet  of 

thin  glass,  which  about  equalized  the  intensities.  In  other  words, 
the  frilled  collodion  siu^ace  regularly  reflects  white  light,  of  an  inten- 

sity very  nearly  equal  to  that  of  light  reflected  from  three  glass 
surfaces. 

On  examining  the  granular  surface  with  ix)larized  light,  it  was 
found  that  the  angle  of  maximum  polarization  was  in  the  neighbor- 

hood of  63°,  which  would  make  its  refractive  index  about  1.96.  The 
polarizing  angle  of  the  smooth  collodion  was  about  56°,  the  corre- 

sponding refractive  index  being  1.48. 
An  attempt  was  made  to  determine  whether  the  granulation  gave 

rise  to  elliptical  polarization,  the  abnormal  value  of  the  refractive 
index  suggesting  the  properties  of  the  surface-films,  which  play  such 
an  important  part  in  the  theory  of  elliptical  polarization.  No  de- 

cisive results  were  obtained,  for  though  the  phenomenon  was  found, 
it  seemed  impossible  to  eliminate  the  component  reflected  from  the 
collodion-glass  surface,  which,  as  I  have  shown,  may,  by  interference 
with  the  component  reflected  from  the  air-collodion  surface,  give 
rise  to  an  elliptical  vibration. 

The  interferometer  failed  to  show  any  change  in  the  refractive  in- 
dex as  the  result  of  frilling,  which  indicates  that  the  effect  is  con- 

fined to  the  surface.  A  film  deposited  on  glass  of  such  thickness 
as  to  produce  a  shift  of  half  a  fringe  width  (sodium  light)  was  frilled 
by  moisture,  one-half  being  protected  by  a  glass  plate.  No  shift 
was  found  at  the  line  of  demarcation,  as  would  have  been  the  case 
if  the  refractive  index  of  the  film  had  been  raised  from  1.48  to  1.96 
throughout  its  entire  thickness.  The  phenomena  described  in  this 
sej^Jbion  are  worthy  of  further  investigation. 
//Stationary  Light- Waves.  —  In  all  the  cases  of  interference  which 
we  have  thus  far  examined,  the  interfering  wave-trains  have  been 
moving  in  the  same  direction.  In  acoustics  we  have  cases  of  inter- 

ference where  the  waves  are  moving  in  opposite  directions.  Inter- 
ference under  these  conditions  gives  rise  to  the  so-called  stationary 

waves.     If  we  send  a  train  of  waves  along  an  elastic  cord,  one  end  of 
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which  is  fastened,  the  waves  are  re6ected  from  the  wall,  and  run- 
ning backward  aloi^  the  cord,  interfere  with  the  direct  waves. 

The  cord  ia  at  rest  at  points  half 
a  wave-length  apart,  vibrating  in 
nodes  (Fig.  136).  We  should  ex- 

pect Bomethiag  of  the  kind  to  C 
occur  when  light  is  reflected  nor-  11 
mally  from  a  mirror,  and  the  pos-  || 
aibility  of  such  an    action  was  p,,,.  ̂ 30, 
eariy  recognized.     Zenker  in  his 
Lehhueh  der  Photochromte  expMns  the  colors  sometimes  exhibited  in 
photographs  of  the  spectrum  taken  on  silver  chloride  as  due  to  the 
formation  of  layers  of  reduced  silver  t)etween  the  nodal  points  of  a 
system  of  stationary  Hgbt-waves. 

The  existence  of  these  stationary  Hght-waves  was  first  demon- 
strated in  1890  by  Otto  Wiener,'  When  rays  of  Ught  are  incident 

normally  on  a  polished  mirror  the  reflected  rays  travel  back  over 
the  same  course.  If  the  hght  is  monochromatic,  we  shall  then  have 
planes  half  a  wave-length  apart,  parallel  to  the  plane  of  the  mirror 
where  the  ether  is  at  rest.  The  condition  is  shown  in  a  crude  way 
in  Fig.  137.  We  require  now  some  device  for  recognizing  the  exist- 

ence of  these  nodal  planes  in  the  medium  in  front  of  the  mirror. 
Wiener  made  use  of  an  exceedingly  thin  photograph  film,  the  ttiick- 
ness  of  which  was  less  than  one-twentieth  of  the  wave-length  of 
light.  Suppose  such  a  film  in  the  position  shown  by  the  line 
AB.  The  plane  of  the  film  now  coincides  with  the  first  nodal 
plane.  There  is  no  vibration  of  the  ether  witliin  the  film, 

and  though  two  powerful  streams 
of  light  are  traversing  it,  it  will  be 
unaffected.  It  is,  however,  un- 

necessary to  get  the  film  exactly 
into  one  of  these  planes,  a  matter 
which  would,  of  course,  be  exceed- 

ingly difficult.  Suppose  the  film 
to  make  a  small  an^e  with  the  mir- 

"■       ■  ror  occupying   the   position   A'B". 
It  will  now  cut  the  nodal  planes,  some  portions  of  it  lying  in  the 
loops  and  other  portions  lying  at  the  nodes.  Those  parts  of  the 
film  which  are  in  the  loops  will  be  acted  on,  the  other  places  will  be 
unaffected.  Wiener  coated  a  glass  plate  with  a  thin  photographic 
film,  placed  the  film  dde  close  to  the  mirror,  at  a  very  smfdl  angle, 
and  allowed  monochromatic  hght  to  pass  through  the  film  and 
suffer  reflectjon  from  the  mirror.  On  developing  the  film  he  found 
it  blackened  along  lines  corresponding  to  the  points  where  it  inter- 

sected the  loops  of  the  standing  waves,  while  the  intervening  por- 
tions were  quite  clear.  Increasing  the  angle  of  course  caused  the 

dark  lines  to  become  finer,  dncc  a  greater  number  of  planes  were 
cut  in  a  ̂ ven  distance. 

S(Hne  objections  were  raised  agtunst  Wiener's   demonstration, 
founded  on  the  fact  that  the  layer  of  ur  between  the  mirror  and 

■  Triad,  ̂ nn..  40.  page  203,  1800. 
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the  photographic  plate  would  act  in  the  same  manner  as  the  air 

film  producing  Newton's  rings;  in  other  words,  the  dark  bands 
might  be  the  result  of  interference  between  the  light  reflected  from 
the  mirror  and  the  under  surface  of  the  photographic  film.  At  first 
sight  these  objections  seem  quite  plausible,  since  the  maxima  and 
minima  formed  in  this  manner  would  be  identical  in  position  with 
those  obtained  by  Wiener.    With  a  thin  film  we  get  a  minimum 

when  the  thickness  of  the  film  is  -  and  the  next  minimum  when  it 4 

is  *—  •  Thus  every  time  we  increase  the  thickness  by  half  a  wave- 
length we  have  destructive  interference  between  the  light  reflected 

from  the  upper  and  lower  surfaces.  These  points  correspond  to 
the  nodal  planes  which  are  half  a  wave-length  apart.  The  objec- 

tions were  satisfactorily  answered  by  Wiener,  who  showed  that  such 
minima  would  be  produced  by  the  interference  of  a  disturbance  of 
large  amplitude  coming  from  the  silver,  and  one  of  small  amplitude 
coming  from  the  collodion  film  used  for  photographing  the  minima 
and  maxima.  Interference-fringes  produced  under  these  conditions 
would  be  of  the  same  general  character  as  those  seen  in  the  trans- 

mitted light  of  this  film,  i.e.  the  difference  in  intensity  between  the* 
bright  and  dark  bands  would  be  very  small. 

Wiener  finally  eliminated  all  such  action  by  putting  a  layer  of 
benzole  l)etween  the  film  and  the  metallic  reflecting  surface,  thus 
making  the  refractive  index  the  same  on  both  sides  of  the  surface 
of  the  film,  and  doing  away  with  the  reflected  component.  The 
dark  and  bright  bands  were  formed  just  as  before,  proving  con- 

clusively that  they  were  caused  by  stationary  waves.  The  presence 
of  stationary  waves  can  \ye  shown  independently  of  photography  by 
employing  a  thin  fluorescent  film  in  place  of  the  sensitized  collodion. 
This  ex{)eriment  was  performed  by  Drude  and  Nemst  (Wied.  Ann.^ 
45,  page  400,  1892). 

Another  \'ery  beautiful  experiment  was  performed  by  the  same 
investigators.  One-half  of  a  glass  plate  was  coated  with  a  film  of 
silver,  and  the  whole  then  coated  with  a  fluorescent  film  only  a  small 
fraction  of  a  wave-length  in  thickness.  When  this  plate  was  il- 

luminated with  monochromatic  light  obtained  from  a  spectroscope, 
it  was  found  that  the  fluorescence  was  much  stronger  over  the  trans- 

parent {X)rtions  of  the  plate  than  over  the  silvered  iX)rtions.  In  the 
former  case  the  film  is  traversed  by  a  l)eam  of  light  of  which  only  a 
small  |XTcentagt»  is  reflected  back  through  the  film,  consequently  it 
fluoresces  briglitly.  In  the  latter  case  we  have  stationary  waves, 
and  the  film  is  located  at  the  first  node,  which  lies  on  the  surface  of 
the  silver,  a  i)osition  in  which  fluori»scence  is  impossible,  since  there 
is  practically  no  vibratory  motion  at  this  point. 

Lippmann's  Color  Photographs.  —  Photographs  in  natural  color wore  aceiilentally  ohtaineii  by  E.  Becquerel  in  1850,  by  means  of 
standing  light  waves,  although  he  was  not  aware  of  the  part  they 
played.  In  18G8  Zenker  explained  the  colors,  sometimes  seen  in 

Recciiierel's  pliotographs  of  the  sfM'ctrum.  as  due  to  standing  waves, fonned  by  the  reflection  of  the  light  from  the  surface  of  the  silver 
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plate  on  which  the  sensitive  film  was  formed.  The  silver  was  re- 
duoed  in  the  anti-nodal  planes  forming  g^^atem  o^  rpflppting-Jin»L 

nae^  which' showed  interference-corors  m  reflected  light  in  the  same way  as  the  crystals  of  chlorate  of  potash  previously  described. 
A  process  of  direct  color  photography,  based  upon  this  principle, 

was  originated  by  lippmann  in  1891.  The  photographic  plate  is 
placed  in  the  camera  with  the  glass  side  facing  the  objective,  and 
the  sensitive  film  backed  by  a  reflecting  layer  of  mercury.  This 
of  course  requires  a  special  form  of  plate-holder. 

A  system  of  stationary  waves  is  formed  in  the  film  as  shown  in 
Rg.  138,  and  the  silver  compound  is  acted  upon  only  at  the  anti- 
nodes,  which  form  planes  parallel  to  the  reflecting  surface.  On  de- 

veloping and  fixing  the  plate  in  the  usual  manner,  it  is  found  that  the 
film  shows,  in  reflected  light,  brilliant 
colors,  similar  to  the  colors  which  illumi- 

nated it.  The  silver,  instead  of  being  re- 
duced in  a  mass,  uniformly  distributed 

throughout  the  thickness  of  the  film,  is  laid 
down  in  thin  laminae,  coinciding  with  the 
antinodal  planes  of  the  stationary  light- 

waves. The  distance  between  the  laminae 

is  equal  to  the  half  wave-length  of  the  light 
which  formed  them,  consequently  they 
show  the  same  color  by  interference  in  re- 

flected light.  The  process  is  not  an  easy  one  to  carry  out,  and  very 
few  have  been  successful  with  it.  Especially  prepared  plates  must 
be  used,  as  the  grain  of  the  commercial  plates  is  too  coarse  to  record 
the  minute  structure  of  the  wave-sjrstem. 
A  very  complete  study  of  the  process  was  made  by  H.  E.  Ives, 

who  gives  the  following  formula  for  the  preparation  of  the  plates : 

A.  Gelatine  1  gramme  B.  Gelatine  2  grammes  C.  AgNO^  .3  gramme 
Water  25  cc.  KBr  0.25  gramme  Water  5  cc. 

Water  50  cc. 

A  and  B  are  heated  till  the  gelatine  melts,  allowed  to  cool  to  40^, 
C  added  to  A  and  then  A  to  B  slowly  with  stirring,  and  the  whole 
filtered.  After  flowing  and  setting,  the  plates  are  washed  for  fifteen 
minutes  and  allowed  to  dry.  The  most  satisfactory  thickness  was 
obtained  by  flowing  the  emulsion  on  and  off  glass  plates  at  room 
temperature.  The  plates  are  bathed  for  10  minutes  in  a  TTriAnnr 
sdution  of  isocol  in  water  and  dried  rapidly  to  render  them  color- 
sensitive.  They  are  exposed  in  a  plate-holder  so  arranged  that 
mercury  can  be  introduced  behind  the  plate,  and  in  contact  with 
the  film.  Exposures  with  //3.6  on  sunlit  objects  range  from  1^  to 
5  minutes  according  to  sensitizers,  etc. 

After  development  and  drying,  the  pictures  are  made  ready  for 
viewing  by  cementing  a  thin  prism  of  small  angle  to  the  film  side  to 
destroy  the  disturbing  surface  reflections,  and  the  back  of  the  glass 
is  floimi  with  asphaltum  varnish.  The  prism  is  usually  cemented 
1^  means  of  Canada  balsam. 

The  i^tes  bathed  in  isocol  lose'  their  color-sensitiveness  in  four N 

\ 
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urs,  and  must  therefore  be  used  immediately.TT 
keeping  quality  are  required  we  may  introtluce  1  cc 
alcoholic  solution  of  a  mixture  of  erythrosine  and 

to  the  emulsion  Iwfore  pouring  it  over  the  plates. 
considerable  interest  to  see  how  nearly  we  can  repp 
romatic  eolor  by  means  of  the  Lippmann  process, 
laminae  in  the  film  by  means  of  monochromatic  hgh 
ctively  reflected,  will  embrace  a  considerable  range 
unless  a  very  large  numl>er  of  laminae  are  formed. 
e  same  as  with  the  chlorate  of  potash  crystals,  whi 
ady  studied, 
es  made  an  exhaustive  study  of  this,  and  found  t 
large  numl>er  of  laminae  special  precautions  as  i 
on  of  the  sensitive   fihn  and  its  development  mu 
rhe  film  was  illuminated  by  the  green  Uno  (X  =  5* 
ury  arc,  and  after  developing  and  drying  the  film, 
reflect  sunlight  into  a  spectroscope.     In  this  way 

?             !  ̂1 

ri,^,  i:iri. 
ufy  vucuum  on^ 
1  na  reprwlu""(i  by  fine-Braiii  film,  witi  |iyn>p(iillir  acid  JevHli>|)n 
(rom  gliu»  »de. 

o  3e«?  at  once  how  nearly  the  film  was  able  to  manof 
nochroniatic  light.  A  ouml>er  of  phot(^raphs  ob 
spectroscope  are  reproduceti  in  Fig.  ISO,     As  will  Im 
light  manufactured  from  white  Ught  in  the  case  o 
highly  homogeneous.  This  was  the  fihn  compare* 
of  potash  crjslal  previously  alluded  to.     By  cut 
the  film  and  examining  it  with  a  microscope,  the  lai 

own  by  the  standing  light^waves  can  l)e  siwn  and  co 
3Uad  in  this  way  tbat*as  laaay  as  250  laminae  coi 

pmH. 
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formed,  if  the  sen^tizing  dye  was  introduced  into  the  emulsion  and 
the  plate  developed  with  hydroquinone.  In  the  case  of  bathed 
plates  the  senatizing  action  only  penetrated  a  short  distance,  and 
with  pyrogallic  acid  development  the  developing  action  occurred 
chiefly  near  the  surface,  limiting  the  possible  number  of  laminse. 
A  microphotograph  of  a  similar  section  by  Mr.  Senior  is  repro- 

duced in  Fig.  140. 

In  regard  to  the  reproduction  of  mixed  colors  Mr.  Ivos  says: 

"  Mi^d  ookus,  such  as  two  or  more  spectral  lines,  or  the  broad  ill- 
defined  bands  of  the  spectrum  given  by  pi^nent  colors,  give  stand- 

ing waves  irtiich  may  be  compared  to  the  interference  fringes  they 
would  give  in  a  Michelson  interferometer.  That  is,  we  have  n^ons 
in  the  film  where  the  different  wave-lengths  acting  reinforce,  and 
other  regons  where  they  oppose  each  other.  The  visibility  curves, 
therefore,  ore  applicable  to  the  structure  of  the  Lippmann  film. 
Photogr^ha  have  been  published  by  Lehmann  showing  that  the 

resultant  structure  for  two  radiations  agrees  with  the  calculated." 
Some  very  interesting  results  were  obtained  in  the  case  of  films 
illuminsted  with  light  made  up  of  two  different  wave-lengths. 
The  liipiin»  were  found  to  be  periodically  in  and  out  of  step,  the 

analogy  with  "beats"  being  obvious.  The  periodic  structure 
produced  in  this  way  was  coarse  enough  to  be  easily  seen  with  low 
powera,  in  thin  sections  of  the  film.  Lehmann  has  also  made  some 
iDterestinjc  experiments  on  the  production  of  Lippmann  colors  of 

the  second  and  third  orders,  analogous  to  the  Newton's  colors. At  the  surface  of  the  film  the  laminsc  due  to  the  two  tUfferent 

wave-lengths  will  be  in  step,  deeper  down  thry  will  l>e  out  of  step, 
and  the  depofut  will  be  nearly  uniform,  i.e.  without  laminie.  At  a 

still  greater  depth  they  will  appear  again.  The  reader  is  refern'd  to 
Mr.  Ives's  paper  for  a  more  complete  discussion  of  this  [mrt  of  the 
subject. 

Some  very  remarkable  results  were  ohtaintni  by  Neuhuuss  in  the 
course  of  some  experiments  made  with  a  view  of  determining  the 

action  on  the  Lippmann  film  of  two  riiffen-nt  s|»ectrum  <olnrs.  A 
continuous  Bj)ectrum  was  projected  upon  a  plat^-  and  an  ex|)osurc 

made.     The  plate  was  then  rotated  through  180°  and  a  second 
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exposure  made,  the  red  now  falling  on  the  end  of  the  plate  which  had 
previously  recorded  the  violet.  On  develop- 

ing the  plate  a  number  of  dark  bands  parallel 
to  the  fVaunhofer  lines  appeared  on  the  super- 

posed part  of  the  two  spectra,  as  shown  in  Fig. 
142.  They  are  seen  only  from  the  glass  side, 
however.  Various  inadequate  or  impossible 
explanations  of  these  dark  bands  have  been  given 
by  different  writers.  The  correct  explanation 
was  first  found  by  Lehmann,  who  showed  that  at 
points  where  the  reflection  fell  to  a  minimum  the 

silver  deposits  due  to  the  two  wave-lengths  were  out-of-step,  and 
that  therefore  instead  of  having  laminae  we  have  a  more  or  less 
homogeneous  mass  of  low  reflecting  power.  The  dark  bands  occur 
at  points  where  the  two  sets  are  in  dissonance  at  the  glass  surface. 

Fia.  142. 



CHAPTER  VII 

THE  DIFFRACTION  OF  LIGHT 

The  rectilinear  propagation  of  light  depends,  as  we  have  seen, 
on  the  destructive  interference  within  the  region  of  the  geometrical 
shadow,  of  the  elementary  waves  which  we  may  regard  as  originating 
on  the  wave-front.  That  this  destruction  is  as  complete  as  it  is,  de* 
pends  on  the  shortness  of  the  wave-length  of  light,  and  it  is  in  this  re- 

spect that  sound  differs  from  light.  Sound  we  Imow  does  bend  around 
comers,  and  unless  we  make  our  experiments  on  a  very  large  scale, 
it  is  difficult  to  get  any  evidence  of  sound  shadows.  In  the  case  of 
light,  if  we  examine  with  sufficient  care  the  propagation  of  the  ra- 

diation by  the  edges  of  opaque  obstacles,  we  shall  find  that  it  does 
bend  into  the  r^on  of  the  shadow  to  a  slight  extent,  and  that  the 
bending  is  more  pronounced  for  the  long  waves  than  for  the  short. 
That  the  bending  is  greater  for  the  long  waves  may  be  shown  by 
the  following  simple  experiment.  Sun  or  arc  light  is  passed  throu^ 
a  narrow  slit,  and  a  sharp  straight  edge  of  metal  mounted  in  the 
narrow  beam  at  a  distance  of  a  metre  or  so  from  the  slit.  If  now 
we  bring  the  pupil  of  the  eye  well  within  the  shadow  of  the  edge 
we  shall  see  the  edge  strongly  illuminated.  This  light  which  we 
see  coming  from  the  edge. is  the  diffracted  light,  and  it  should  be 
richer  in  long  waves  than  in  short.  To  show  this  we  have  only  to 
view  the  illuminated  edge  through  a  direct  vision  prism.  As  we 
move  our  eye  into  the  shadow  the  blue  end  of  the  spectrum  of  the 
diffracted  light  disappears  first.  If  any  doubt  exists  as  to  the  real- 

ity of  the  phenomenon  it  is  easy  to  mount  a  filament  of  glass,  just 
outside  of  the 
edge,  which  will 
give  a  spectrum  of 
about  the  same 
intensity.  By  a 
little  adjustment 
the  red  and  yellow 
of  the  two  spec- 
Ira  can  be  made 
the  same,  when  it 
will  be  found  that 
one  shows  the  blue 
and  violet  dis- 

tinctly while  the 
other  does  not.  ^'"-  ̂ ^^* 

That  the  bending  is  greater  for  the  long  waves  and  that  the 
intensity  falls  off  rapidly  as  we  pass  into  the  region  of  the  shadow, 
can  be  seen  from  the  following  considerations.  In  Fig.  143  let  B  be 
the  edgie  of  a  screen  upon  which  a  plane  wave  is  incident.   Consider 

ISl 
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AB  as  the  trough  and  A'B'  as  the  crest  of  this  wave.  Around  the 
point  X,  which  lies  within  the  shadow,  describe  arcs  CB,  DE,  and 
FG,  The  points  C  and  B  are  equidistant  from  x,  consequently  a 
plus  disturbance  from  C  and  a  minus  disturbance  from  B  will  reach 
X  simultaneously  and  cancel  each  other.  The  same  will  be  true  for 
disturbances  from  D  and  E^  and  from  F  and  G, 

There  remain,  however,  the  disturbances  from  the  portion  CB\ 
which  are  not  destroyed,  consequently  this  iX)rtion  of  the  wave  is 
effective  in  illuminating  x.  Now  if  the  wave  is  longer,  i.e.  if  the 

distance  Ix'tween  AB  and  A^B*  is  increased,  the  length  of  this  un- 
compensated portion  CB*  will  be  greater,  and  the  illumination  at  x 

will  be  increased.  If,  however,  we  move  to  x',  farther  within  the 
shadow,  and  describe  our  arcs  around  this  point,  the  length  of  the 
portion  CB  will  be  reduced  and  the  illumination  will  consequently 
be  less.  This  method  of  viewing  things  shows  us  also  that  the  tjrpe 
of  wave  propagated  into  the  region  of  the  shadow  is  one  which  ap- 

pears to  start  from  the  edge  B  of  the  screen.  If  we  place  our  eye 
at  X  we  shall  see  the  edge  B  shining  as  if  self-luminous,  in  other 
words,  the  diffracted  wave  is  a  sphere  (or  rather  a  cylinder)  having 
its  centre  of  curvature  at  B,  If  the  wave-length  is  made  infinitely 
small,  the  diffracted  wave  will  vanish,  as  seems  to  be  the  case  with 
X-rays. 

This  simple  bending  of  the  light  around  the  edges  of  obstacles  is 
termed  diffraction,  though  in  the  study  of  the  subject  we  are  con- 

cerned chiefly  with  the  so-called  fringes,  or  alternate  bands  of  light 
and  shadow  which  usually  accompany  diffraction.  These  fringes 
always  appear  just  outside  of  the  boundary  of  the  geometrical 
shadow,  and  have  in  reaUty  nothing  to  do  with  the  bending  of  light 
around  comers.  They  are  termed  diffraction  fringes  notwith- 
standing. 

The  diffraction  of  light  was  first  observed  by  Grimaldi  about  the 
middle  of  the  17th  century.  Admitting  sunlight  into  a  darkened 
room  through  a  very  small  ajx^rture,  he  observed  that  the  propaga- 
tion  of  the  light  by  the  edges  of  objects,  (Ud  not  olx>y  strictly  the 
laws  of  g(X)metrical  optics.  The  edges  of  the  shadow  were  bor- 

dered by  several  rainlx)w-tint^d  fringes,  while  in  the  case  of  very 
small  objects  similar  fringes  were  found  within  the  geometrical 
shadow.  These  fringes  should  not,  however,  be  spoken  of  as  dif- 

fraction fringes,  though  they  owe  their  origin  to  diffraction.  He  also 
described  the  l)ranching  or  cn^sted  fringes  which  appeared  within 
th(»  shadow  at  the  comers  of  rectangular  screens. 

Newton  repeated  au:l  im[)roved  ujx)n  the  experiments  of  Grimaldi^ 
using  light  of  different  colors,  and  found  that  the  distance  between 

the  fringes  decreases  1  as  the*  refrangibility  of  the  light  increased,  and 
increased  as  the  screen  was  removed  to  a  greater  distance  from  the 
object  casting  a  shadow.  lit*  explaincnl  this  phenomenon  on  his 
corpuscular  th(H)rv  as  du(*  to  attractive  or  repulsive  forces,  which 
the  (uiges  of  the  ol)stacle  exerted  on  the  Hying  cprpuscles. 

The  first  attempt  to  bring  the  wave-theory  to  bear  upon  the 
subject  was  made  by  Young,  who  regarded  the  fringes  as  due  to 
interference  Ix'tween  the  rays  passing  close  to  the  edge,  and  rays 
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•eflected  at  grazing  incidence.  This  explanation  could  scarcely  be 
ipplied  to  the  fringes  found  within  the  regions  of  shadow,  and  in  the 
■ase  of  the  extern^  fringes  the  distances  between  successive  maxima 
ind  minima  are  not  such  as  would  occur  if  the  interference  took  place 
a  the  manner  imagined  by  Young.  The  internal  fringes  he  ex- 
)lained  as  due  to  the  interference  of  inflected  rays,  without  at- 
empting  to  explain  how  the  inflection  took  place,  and  in  this  he  was 
a  part  correct,  for  the  internal  system  we  can  regard  as  a  set  of  in- 
erference-fringes  produced  by  two  similar  sources  of  light  situated 
it  the  edges  of  the  obstacle. 

Fresnel  made  a  series  of  experiments  with  slits  having  polished     ' 
ind  blackened  edges,  and  showed  that  the  intensity  of  the  fringes 
vas  independent  of  the  njiture  of  the  edge. 
He  was  the  first  to  give  the  true  explanation  of  the  phenomena,     \ 

"egarding  the  maxima  and  minima  as  the  result  of  the  interference 
)f  the  hypothetical  secondary  wavelets  diverging  in  all  directions 
rom  those  portions  of  the  wave-front  not  blocked  off  by  the  opaque 
M*reen. 
The  foundations  of  the  theory  of  diffraction  were  laid  by  Fresnel, 

ind  though  he  treated  only  a  few  of  the  simpler  cases,  his  funda- 
nental  equations  were,  subsequently  applied  to,  and  solved  for, 
Quch  more  complicated  cases  by  Schwerd,  Knochenhauer,  and 
others. 

We  shall  first  examine  some  of  the  simpler  cases  by  very  ele- 
nentary  methods,  and  then  take  up  the  more  rigorous  treatments 
)f  Fresnel  and  Fraunhofer. 
In  commencing  our  study  of  diffraction  it  is  best  to  dispense  as 

nuch  as  possible  with  apparatus.  Collimators  and  telescopes, 
vhich  are  so  often  employed  for  the  subjective  exhibition  of  diflfrac- 
ion  effects,  are  unnecessary  complications,  and  prevent  us  from 
)btaining  the  clear  conception  of  the  actual  magnitude  of  the  effects, 
vhich  we  get  when  we  employ  simply  a  brilliant  source  of  light  and 
I  white  screen,  in  combination  with  various  obstacles  which  we 
)lace  in  the  path  of  the  light.  A  narrow  beam  of  sunlight,  or  the 
ight  from  an  arc  lamp,  should  be  focussed  with  a  lens  on  a  pin-hole 
D  a  thin  sheet  of  metal  mounted  over  an  aperture  cut  in  a  large 
creen  of  cardboard.  The  light  diverging  from  the  small  source 
hus  produced  should  be  received  on  a  screen  of  white  Bristol  l)oard 
it  a  distance  of  two  or  three  metres  from  the  first  screen,  the  \yest 
listance  being  found  by  trial.  The  room  should  l)e  made  as  dark 
\8  possible,  and  if  the  arc-lamp  is  used  it  should  l)e  placed  either  in 
I  box  or  in  an  adjoining  room,  and  the  light  admitted  to  the  room 
hrough  the  pin-hole,  which  may  be  placed  over  the  key-hole  of  the 
loor.  Diffraction  fringes  will  now  appear  around  the  edges  of  the 
obstacles  placed  midway  l)otween  the  source  of  light  and  the  screen. 
beautiful  effects  can  be  obtained  by  sprinkling  a  little  lycop<Klium 
lust  in  the  air,  the  shadow  of  each  particle  l)eing  surn)unded  with 
oiored  rings.  Even  the  motes  floating  in  the  air  produce  colored 
ringes. 
Straight  Edge.  —  If  an  obstacle  lx)unded  by  a  straight  edge  is 

Jaoed  in  the  path  of  the  rays  we  find  that  a  set  of  rainl>ow  coloriil 
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fringes  appear  on  the  screen  parallel  to,  and  outside  of  the  edge  of 
the  geometrical  shadow,  while  within  the  geometrical  shadow  the 
illumination  falls  off  gradually  to  zero,  without  showing  any  max- 

ima and  minima.  If  we  examine  the  fringes  carefully  we  shall  see 
that  they  are  not  equidistant,  as  is  the  case  with  two  small  sources 
of  light,  but  he  closer  together  as  we  recede  from  the  edge. 

We  will  now  calculate  the  illumination  at  various  points  in  the 
vicinity  of  the  edge  of  the  geometrical  shadow,  by  dividing  the  wave- 
front,  or  as  much  of  it  as  gets  by  the  obstacle,  into  half  period  ele- 

ments with  respect  to  the  point  in  question.  This  method  is  one 
commonly  employed  in  text-books,  and  is  given  merely  as  an  ex- 

ample of  a  very  elementary  treatment.  It  is  applicable  only  to  a 
linear  wave,  i.e.  a  thin  section  of  the  actual  wave  which  is  repre- 

sented by  the  circular  arc  ST  in  the  diagram.  In  Fig.  144,  O  is  the 
source  of  light,  AB  the  diffracting  screen,  PQ  the  screen  on  which 

the  fringes  appear ;  P  is  the  point  at 
which  we  are  to  determine  the  illu-. 
mination,  situated  at  a  distance  x 
from  My  the  edge  of  the  geometrical 
shadow.  The  distance  OA^a  and 
AM=b.  We  divide  the  wave  into 
half-period  elements  with  respect  to 
P,  as  shown  in  the  figure.  We  have 
seen  that  the  effect  at  P  is  chiefly 
due  to  a  few  elements  on  each  side 
of  the  ix)le  R,  and  that  when  the 
whole  wave  acts,  the  action  of  these 
elements  reduces  by  interference  to 

a  small  portion  surrounding  the  pole,  approximately  equal  to  the 
effect  which  would  be  produced  by  one  half  of  the  central  element. 
In  the  case  above  it  is  clear  that  we  have  the  entire  half  of  the  wave 
above  the  pole,  and  the  portion  RA  below  the  pole.  If  RA  con- 
tains  an  even  number  of  half-periods  they  will  destroy  each  other  in 

!  pairs,  and  the  illumination  at  P  will  be  small,  being  due  to  RS  alone. 
If  RA  contains  an  odd  number  of  elements,  the  one  adjacent  to  the 
pole  will  remain  over,  after  the  others  have  interfered  in  pairs,  and 
will  add  its  effect  to  that  produced  by  RSy  and  the  illumination  at 
P  will  be  a  maximum.  As  the  point  P  moves  away  from  M,  the 
illumination  will  pass  through  alternate  maxima  suod  minima,  the 
positions  of  which  we  can  calculate  as  follows : 

0^ 

•    V 

-p 

■—II 

/ 

/i
 

OP=a+b+ 

x' 

and  AP=b+ 

2(a+6)  "2b' 
.-.  AP-RP=  ̂ ft   L\ 2^6     a+bJ 

If  RA  contains  an  even  numl>er  of  half-period  elements 
AP—IiP  must  equal  an  even  numl)er  of  half  waves,  therefore  the condition  for  minimum  illumination  is 

-  -^     =2/,^ 

26(a+6)  2' 
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while  if  RA  contains  an  odd  number  of  elements,  the  condition  for 
mairimnm  illumination,  we  have 

which  g^ves  us    « = \/  '°      -^  2  nX  for  the  minima, 

X = J^k±y  (2  n  +  1)X  for  the  maxima. a 

This  formula  shows  us  that  the  distance  x  increases  as  a  diminishes, 
vdiich  was  observed  by  Fresnel. 

The  maxima  are  spaced  like  the  Fresnel  zones,  i.e.  they  lie  nearer 
to  each  other  as  we  recede  from  M,  the  distances  being  proportional 
to  the  square  roots  of  the  natural  numbers. 

We  can  see  this  at  once,  for,  as  we  move  P  up,  we  expose  the  zones 
below  the  poles  and  the  successive  increments  of  x  necessary  to  ex- 

pose zone  after  zone  will  be  proiX)rtional  to  the  decreasing  distances 
between  the  zones.  The  illumination  within  the  shadow  is  due  only 
to  a  portion  of  the  wave  above  the  pole,  since  for  all  points  so  situ- 

ated, the  pole  of  the  wave  is  intercepted  by  the  screen.  The  effect 
of  a  wave  thus  reduces  to  approximately  one-half  of  the  element 
adjacent  to  the  edge,  and  as  we  pass  deeper  into  the  region  of  the 
shadow,  this  element  is  further  removed  from  the  zone,  and  conse- 

quently less  effective.  The  illumination  thus  falls  off  gradually 
without  passing  through  maxima  and  minima. 

CircuUr  Disk  and  Circular  Aperture.  —  The  method  is  better 
adapted  to  the  discussion  of  the  distribution  of  the  illumination 
produced  by  a  small  circular  disk,  since  if  we  confine  ourselves  to 
the  axis  of  the  conical  shadow,  the  disk  exactly  coincides  with  zones 
described  on  the  wave-front  with  respect  to  points  lying  on  the  axis. 

This  is  the  celebrated  problem  of  Poisson,  who  was  led  by  the- 
oretical considerations  to  the  remarkable  conclusion  that  the  illu- 

mination along  the  axis  of  the  shadow  of  a  small  circular  disk  is 
the  same  as  if  the  disk  were  removed,  a  prediction  which  was  veri- 

fied experimentally  by  Arago.  It  is  not  very  difficult  to  repeat  this 
experiment,  provided  it  is  tried  on  a  large  scale.  The  experiment 
has  been  alr^uly  described  in  the  Chapter  on  The  Rectilinear  Propa- 

gation of  Light. 
Applying  the  Fresnel  construction  to  this  case  we  see  that  the 

illumination  on  the  axis  is  due  to  the  action  of  the  entire  wave  with 

the  exception  of  the  zone  or  zones  covered  by  the  disk.  These  re- 
duce by  interference  to  approximately  one-half  of  the  effect  of  the 

zone  bordering  the  disk.  Since  the  effect  of  the  zones  becomes  less 
as  we  recede  from  the  pole,  it  is  clear  that  increasing  the  size  of  the 
disk,  other  things  being  equal,  will  reduce  the  illumination  at  a  given 
point  on  the  axis.  To  obtain  the  most  striking  results  we  shouUl 
80  proportion  the  distance  of  the  screen  to  the  size  of  the  disk,  that 
the  latter  covers  only  a  very  few  zones.  A  small  coin  at  a  distanc** 
of  4  or  5  metres  from  the  screen  shows  the  effect  well.    If  we  make 
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a  small  hole  in  the  screen  at  the  centre  of  the  shadow,  and  bring  our 
eye  close  up  to  it,  we  shall  see  the  rim  of  the  com  brilliantly  lumi- 

nous, which  shows  that  the  light  within  the  shadow  is  propagated 
as  if  coming  from  the  edge  of  the  obstacle. 

This  same  effect  can  be  seen  within  the  shadow  of  a  straight  edge. 
It  is  often  seen  in  nature  on  a  large  scale  when  the  sun  rises  over  the 
tops  of  tree-covered  mountams,  the  tops  of  which  are  situated  neariy 
above  the  observer,  every  branch,  twig,  and  leaf  shining  with  a 
silvery  light,  the  small  birds  flying  about  appearing  like  specks  of 
fire. 

Small  Circular  Aperture.  —  In  this  case  the  illumination  along  the 
axis  is  due  solely  to  the  zones  lying  within  the  aperture.  Suppose 
the  point  to  be  so  situated  that  the  aperture  contains  only  the  two 
central  zones.  The  disturbances  from  these  will  completely  destroy 
each  other  at  the  point,  and  the  illumination  will  consequently  be 
zero.  If  we  bring  the  point  a  little  nearer  to  the  aperture  the  scale 
of  the  zones  will  be  reduced,  and  the  aperture  will  contain  say  three. 
The  two  outer  ones  will  annul  each  other,  and  we  shall  have  an  Ulu- 
mination  due  to  the  outstanding  central  one.  We  thus  see  that  the 

/  illumination  is  a  maximum  or  minimum  according  as  the  aperture 
contains  an  odd  or  even  numl)er  of  zones. 

We  shall  later  on  investigate  the  problem  of  the  circular  aperture 
more  completely,  the  foregoing  method  l>eing  applicable  only  to  the 
axis. 

Fraunhof er  Class  of  Diffraction  Phenomena.  —  The  effects  which 

we  have  been  considering  belong  to  the  so-called  Fresnel  cla^  of    : 
diffraction  phenomena.    In  this  class  the  source  of  nfg^t  fljirTtha — ! 

scn>en  are  both  at  finite  distances  "^m*  the  obstacle.    The  problem — • of  determining  the  distribution  of  light  and  shadow  becomes  much 
simpler,  if  we  consider  the  source  of  light  and  the  screen  removed 
to  infinity.     This  me^ans  that  we  have  plane-waves  falling  upon  the 
aperture,  and  the  secondary  disturbances,  which  we  consider  as 
coming  from  the  plane  of  the  aperture,  all  start  at  the  same  time. 
In  otlier  words,  the  phase  of  the  vibration  is  the  same  at  every 
point  of  the  a^x^rture,  which  is  not  the  case  when  the  source  of  light     p 
is  at  a  finite*  distance,  the  wave-fronts  then  being  spherical.     For  a 
screi*!!  at  infinity  we  have  to  consider  the  interference  as  taking 
phice  b(»tween  parallel  rays.     This  condition  can  be  reproduced  ex- 
jHTinientally  if  we  place  a  lens  behind  the  apertiu^,  which  brings 
(»very  system  of  parallel  diffracted  rays  to  a  focus.     Effects  pro- 

duced in  this  way  are  vsaid  to  Ix^long  to  the  Fraunhofer  class,  since 
th(\v  wvrc  first  studi(Mi  and  discussi^d  by  Fraunhofer,  in  connection 
with  his  exiHTinKMits  on  the  diffraction  grating.  .  .   _ 

^^'e  will  now  consider  the  diffraction  effects  produced  by  a  narrow 
slit  and  tlu»n  by  a  niiinlHT  of  parall(»l  equicUstant  slits,  when  the 
incidtMit  rays  an*  paralh*l,  and  the  diffracte<l  raj's  are  brought  to  a 
focus  hy  a  lens.  \\v  shall  investigate  the  subject  in  an  elementary 
way,  and  tluMi  tak(»  up  tin*  num*  complete  mathematical  treatment. 

Narrow  Slit.  -  If  the  t(*lesco|M»  of  a  spectrometer  is  directed 
<lown  tlie  collimator,  and  the  <UtTracting  a|H»rture,  in  this  case  a  slit, 
is  placiMl  lu»twei'n  tlie  two,  we  have  the  comlitions  specified  for  the 
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Fraunhofer  class,  for  the  light  focussed  upon  the  slit  of  the  colli- 
mator is  made  parallel  by  the  lens,  which  virtually  removes  the 

source  to  infinity,  and  the  parallel  diffracted  rays  are  brought  to  a 
focus  and  interfere  in  the  focal  plane  of  the  telescope,  the  maxima 
and  minima  resulting  therefrom  being  examined  with  the  eye-piece. 

A  still  simpler  way  of  getting  the  fringes  is  to  place  the  slit  before 
the  eye,  and  view  a  distant  lamp  throi^h  it,  the  lens  of  the  eye 
here  performing  the  function  of  the  telescope  lens,  uniting  the  par- 

allel diffracted  rays  upon  the  retina. 
In  the  foUowit^  treatment,  which  is 

taken  from  Miiller  and  Pouillet's  Lehrbuch 
der  Physik,  we  shall  use  a  very  elementary 
method,  and  yet  arrive  at  an  approximate 
numerical  value  for  the  illumination  at 
various  points  of  the  diffraction  pattern. 

Let  DC  (Fig,  145)  be  the  aperture  upon  Fia.  14S. 
which   parcel   waves   are   incident   in  a 
normal  direction.  The  phase  of  the  vibration  will  then  be  the 
same  across  the  aperture,  or  along  any  line  parallel  to  it,  such 
as  p,  0.  We  will  consider  the  normally  diffracted  ray  bundle  as 
flivided  into  16  elementary  ray  bundles,  which  are  united  by  the 
lens  at  a  point  situated  at  the  centre  of  the  diffraction  pattern  which 
we  are  to  study.  Let  the  amplitude  produced  at  the  focus  by  one 

of  these  elementary  bundles  be  a,  then  the 
amf^tude  produced  by  all  16  will  be  16  a, 
since  they  all  arrive  in  the  same  phase,  and 
the  intensity  of  the  illumination  will  be 

/  =  16V=.256a*. 

^^  _^^  Consider  next  a  bundle  of  parallel  dif- 
Ew.  t-wa.  fracted  rays  which  leave  the  aperture  at such  an  angle  that  the  path-difference  between  the  extreme  rays 

ia  exactly  one-half  wave-length,  as  shown  in  Fig.  146.  These  ex- 
treme rays  will  then  arrive  at  the  focus  with  a  phase-difference  of 

180°  and  destroy  each  other.  The  other  elementary  bundles  de- 
stroy one  another  to  a  certain  extent,  and  we  determine  the  result- 

ant effect  in  the  following  way.     If  the  path-difference  between  the 

bundkB  ifl  —  •    For  the  resultant  amplitude  of  any  pur,  we  have 

the  tacpnaa^~     32- 

A-a^2+2co82»^,  in  which  5  =  ̂  and  ̂ ^  =  11°  15'; 

A-oV2  +  2co8  11"  15'  =  ov'3^962. 

Now  the  path-difference  between  two  adjacent  double  bundles  is 

— ,  (xmsaquently  the  amplitude  due  to  two  adjacent  double  bundles 
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will  be 

jB=^V2-h2cos(22^  30')=AVSA^. 

This  value  B  is  then  the  amplitude  produced  by  four  adjacent 
elementary  bundles. 

In  a  similar  way  we  find  the  effect  of  eight  bundles  to  be 

and  by  combining  the  two  groups  of  eight  each,  we  get  for  the  final 
amplitude 

D=CV2+2cos90^=CV2. 

Substituting  for  C,  B,  and  A  the  values  found,  we  get 

D=aV(3.962)(3.848)(3.414)2. 

The  final  intensity  /i  =  Z)*  =  104  •  a*=  .4067. 
The  value  found  by  calculus  is 

/i  =  .4053/, 

which  shows  that  even  the  crude  subdivision  which  we  have  em- 
ployed yields  a  fairly  accurate  result. 

The  intensity  at  the  point  at  which  these  diffracted  rays  come 
together  is  therefore  about  .4  of  the  intensity  at  the  centre  of  the 
pattern. 

In  a  direction  such  that  the  extreme  rays  have  a  path-difference 
of  K  we  find  either  by  combining  two  sets  of  8  elements  each  with  a 

pathnlifference  of  -,  or  by  pairing  off  the  1st  and  9th,  2d  and  10th, 

etc.,  with  path-differences  of  -,  that  the  resultant  illumination  is 
zero. 

If  the  path-ilifference  is  -,  we  may  di\'ide  the  bundle  into  three 

bvindlt^,  the  pathHlifference  between  the  extreme  rays  of  each  bundle 

IxMng  -.     Two  of  the  three  \Nill  mutually  destroy  each  other,  the 

nvultant  illumination  Ix^ing  that  wliich  would  be  produced  by  the 
third  acting  alone.  The  amplitude  produced  by  this  third  will  evi- 
ik'ntly  Ih»  \  of  the  amplitude  pnxluced  in  the  case  where  the  path- 

ditTiTiMU'o  Ix^twivn  the  extreme  rays  was  -,  consequently  the  inten- 

sity is 
/,  =  .\  /,  =  .045  7. 

^^'ith  a  path-ilitTrri'mv  of  '-  U»twiH?n  the  extreme  rays,  we  again 
havi*  /oro  illiiniiiiation. 

The  ilitTrartion  patteni  tluis  consists  of  a  central  bright  band 
whicli  is  very  intense*,  lK>nk»nxl  by  alternate  ilark  and  bri^t  bands, 
the  intoiisity  of  \\w  latter  dcort^iusuig  very  rapidly.     As  the  width 
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of  the  slit  is  made  less,  the  angle  of  diffraction  necessary  to  give  the 

extreme  rajrs  a  path-difference  of  -  becomes  greater  and  the  minima 

retreat  from  the  centre  of  the  system,  the  fringes  broadening. 
This  can  be  seen  by  holding  before  the  eye  a  slit  made  of  black 

paper,  the  width  of  which  can  be  varied,  and  viewing  a  distant 
lamp  through  it:  the  same  experiment  can  be  made  with  a  slit 
formed  between  the  first  and  second  finger.  The  fringed  produced 
by  diffraction  through  a  single  slit  were  termed  by  Fraunhofer 
spectra  of  the  first  class. 

Two  Parallel  Slits.  —  We  will  now  take  up  the  case  of  diffraction 
by  two  similar  parallel  slits.  They  produce  spectra  of  the  first  class 
in  the  same  position,  but  we  shall  find  that  these  maxima  are  broken 
up  by  a  new  set  of  minima  which  run  through  them.  These  minima 
are  especially  noticeable  in  the  bright  central  maximum,  and  are 
produced  by  destructive  interference  between  diffracted  rays  from 
the  first  slit  and  corresponding  rays  from  the  second. 

Let  us  assume  the  slits  AB  and  CD  to  be  so  narrow  that  in  the 

direction  represented  in  Fig.  147  the  path-difference  between  the 

extreme  rays  il  and  £,  C  and  Z>  is-*  a        n        c        o 
"   \\^^  ̂ ^        \      '  ' 

Rays  diffracted  in  this  direction  will  i  vS^-'^x^    \       \ 
then  be  the  rays  which  bring  about  ^\        \       ̂         • the  illumination  of  that  portion  of  \       \       \       \ 

the  central  maximum  lying  midway  '*•        * 
between  the  centre  and  the  point  Fio.  147. 
where  the  illumination  is  .4  of  its 
value  at  the  centre.  If  but  one  slit  were  acting,  the  intensity 
would  be  about  .7.    If  the  slit  CD  is  at  such  a  distance  from  AB  that 

the  path-difference  between  corresponding  rays  A  and  C  is  -,  the 

corresponding  rays  from  the  two  slits  will  destroy  each  other  and 
the  illumination  will  be  zero. 

It  is  in  this  way  that  the  new  minima  are  produced,  and  though 
they  may  be  investigated  in  a  manner  similar  to  that  employed 
in  the  case  of  a  single  slit,  it  will  be  best  to  postpone  their  more 
complete  investigation  until  we  come  to  the  mathematical  discus- 

'  flion  of  the  grating. 
Transition  from  Fresnel  to  Fraunhofer  Class.  —  The  gain  in  the 

brilliancy  of  the  diffraction  effects  when  we  use  a  lens  to  bring  the 
parallel  diffracted  rays  to  a  focus,  can  be  shown  by  passing  gradu- 

ally from  the  Fresnel  to  the  Fraunhofer  class. 
In  Fig.  148  we  have  at  the  left  the  diffraction  pattern  produced  by 

a  single  slit,  a  bri^t  central  maximum  bordered  by  fainter  maxima. 
These  fringes  belong  to  the  Fresnel  class  and  can  l)e  8i»en  by  examin- 

ing the  region  behind  a  narrow  slit  with  an  eye-piece ;  a  scratch 
made  with  the  point  of  a  knife  on  the  film  of  an  old  photograpliic  nega- 

tive answers  the  purpose.  If  now  we  make  two  slits  side  })y  side,  say 
1  nwn.  apart,  we  have  the  pattern  shown  in  the  right-hand  sicle  of 
the  figure.  In  the  overlapping  portions  we  have  new  maxima  and 
minima,  much  closer  together  than  the  others  due  to  the  inter- 
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ferenw  of  (listurbanrcs  coming  from  the  two  slite.  These  u 
uiid  minima  do  not  appear  in  the  bright  central  maxima  A  and  B, 
since  these  are  illuminated  each  by  its  owti  slit,  in  otlier  words,  there 
is  no  overlapping  here,  or  at  least  only  that  over  the  very  faint 

n 

third  maxima,  which  are  una!)le  to  prtKiure  visible  interference 
If  now  we  put  a  lens  behind  the  two  slits,  the  two  patterns  A  and 
B  will  be  superposerl  at  the  focus,  and  we  shall  have  tlie  new 
maxima  and  minima  furrowing  the  brightest  part  of  the  pattern. 
We  can  pass  gradually  from  one  condition  to  tlie  other,  by  holding 
the  eye-piece  close  to  the  lena  and  gradually  moving  it  back  to  the 
focus.  As  we  do  this  A  and  B,  which  are  at  first  widely  separated 
gradually  approach,  fuse  together,  and  immediately  fill  up  \vith  very 
bright  and  narrow  maxima  and  minima.  This  exporinieut  is  ex- 

tremely instructive,  and  teaches  us  more  about  diffraction  and  the 
relation  of  the  Fresnel  to  the  Fraimhofer  class,  than  many  pages 
of  mathematics.  It  is  apparent  that  the  conditions  are  the  same 
in  this  experiment  as  in  the  one  with  the  interference  refractometer 
descrilred  in  the  previous  chapter. 

Graphical  Method  of  Solution  of  Difiractioti  Problems.  —  There 
is  another  method  of  solving  problems  in  diffraction,  which,  though 
elementary,  depends  upon  the  application  of  results  obtained  from 
the  mathematical  treatment  of  the  subject.  This  treatment  is  for 
the  Fresnel  class. 

The  graphical  representation  of  the  resultant  of  a  large  number  of 
vibrations,  of  continuously  varyit^  phase  and  amplitude,  was  em- 

ployed by  Comu  in  the  discussion  of  diffraction  problems.     ThW 

K*.^ 
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resultant  effect  of  a  number  of  disturbances  of  different  amplitude 
and  phase  can  be  represented  graphically  as  the  closing  side  of  a 
polygon,  the  sides  of  which  are  proportional  in  length  to  the  ampli- 

tudes produced  by  the  disturbances  acting  separately,  and  make 
angles  with  a  fixed  line  equal  to  the  phases  of  the  dirturbances.  For 
ezample»  in  Hg.  149,  let  OA,  AB,  BC,  and  CD  be  the  amplitudes 
produced  at  a  point  by  four  disturbances 
which  arrive  simultaneously  with  phases 
rmrcBcnted  by  the  angles  a,  p^  y,  and  S. 
TiMd  resultant  amplitude  will  be  repre- 
aentod  by  the  closing  side  OD  of 
the  polygon,  the  phase  of  the  resultant 
beiBK  tiie  angle  DOX.  In  diffraction 
probkniB    we    have    to    determine    the 
effect  of  a  laige  number  of  disturbances     ̂ f4r        _ 

of  diUMiit  phases  coming  from  the  por-     /*(^  ̂    * 
HaoB  of  the  wave-front  which  are  not 
cut  off  fay  the  diffracting  screen.  We 
can  eonader  the  effect  of  a  complete  ^^-  i^^- 
WBive  at  a  point  in  front  of  it  as  made  up 
of  a  Ittge  number  of  small  amplitudes,  of  variable  phase  and  of 
conBtmtly  decreasing  magnitude.  Each  point  on  the  wave-front 
wiD  produce  at  the  point  in  question  a  disturbance  of  a  certain 
ampfitude  and  phase.  For  example,  in  the  figure  we  may  regard 

the  points  A^  Bj  and  C  on  the  wave-front  as  producing  at  the  point 
X  the  amplitudes  OB,  BC,  and  CD  above  referred  to,  with  phases 
a,  A  and  y.  As  we  recede  from  the  pole  of  the  wave  the  phase  angle 
of  the  secondary  disturbances  at  X  will  increase  continuously,  owing 
to  the  increased  distances  of  the  successive  points.  The  effect  at  X 
due  to  the  disturbances  coming  from  A,  fi,  and  C  will  be  represented 
by  OD,  the  closing  side  of  the  polygon.  In  reality  we  have  an  in- 

finite number  of  points  on  the  wave-front.  Let  us  consider  the 
first  Fresnel  aone  as  divided  into  eight  elements,  each  one  of  which 
produces  at  X  unit  amplitude.  The  effect  of  all  acting  simulta- 

neously can  be  found  by  employing  the  construction  thus  given. 
The  first  element,  which  is  next  to  the  pole,  will  produce  the  ampli- 

tude AB,  the  second  BC,  the  third  CD,  etc. ;  the  eighth  element 
will  produce  the  amplitude  ///,  the  phase  having  turned  through 

180  ,  since  by  Freaners  construction  the  edge  of 
the  zone  is  half  a  wave-length  farther  away  from 
the  illuminated  point  than  the  pole.  The  n\sultant 
effect  of  the  first  half  zone  will  therefore  l)e  repre- 

sented by  AI.  (Figure  inaccurate;  HI  should  be 
Fio.  150.  parallel  to  AB.)     The  (effects  of  the  scH'ond  Fresnel 

zone  can  be  n^pres^Mited  by  continuing  the  construc- 
tion from  the  point  /  to  the  point  K,  and  as  the  amplitudes  due  to 

the  successive  elements  decrease  rapidly  owing  to  the  ol)liquity,  the 
broken  curve  will  assume  the  form  of  the  spiral.  If  now  we  consider 
an  infinite  numl)er  of  points  on  t!ie  wave-front,  the*  phase  will  no 
longer  change  abruptly,  but  will  vary  continuously  in  passing  from 
each  point  to  the  next.     The  amplitudes  due  to  the  successive*  elo- 
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Fig.  151. 

ments  being  very  small,  the  broken  curve  will  now  be  smoothed  out 
into  a  continuous  one,  as  shown  in  Fig.  151. 

Cornu' s  Spiral.  —  The  spiral  shown  in  Fig.  151  was  constructed 
by  Cornu  from  the  tables  of  FresneFs  integrals,  which  we  shall 
consider  subsequently.  The  effect  of  each  Fresnel  zone  is  repre- 
senteii  by  a  half  turn  of  the  spiral,  and  if  we  consider  the  action  of 
the  whole  wave  the  spiral  will  make  an  infinite  number  of  turns, 

finally  subsiding  to  asymptotic  circles  at  J  and  J'  of  sensibly  zero 
radius.  The  spiral  OJ  represents  one-half  of  the  complete  wave,  and 
the  spiral  OJ'  the  other.  The  line  J  J'  joining  the  two  asymprtotic 
pointe  represents  the  action  of  the  complete  wave.    Any  portion 

of  the  wave  is  represented 
by  the  corresponding  chord 
of  the  spiral.  The  effect,  for 
example,  due  to  the  second, 
third,  and  fourth  zo2e  on  the 
one  side  of  the  pole  will  be 
found  by  joining  the  ends  c^ 
the  second,  third,  and  fourth 
half  turns  of  the  spiral.  It 
is  possible  by  means  of  this 
spiral  to  plot  graphically  the 
distribution  of  light  in  the 
diffraction  patterns  formed 
when  the  wave  is  partiaUy 
cut  off  by  screens  of  various 

types.  The  spiral  will  be  better  understood  after  we  have  studied 

Fresnel's  integrals,  and  it  is  introduced  at  this  point  merely  because 
it  furnishes  an  easy  means  of  solving  a  number  of  the  simpler  prob- 

lems in  diffraction.  A  larger  drawing  of  the  spiral  will  be  found  on 
Plate  11,  which  should  be  used  in  plotting  diffraction  patterns. 
We  will  now  consider  a  number  of  cases. 

Case  1.  Straight  Edge.  — The  elementary  treatment  has  shown 
us  that  in  this  case  we  have  a  system  of  fringes  of  decreasing  width, 
outside  of  the  edge  of  the  geometrical  shadow,  while  within  the  edg^ 
the  illumination  falls  off  rapidly,  without,  however,  passing  through 
maxima  and  minima.  Consider  first  the  illumination  outside  of 
the  etlge  as  represented  by  the  spiral. 

Since  our  spiral  represents  amplUudeSy  we  shall  find  our  intensi- 
ties by  squaring  the  resultant  amplitude  lines.  At  the  edge  of  the 

shiKlow  tiie  intensity  will  be  ropresente<l  by  the  square  of  the  dis- 
tance OJ,  since  one-half  of  the  complete  wave  is  operative  at  this 

point.  As  we  i)ass  out  from  the  edge,  the  lower  part  of  the  spiral 
begins  to  operate,  and  on  reaching  a  distance  such  that  the  whole 
of  the  first  or  central  Fresnel  zone  is  exposed,  the  intensity  will  be 
found  by  sciuaring  the  line  joining  the  point  A  with  J  (Pig.  151)  ;  t.e. 
it  will  he  considerably  greater  than  the  intensity  due  to  the  entire 
wave,  which  is  repres(»nt(xl  by  the  s(iuare  of  JJ\  If  we  represent 
the  intensities  as  ordinates,  our  abscissae  must  be  taken  propor- 

tional to  the  distances,  mejisured  along  the  spiral  from  0,  at  which 
the  point  which  we  join  with  J,  is  located.    To  facilitate  measure- 
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ments,  equal  distances  have  been  marked  off  on  the  spiral.  The 
first  maximum  occurs  at  abscissa  14,  the  distance  from  0  to  the 
bottom  of  the  spiral. 

The  intensity  as  we  proceed  outward  will  be  represented  by  the 
square  of  the  line  joining  J  with  a  point  which  travels  around  the 
lower  half  of  the  spiral.  The  intensity  thus  passes  through  maxima 
and  minima,  soon  reaching  a  nearly  constant  value,  owing  to  the 
small  diameter  of  the  convolutions,  the 
first  minimum  occurring  at  abscissa  20. 

Within  the  edge  of  the  shadow  we  have 
the  intensity  represented  by  the  square 
of  the  line  which  joins  J  with  a  point 
travelling  from  0  towards  J  along  the 
upper  half  of  the  spiral.  This  line  rap- 

idly shortens,  without  passing  through 

maxima  and  minima,  consequently  the  'fio.  152. illumination  drops  rapidly  to  zero.    A 
curve  plotted  in  this  way  is  shown  in  Fig.  152. 

Case  2.  Narrow  Slit.  —  In  this  case  the  amplitude  of  the  vibra- 
tion is  measured  by  an  arc  of  the  spiral,  the  length  of  which  is  pro- 

portional to  the  width  of  the  slit.  The  intensity  will  be  represented 
by  the  square  of  a  line  joining  the  extremities  of  a  constant  length 
of  the  spiral.  Equal  cUstances  will  be  found  marked  off  on  the 
spiral.  .  Suppose  the  width  of  the  slit  and  its  distance  from  the 
screen  to  be  such  that  it  subtends  exactly  one-half  of  the  central 
xone.  The  length  of  the  arc  which  we  are  to  employ  is  then  equal 
to  that  of  the  first  half  turn  of  the  spiral,  namely,  within  the  geo- 

metrical projection  of  the  aperture,  the  arc  >\ill  lie  partly  in  the 
upper  and  partly  in  the  lower  branch  of  the  spiral.  At  the  centre  it 
wiU  be  symmetrically  placed ;  that  is,  with  its  centre  at  0.  As  we 
proceed  from  the  centre,  we  push  the  arc  of  constant  length  along 
the  sfHral,  squaring  the  line  joining  its  extremities  at  regular  inter- 

vals, plotting  these  values  as  ordinates,  at  abscissae  corresiK>nding 
to  the  distances  advanced  along  the  spiral  as  before. 

It  is  at  once  apparent  that  the  illumination  at  the  centre  of  the 
fringe  system  may  be  either  a  maximum  or  a  minimum,  according 
to  the  width  of  the  aperture.  If  the  aperture  just  covers  the  entire 
central  zone,  the  illumination  will  be  a  maximum,  and  will  have  a 
larger  value  than  that  due  to  the  whole  wave,  while  it  will  be  a 
minimum  if  the  aperture  covers  two  zones. 

Case  3.  Narrow  Wire.  —  This  case  is  a  little  more  complicated, 
for  the  effect  of  the  wire  is  to  cut  out  a  constant  arc  of  the  spiral  ju^t 
the  reverse  of  the  condition  in  Case  2.  The  amplitude  is  the  n^sult- 
ant  of  the  two  remuning  portions  of  the  spiral,  which  must  1h'  com- 

pounded, paying  attention  to  the  directions  as  well  as  the  lengths 
of  the  lines  joining  the  extremities  of  the  curves.  Th(»  direction  is 
always  found  by  measuring  from  J'  to  J,  This  can  l>e  stn^n  from 

*  the  fdlowing  consideration :  The  effect  due  to  one-half  of  the  wave 
is  J'Of  that  due  to  the  other  half  is  OJ,  The  whole  wave  will  pro- 

duce an  amplitude  equal  to  the  sum  of  these  vectors.  If  we  take 

their  directions  as  measured  from  J'  to  0,  and  from  0  to  J,  the 
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amplitudes  will  lje  added,  and  we  shall  have  amplitude  J' J.  If, 
bowever,  we  measure  from  O  to  J'  and  from  Oto  J,  the  vectors  will 
be  opposed,  and  cancel  eacb  other.  If  this  is  borne  in  miad,  no 

<lifficully  will  be  found  in  remembering  how  to  determine  the  direc- 
tion in  wliich  the  umplitude  lines  point. 

Suppose  now  that  the  wire  euts  off  one-half  of  the  central  zone,  i.e. 
one  half  turn  of  the  spiral  measured  from  0.  At  the  centre  the  firet 

elementary  distances  on  each  side  of  0 
d.  (see  Fig.  153,  dotted  line)  will  be  absent, 

and  the  resultant  amplitude  will  be  found 

by  compounding  J'h  with  aJ,  as  shown 
in  the  figure.  At  the  edge  of  the  geo- 

metrical shadow  of  the  wire,  we  com- 

pound the  line  J'O  with  the  short  line 
which  joins  the  highest  point,  say  "  d," 
of  the  upper  branch  of  the  spiral  with  / 
(as  shown  in  the  lower  part  of  the  fig- 

ure), the  resultant  amplitude  being  JX. 
Alwcissae  are  laid  off  as  before,  propor- 

tional to  the  distances  advanced  along 
the  spiral. 

*^  ̂ ^^-  The  intensity  cur\-e  should  be  plotted 
in  this  manner  for  a  wire  covering  say  two  zones.  It  will  be  found 
interesting  to  compare  it  with  the  curve  obtained  in  the  ca^  of  a 
str^ght  edge.  Reganlir^  one  side  of  the  wire  as  a  straight  edge, 
we  see  that  the  exterior  fringe  sj-stem  is  complicated  by  the  effects 
due  to  the  exposed  jMrtion  of  the  wave  beyond  the  opposite  edge. 

X'
 

In  Fig.  1.>1  we  liiivi-  a  ijhotugrapli  of  ihe  friiigi.'S  produced  V^' 
vertit^al  thick  wire  stretched  across  a  rectangular  aperture,  "nw 
strwght-edge  fringes  appear  outside  of  the  edges  of  the  wire,  and 
Iwrdering  the  left  and  right  hand  edges  of  the  aperture.  No  fringca 
Iwraer  the  upper  and  lower  edge,  since  the  source  of  hght  was  &. 
vertical  illuminated  slit. 

Within  the  shadow  of  the  win-  are  seen  the  fringes  produced  by 
the  overlapping  of  the  radiations  which  penetrate  witliin  the  shtuloff* 



THE  DIFFRACTION  OF  LIGHT 
195 

They  are  equidistant,  and  we  can  regard  them  as  interference-fringes 
produced  by  two  similar  sources  of  light  bordering  the  two  edges  of 
the  wire. 

Case  4.  Two  Parallel  Slits.  —  The  effects  in  this  case  are  found 
by  compounding  the  resultants  of  two  arcs,  of  lengths  proportional 
to  the  widths  of  the  shts,  separated  by  a  distance  proportional  to 
the  distance  between  them. 

Mathematical  Treatment  of  Fraunhof er  Diffraction  Phenomena.  — 
If  a  converging  lens  is  placed  behind  the  aperture  upon  which  plane 

waves  are  falling,  the  lens  transforms  that  portion  of  the  plai^'' 
which  gets  through  the  aperture  into  a  concave  wave,  which,  if  the 
laws  of  geometrical  optics  were  followed,  would  collapse  to  a  point  at 
the  focus. 
We  have  then  to  determine  the  effect  of  a  small  portion  of  a 

spherical  concave  wave  at  a  plane  passing  through  the  centre  of  cur- 
vature of  the  wave.  To  do  this  we  first  get  a  general  expression  in 

the  form  of  a  double  integral  for  the  effect  of  a  complete  hemispheri- 
cal wave,  and  then  integrate  this  expression  over  the  aperture 

(Fig.  155). 
Let  the  centre  of  the  concave  wave  be  at  the  origin  of  three  rec- 

tangular coordinates.  We  are  to  determine  the  effect  of  a  disturb- 
ance starting  from  the  point  P  with  coordinates  x,  y.  z  at  the  point 

M  with  coordinates  f ,  17,  and  then  the  collective  effect  of  all  the  dis- 
turbances coming  from  the  entire  wave-front.  Call  the  distance 

MP  =  p  and  dxdy  the  element  of  the  wave  at  P. 
The  amplitude  at  M  produced  by  the  secondary  disturbances 

from  the  area  dxdy  will  be  Kdxdy  sin  2  irf        ?  j,  in  which 

efficient  depending  on  the  inclination  of  the  surface  element  dxdy  to 
P  and  on  the  distance  of  P  from  M. 
Since  we  limit  the  area  of  the  wave, 
by  blocking  off  the  greater  part  we  can 
regard  the  inclination  as  the  same  for 
all  portions  considered,  and  ̂ c  therefore 
becomes  a  constant. 

The  collective  effect  of  all  points  P 
at  M,  taking  into  account  their  mutual 
interference,  is 

*c  IS  a  CO- 

"//""2,(|-J)dxdi, 

Fio.  166. 

(in  which  a  is  the  displacement). 
Let  0P=/2,  then 

^=(x-f)'  +  (y-i7)»+22  =  7?-2xi-2i^+?+i7», 
or,  if  the  surface  of  the  wave  utilized  be  confined  to  the  immediate 
nei^borhood  of  the  z  axis,  approximately 

the  variables  x  and  y  occurring  in  the  last  term. 
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This  gives  us  for  the  resultant  displacement 

and  since  8in(a+b)=sinacosb+co8afflnb, 

i*t         *=2,(i-v^±e±i). 

Let  A  =  f  fcos  2ir  — ^^+y?      Arfy. 

Let  B=  ff sin  2  IT — ^+yv      dxdy, J  J        KVi^+ew 
then  a=i4  sin^+Bco8<^. 

B  .     B 
Let  tf=arc  tan  -rii-e-  —  =tan  tf,  and  let  C= VA*+B*,  then  if  we A        A 

"y/A^+B*  A 
multiply  Asin^+Bcos^  by   -^ —  and  substitute  for  the  — 
in  each  term  cos  0  we  get  at  once  as  the  equivalent 

VZM^  (sin  «^  cos  ̂   +  cos  «^  sin  0), 

or  a  =  Csin(«^  +  ̂), 

in  which  C  is  the  amplitude,  of  which  the  square  represents  the 
intensity  of  the  illumination. 

Substituting, 

or,  since  i  and  rj  are  small  in  comparison  with  R, 

Diffraction  by  a  Rectangular  Aperture.  —  Suppose  we  have  a  small 
rectangular  aperture  of  length  a  and  width  6,  so  placed  that  its 
sides  are  parallel  to  x  and  y  axes,  and  the  z  axis  passes  normally 
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through  its  centre.    To  determine  the  intensity  of  the  illiunination 

we  integrate  the  above  expression  between  the  limits  +  ̂  and  —  ̂, 

2  2 

^uid  for  brevity  writing   I     and  j    in  place  of  the  above, 

(/•cos  2,|dxjr:cos  2,gd,-/-sin  2,gdx/*sin  2.^^,)* 

+/'cos2,|dxfsin2.Md,J. 
If  we  integrate  these  terms  we  find  that 

J  *sin2ir^dx  =  0,  //8Jn2irgdy=0, 

/
;
•
■
 

cos2»-^rfx=^%inir^, 
i 

r%os2irfar/y=«^8in.-^, J  »  Rk  ̂      mi  Rk I 

sm'ir-_  -      sm-  w— ^ 
d  finaUy  /=aV   li^  .    -^• 

R'X?  R'k' 

We  thus  see  that  the  intensity  at  the  point  x,  y  is  dependent  on 

•  «» 

mil   1/ 

70  variables  of  the  form  - — —  • 

To  find  the  maxima  and  minima  we  differentiate  this  expression 
^'ith  respect  to  u  and  equate  to  zero. 

If  e__  sin*?!     dS  _  sin  u     u  cos  u  —  sin  m  _  a 
u'  *   du        u  u* 
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which  falls  into  two  equations 

g^=Oand"'"^"-»'
 

The  first  of  these  two  equations  ̂ ves  the  poeitjon  of  the  n 
the  second  that  of  the  maxima. 

The  second  equation  takes  the  form  ucoeu^^nnu,  w=   
This  last  equation  can  be  solved  gr^hicsJIy  by  plotting  the  curved 

y=x  and  !/=tan  x  (Fig.  i56).    The  latter  equation  is  rt-presente ' by  a  family  of  curves,  having  for  asymptotes 

x=±~,x=±^  anda!=±^,  etc.     The 
points  at  which  the  former  curve  cute  the 
various  members  of  the  family  satisfy  the 
equation  x = tan  x  and  consequently  u  =  tan  u. 
The  first  or  central  maximum  occurs  atw=0, 
the  second  between  w  and  4  "",  the  third  be- 

tween 2t  and  jw,  etc.  The  successive 
values  of  u  were  calculated  by  Schwerd 
and  found  to  be  {: 

0  «,= 4.477  IT, 
ui  =  1 .430  IT,  ut= 5.482  w, 
ui=2.459ir,  u,=6.484ir, 
u,=3.47Iir,  u,=7.486--. 

It  is  apparent  from  the  diagram  that  the  roots  approach  the  lii 

(2  n  + 1)  ̂ ,  i.e.  the  pointe  of  intersection  come  nearer  to  Mte 

totes  as  we  recede  from  the  ori^n,  the  7th  maximum  from  the  centre 

being  at  7.486  "■  and  the  asymptote  at  7.5  x.  The  minima  occur 
where  u=mir,  exclusive  of  the  case  where  m=0,which  is  the  value 
which  gives  the  central  maximum.  The  values  of  the  maxima 

corresponding  to  odd  multiples  of  «■  can  be  calculated  by  taking 

«  =  1.55r,  2.5"-,  3.5*  ...  in  the  expression  ̂ '°  "■    Wefindtheseto 

be  in  the  ratio  1 

VaJ'UV'"' 

s.  if  the  illumination  of  the  c 

tral  maximum  be  taken  as  unity  the  illuminations  of  the  succeeding 

maxima  will  be  ̂ ,  ̂ ,  rhs-  ̂ 'c  ̂ ire  now  in  a  position  to  discuss  the 
complete  diffraction  pattern  produced  by  the  rectangular  ̂ >erture. 

There  will  be  complete  darkness  in' all  places  for  which  one  of  the 
factors  of  the  form  - -  in  equation  I  =  aH^,  etc.,  has  the  value  0, 

or  when,  m  being  a  whole  number, There 
RX  R\ 

will  therefore  be  two  systems  of  dark  re^ons  of  which  the  equations 

aref  =^—  and  1=^; — ,  the  former  parallel  to  the  y  axis,  the a  0 
latter  parallel  to  the  x  axis.     If  we  bear  in  mind  the  fact  that  we 
orient^  the  aperture  with  ite  ̂ de  a  parallel  to  the  x  axis,  and  that 
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VMt 
ViUuc  in  the  diroction  of  this  samr  axis,  we  soc  thai  the  dic- 

I  between  the  parallel  interference  niininm  are  inversi-ly  as 
Wlh  of  the  aperture  nie!k<ure<i  in  a  (Urt-etion  perpendicular  to 

\  anti  din'etly  tur.  Ihe  distance  R  aiid  Ihe  M'ave-leri«lli  A, 

i  minima  form  a  mieulatwl  meshwork.     The  central  inaxi- 
ie  vpry  lifigtit  and  in  shape  similar  to  the  aperture,  but  rutateil 

thniURh  90°  with  respeet  to  it.     The  otlier 
_  maxima  arc  arrimfciil  a.->  Mhnwri  in  Pifc.   l-'>~, 
*l^  in  which  A  represents  the  apertun-.     I'rae- 
^  j^  tically  all  of  the  liftht  pot-s  into  two  handn 

al  rii^t  atiKles  to  eneli  oilier,  the  faint  max- 
ima in  the  angles  only  ln'ing  seen  when  th<> 

lirighter  portionit  an-  eiit  off  by  a  wnt-n. 
This  diffraction  piiltem  can  Ix'  well  K-en  by 

t    *   \    \  roveringalensofalKHit  50  ems.  focal  length 
/         '■     \  with  ft  wrre<'n  [terforatJ-d  with  an  aperture 
//   ^     7         *  n"'»'^"'y!''ay  2X4  numi.,  aiitl  placing  a  pin- 

,1/         '<t/i  hnle  illuminated  with  ̂ un  or  arc  light  and 
|f— -^"**  nn  vye-pietK-  at  the  conjugate  foci  of  the  lens, i.e.  al  distaneea  of  a  metre  from  the  lena. 

The  experiment  should  W  made  in  a  dark 
room. 

I  A  bett«r  method  \»  to  employ  a  motio- 
■Biatic  illuminator  (»e  Chapter  1)  an  a  nource  of  light.     The 
nece  of  a  xped  nNsco{N!  sliuuld  l>e  remove<l  and  a  waall  shet-L 
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cf  metal  or  cardboard,  perforated  with  a  pinhole,  placed  in  the 
plane  in  which  the  spectrum  is  in  focus.  If  sunlight  is  focussed 
upon  the  slit  of  the  instrument,  we  have  a  point  source  of  nearly 
monochromatic  light.  It  is  very  important  to  shut  cB  all 
extraneous  light,  and  the  best  method  is  to  arrange  the  in- 

strument in  such  a  way  that  the  telescope  tube  projects  into 
an  adjoining  dark  room  through  a  hole  in  the  door  or  curtain. 
If  we  work  in  an  absolutely  dark  room,  the  pupil  of  the  eye 
dilates,  and  the  retina  becomes  more  sensitive,  and  we  can  see 
without  difficulty  the  very  faint  maxima  situated  in  the  angles 
between  the  two  lines  of  brighter  maxima,  if  we  screen  off  these 
with  a  card.  It  is  instructive  to  prepare  an  aperture  the  di- 

mensions of  which  can  be  varied.  Fasten  two  pieces  of  card 
to  a  wooden  frame  so  as  to  form  a  slit  a  millimeter  or  two  in 
width,  and  arrange  two  other  pieces  in  such  a  way  that  the 
length  of  the  slit  utilized  can  be  varied  from  one  to  ten  milli- 

meters. It  will  be  seen  that,  as  the  aperture  is  lengthened,  one 
line  of  maxima  and  minima  close  in  and  eventually  disappear, 
while  the  other  maxima  increase  in  intensity  on  account  of 
the  larger  amount  of  light  transmitted  by  the  aperture.  The 
very  faint  maxima,  which  lie  in  the  angles  between  the  lines  of 
brighter  ones,  are,  in  a  way,  analogous  to  the  diagonal  spectra 
seen  when  two  diffraction  gratings  are  crossed,  a  subject  which 
will  be  taken  up  later.  If  we  have  an  aperture  long  in  proportion 
to  its  width,  in  other  words  a  slit,  it  produces  a  single  line  of 
maxima  and  minima.  Restricting  this  aperture  by  crossing  it 
with  another  slit  spreads  out  each  maximum  of  the  first  line  into 
a  line  of  maxima  and  minima  perpendicular  to  the  first  line.  The 
fainter  ones,  referred  to  above,  are  thus  seen  to  be  somewhat  analo- 

gous to  the  "spectra  of  spectra,''  which  we  shall  study  when  we 
come  to  the  subject  of  the  diffraction  grating.  The  faintness  of 
these  diagonal  maxima  shows  us  that  the  destructive  interference  of 
the  secondary  wavelets  from  the  aperture  is  more  complete  in  the 
regions  which  they  occupy,  though  it  is  not  very  easy  to  form  a  clear 
picture  of  why  this  should  be  the  case,  by  the  elementary  methods 
previously  used. 

Examples  of  the  lines  of  maxima  and  minima  produced  by 
small  apertures  hounded  by  straight  lines  are  frequently  seen 
in  pliotographs  taken  at  night,  in  which  the  electric  lights  have 
five  or  more  streaks  of  light  diverging  from  them.  These  result 
from  the  circimistance  that  the  iris  diaphragms  of  some  lenses, 
when  contracted,  give  a  polygonal  aperture  instead  of  a  circular 
one.  The  rays  which  are  seen  diverging  from  the  brighter  stars, 
in  stellar  photographs  made  with  modern  reflecting  telescopes,  re- 

sult from  tlie  diffraction  produced  by  the  small  rods  which  support 
the  ])late  holder,  or  the  auxiliary  mirror,  and  intercept  the  inci- 

dent b(»am  of  light. 
Introduction  of  Angtilar  Measure.  —  The  investigations  which 

are  to  follow  are  much  simplified  by  the  introduction 
of    angular    measure    into    the    expression    for    the    action    of 
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a  concave  spherical  wave.  If  i?  be  taken  infinitely  large  the  con- 
cave wave  becomes  plane  and  the  x,  y  plane  or  screen  moves  off 

to  infinity. 
The  elementary  diffracted  rays  which  meet  at  the  screen  emerge 

from  the  aperture  parallel  to  one  another.  Let  a  and  fi  represent 
the  angles  which  these  rays  make  with  x  and  y  (Fig.  158).  These 

an^es  will  differ  But  little  from  90^  since  the  angle  of  diffraction  is snudl. 

cos«=     ,  :, 

COSi3= —        ̂   :. 

The  expression  for  the  intensity  now  becomes 

Let  8  and  8'»the  small  complementary  angles  which  the  rays 
make  with  the  planes  zz  and  yZy  and  we  have 

/= (//cos  2.HSa8±On8:^^^ J 
+ 

(//8in2.^«'°»+y^'^»'dxdyJ. This  expression  integrated  over  a  rectangular  aperture  measuring 
aXb  gives  for  the  resultant  intensity  for  the  point  where  the  rays 

make  angles  8  and  8'  with  the  planes  xy  and  xzj 

'•    a  sin  8     .^.    6  sin  8' sin*  IT     sm*ir   
/-aW 

^a^  sin^  8         .ysin^8^ 

either  factor  becoming  jO  for  sin  8  =  —  or  sin  8'  =  — -  • a  0 

Diffraction  by  a  Single  Slit.  —  If  we  let  one  dimension  of  our 
small  rectangular  aperture  become  large,  we  have  the  condition  of 
a  narrow  slit,  the  diffraction  by  which  we  will  now  investigate  as  an 
introduction  to  the  study  of  the  diffraction  grating.  In  this  case 
we  can  substitute  for  the  luminous  point  a  luminous  line,  parallel  to 
the  slit,  without  altering  the  diffraction  pattern,  a  device  which  en- 

ables us  to  use  much  more  light,  though  we  do  not  thereby  increase 
the  illumination  at  any  given  point  to  any  great  degree.  With  a 
point  source  of  light  the  diffraction  pattern  is  reduced  to  a  series 
of  maxima  and  minima,  distributed  along  a  line  which  is  perpen- 

dicular to  the  slit.    With  a  linear  source  of  light  the  maxima  are 
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extended  in  a  direction  parallel  to  the  slit;  the  Tninim^  appeiM^ng 
as  dark  bands. 

We  will  express  the  intensity  by  the  equation  in  which  the  position 
of  the  illuminated  point  is  defined  by  the  angle  of  diffraction  3,  and 
since,  if  the  slit  be  parallel  to  the  y  axis,  (17=0),  the  diffraction  will 
only  occur  in  directions  parallel  to  the  x  axis,  we  can  put  S'=0. 
This  makes  the  second  factor  equal  unity,  and  we  can  write  the  ex- 

pression for  the  intensity 

sm^ir— - —  . 

r       2   ^       o8in*t« 
ofl^  sm'  0  tt* 

It  will  be  seen  that  V  has  been  omitted.  This  is  because  varying 
b  does  not  change  the  disiribviion  light  in  the  maxima.  It,  however, 
affects  the  intrinsic  intensity. 

The  minima  of  this  function,  as  we  have  seen,  are  given  by  u= mi 
where  m  is  a  whole  number  (not  for  m=0,  however). 

The  intensity  is  zero  for  all  directions  8  for  which  sinS^  — ,  o a 
if  8  is  small  the  directions  for  zero  illumination 

8  =—  MINIMA. 
a 

The  maxima  lie  in  directions  given  by  sin  8  =  ̂^,  in  which  u^  icf  is 

wa 

one  of  the  roots  of  the  equation  u^tanu,  or  for  small  values  of  8, 

8=^  MAXIMA. 

The  maxima  are  the  spectra  of  the  first  class  which  we  hav^^^-ve 
already  investigated  in  an  elementary  way. 

If  white  light  is  employed,  the  central  maximum  is  white,  tt^^he 
other  maxima  colored,  owing  to  the  fact  that  their  position  is  a  fun*-^mc- 
tion  of  the  wave-length  of  the  light,  the  red  maxima  being  farth^-^ner 
apart  than  the  blue. 

Diffraction  by  Two  Parallel  Slits.  —  This  case,  which  we  ha^'^-^Fe 
already  studied  by  elementary  methods,  is  the  next  step  which  -  k 
taken  in  the  development  of  the  theory  of  the  diffraction  gratii       :y. 

The  width  of  the  slits  we  will  call  a  and  the  distance  betw<      Jen 
them  d. 

The  diffracted  rays  coming  in  a  parallel  direction  from  a  dit      at 
angle  8  with  the  normal  give  a  resultant  intensity 

.^2    osinS 
sm^TT — - — 

A   =a  5    :    5-5-  ' 

in  which  expression  A  is  the  amplitude. 
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Parallel  rajrs  coming  from  corresponding  parts  of  the  two  slits  have 
a  path-difference  of  (a-fd)sinS,  and  the  vibrations  when  brought 

together  by  the  lens  will  have  a  phase-difference    ̂ ^^    ̂ ^^'^  • 
We  have  seen  in  the  Chapter  on  Interference  that  the  resultant 

intensity  of  two  streams  of  light  of  amplitude  Ay  with  phase-differ- 
ence e,  is  / = 2 A*  +  2A^  cos  c. 

The  resultant  intensity  in  this  case  is  therefore 

/ = 2  A»(l  +  cos  2  ̂   ̂^±^J^  =  2  4«  2  cos*  IT  i°±^^«a- , 

^nd  substituting  A*  from  above, 
'•    asinS 

sm^r — - — T    A   9  ^  9    (a+a)smo 
i=4a*   ,  .  ,g  •  cos* IT'   ^   . •crsirro  A 

This  expression  contains  two  variable  factors,  one  of  form  ̂ , 

iiv'hich  we  have  already  investigated,  the  other  giving  equidistant 
minima  equal  to  zero,  given  by  the  equation 

.    c.     (2n  +  lU 

and  maxima  given  by  sin  8  =    maxima, 
a+d 

which  expressions  simply  state  that  in  the  first  case  the  ra3rs  coming 
from  homologous  parts  of  the  two  slits  meet  with  a  pathnlifference 
of  an  uneven  number  of  half  wave-lengths,  and  in  the  second  case 
with  an  even  number. 

The  intensity  will  be  zero  when  either  of  the  two  variable  factors 
is  zero,  t.e,  when 

sin  8  =  mX.y 

2(a+d) 

The  minima  given  by  the  first  expression  are  the  diffraction  min- 
ima of  a  single  slit  which  we  have  already  studied,  the  second  are 

interference  minima  resulting  from  the  meeting  of  homologous 
rajrs  from  the  two  slits :  they  are  chiefly  noticeable  in  the  central 
maximum  of  the  first  class  system,  and  the  maxima  which  lie  be- 

tween them  were  called  by  Fraunhofer  spectra  of  the  second  class. 
They  are  the  spectra  yielded  by  the  diffraction  grating.  See  also 
the  interference  refractometer  in  the  Chapter  on  Interference. 

If  now  we  increase  the  number  of  slits  we  shall  find  that  we  have 
in  addition  spectra  of  a  third  class,  wliich,  however,  practically 
disappear  if  the  number  of  slits  \ye  very  large. 

Diffraction^by    any    Number   of    Parallel    Equidistant    Slits 
(Diffraction  Grating).  —  The  usual  method  of  treating  the  diffrae- 
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tion  spectra  produced  by  gratings  is  so  involved,  that  the  student 
is  apt  to  lose  all  idea  of  the  physical  significance  of  the  expressions. 
An  elaborate  formula,  involving  double  integrals,  the  development 
of  which  requires  several  pages  of  pure  mathematics,  and  is  finally 
solved  by  graphical  methods,  shows  that  between  the  principal 
maxima  produced  by  the  grating  there  are  present  (n— 2)  second- 

ary maxima,  where  n  is  the  number  of  Unes  of  the  grating.  As 
an  example  we  may  take  the  case  where  the  curves  x=ntan2; 
t/=tan  nz  are  plotted,  the  secondary  maxima  being  given  by  the 
points  of  intersection  of  the  two  curves.  One  is  apt  to  go  through 
this  treatment  without  having  the  faintest  idea  as  to  why  second- 

ary maxima  are  produced  at  all,  though  each  step  is  fully  under- 
stood from  a  purely  mathematical  standpoint.  The  complQ;be 

expression  for  a  grating  of  n  lines  (or  slits)  of  width  a,  separated 
by  equal  distance  d,  is 

.^2  <3^8in3     .^2^   (a-hd)sin8 

7  =  a2   ^   ^ 

^jo^sin^    gl^2^(a-hd)sin3 

The  following  elementary  graphical  method  will  be  found  to 
account  for  the  secondary  maxima,  and  show  as  well  their  number, 
position,  and  intensity,  for  a  grating  of  any  number  of  lines.  We 
shall  make  use  of  the  well-known  method  of  compounding  vibra- 

tions, which  is  employed  in  the  elementary  development  of  Comu's 
spiral,  and  shall  show  that  we  have  minima  equal  to  zero  whenever 
the  amplitude  lines  form  a  closed  symmetrical  figure,  or  mutually 
annul  each  other  in  pairs.  The  closed  figures  are  either  triangles, 
squares,  regular  polygons,  or  star-shaped  figures,  which  can  be 
plotted  in  a  very  simple  manner,  described  later  on. 

Fraunhofer's  treatment  shows  that  a  single  slit  produces  maxima 
and  minima,  which  recede  from  the  centre  and  broaden  as  the  slit 
width  decreases.  These  he  called  spectra  of  the  first  class.  In  the 
case  of  the  gratings  used  for  optical  purposes,  the  lines  are  so  fine 
that  the  central  maximum  of  the  first-class  spectra  occupies  the 
entire  field ;  i.e.  there  are  no  minima,  a  single  Une  scattering  light 

of  decreasing  intensity  throughout  the  entire  range  between  0°  and 
90°.  In  the  present  treatment  we  shall  consider  our  lines  of  this 
degree  of  fineness.  **  Absent  spectra,'*  resulting  from  finite  width 
of  the  line,  and  the  consequent  existence  of  first  class  minima,  can  be 
separately  dealt  with. 
We  will  consider  parallel  rays  incident  normally  upon  the  grat- 

ing, the  parallel  diffracted  rays  being  brought  to  a  focus  by  a  lens. 
Each  line  of  the  grating  acting  alone,  we  will  suppose  to  pro- 

duce unit  amplitude  at  the  focus. 
We  find  the  resultant  amplitude  produced  by  a  number  of  lines 

operating  together  by  the  well-known  device  employed  in  the  ele- 
mentary treatment  of  Comu's  spiral,  the  resultant  amplitude  being 

the  closing  side  of  a  polygon,  the  sides  of  which  (vectors)  represent 
the  amplitudes  and  phases  of  the  vibrations  coming  from  the  grat- 
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ing-lines.  We  can  plot  the  intensity  curve  for  a  three-line  grating, 
by  considering  phase-diflferences  (P.D.)  which  increase  by  20°.  In 
the  normal  direction  (P.D.O^)  the  intensity  will  be  3^  or  9;  in  a direction  such  that  we  have  a  P.D.  of 

90**  the  intensity  will  be  1,  while  with 
a  P.D.  of  120®  we  have  a  triangle,  there 
IS  no  "  closing  side  "  and  the  intensity 
is  xero.    From  now  on  it  increases,  at-  ̂  — ^ 
tai fling  the  valuc  1  again  with  a  P.D.  of  •      T 

180**  when  the  three  vectors  are  super-  * — J 

P.O^O* 

PO  =40* 

FD  ;.90* 

PD  =iao'' 

PD  ̂ XZb'^ 

super- posed ;  two  of  these  vectors  cancel  each 
other,  the  illumination  being  that  due 

to  the  outstanding  one.  "nie  various 
stages  are  shown  in  fig.  159  for  different 
values  of  P.D.  The  first  order  spec- 
t;ruin  comes  in  such^a  direction  that 

t;he  P.D.  is  360®  or  the  path-difference 
isX;  consequently  the  point  for  which 

r.D.=180®  is  midway  between  the  "central  image"  and  the 
first  spectrum,  and  the  diffraction  pattern  is  symmetrical  about 
it.  We  thus  see  that  there  is  a  secondary  maximum  at  this 

XX>int. 

Fig.  159. 
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A 
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FVom  now  oa  we  shall  only  determine  the  positions  of  the  minima 
lAneo,  more  than  three  Unes  operate.  The  complete  curve  can  be 
calculated  in  tbs  same  manner. 
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In  the  case  of  a  four-line  grating  we  have  intensity  16  at  the  centre, 
zero  when  the  P.D.  is  90°  or  180**,  and  unity  when  the  P.D,  is  120^ 
This  gives  us  two  secondary  maxima  between  the  principal  maxima, 
their  intensity  being  about  ̂   that  of  the  latter;  these  maxima 

occur  when  the  P.D.  is  135°  and  225°.  In  Fig.  159  a,  I  have  given 
the  positions  of  the  minima  and  the  form  of  the  closed  amplitude 
figure  at  each,  for  gratings  of  4,  5,  6,  7,  8,  and  12  lines.  The  ordi- 
nates  of  the  amplitude  curves  are  not  drawn  to  a  scale,  of  course. 

With  a  five-line  grating  we  get  our  first  minimum  when  the  five 

amplitude  lines  form  a  pentagon,  the  phase-difference  being  72°, 
and  a  second  when  they  form  a  star,  the  phase-difference  in  this 

case  being  144.°    At  the  centre  (180°)  we  have  intensity  one,  as* 
in  the  case  of  the  three-line  grating. 

It  will  be  noticed  that  we  have  a  zero  value  only  when  the 
starting  and  terminal  points  of  our  broken  line  of  vectors  coincide. 

With  a  phase-difference  of  180°  this  will  happen  when  the  number 
of  lines  in  the  grating  is  even.  It  may  also  happen  when  a  closed 
figure  such  as  a  triangle,  square,  or  regular  polygon  is  formed. 

For  a  six-line  grating  we  must  show  the  existence  of  4  secondary 
maxima.  The  illumination  will  be  zero  for  the  180°  phase-differ- 

ence, also  for  that  of  60°  when  we  have  a  hexagon,  and  for  120° 
when  we  have  two  superposed  triangles.  A  star  figure  cannot  be 
formed  of  6  hues  compounded  as  described. 

In  the  case  of  a  seven-line  grating  we  have  the  zero  minima 

for  the  regular  polygon  (P.D.  51°.6)  and  for  two  star-shaped  figures 
(P.D.  102°  and  154°),  giving  us  five  secondary  maxima  between 
the  two  principal  maxima.  The  eight-line  grating  gives  zero  when 
the  amplitude  lines  form  an  octagon,  two  superposed  squares,  an 

eight-pointed  star  (P.D.  =  135°)  and  also  at  the  centre  of  sym- 
metry (P.D.  =  180°). 

In  the  case  of  the  twelve-line  grating  the  lines  form  in  succession 
a  twelve-sided  polygon,  two  superposed  hexagons,  three  squares, 
four  triangles,  and  a  twelve-pointed  star,  the  phase-difference  in 

the  latter  case  being  150°. 
The  following  method  of  ascertaining  the  number  of  possible 

figures  will  be  found  useful. 
Arrange  around  a  circle  as  many  equidistant  dots  as  there  are 

lines  in  the  grating,  and  join  the  dots  by  straight  lines,  first  skipping 
one  dot,  then  two,  three,  four,  etc.  With  twelve  dots  we  get  the 
twelve-pointed  star  when  we  skip  four  dots  each  time.  For  a 
grating  of  thirteen  lines  we  find  it  possible  to  form  thirteen-pointed 
stars  in  five  different  ways,  between  0°  and  180°  phase-difference. 
Each  of  these  gives  zero  illumination,  also  the  polygon  of  thirteen 

sitles ;  consequently  we  have  six  minima  between  0°  and  180°,  or 
eleven  secondary  maxima.  In  the  case  of  twelve  dots  we  get  but 
on(»  star,  skipping  1,  2,  and  3  dots  giving  the  hexagons,  squares, 
ixivl  triangles. 

We  thus  see  that,  in  the  case  of  a  grating  of  n  lines,  we  have 
(n  —  2)  secondary  maxima  between  the  principal  maxima,  the 
intensity  of  which  can  be  easily  calculated  from  diagrams  similar 
to  those  given. 



THE  DIFFRACTION  OF  LIGHT 207 

/St It 

2St,tM 

\r\f\r\r\/\^ 
J5///S 

\.f\.ULI\.f\J 
SS//t9 

A^  Ia/vaI  ly\yvA]  W\^  lA^A/  Ia/v/\/ 

/LwJ\ Aaa/^ tsaijai 

SS/its 

uu 

The  intensity  curves  for  1,  2,  3,  5,  and  6  slits  are  shown  in  Fig. 
160,  from  which  we  see  that 
by  increasing  the  number  of 
lines  of  the  grating  we  throw 
more  li^t  into  the  principal 
maxima,  the  secondary  max- 

ima decreasing  in  intensity 
imd  becoming  more  crowded 
together.  We  also  cause  the 
curves  of  the  principal  max- 

ima to  become  steeper,  i.e. 
^e  light  is  concentrated 
more  and  more  nearly  into  a 
line.  When  we  have  a  very 
large  number  of  lines  the 
principal  maxima  are  ex- 
<<9eedin^y  bright  and  narrow 
"when  monochromatic  light 
is  emfdoyed,  and  the  sec- 
<^mdary  maxima  disappear 
^^entirely.  The  principal  max- 

ima then  constitute  the  nar- 
row spectrum  lines  seen  with 

"the  grating. 
The  formation  of  spectra 

by  gratings  can  be  well 
illustrated  by  mercury  rip- 

ples, as  was  shown  by  Vincent.  If  we  fill  a  large  shallow  basin 
with  mercury,  and  cause  a  strip  of  cardboard  attached  to  a  vi- 

brating tuning-fork  to  touch  its  surface,  plane-waves  will  be  emitted, 
paralld  to  the  edge  of  the  strip.  If,  however,  we  sul)6titute 
a  coarse  comb  for  the  continuous  strip,  and  allow  the  teeth 
to  touch  the  surface,  we  shall  have  a  number  of  systems  of  plane- 
waves,  corresponding  to  the  central  image  and  lateral  spectra.  The 
experiment  has  been  repeated  by  Reese  (Astro-phys,  Journal,  xxiv., 
?.  48)  and  illustrated  by  a  photograph  similar  to  the  one  made  by 
inoent.  It  is  reproduced  in  Fig.  161.  Ttic  author  has  found  that 

a  ring  of  glycerine  run  around  the  edge  of  the  mercury  surface  com- 
pletely prevents  disturbing  reflections  from  the  sides,  by  damping 

the  waves. 
We  will  now  consider  the  case  of  the  optical  grating  with  many 

thousand  lines,  and  see  what  part  the  secondary  maxima,  which 
accompany  the  spectrum  linos,  play. 

Our  broken  line  now  U^comes  (\ss<^ntially  a  smcx)th  curve.  We 
have  our  first  minimum  when  it  fonns  a  complete  circle,  the  phas<^- 
difference  between  disturbances  from  the  first  and  last  linens  Inking 
360®,  or  the  path-difference  A.  The  first  secondary  miiximum 
occurs  when  the  line  has  wound  up  into  a  v'\rv\v  and  a  half.  The 
ratio  of  the  intensity  of  the  secondar>'  to  that  of  the  principal  maxi- 

mum is  obviously  the  ratio  of  the  square  of  the  diainet<»r  of  the 
circle  of  1^  turns  to  the  square  of  the  total  length  of  the  line.     This 

Fig.  160. 
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we  eaiiily  tiiid  by  winding  up  a  strip  of  paper  of  known  ler 
will  be  found  to  be  about  1  :  23. 

This  shows  us  that,  no  matter  how  many  lines  we  have  I 
grating,  our  spectrum  lin^e  will  always  be  aceompauied  by  d 
companions,  having  at  \ca^-  ̂   of  their  brightness.     For  fl 
line  grating  the  ratio  is  not  wrj*  different,  being  alwiif 

occure  for  a  phase-difference  sipproximately  suuh  thftt  WC  hav 
regular  pentagon,  three  sides  of  which  are  made  of  double  lii 

For  a  four-line  grating  it  is  almiit  y'lr  {triangle  with  one  side  doubl 
and  for  a  three-line  grating  ̂ .  This  last  is  the  maximum  vjJm 
the  ratio. 

It  seems  quite  surprising  that  even  for  optical  gratingis 
secondary  maxima  have  a  brilliancy  very  nearly  one-half  of  t 
which  obtains  in  the  case  of  a  three-line  grating.  Their  angi 
distance  from  the  spectrum  lines  is  such  as  to  make  the  path- 
ference  between  disturbances  coming  from  the  firat  and  last  line 

the  grating  -s"  more  than  the  path-difference  at  the  line.     1 

an^e  is  obviously  that  subtended  by  one  and  one-half  wuves,  t 
distance  equal  to  the  width  of  the  ruled  surface.     The  distance 

'  This,  however,  is  not  the  cfutrv  or  brinhteat  pmnt  of  Uio 

a  P.D.  of  136*.  Ihe  fieure  having  tlie  ronii    "  ■     — -  ■■ iDlrawty  ia  about  ̂   thai  of  thv  prin'/ipal  m: 
Fix.  159(1.    At  tklU, 
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tween  the  secondary  maxima  is  thus  seen  to  depend  upon  the  width 
of  the  grating,  and  not  upon  the  number  of  lines.  At  first  sight 
there  may  appear  to  be  some  difficulty  about  this,  since  there  are 
n  —  2  secondary  maxima;  and  we  might  very  naturally  expect 
an  increase  of  n  to  push  them  nearer  together.  This  is,  however, 

only  true  when  the  "  grating  space  "  remains  constant,  i.e.  when  we 
add  new  lines  of  the  same  spacing. 

Suppose  we  have  a  grating  of  given  width  with  20  lines  which 
gives  18  secondary  maxima.  If  we  interpolate  lines  between  the 
lines  already  present,  we  double  the  number  of  secondary  maxima, 
to  be  sure ;  but  the  principal  maxima  (spectra)  of  odd  order  dis- 

appear by  interference ;  in  other  words,  they  are  now  twice  as  far 
ai^rt  as  before,  the  spacing  of  the  secondary  maxima  remaining 
the  same. 

The  analogy  between  the  secondary  maxima  and  the  fringes 
produced  by  a  rectangular  aperture  of  the  same  size  as  the  ruled 
surface,  can  be  studied  to  advantage  by  means  of  coarse  gratings 
made  by  ruling  four  or  five  lines  on  a  piece  of  smoked  pUUe  glass,  and 
mftkiT^g  the  lower  third  of  the  grating  clear  by  wiping  out  the  lines. 
Sun  or  arc  light  filtered  through  red  glass  should  be  used  with  a 
small  spectrometer,  the  grating  and  aperture  being  covered  in 
successicm  or  used  simultaneously. 

It  is  easy  to  see  that,  in  a  spectnun  of  order  m,  formed  by  a  grat- 
ing of  n  lines,  the  path-difference  between  disturbances  coming 

from  the  first  and  last  line  is  mnX,  The  first  secondary  minimum  to 
the  right  or  left  of  the  central  maximum  will  lie  in  such  a  direction 
as  to  make  the  path-difference  between  the  extreme  rays  change 
by  one  whole  wave-length ;  that  is,  the  path-difference  in  this  case  is 
(win±l)X.  For,  as  we  have  seen,  this  first  secondary  minimum 
occurs  when  our  line  of  vectors  turns  around  ijj^to  a  closed  circle, 
the  first  and  last  vectors  pointing  again  in  the  same  direction. 

This  means  that  the  last  vector  has  turned  through  360°,  which 
corresponds  to  a  path  increment  of  A.. 
We  shall  use  these  expressions  when  we  come  to  the  resolving 

power  of  gratings;   they  are  of  fundamental  importance. 
Number  of  SpecWa  and  Intensity  Distribution  :  Absent  Spectra.  — 

In  the  case  of  gratings  formed  of  opaque  lines  and  transparent  in- 
tervals the  spectra  of  progressively  increasing  order  lie  in  such 

directions  that  the  path-difference  between  disturbances  coming 
from  the  corresponding  edges  of  two  adjacent  apertures  is  1,  2,  3,, 
4,  etc.,  wave-lengths.  Referring  back  to  Fig.  14^;  suppose  the direction  of  the  dotted  lines  to  be  the  direction  of  the  second  order 
spectrum.  The  path-difference  between  disturbances  coming  from 
A  and  C  is  then  2A.  •  If  the  widths  of  the  opaque  bars  are  equal  to the  widths  of  the  apertures,  as  in  the  figure,  the  path-difference  in 
this  direction,  between  the  waves  coming  from  A  and  B  will  bo  A., 
and  the  total  effect  of  the  disturbances  from  the  aperture  will  be 
aero  ;  as  we  have  seen  in  the  elementary  treatment  of  a  single  slit. 
If  each  aperture  produces  zero  illumination,  the  total  effect  of  all 
must  be  lero,  or  the  second  order  spectrum  will  be  absent.  The 
spectra  will  in  gieneral  be  absent  in  the  directions  corresponding  to 
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the  mininuk  of  the  first  class  due  to  a  single  slit.  It  is  easy  to  see 
that  if  a =b,  as  in  the  above  case,  the  spectra  of  even  order  2, 4,  6, 

etc.,  will  disappear.    If  a=-,  the  spectra  of  order  3,  6,  9,  etc.,  will 

be  absent ;  if  a=-,  spectra  4,  8,  12,  etc.,  will  disappear. 

The  intensity  of  grating  spectra  has  been  treated  by  Lord  Ray- 
leigh  ("  Theory  of  Diffraction  Gratings,"  PhU.  Mag.,  xlvii,  pp.  SI- 
OS,  193-205, 1874 ;  also  "  Wave-Theory,"  Ency.  Brit).  In  the  case 
of  gratings  consisting  of  opaque  and  transparent  parts  of  widths  d 
and  a,  it  can  be  shown  that  the  intensity  in  any  spectrum  of  order  m 
is  given  by 

in  which  B  is  the  intensity  of  the  image  produced  by  the  lens  in  the 
absence  of  the  grating,  and  B^  the  intensity  of  the  spectrum  of 
order  m.  Since  the  sine  can  never  exceed  unity,  the  utmost  inten- 

sity attainable  under  the  most  favorable  circumstances  is  only 

— — -  of  the  original  light.    In  the  first  order,  this  may  amount  to 

•-^  or  — ,  when  the  opaque  and  transparent  parts  are  of  equal  width. 

If  d— a,  the  formula  reduces  to 

and  the  spectra  of  even  order  disappear.    This  can  be  shown  by 
means  of  a  grating  formed  by  winding  fine  copper  wire  on  a  brass 
frame.    Two  strands  should  be  wound  side  by  side,  and  pressed  close 
together.    One  of  the  ends  is  then  soldered  to  the  frame,  and  th^ 
other  wire  unwound.    The  remaining  wire  is  now  soldered  to  th^ 
frame,  and  the  wires  on  one  side  cut  away.     It  is  best  to  make  th^ 
frame  in  such  a  way  that  it  can  be  expanded  by  means  of  screws^ 
after  the  winding  is  completed ;  in  this  way  the  wires  are  drawn, 
taut.    On  viewing  a  slit  backed  by  a  sodium  flame  through  such  lu 
grating,  the  2d,  4th,  6th,  etc.,  spectra  will  be  found  wanting.      If 
the  grating  is  turned  a  little  so  as  to  alter  the  ratio  of  a  to  d, 
these  missing  spectra  at  once  appear.     If  the  transparent  inter- 

vals are  small  in  comparison  to  the  total  interval  (a  -I-  d),  we  have 
B"" '  B  =  \a/(a  -\-  d)\^,  except  for  spectra  of  very  high  order.     In 
this  case  the  spectra  are  all  of  equal  intensity.    Gratings  made  by 
photographing  black  and  white  drawings  of  parallel  lines  with 
various  ratios  of  a  to  d  are  useful  for  purposes  of  illustration. 
If  the  width  of  the  lines  is  small,  the  points  where  the  spectra  are 
absent  are  too  far  removed  from  the  central  maximum  to  appear 
in  the  field. 

Verification  of  Results.  —  The  results  which  we  have  deduced 
for  the  diffraction  grating  can  be  easily  verified  by  experiment.  A 
piece  of  thin  plate  glass  is  smoked  over  a  flame,  and  one  edgp 
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moistened  with  alcohol.  The  alcohol  spreads  over  the  film,  and 
on  drying  leaves  it  compact  enough  to  enable  us  to  rule  lines 
through  it  with  a  sharp  steel  point  by  means  of  the  dividing 
engine. 

If  no  dividing  engine  is  available  it  is  not  difficult  to  fit  up  an 
arrangement  by  which  the  plate  may  be  advanced  through  equal 
distances  by  turning  a  screw  provided  with  a  roughly  graduated 
head,  while  the  ruling  is  done  with  a  needle  point  mounted  on  a 
pivoted  arm,  arrangecl  to  slide  back  and  forth  along  a  fixed  line. 
The  distance  between  the  lines  should  be  as  nearly  as  possible  equal 
to  the  width  of  the  lines.  A  dozen  or  so  lines  will  l)e  found  sufficient. 
The  plate  thus  ruled  should  be  provided  with  a  cover,  also  of  thin 
plate  glass  (ordinary  window  glass  will  not  do),  to  prevent  injury  to 
the  film,  and  a  movable  slide  of  thin  black  paper  so  arranged  that 
the  lines  can  be  covered  or  exposed  in  succession.  If  we  mount  the 
plate  on  the  table  of  a  spcH^trometer  and  illuminate  the  slit  with 
lumlight  which  has  \ieen  passed  through  a  sheet  of  dense  ruby  glass, 
we  can  verify  in  succession  all  of  the  results  which  we  have  deduced. 

If  all  of  the  slits  but  one  are  covered  we  shall  see*  the  broad  spectra 
of  the  first  class,  the  central  one  being  by  far  the  brightt\st ;  on  un- 

covering another  slit,  this  central  maximum,  as  well  as  the  lat^'ral 
maxima,  appear  furrowed  by  narrow  dark  bands,  the  bright  bands 
between  them  being  the  spectra  of  the  second  cla*^s.  If  three  lines 
l)e  uncovered  the  faint  thinl  class  maxima  appear,  one  lx»twcH»n 
each  |>air  of  second  class  maxima.  As  W(»  proceetl  with  the  uncover- 

ing process  we  shall  sei»  the  secondary  maxima  crowd  in  l)etween 
thi*  principal  maxima,  until,  when  all  the  linc»s  are  expased,  they  an* 
too  faint  and  too  close*  together  to  b(»  d(»tecte<l. 

If  a  piece  of  dense*  cobjilt  glass,  which  transmit.s  the  extn»me  rwl 
an<i  blue  only,  be  sulwtitulcMl  for  the  ruby  ghiss,  a  wries  of  nnl 
maxima  and  blue  maxima  will  Ih'  s(*<*n  simultan(*ously,  the  latt<T 
being  closer  together  than  the  fonner. 

There  is  another  cause*  which  may  op(»rate  in  causing  the  <lisap- 
pearanoe  of  spectra  cf  «*rtain  onlers,  which  we  will  now  investigate. 

The  Laminary  Grating.  —  If  we  consider  th(*  opacpK*  stri|)s  of  the 
grating  which  we  have  just  studied  n*pl;ic(»<l  by  tninspan*nt  strips 
of  such  a  thickness  that  some  one  wave-length  in  the  s|x*ctnun 

mifTers  a  retanlation  of  -,  we  have  a  ty|x*  of  grating  which  was  first 

Studied  by  Quincke.  Th(*  mathematical  tn*atment  of  a  grating  of 

this  t>'pe  is  somewhat  long  and  involv(Ml,  and,  as  the  <'hief  |H»euliiir- 
iliiw  of  the  grating  can  U*  si*e*n  l)y  elementary  considerations,  had 
l»Ht  be  omitted.  These*  gratings  have  th(»  |H'culiar  pn)|K'r1y  of 
failing  to  show  the  central  image  wh(»n  light  of  the  siM'cified  wavt*- 
length  is  usee!.  If  we  e*mploy  white  light,  the  eentnil  iiuiige,  which 
is  white  in  the  case  of  th(*  ordinary  grating.  :ip|>4»ars  (•olon*<l  owinjc 
to  the  absence  of  the  wave-l(*ngths  in  the  immediate  vicinity  of  tht> 

one  for  which  the  retanlation  by  the  thin  lamina  is    • 

The  reason  of  this  is  very  easy  to  se*e.     I>t  R(\  l)E,  and  Fti  \kv 
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th^  retarding  lamina  (Fig.  162).  The  central  image  is  formed  by 
the  normally  diffracted  rays,  i.e.  the  rays  for  which  8  =  0.    In  the 

case  of  the  ordinary  grating  these  dis- 
turbances all  arrive  at  the  focus  of 

the  lens  in  the  same  phase,  and  pro- 
duce a  maximum.  In  the  case  of  the 

laminary  grating  there  is  a  second 
set  of  disturbances  from  the  laminae 
which  reach  the  focus  half  a  wave- 

length behind  the  others,  or  unre- 

tarded  ones,  which  they  destroy.  Thus  the  disturbance  EE'  com- 
ing through  the  clear  space  is  destroyed  by  FF'  coming  through 

the  lamina,  and  so  on.      For  waves  for  which  the  retardation 

is  not  exactly  -  the  destructive  interference  will  not  be  so  com- 

plete, and  these  will  appear  in  the  central  image,  thou^  with 
reduced  intensity.  The  difference  in  the  retardation  is  of  course 

/  due  to  the  dispersion  of  the  lamina,  and  if  the  latter  be  somewhat 
thick,  we  may  have  several  values  of  A.  distributed  along  the  spec- 

trum, for  which  the  retardation  is  (n  +  1)--     These  wave-lengths 

will  consequently  be  absent,  and  the  intermediate  ones,  for  which  the 
retardation  is  an  even  number  of  half  wave-lengths,,  will  be  present. 
The  illumination  will  be  greater  for  these  wave-lengths  than  in  the 
case  of  the  ordinary  grating,  since  twice  as  many  elements  are 
operative  in  producing  it. 

We  know,  however,  that  luminous  vibrations  cannot  be  actually 
destroyed  by  interference,  consequently  the  light  which  fails  to 
make  its  appearance  in  the  central  image  must  be  looked  for  some- 

where else.  It  is  not  difficult  to  see  that  this  light  will  be  found  ia 

the  lateral  spectra.  Suppose  A  A'  and 
CC  to  be  the  rays  diffracted  in  such  a 
direction  that  their  path-difference  at 
the  focus  is  X,  and  consider  this  value 
of  A  the  one  absent  in  the  central  image 

(Fig.  163).  The  ray  BB',  were  it  not 
for  the  retardation,  would  arrive  at  the 

focus  with  a  path-difference  of  -  with  ^' 

respect  to  AA\  consequently  it  would  destroy  it.  If  the  laminae 
were  removed,  the  rays  traversing  the  spaces  which  they  occupied 
would  destroy  the  rays  passing  through  the  adjoining  spaces,  and 
there  would  be  no  illumination  in  this  direction ;  in  other  words, 
the  diffraction  effects  would  disappear,  the  grating  having  been 
reduced  to  a  piece  of  clear  glass.     But  the  ray  BB'y  in  addition  to 

its  -  path-difference  due  to  the  angle  8,  has  an  additional  path-dif- 

ference of  ̂   due  to  the  retardation  in  the  lamina,  consequently  it 

A .^ 
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i 

k     c- 
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^■viU  arrive  at  the  focus  in  condition  to  reenforce  the  disturbance 

along  AA'.  The  spectrum  of  the  first  order  will  consequently  be 
much  bri^ter  for  this  wave-length  than  if  the  laminae  were  opaque ; 
in  other  words,  the  light  which  is  absent  in  the  central  imaKc  ap- 

pears here. 
For  some  other  value  of  X  it  may  happen  that  the  dbturlmnces 

ONning  from  the  laminae  will  be  retarded  by  such  an  amount  that 
they  will  destroy  the  disturbances  coming  from  the  clear  spaces,  in 
the  spectrum  of  the  first  order,  consequently  light  of  certain  colors 
may  be  absent  in  the  spectra  as  well  as  in  the  central  image. 

Gratings  of  this  description  may  l>e  made  by  depositing  silver  on 
^aaa  by  the  chemical  method  (a  wedge-shaped  film  is  preferable), 
and  then  rulii^  lines  through  the  film  perpendicular  to  the  thin  edge 
of  the  wedge.  By  covering  the  plate  with  iodine  crystals,  the  silver 
is  transformed  into  a  transparent  iwlide,  and  we  have  a  laminary 
grating,  the  retardation  increasing  progressively  as  we  recede  from 
the  thiQ  edge.  With  a  grating  of  this  description  we  can  verify 
the  above  results.  A  candle  flame  viewed  through  it  appears 
brilliantly  colored,  the  color  var>ing  according  to  the  portion  of 
the  grating  held  before  the  eye,  and  certain  colors  will  Ih'  found  to 
be  absent  in  certain  specira,  and  present  in  excess  in  others. 

Similar  appearances  are  sometimes  found  with  photographic 
copies  of  gratings  ruled  on  glass  made  nith  bichroinatlzed  gelatine 
OD  i^asa.  The  writer  has  prepare<l  gratings  in  this  way,  the  lami- 

nae of  which  gave  a  half-wave  retardation  for  sodium  light. 
A  sodium  flame  could  not  t>e  seen  directly  through  it  at  all,  though 

the  lateral  spectra  were  very  brilliant. 
The  same  thing  may  happen  with  a  reflection  grating  if  the  depth 

of  the  groove  in  - ,  and,  in  fact,  most  of  the  gratings  ruled  on  specu- 

lum metal  show  more  or  less  color  in  the  central  image.  This  color 
is  sometimes  erroneously  referred  to  oxidation,  and  is  n'garded  as 
s  bad  feature.  Quite  the  reverse  is  the  ca.se,  those  gratings  giving 
brilliant  spectra  for  obvious  reasons. 

The   Flua    Gr«tin(,  —  Diffraction    grating    for   siicctroscopic 
apparatus  are  usually  ruled  on  a  refleeting 
surface  of  speculum  metal.     If  the  surface 
is  plane  the  case  is  anal(^[ous  to  that  of  the 

transparent   grating.     The    formula    for~2 
the   grating   we    have   ain'wiy   diilure' 
in   considering  the  diffraction  fringes  of — .^ 
thr  second    class,    due    to   two   parallel —y 
slits.     It  is  nX-(o  +  6)(sin  i'  ±  sin  f)  in~Z 
which  9  ia  the  angle  of  Hifrracti<in,  i  the_Q 

angle  of  incidence,  n   the  onler  of   tlie—^ 
spectrum,   and   (n-t-fc)    thf  RratinK  ron 
slant.     For  normal   ini'idenec   we  have  "" 

sin*- ^-7.    The  condition  of  things  is  roprcsi-ntcd  in  Fig.   llVl, 

from  which  it  is  apimn-nt  that  the  di»l urlmiirrs  which  originutt'  at 
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the  grating  elements,  when  a  plane-wave  is  incident  normally  upon 
it,  pass  through  the  point  P  in  succession.  It  is  thus  apparent  that 
even  if  but  a  single  wave  or  pulse  struck  the  grating,  we  should 
have  a  periodic  disturbance  at  P.  The  grating  is  thus  able  to  manu- 

facture, as  it  were,  light  of  a  definite  wave-length  or  color,  a  circum- 
stance which  will  be  considered  more  fully  in  the  chapter  on  White 

Light.  The  optical  paths  from  what  we  may  call  the  diffracted  wave- 
front  MD  to  the  point  P  are  equal,  and  since  the  path-difference  be- 

tween two  adjacent  diffracted  streams  for  the  first  order  spectrum  is 
X,  the  path-difference  betweejjJihe  extreme  rays  is  mX,  m  being  the 
number  of  lines  in  the  gratin^^jVs  we  have  seen,  if  we  employ  mono- 

chromatic light  from  a  sht,  made  parallel  by  a  lens,  we  shall  have  at  P 
a  sharp  maximum  accompanied  by  very  faint  maxima,  which  lose  in 
intensity  and  crowd  closer  to  the  principal  maximum  as  we  increase 

the"  number  of  lines  in  the  grati^^The  path^lifference  between the  extreme  raysTor  the  position^oT  the  two  minima  immediately 
adjacent  to  the  principal  maximum  is  (w±l)X,  an  expression 
which  we  shall  make  use  of  in  considering  the  resolving  power  of 
the  grating.  If  n  is  the  order  of  the  spectrum,  the  path-differ- 

ence for  the  principal  maxima  and  adjacent  minima  are  mnk.  and 
(mn±\)  X.  The  formula  for  the  grating  shows  us  that  the  posi- 

tion of  the  diffracted  image  depends  upon  the  value  of  X. 
The  dispersive  power  of  the  grating  is  represented  by 

de^         n 
dX    (a +6)  cos  ̂  

which  shows  us  that  the  dispersion  increases  with  the  order  of  the 
spectrum,  and  that  it  is  inversely  proportional  to  (a 4- 6),  the  grat- 

ing constant.  For  small  values  oiO,  cos^=l  approximately,  and 
the  spectrum  is  normal,  i.e.  equal  increments  of  wave-length  cor- 

respond to  equal  increments  of  6.  •  In  the  higher  orders  of  spectra,^ 
however,  the  dispersion  increases  with  6  and  therefore  with  X,  and 
the  spectra  are  more  drawn  out  at  the  red  than  at  the  violet  end, 
exactly  the  reverse  of  what  we  have  in  the  case  of  prismatic  spectra. 
On  this  account  the  grating  should  be  mounted  on  the  table  of  the 
spectrometer  so  as  to  stand  normal  to  the  observing  telescope,  for 
in  this  position  tf  =  0,  for  the  centre  of  the  spectrum  and  the  other 
values  of  B  are  small. 

The  general  formula  for  a  reflecting  grating,  for  any  angle  of 
incidence  i,  is 

(a  -h  b)  (sin  i  ±  sin  6)  =  mX. 

Overlapping  Spectra.  —  The  formula  for  the  grating  shows  us 
that  the  spectra  of  the  different  orders  overlap,  for  by  doubling  n 
and  halving  X  we  have  the  same  value  of  B,  This  overlapping  gives 
no  troul)le  in  the  visible  region,  if  we  limit  ourselves  to  the  first  or 
even  the  second  order,  but  in  photographic  work  it  must  be  taken 
into  account,  for  the  ultra-violet  of  the  second  order  is  superposed 
on  the  visible  region  of  the  first  order,  wave-length  25  of  the  second 
coinciding  ̂ vith  50  of  the  first.  This  overlapping  is  often  of  use, 
as  we  shall  see  when  we  come  to  the  consideration  of  the  concave 
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grating;  if  it  is  desired  to  eliminate  it,  color  screens  or  prismatic 
aiial>'8i8  must  be  resorted  to:  glass  cuts  off  practically  everything 
below  X»32,  consequently  a  glass  lens  or  plate  is  all  that  is  nee- 

when  working  in  the  first  order  spectrum. 

ZTt 

Fia.  \Vm, 

Resolving  Power  of  Gratings.  —  Since  the  diffraction  grating  is 
used  largely  in  place  of  a  prism,  for  the  formation  of  s|)ectra  and  the 
examination  of  spectrum 
lines,  it  is  of  importance 
to  determine  upon  what 
the  resolving  power  of  the 
iqrating  depends.       Lord 

Kayleigh  *  has  shown  that 
in  onler  to  separate  two 

spectnim    lines,    the   dis- 
tances l)etween  the  central 

maxima  of  their  diffrac- 
tion  images  must  l)e  at 

least  as  great  as  the  dis- 
tance of  the  first  minima 

from    the    central    maxi- 
mum.     H  this  condition 

is  as  n*pn*sented  in  Fig.  165,  the  resultant  illuniinatioi).  (dotted) 
being  given  by  summing  the  ordinates  of  the  two  vnivot^,  th'*  lines 
ifcill  not  appear  clearly  w»parated.  but  the  duplicity  of  the  line  can 
W  recognized  from  the  slight  shading  do\ni  the  centn*.  lict  AH 
(Fig.  165)  l)e  the  grating  and  BC  the  din^ction  of  the  diffractnl  rays, 
which  form,  for  wave-length  A,  the  central  maximum  of  ihv  sixrtnan 
of  the  with  onler.  As  we  have  s<M»n,  the  central  nuixima  in  each 

spectrum  arc  accompanied  by  s<H*ondary  inaxiina  which  d(»cn'as<»  in 
intensity,  and  Ihtoiuc  cn)\v<l(Hl  together  as 
we  inrn»asc»  the  uuhiImt  of  lin<»s  of  the  grat- 

ing.    The  first  minimum  at  v  on  rtxrh  si<le  of 
a  central  niaxinmm  will  ol)viously  lir  clostT 
to  the  central  inaxiinuin  of  the  s|X'ctruni  line, 
if  we  employ  a  larjre  nuinluT  <»f  liiK's  in  the 
grating,  or  iiion*  exactly  if  th«'  grating  has 
a  consid<*rabl<»  width.      In  (»ther  words,  the 
intensity    curve    becomt^s  steejHT.   the   lijiht 
cn)wding  together    more   nearly  into  a  g«M)- 

metrical  Hne.     As  an  exprc^ssion  for  the  resolving  i)o\ver  w<»  nM|uin' 
the  change  in  wave-length  lUM^^s'iry  to  shift  the  central  maximum 
int<»  the  position  of  the  first  nunimuin.     For  the  et^ntral  maximum 
for  Hnve-lcngth  X.  in  a  s|x»ctnnn  of  ord<»r  m  for  a  grating  of  ;/  lin<»s 
tlie  retaitlation  l)etw<H»n  the  distur))an(*(*s  coming  from  the  njges 
of  the  grating  is  mn\  (Fig.  1  (><)).     The  first  minimuiti  to  the  h^ft 
for  tliis  wave-length  is  n»pn*s4'ntnl  l)y  the  line  HI),  which  will  Ik» 
the  direction  of  the  central  maximum  for  nunc  other  wave-l«»ngtb 
slightly  greater  than  A.  sjiy  A  •  8a.     The  retardation   of  tin*   ex- 

treme rays  of  the  first  mininmm  is  imn  -  PA  or  m/uA  •  dA).  if  6A  is 
the  increnient  of  wave-ltMigth  which  will  shift  the  crntral  maximum 

»  ••  Wtt\i'-Th««or>'."  A  'in/.  lint.,  vol.  xxiv. 
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into  the  position  previously  occupied  by  the  first  minimum.  (See 
treatment  of  diffraction  grating.)  Since  these  two  are  equal,  we 
can  write 

mn(X+8\)  =  (wn  +  l)X,  or^=  — . 
A.      tnn 

8a.        1 

For  the  D  lines  of  sodium  —  =  r^^y  so  that  in  order  to  resolve 
them  in  the  first  order  spectrum,  we  must  utilize  at  least  1000  lines 
of  the  grating.  They  may  be  separated  in  the  second  order  spec- 

trum with  500  lines,  etc.  This  treatment  is  due  to  Lord  Ray- 
leigh. 

It  is  especially  to  be  noticed  that  the  resolving  power  of  the 
grating  does  not  depend  upon  the  closeness  of  the  ruling,  but  merely 
upon  the  number  of  lines.  Let  us  take  for  example  a  grating  one 
inch  in  width,  ruled  with  1000  lines,  which  in  the  first  order  spectrum 
will  barely  resolve  the  sodium  lines.  Suppose  now  we  interpolate 
an  additional  1000  lines,  making  them  bisect  the  original  spacing. 
The  spectra  of  odd  order  will  disappear  by  interference,  the  energy 
being  thrown  into  the  spectra  of  even  orders,  which  increase  in  brill- 

iancy, the  gain  being  fourfold  since  the  amplitudes  are  doubled. 
The  resolving  power  in  each  spectnmi  is  exactly  the  same  as  it 

was  before,  since  what  is  now  the  first  order  spectrum  was  previously 
the  second  order.  If  one-half  the  grating  is  cut  away,  leaving  lOOO 
lines  in  half  an  inch,  the  dispersion  will  not  be  altered  while  the 
brightness  and  the  resolving  power  are  halved.  The  sodium  lines 
are  now  just  barely  resolvable  in  the  first  order  spectrum.  K  the 
grating  had  been  cut  in  halves  before  the  interpolation  of  the  second 
ruling,  the  sodium  lines  would  have  been  just  barely  separated  in 
the  second  order  spectrum,  500  lines  only  operating.  This  spectrum 
is  identical  in  position  with  the  first  order  spectrum  in  the  second 
case.  It  is  thus  clear  that  with  a  grating  of  given  size,  the  resolving 
power  in  a  given  direction  is  quite  independent  of  the  number  of 
lines  in  the  grating.  With  few  lines  we  have  a  high  order  spectrum 
at  a  given  point,  and  as  we  increase  the  number  of  lines  by  ruling 
more  in  the  same  spcuXj  the  spectra  move  out  from  the  central 
image,  and  the  order  of  spectrum  at  the  given  point  becomes  less. 

If,  however,  we  decrease  the  order  at  the  given  point  by  compress- 
ing the  grating,  that  is,  decreasing  the  grating  space  without  in- 

creasing the  number  of  lines,  then  the  resolving  power  at  the  ̂ ven 
point  beoomes  less.  The  advantage  of  ruling  the  lines  close 
together  is  twofold.  In  the  first  place,  for  a  given  aperture  of 
telescope  and  collimator,  we  can  bring  more  lines  to  bear,  and  con- 

sequently increase  the  resolving  power;  in  the  second  place,  we 
concentrate  the  light  into  fewer  spectra,  and  obtain  increased  brill- 

iancy. As  Lord  Rayleigh  remarks,  "  There  is  clearly  no  theoreti- 
cal limit  to  the  resolving  power  of  gratings  even  in  spectra  of  given 

order,  but  it  is  possible  that,  as  suggested  by  Rowland,  the  struc- 
ture of  natural  spectra  may  be  too  coarse  to  give  opportunity  for 

resolving  power  much  higher  than  those  now  in  use.  However 
this  may  be,  it  would  be  possible  with  the  aid  of  grating  of  given 



THE  DIFFRACTION  OF  LIGHT  217 

resolving  power  to  construct  artificially  of  white  light  mixtures  of 
sli^^tly  different  wave-length  whose  resolution  or  otherwise  would 
discriminate  between  powers  inferior  and  superior  to  the  given 

one."     We  can  easily  investigate  the  relation  between  resolving 
power  and  number  of  lines.     Illuminate  the  slit  of  the  spectrom- 

eter with  the  light  of  a  sodium  flame,  viewing  the  spectrum  by 
means  of  a  small  grating,  the  aperture  of  which  can  be  contracted 
in  the  horizontal  direction  by  means  of  vertical  opaque  screens. 
If  we  are  working  in  the  spectrum  of  the  first  order,  >^ith  a  Row- 

land grating  of  14,000  lines  to  the  inch,  it  will  t)e  found  that  the 
D  lines  run  together  when  the  A^idth  of  the  aperture  is  about  one- 
fourteenth  of  an  inch.    Turning  the  telescope  so  as  to  view  the  lines 
in  the  second  orde-r,  we  shall  find  that  they  are  clearly  resolvable. 
If  a  grating  with  coarser  ruling  is  used,  the  minimum  width  of  the 
jq)erture  consistent  with  resolution  will  be  increased  in  a  corre- 

sponding degree. 
Focal  Properties  of  Gratings :  Zone-Plates.  —  If  the  distance  l)e- 

twecn  the  lines  of  a  plane  grating,  instead  of  being  constant,  varies 
according  to  the  same  law  which  governs    the  spacing  of  the 
Tresnel-Huygens  zones,  the  grating  will 
^ve  foeussed  spectra  without  the  aid 
•fof  mirrors  or  lenses. 

It  is  obvious  that  the  diffraction 
^ngle  for  a  spectrum  of  given  order 
must    be,    for    each    element    of    the  rJT^.-...^ 
4Crating,  such  as  to  cause  the  dif- 

fracted rays  to  meet  at  a  point,  in- 
artead  of  remaining  parallel  to  one 
^another. 

We     may     regard     the    zone-plate, 
^encribed  in  the  chapter  on  the  Recti- 

linear Pn^mgation  of  Light,  as  a  cir- 
cular   diffraction    grating    of   variable 

spacing. 
In  Fig.  166a  let  ABCDE  repn^nt 

a  section  of  the  zone-plate  through 
which  parallel  rays  of  light  an*  pass-  Fm-  i<V6a. 
ing.     At  the  points  A  and  A\  where 
the  elements  are  close  together,  we  have  the  diffracttnl  rays  cor- 

responding to  spectra  of  different  orders  leaving  at  the  angU*s 
designated  by  arrows.  It  is  clear  that  the  rays  for  the  first  onliT 
igiectra  will  meet  at  a  point  at  some  distance  fn)m  AE,  and  the 
wcond  order  rays  at  a  point  nearer  to  the  plate. 

At  B  and  D,  the  distance  betw<H»n  the  <liffrarting  lines  lu'lng 
greater,  the  diffraction  angk^s  an»  less  and  the  rays  fnun  th<»s<»  Av- 
mentj)  meet  at  the  .same  |M)intsiLs  thos<'  from  A  and  K.  We  \\\\\> 
nee  that  the  different  f(K*i  of  the  zoiM»-plate  merely  repn»sent  >iH»e- 
tra  of  different  onlers.  Tin*  diflfraeted  rays  iiulirattMl  l»y  d<)ttrd 
arrows  meet  only  if  they  are  produetnl  l>aekwanls  hfhiiid  tho  zuue- 
plate.  These  fm*i  are  of  eours4'  virtual,  antl  thr  platr  thrr«'{or«' 
act«  as  a  concave,  as  well  as  a  eoiiv<»x.  lens.     N<>w  we  know  \\x^\ 
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the  relative  intensities  of  spectra  of  diflferent  orders  depends  upon 
the  ratio  of  the  width  of  the  opaque  to  that  of  the  transparent 
portions  of  the  grating.  If  a =6,  the  spectra  of  even  order  disap- 

pear. 
In  this  connection  the  zone-plate  represented  in  Plate  II  is  espe- 

cially interesting,  as  the  ratio  a  :  6  is  not  constant,  and  if  the  eye  is 
placed  at  the  second-order  focus  circular  zonal  regions,  in  which  a  =  6, 
will  appear  less  brilliantly  illuminated.  They  will  never  appear 
black,  however,  as  some  of  the  first-order  rays  from  them  are 
entering  the  eye  as  well. 

In  the  condition  that  a=b,  any  actual  zone  on  the  plate,  as  seen 
from  the  second-order  focus  point,  contains  two  of  the  Fresnel- 
Huygens  zones,  consequently  each  real  zone  of  the  plate  produces 
zero  illiunination  at  this  point. 

Intensity  of  Grating  Spectra.  —  The  intensity  of  grating  spectra 
can  be  calculated  in  the  case  of  gratings  made  up  of  opaque  and 
transparent  intervals.  As  gratings  of  this  type  are  seldom  or  never 
used,  such  calculations  are  of  little  practical  value.  In  the  case  of 
gratings  ruled  on  speculiun  metal  the  distribution  of  light  in  the 
spectra  of  different  orders  is  very  irregular,  depending  upon  the 
form  of  the  groove.  The  following  method  of  measuring  the  inten- 

sity, used  by  the  author  in  determining  what  percentage  of  the 
total  incident  light  appeared  in  the  very  bright,  first  order  spectrum 
of  a  particular  grating,  may  be  of  interest,  as  the  measurements  are 
very  easily  made. 

The  measuring  apparatus,  or  photometer,  consisted  of  a  pair  of 
Nicol  prisms  (one  mounted  in  a  graduated  circle),  a  small  piece  of 

silvered  glass,  and  a  bright  and  uni- 
form sodium  flame.  The  silvered 

glass  can  be  made  by  dissolving  the 
varnish  from  the  back  of  a  piece  of 
modem  mirror,  and  poHshing  with 
rouge.  It  is  mounted  vertically  at 

6r»/M^  an  angle  of  45°  with  the  axes  of  the 
Nicols,  and  covers  the  lower  half 
of  the  field  (Fig.  167).  The  soda 
flame  is  immediately  behind  the  po- 

larizing prism,  and  the  grating  stands 
to  one  side,  as  shown  in  the  figure. 
By  turning  the  grating,  the  central, 
or  any  one  of  the  lateral  (spectral) 

*'  images  of  the  flame  can  be  viewed  in 
FiQ.  167.  the  silvered  mirror,  immediately  in 

contact  with  the  image  of  the  flame 
seen  through  the  Nicols,  and  by  turning  one  of  them  the  intensities 
can  1)0  accurately  adjusted.  We  first  set  the  graduated  Nicol  in 
tlic  zero  ix)sition,  and  then  turn  the  other  Nicol  to  the  position  of 
extinction.  The  intensity  of  the  restored  light  for  a  given  angle 
measunnl  from  this  position,  is  proix)rtional  to  the  square  of  the 
sine  of  the  angle.  The  central  image  can  be  located  easily  by  watch- 

ing for  the  reflection  of  the  flame  in  the  unruled  portion  of  the  sur- 

9x. 

--,% 
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face.    The  results  obtained  are  recorded  in  the  following  table,  eight 
spectral  images  having  been  measured : 

Fourth 
Spectrum 

Third 
Spectrum 

Second 

Spectrum 
First 

Spectrum 

Central 
Image Firat 

Spectrum 

Second 

Spectrum 

Third 

Spectrum 

FourUi 

Spectrum 

0.073 0.057 0.20 0.31 0.16 0.98 0.096 0.032 0.01 

The  numbers  given  are  the  squares  of  the  sines  of  the  angles,  and 
represent  the  intensities  of  the  images  as  fractional  parts  of  the  light 
transmitted  through  the  first  Nicol.  The  intensity  of  the  first  spec- 

trum on  the  right  is  as  great  as  the  siun  of  all  the  others,  together 
with  the  centnd  image  (0.94),  which  amounts  to  saying  that  half  of 
the  total  light  reflected  is  found  m  one  spectrum. 

It  is  frequently  stated  that  a  Nicol  reduces  the  intensity  of  un- 
polarized  light  by  one-half.  The  reduction  is  obviously  greater  than 
this  on  account  of  the  reflections  at  the  two  obUque  surfaces,  and  to 
a  slight  extent  by  the  balsam  film.  In  the  present  case  the  surfaces 
of  the  prism  were  slightly  dull,  and  I  doubt  if  the  intensity  of  the 
transmitted  light  was  much  over  40  per  cent  of  the  original  inten- 

sity. Calling  the  intensity  of  the  soda  flame  100,  we  get  the  intensi- 
ties of  the  spectra  by  miUtiplying  40  by  the  fractions  given  in  the 

table.  The  sum  of  these  intensities  (eight  spectra  and  central  im- 
age) is  75.6,  which  agrees  fairly  well  with  Rubens's  determination  of 

the  reflecting  power  of  speculiun  metal  for  yellow  (70  per  cent). 
This  indicates  that  the  ruling  of  the  surface  interferes  in  no  way 
with  the  total  reflection,  which  is  what  might  be  expected.  The  in- 

teresting point  is  that  half  of  the  total  light  is  found  in  one  spectrum. 
If  speciHiun  reflects  70  per  cent,  this  means  that  we  have  35  per 
cent  of  the  light  in  the  first  order  spectrmn,  or  about  one-third  of 
the  original  amount. 

Intensifying  Glass  Gratings.  —  Gratings  ruled  on  glass  can  be 
much  improved  by  a  method  described  by  the  author  in  1906. 
They  usually  give  rather  weak  spectra,  the  diamond  cuts  being 
deep  and  narrow,  usually  much  narrower  than  the  clear  spaces  be- 

tween them.  Dilute  hydrofluoric  acid  widens  the  cuts  and  in- 
creases the  intensity  of  the  spectra  often  as  much  as  tenfold.  The 

process  can  be  controlled  most  perfectly,  and  there  is  no  danger  of  in- 
juring the  grating.  Ck>at  the  inside  of  a  saucer  with  hot  paraffine 

and  allow  it  to  cool.  Fill  the  saucer  with  water  and  pour  in  two  or 
three  ccms.  of  hydrofluoric  acid.  Dip  one  comer  of  the  grating 
into  the  dilute  acid  until  2  mms.  of  the  ruled  surface  is  immersed. 
H(^  it  in  the  fluid  for  15  seconds,  remove,  wash,  and  wipe  it  dry. 

Now  hold  it  at  arm's-length  against  a  distant  gas  flame  and  bring 
the  spectra  in  succession  across  the  etched  corner.  If  no  brighten- 

ing is  observed  repeat  the  etching  [)rocess  on  the  same  corner  for  a 
minute.  As  soon  as  the  corner  shows  improvement  immerse  the 
whole  grating,  examining  it  every  half  minute  or  so,  until  the  rest  of 
the  surface  sliows  a  brilliancy  as  great  as  the  corner.  As  long  as  the 
comer  remains  brighter  than  the  rest  it  is  safe  to  continue  the  etch- 

ing.   It  is  a  good  plan  to  protect  the  back  with  a  coating  of  wax,  if 
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the  grating  is  a  valuable  one,  as  the  etching  process  is  apt  to  develop 
latent  scratches. 

False  Lines  due  to  Periodic  Errors  or  ''  Ghosts."  —  If  the  illu- 
mination is  sufficiently  intense,  the  bright  lines  of  the  spectrum 

an?  usually  seen  accompanied  by  companion  lines,  symmetrically 
placed  to  the  right  and  left  of  the  principal  lines.  These  fainter 

companions  are  termed  "  ghosts,'*  and  are  due  to  periodic  errors 
of  ruling.  Very  elal)orato  mathematical  treatments  of  their  cause 
ha\'e  been  given  by  Rowland  and  others,  which  hardly  fall  within 
the  scope  of  this  lx)ok.  The  following  simple  method  of  regarding 
the  effects  of  periodic  errors  will,  however,  make  the  reasons  for  the 
occurrence  of  the  spurious  lines  clear,  though  we  cannot  determine 
the  nmnl)er  of  the  lines  or  their  relative  intensities,  as  can  be  done 
by  the  more  rigorous  mathematical  methods. 

Suppose  that  some  irregularity  of  the  ruling  occurs  at  regularly 
recurring  intervals,  duo  to  some  slight  imperfection  of  the  dividing 
engine.  For  the  sake  of  simplicity  we  will  suppose  that  the  irregu- 

larity consists  in  the  introduction  of  an  extra  line  at  points  half  a 
millimetre  apart,  a  fault  that  would  not  l^e  likely  to  occur  in  prac- 

tice, of  course.  The  grating  would  thus  be  the  equivalent  of  two 
sufKTposod  gratings,  one  with  a  fine  spacing,  namely,  that  which 
the  machine  is  ruling,  the  other  with  a  0.5  mm.  spacing.  Consider 
now  the  effect  of  superposing  two  gratings.  If  we  view  a  slit  illu- 

minated with  sodium  light  through  the  fine-spaced  grating  we  shall 
see  tlie  central  image  accompanied  by  widely  separated  spectral  im- 

ages. On  introducing  the  second  grating,  with  lines  ruled  at  wide 
intervals,  the  central  image  and  the  lateral  spectral  images  will  all 
b(*  accompanied  l)y  lateral  spectra,  which  lie  close  together  on  ac- 

count of  the  coarsonc^ss  of  th(*  ruling,  and  are  very  faint  on  account 
of  tlie  small  value  of  the  ratio  of  the  width  of  the  line  to  that  of  the 

space  between  tin*  lin(\s.  In  other  words,  the  second  grating  forms 
spiu'tra  not  only  of  the  slit  (central  image),  but  also  of  the  lateral 
sp(»ctral  imag(»s. 

The  errors  whicli  actually  occur  in  the  process  of  ruling  are,  of 
(•ours(\  much  more  complicatcKl.  For  example,  the  spaciiig  of  the 
hn(\^  may  alt(T  gradually  in  a  pericxlic  manner.  We  can  say,  hoiw- 
ever,  tliat,  in  general,  tlie  effect  of  any  i)eriodic  irregularity  in  the 
ruling  will  Ix*  to  produce  spectra  at  angular  distances  similar  to  those 
pnHluco<l  by  a  grating  with  a  spacing  (H]ual  to  the  spacing  <rfthe 
jHTiodic  error.  If  th(»  eye  is  placed  in  the  spectrum  the  periodic 
error  can  often  be  se(Mi  on  the  surface  of  the  grating  if  the  source 
of  liglit  giv(^s  a  discontinuous  (line)  spectrum. 

In  practice  it  is  usually  not  difficult  to  recognize  ghosts,  for  they 
arc  only  seen  in  tlu^  case  of  very  strong  lines,  and  have  the  same  ap- 
p(»arancc  n^jicanllcss  of  the  clement,  the  spectrum  of  which  is  under 
examination.  They  are  often  useful,  as  in  cases  where  the  line  is 
greatly  broadtMicd  l>y  overexposure*,  its  true  position  being  midway 
brtweiMi  the  ghosts.  Hie  method  of  crossed  gratings,  w^hich  is 
analogous  to  X(»wton's  method  of  crosstxl  prisms,  enables  us  to  recog- 

nize a  *•  ghost  "  in  cases  where  it  is  not  otherwise  p>ossible  to  do  so. As  this  method  has  been  useil  in  the  interpretation  of  the  results 
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obtained  with  the  interferometer  of  Lummer  and  Gehrke,  which  will 
be  described  in  the  Chapter  on  Interference  Spectroscopes,  it  may 
be  well  to  take  it  up  in  this  connection. 

In  Fig.  168  let  o  be  the  Hource  of  light  (slit  of  spectroscope,  for 
example)  viewed  through  two  superposed  gratings,  with  their  lines 
perpendicular  to  each  other,  one  of 

which  shows  "ghosts."  Let  XB  lie 
a  first  order  spectrum  produced  by 
this  grating,  with  bright  lines  1,  2, 
3,  and  a  very  bright  line  5  accom- 

panied by  two  ghosts  4  and  6. 
The  other  grating  produces  the 

spectrum  CD  of  the  source  and  the 
oblique  spectrum  EF,  which  we  can 
r^ard  as  the  spectrum  produced 
by  the  good  grating  (lines  hori- 

zontal) of  the  spectrum  AB;  pro- 
duced by  the  bad  grating  (lines 

vertical)  that  is  to  say,  the  differ- 
ent elements  of  AB  are  deviated  f  i08 by  different  amounts  proportional 

to  their  wave-lengths.  The  lines  1,  2,  and  3,  being  true  lines  and 
having  different  wave-lengths,  will  lie  in  the  positions  1/2,  3,  on 
EF.  Lines  4,  5,  and  6,  however,  have  the  same  wave-length,  con- 

sequently they  will  be  deviated  by  equal  amounts  and  occupy  po- 
sitions shown  by  4,  5,  6,  on  EF.  In  other  words,  the  ghosts  are 

thrown  out  of  the  spectrum.  The  same  method  could  l>c  useti  with 
reflection  gratings. 

I  I  U 

In  Fig.  169  will  be  found  photographs  of  the  spectra  of  a  helium 
tube,  made  by  the  author  with  two  crossed  gratings.  The  It'ft-hand 
figure  was  nude  with  a  pair  of  gratinf^s  free  from  ghosts.  The 

aource  of  li^t  was  the  small  brilliantly  illuminat^^l  circle  of  an  "  end 
OD  "  tube.    Tlie  epectra  show  the  helium  lines  in  the  form  of  rows 
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of  dots,  and  the  dots  lie  along  single  straight  lines  in  the  diagonal 
spectre.  In  the  right-hand  figure  one  of  the  gratings  has  been 
replaced  by  a  very  poor  one  with  a  bad  periodic  error;  the  hori- 

zontal spectra  produced  by  this  grating  are  almost  unrecogniz- 
able,  owing  to  the  numerous  ghosts,  which  produce  multiple  dots 
overlying  one  another.  The  vertical  spectra  produced  by  the  other 
grating  are  seen  to  be  free  from  ghosts.  In  the  diagonal  spectra 
the  horizontal  arrangement  of  the  ghosts  at  each  spectral  line  (dot) 
is  clearly  seen.    Compare  points  indicated  by  arrows. 

The  Nature  of  Optical  Images.  —  All  optical  images  arise  by  inter- 
ference since  the  rectilinear  propagation  of  the  rays  which  form 

them  is  the  result  of  destructive  interference.  In  certain  cases 

the  part  played  by  interference  is  very  striking,  and  an  experi- 
ment has  been  described  by  A.  B.  Porter  which  illustrates  the 

theory  and  which  is  very  instructive. 

"  The  experiment  consists  in  passing  a  parallel  beam  of  monochro- 
matic light  through  a  coarsely  ruled,  black-Une,  diffraction  grating, 

and  then  through  a  convex  lens.  On  the  far  side  of  the  lens  a 
system  of  sharply  defined  interference  fringes  is  formed  which  can 
be  seen  by  aid  of  an  eye-piece,  or  intercepted  on  a  screen,  at  any 
point  over  a  considerable  range  along  the  axis.  Somewhere  in  this 
system  of  fringes  is  the  geometrical  image  of  the  grating,  but  it  is 
visually  quite  indistinguishable  from  any  other  transverse  section 
of  the  fringe  system.  Clearly  in  this  case,  the  geometrical  image  is 
merely  that  section  in  which  the  geometrical  condition  of  omilarity 
to  the  object  is  satisfied. 

0    !   ̂    »    CZ3    ̂  

0'
 Fio.  170. 

''The  best  arrangement  of  the  experiment  is  the  following.  Li^t from  an  arc  lamp  A  (Fig.  170)  is  focussed  by  means  of  the  lens  B  upon 
a  narrow  slit  C.  Thence  it  passes  through  a  direct-vision  prism  at  Z), 
and  the  spectrum  is  focussed  by  the  lens  E  upon  the  narrow  slit  of  a 
collimator  FG.  The  parallel  beam  of  monochromatic  light  thus 
obtained  falls  upon  the  mirror  H  oi  k  microscope  jRl J,  upon  whose 
stage,  at  /,  the  grating  is  placed  in  such  a  position  that  its  ruled 
lines  are  parallel  to  the  projections  of  the  two  slits  C  and  F.  Using 
a  black-line  grating  of  400  lines  to  the  inch,  and  having  both  slits 
narrowed  down  to  a  small  fraction  of  a  millimetre  so  as  to  secure 
very  homogeneous  illumination,  the  field  of  view  was  examined 
with  |-inch  objective  and  1-inch  eye-piece.  The  interference  fringes 
appeared  in  the  field  of  the  eye-piece  with  exquisitely  sharp  defini- 

tion throughout  the  whole  range  of  the  coarse  adjustment  of  the 
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microscope,  i.e.  over  a  distance  of  58  mms.,  beginning  with  the  front 
of  the  objective  in  contact  with  the  grating  and  with  its  focal 
plane  7  mms.  below  the  ruled  surface;  and  the  fringes  could  be 
traced  through  a  much  greater  range  by  withdrawing  the  eye-piece 
and  moving  it  back  along  the  axis.  As  the  microscope  is  slowly 
focussed  upward/ the  bands  undergo  curious  changes  in  appearance, 
the  lines  showing  sometimes  close  together  and  again  farther  apart, 
but  the  definition  is  almost  equally  sharp  throughout  the  whole 
range  of  adjustment,  so  that  any  section  of  the  fringe  system  is  as 
good  an  apparent  image  as  any  other  section.  Similar  but  less  per- 

fect effects  may  be  obtained  by  illuminating  the  field  by  means  of 
sodium  light  passing  through  a  slit  a  couple  of  millimetres  wide 
at  a  distance  of  one  or  two  metres." 

"  If  the  angle  of  the  incidence  of  the  Ught  on  the  grating  is  changed  "^ by  moving  the  mirror,  the  whole  fringe  system  shifts  to  one  side  or 
the  other  except  in  the  focal  plane,  where  it  remains  stationary. 
This  shows  (1)  that  the  focal  plane  is  the  plane  in  which  the  inter- 

ference fringes  formed  by  light  of  all  incidences  coincide ;  (2)  that, 
when  a  broad  source  is  used,  the  geometrical  image  is  really  a 
superposition  of  coincident  interference  patterns ;  and  (3)  that  the 
usual  absence  of  a  sharp  image  outside  the  focal  plane  is  due  to  the 
more  or  less  uniform  illumination  resulting  from  the  overlapping  of 
fringe  systems  due  to  light  coming  from  various  points  in  the  source. 
When  Uie  grating  is  illuminated  by  a  parallel  beam  of  white  light 
by  means  of  a  collimator  with  very  narrow  slit,  or,  less  perfectly,  by 
a  distant  gas  flame  turned  edgewise,  the  effects  are  similar  except 
that  outside  the  focal  plane  the  fringes  are  colored.  Hence  (4)  the 
focal  plane  b  also  the  plane  of  achromatic  interference,  i.e.  the  plane 

in  which  the  fringes  due  to  light  of  various  wave-lengths  coincide.'* 
"  These  experiments  show  very  clearly  why  it  is  in  general  essential 

to  use  a  condenser  to  illuminate  the  field  of  a  microscope  in  order 
to  obtain  a  critical  image,  i.e.,  an  image  which  comes  sharply  into 
and  out  of  focus  and  which  is  hence  as  free  as  possible  from  con- 

fusion with  details  of  structure  lying  above  and  below  the  focal 

plane." 
Abbe's  Diffraction  Theory  of  Microscopic  Vision. — The  diffraction 

theory  of  microscopic  vision  was  proposed  about  thirty  years  ago  by 
Ernst  Abb6.  It  may  be  briefly  stated  m  foljows.  For  the  produc- 

tion of  a  truthful  image  of  an  iUumiaated  structure  by  a  lens,  it ' necessary  that  the  aperture  be  wide  enough  to  transmit  the  whole  ol 
the  diffraction  pattern  produced  bjLjJiailruetUFe.  If  but  a  portion 
of  the  diffraction  pattern  is  transmitted,  the  image  will  differ  from 

'  the  object,  and  will  correspond  to  an  object  the  entire  diffraction 
pattern  of  which  is  identical  with  the  portion  passed  by  the  lens. 
If  the  structure  is  so  fine,  or  the  lens  aperture  so  narrow,  that  no 
part  of  the  diffraction  pattern  is  transmitted,  the  structure  will  be 
invisible,  no  matter  what  magnification  is  used.  Abb^  devised  a 
number  of  interesting  experiments  to  illustrate  the  theory.  By 
means  of  suitably  perforated  screens  placed  within  or  above  the 
objective  of  a  microscope,  one  or  more  of  the  diffraction  spectra 
produced  by  a  ̂ ass  grating  (the  object  viewed  through  the  micro- 
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scope)  were  cut  off,  and  the  appearance  of  the  grating  shown  to  be 
modified  in  a  most  remarkable  manner.  If  all  of  the  spectra  were 
screened  off,  all  trace  of  the  lines  vanished.  It  is  sometimes  as- 

sumed that  there  is  an  essential  difference  between  microscopic  and 
ordinary  vision,  and  that  the  phenomena  of  diffraction  play  no  part 

in  the  latter.  Whatever  difference  there  may  be*  between  the  two cases,  arises,  however,  from  the  relative  size  of  the  objects  involved, 
and  from  the  special  methods  of  illumination  employed  with  the 
microscope,  as  has  been  shown  by  A.  B.  Porter,  who  devised  the 
following  ingenious  experiment  for  demonstrating  that  the  images  of 
periodic  structures  formed  by  the  naked  eye  itself  are  due  to  dif- 

fracted Ught.  Light  from  an  arc  lamp  or  the  sun  passes  through  a 
pin-hole  in  a  screen  and  is  focussed  by  means  of  a  photographic  lens 
on  a  cardboard  screen,  about  30  cms.  from  the  lens  —  immediately 
in  front  of  which  a  piece  of  wire  gauze  having  about  thirty  wires 
to  the  centimetre  is  placed.  The  dffiraction  pattern  produced  on  the 
screen  by  the  wire  gauze  consists  of  a  central  image  with  a  large 
number  of  radiating  spectra  surrounding  it.  There  are  two  sets  of 
spectra  at  right  angles  to  each  other,  formed  by  the  two  sets  of 
wires,  with  two  intermediate  sets  also  at  right  angles,  but  rotated 
through  forty-five  degrees  with  respect  to  the  others.  These  latter 
may  be  regarded  as  the  spectra  of  spectra,  and  are  always  seen  when  a 
source  of  Ught  is  viewed  through  a  pair  of  crossed  diffraction  gratings. 
(See  Fig.  169.)  By  cutting  small  holes  in  the  screen  we  may  trans- 

mit any  portion  of  the  diffraction  pattern  and  allow  it  to  enter  the 
eye.  If  the  screen  is  pierced  by  a  hole  only  large  enough  to  transmit 
the  central  image,  the  wire  gauze  is  quite  invisible.  If  a  narrow  slit 
is  used  which  transmits  only  the  central  image  and  the  horizontal 
fine  of  spectra,  the  vertical  wires  alone  are  seen ;  if  the  slit  is  turned 
vertically  so  as  to  transmit  the  vertical  fine  of  spectra,  the  horizon- 

tal wires  alone  are  visible.  If  the  slit  is  turned  at  an  uigle  of  forty- 
five  degrees  so  that  the  diagonal  set  of  spectra  are  transmitted, 
neither  the  vertical  nor  horizontal  wires  are  seen,  but  a  very  real- 
looking  set  of  wires  appears  running  diagonally  in  a  direction  per- 

pendicular to  the  sUt.  Such  a  set  of  wires  would,  if  acting  alone, 
give  rise  to  the  spectra  transmitted.  If  the  card  is  pierced  with 
three  pin-holes  which  transmit  the  central  image  and  two  second 
order  spectra,  a  set  of  vertical  wires  is  seen,  twice  as  close  together  as 
the  actual  wires.  By  cutting  two  slits  in  the  screen  at  right  angles 
to  each  other,  and  arranging  them  so  as  to  transmit  the  diagonal 
spectra,  we  see  the  gauze  as  if  rotated  through  forty-five  degrees. 

In  these  experiments  the  object  of  placing  a  lens  between  the 
gauze  screen  and  the  eye  is  to  enable  us  to  remove  any  desired  group 
of  parallel  diffracted  rays.  This  can  only  be  accompUshed  by  bring- 

ing all  of  the  parallel  sets  each  one  to  its  own  focus,  and  intercepting 
them  at  this  point.  A  white  card  should  be  mounted  at  the  point 
where  the  spectra  appear  sharpest,  and  the  size  and  shape  of  the 
aperture  desired  for  the  transmission  of  any  portion  of  the  diffrac- 

tion pattern  traced  upon  it  with  a  sharply  pointed  pencil. 
These  experiments  are  similar  to  the  ones  devised  by  Abb6,  and 

furnish  a  very  easy  and  convenient  means  of  illustrating  his  theory. 

_jBBiai 
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The  subject  of  the  distribution  of  the  light  in  the  spectra  in  its 
connection  with  the  formation  of  images  of  periodic  structures  by 
the  microscope  has  recently  been  investigated  by  A.  B.  Porter, 
and  some  extremely  interesting  effects  found  which  were  verified 
by  experiment  {Phil,  Mag,,  1905). 

The  case  of  a  grating  formed  by  opaque  bars  and  transparent  in- 
tervals was  first  examined  by  Fourier's  theorem.  The  amplitude  of 

the  transmitted  light  is  in  this  case  represented  by  a  square-topped 
curve,  which,  by  Fourier's  theorem,  may  be  represented  by  an  in- 

finite series  of  cosine  terms.  If  the  edges  of  the  opaque  bars  are  not 
sharply  defined,  i.e.  if  they  are  shaded  slightly,  the  analysis  shows 
that  the  higher  harmonic  terms  in  the  series  are  absent,  and  since 
each  one  of  these  gives  a  spectrmn,  the  higher  orders  of  spectra  are 
absent.  This  was  verified  experimentally  by  making  a  contact 
print  on  a  photographic  plate  of  a  grating  with  400  very  sharply 
ruled  black  lines  to  the  inch ;  one  edge  of  the  grating  was  in  contact 
with  the  plate,  while  the  other  was  separated  from  it  by  means  of  a 
piece  of  paper.  The  blurring  thus  increased  progressively  across 
the  plate.  The  original  grating  showed  the  first  35  orders  of  spectra 
of  a  sodiiun  flame,  while  the  print  showed  but  three,  when  the  flame 
was  viewed  through  the  edge  which  was  in  contact  with  the  original. 
As  the  eye  was  moved  along  the  print,  the  2d  and  3d  order  spectra 
rapidly  faded  away,  the  first  order  only  being  yielded  by  the  end 
which  was  separated  from  the  original.  Applying  this  principle  to 

Abba's  theory,  we  see  at  once  that  the  sharpness  of  the  edges  of  the 
images  of  a  series  of  black  lines  depends  upon  the  transmission  of 
the  spectra  of  high  orders.  If  only  the  first  order  spectra  are  passed, 
the  lines  appear  greatly  blurred..  If  four  or  five  orders  were  passed, 
the  images  became  sharper  and  less  blurred,  but  a  fine  dark  line  ap- 

peared down  the  centre  of  each.  This  was  predicted  by  Porter 
from  curves  drawn  representing  the  sunmiation  of  the  first  five 
terms  of  the  Fourier  series,  and  subsequently  verified  by  experiment. 
The  result  is  rather  remarkable  in  showing  that  a  falsification  of  the  J 
image  may  result  from  an  improvement  of  the  lens.  When  8  spectra  ( 
were  transmitted,  two  dark  lines  appeared  running  down  the  centre 
of  each  bright  band.  The  results  were  verified  by  examining  a 
grating  under  a  microscope,  the  objective  of  which  was  furnished 
with  an  iris  diaphragm,  by  which  any  desired  number  of  spectra 
oould  be  cut  off.  Monochromatic  light  was  used,  and  the  experi- 

ments show  that  some  caution  must  be  used  in  interpreting  minute 
details  in  micro-photographs  obtained  with  monochromatic  fight. 

Porter  has  also  examined  the  effects  of  the  spectra  produced 
by  structure  underlying  the  structure  upon  which  the  microscope 
is  focussed.  It  was  found  that  when  monochromatic  light  was 
employed,  the  presence  of  a  second  grating,  a  short  distance 
below  the  one  under  observation,  in  certain  cases  caused  a  com- 

plete obliteration  of  the  lines  over  the  greater  part  of  the  field. 
It  is  well  known  that  when  two  gratings  are  superposed,  with  their 
lines  parallel  and  separated  by  a  short  distance,  the  spectra  formed 
by  the  double  grating  are  intersected  by  transverse  shadow  bands. 
If  under  certain  specified  conditions  these  shadow  bands  fie  in  the 

Q 
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yellow  of  the  first  order  spectra,  and  the  iris  diaphragm  of  the  ob- 
jective is  contracted  until  only  the  first  order  spectra  are  passed, 

we  shall  have  no  spectra  at  all  when  the  microscope  is  illuminated 
with  yellow  light,  and  the  first  order  spectra  when  it  is  illiuninated 

with  light  of  some  other  color.  In  Porter's  experiment,  two  gratings 
of  3000  Unes  to  the  inch,  separated  by  a  space  1  mm.  thick,  were 
placed  upon  the  stage  of  the  microscope,  which  was  focussed  upon 
the  upper  grating.  The  instrument  was  illuminated  with  mono- 

chromatic Ught  furnished  by  a  spectroscope,  and  it  was  found  that 
the  lines  completely  disappeared  when  the  illumination  was  with 
yellow  light,  though  they  were  distinctly  visible  with  all  other 
colors. 

These  experiments  are  very  interesting,  as  they  were  all  made 
with  the  microscope  under  what  would  be  considered  normal  work- 

ing conditions,  with  central  illumination  and  circular  diaphragms 

centred  on  the  optic  axis.  "  Nevertheless,"  as  Porter  says,  "  when 
certain  relations  existed  between  the  aperture  of  the  lens  and  the 
coarseness  of  structure  of  the  object,  images  were  formed  which 
were  utterly  false  in  their  smaller  details,  and  other  images  were 
profoundly  modified  by  the  presence  of  structure  lying  entirely 
beyond  the  focal  plane.  It  therefore  seems  that  a  working  knowl- 

edge of  the  phenomena  and  laws  of  diffraction  might  well  form  a  part 
of  the  equipment  of  every  one  who  uses  the  microscope  and  attempts 

to  interpret  its  indications." 
Abba's  theory  has  sometimes  been  hghtly  treated,  as  most  of  his 

anomalous  appearances  of  images  were  produced  by  diaphragms  of 
peculiar  form,  slits,  crosses,  triangles,  etc.,  which  are  never  met 

with  in  practice.  Porter's  experiments  were,  however,  all  made 
with  circular  diaphragms  under  normal  conditions,  and  the  effects 
observed  may  frequently  occur  in  practice,  and  be  falsely  interpreted. 
The  reader  should  refer  to  the  original  paper  for  other  interesting 
cases,  and  a  more  complete  treatment  than  the  scope  of  this  book 
permits. 

Concentration  of  Light  into  a  Single  Spectrum.  —  It  is  clear  that 
the  efficiency  of  a  grating  would  be  enormously  increased  if  the 
light  could  all  be  concentrated  into  a  single  spectrum.  By  m Airing 
the  laminae  of  prismatic  form  it  is  possible  to  throw  all  of  the  light 
into  a  single  spectrum,  as  has  been  shown  by  Lord  Rayleigh.  The 
angles  of  the  elementary  prisms  must  be  such  as  would  cause  re- 

fraction of  the  incident  rays  in  the  direction  of  the  diffracted  rays 
of  the  spectrum  into  which  the  light  is  to  be  thrown.  The  possi- 

bility of  its  experimental  realization  was  demonstrated  by  Mr. 
Thorp  of  Manchester,  who  punched  a  series  of  parallel  saw-tooth 
grooves  on  a  soft  metal  surface  by  means  of  a  die.  The  surface  was 
then  flowed  with  a  solution  of  celluloid  in  amyl  acetate,  which  upon 
solidification  was  stripped  off  in  the  form  of  a  film,  bearing  an  ac- 

curate cast  of  the  metal  surface.  Fully  ninety  per  cent  of  all  the 
light  was  concentrated  into  the  first  order  spectrum  on  one  side. 
Tihese  gratings  were  very  small  and  of  no  use  for  optical  purposes. 
The  echelette  gratings  recently  made  by  the  author  are  of  this 
type.    They  will  be  described  later  on.     The  same  thing  has  been 
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accomplished  in  Michelson's  remarkable  echelon  grating,  which 
will  be  treated  in  another  chapter. 

It  is  clear  that  the  same  thing  will  be  accomplished  in  the  case  of 
a  reflecting  grating  if  the  grooves  have  flat  sides  which  slope  in  such 
a  direction  as  to  reflect  the  energy  in  the  direction  of  a  given  spec- 
trmn.  The  author  has  recently  made  gratings  for  use  with  long 
heat  wtLves  which  act  in  this  way.  An  investigation  of  their  prop- 

erties in  collaboration  with  A.  Trowbridge  has  shown  that  they 
form  the  most  efficient  spectroscopic  apparatus  of  high  resolving 
power  for  infra-red  work  at  present  at  our  disposal.  Inasmuch  as 
they  constitute  a  link  between  the  ordinary  grating  and  Michelson's 
echelon,  with  its  large  steps  (see  next  chapter)  they  have  been 
termed  echelette  gratings.  Their  behavior  with  short  waves  (vis- 

ible light)  is  most  interesting,  and  teaches  us  a  great  deal  about  the 
action  of  a  grating,  and  the  way  in  which  the  form  of  the  groove 
influences  the  distribution  of  intensity. 

The  Echelette  Grating,  for  the  Infra-Red.  —  One  of  the  most 
important  problems  in  Optics  is  the  question  of  the  distribution 
of  intensity  among  the  spectra  of  different  orders  produced  by  a 
diffraction  grating.  Practically  no  rigorous  experimental  investi- 

gation has  been  made,  owing  to  the  impossibility  of  determining 
the  actual  form  of  the  groove  ruled  by  a  diamond  point  on  a  glass 
or  metal  surface.  It  is  very  difficult  to  learn  anything  from  a 
microscopical  examination,  and  it  is  by  no  means  certain  that  the 
form  of  the  groove  will  conform  to  what  we  believe  to  be  the  shape 
of  the  ruling  point.  A  promising  method  of  attack  would  be  to 
manufacture  gratings  with  grooves  of  such  large  size  as  to  make 
the  determination  of  their  exact  form,  width,  etc.,  a  matter  of  cer- 

tainty and  then  investigate  the  energy  distribution  by  means  of 
the  long  heat-waves  discovered  by  Rubens  and  his  collaborators. 
By  employing  the  residual  rays  from  quartz  (see  Chapter  on  Theory 
of  Dispersion)  and  a  grating  with  1000  lines  to  the  inch,  we  should 
have  about  the  same  ratio  of  wave-length  to  grating  space  as  ob- 

tains in  the  case  of  a  Rowland  grating  with  14,000  lines  to  the  inch, 
and  red  light.  Gratings  with  constants  varying  from  0.1  mm.  to 
.01  mm.  could  be  studied  by  means  of  residual  rays,  or  narrow 
regions  of  the  infra-red  spectrum,  isolated  by  a  salt-prism  spectrom- 

eter, and  the  relation  between  the  intensity  distribution  and  the 
form  of  the  groove  determined.  Methods  were  worked  out  by 
the  author  by  which  a  groove  of  any  desired  form  could  be  ruled, 
with  optically  flat  sides  (a  very  important  point),  the  angular  shape 

of  each  side  of  the  groove  measured,  and  the  exact*  nature  of  the 
ruling  determined,  i.e.  whether  the  metal  had  been  forced  up  be- 

tween the  grooves,  or  whether  the  angle  between  the  opposed  faces 
was  equal  to  the  angle  between  edges  of  the  ruling  knife.  This 
by  no  means  follows,  as  the  ruling  of  groove  No.  2  may  force  the 
metal  to  one  side  and  increase  the  angle  of  slope  of  the  adjacent  side 
of  groove  No.  1.  Gratings  were  finally  obtained,  wliich  have 
proved  so  efficient  in  the  investigation  of  infra-red  spectra,  that  it 
seems  worth  while  to  designate  them  by  a  name  of  their  o\\ii. 
They  throw  practically  all  of  the  energy  into  one  or  two  spectra 

.v 
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to  the  left  of  the  central  image,  which  is  completely  absent,  with 
visible  light,  and  show  no  trace  of  any  energy  to  the  right  of  it. 
With  visible  light  they  send  the  greater  part  into  a  group  of  8i)ectra, 
say,  from  the  12th  to  the  16th,  or  from  the  24th  to  the  30th  order. 
They  may  thus  be  regarded  as  reflecting  echelons,  of  comparatively 

small  retardation,  and  may  be  termed  **  echelette,"  to  distinguish 
them  from  the  ordinary  grating  and  the  Michelson  echelon. 

After  considerable  experimenting  with  various  metals  and  ruling 
points,  the  method  finally  adopteil  was  the  following:  A  sheet  of 
polished  copper  plate,  such  as  is  used  by  photo-engravers  for  the 
half-tone  process,  was  gold  plated  and  ix)lished.  The  plates  were 
found  sufficiently  flat  for  the  purpose  and  had  a  fair  optical  surface. 

A  carborundum  crystal  was  used  for  the  ruling  point,  selected  by 
breaking  up  a  mass  of  the  substance  as  it  comes  from  the  furnace. 
Specimens  of  these  iridescent  crystalline  masses  are  to  be  found  in 
most  chemical  or  mineralogical  museums.  The  crystals  have  a 

hexagonal  form,  and  are  mounted  so  as  to  rule  with  the  120®  angle. 
The  natural  edges  are  so  straight  that  they  rule  a  groove  with  opti- 

cally perfect  sides.  Everything  dojK»nds  upon  the  nature  of  the 
edge  and  the  angle  at  which  it  is  set  with  respect  to  the  direction  of 
the  line,  i.e.  the  tilt  forwards  or  back.  Some  edges  will  not  rule 

properly  at  any  angle,  "chattering"  over  the  surface  and  tearing* off  a  thread  of  metal.  No  ineial  i^  rcfnoved  when  the  ruling  is  going 
on  properly,  the  groove  l:)eiug  formed  by  compression  of  the  metu. 
If  the  (xlge  is  properly  chosen,  mounted  at  the  proper  angle  and 
corre(^tly  weightt^d,  a  beautiful  groove  is  made  with  a  very  little 
elevation  of  the  metal  above  the  original  surface  at  the  edges.  Th© 
first  gratings  were  ruled  on  copper  and  sul)sequently  gold-plated  to 
prevent  tarnish,  but  it  was  found  that  even  the  light^t  polishing 

on  the  buffing  wh(»el  dostroye<^l  the  shaq^ness  of  the  edges  and  caused 
the  development  of  strong  central  images. 

The  angle  of  the  niling  edges  of  the  carborundum  hexagonal 

plates  is  120°,  consequently  the  sides  of  the  groove  make  approod* 
mately  this  angle.  By  placing  the  crystal  in  various  positionB 
we  obtain  gro()V(\s  of  various  shapes,  one  side,  for  example,  sloping 
at  an  angle  of  12°  with  the  original  surface,  the  other  at  48**.  These 
angles  are  subsequently  determined  \\\i\\  a  small  spectrometer  or 
by  simi)ly  mounting  th(*  gratings  on  a  graduated  circle,  and  observ- 

ing the  reflection  of  a  lamp  flame  in  them.  In  the  best  ones  no 
trace  of  the  central  image  can  be  seen,  which  is  what  we  should 
expect  if  the  edges  of  the  grooves  were  sharp  and  none  of  the  ori^nal 
plane*  surface  remained. 

In  th(»  majority  of  ceases  the  crystal  was  moimted  so  as  to  rule  a 
groove  one  edge  of  which  made  an  angle  of  20°  or  less  with  the  orig- 

inal surface.  With  nonnal  incidence  this  gives  us  a  concentration 

of  energ>'  at  an  angle  of  40°,  with  practically  no  energj'^  thrown  off 
from  the  other  edges  of  the  groove,  in  the  ca.se  of  visible  lightp 
ow  ing  to  the  steei)ness  of  the  angle.  The  best  gratings  show  no 
reflection  in  the  nonnal  direction,  i.e.  they  give  no  central  image. 
They  give,  however,  a  very  goo<l  reflectwl  image  of  one's  face,  when 
held  at  an  angle  of  20°,  the  image  being  uncolored,  but  slightly 
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diffused  by  diffraction  in  a  direction  perpendicular  to  the  grooves. 
The  image  is  so  sharp,  however,  that  the  pupil  of  the  eye  can  be 
seen  without  difficulty.  The  gratings  behave,  with  infra-red  radia- 

tion of  wave-length,  above,  say,  3  ̂t,  as  almost  ideally  perfect  grat- 
ings, that  is  they  give  spectra  similar  to  what  we  should  have  with 

an  ordinary  grating  which  threw  practically  all  of  the  light  into  one 
or  two  orders  on  one  side  of  the  central  image. 

With  visible  light  their  behavior  is  most  curious  and  interesting. 
The  central  image  is  absent,  and  we  get  a  blaze  of  hght  when  the 
grating  is  turned  at  the  proper  angle.  With  a  synmietrical  groove 

the  blaze  is  seen  on  both  sides,  at  angles  of  45°  for  normal  incidence. 
If  the  source  of  light  is  white,  a  lamp  flame,  for  example,  the 

appearance  is  as  shown  in  Fig.  1,  Plate  VII,  which  is  for  a  grating 
showing  a  faint  central  image  in  the  position  indicated  by  the  arrow. 
This  is  bordered  on  each  side  by  the  ordinary  grating  spectra, 
which  are  close  together  on  account  of  the  coarseness  of  the  ruling. 
They  are  much  fainter  than  I  have  indicated  on  the  plate.  Well 

to  one  side,  at  an  angle  of  about  40°  with  the  normal,  we  see  a  very 
bright  and  greatly  broadened  white  image  of  the  flame,  accompanied 
by  lateral  spectra,  colored  as  shown.  These  are  not  grating  spectra, 
but  the  first  class  spectra  (as  Fraunhofer  termed  them)  due  to  a 
single  slit,  or  in  this  case  to  the  superpo^  images  formed  by  the 
reflecting  edges  of  the  grooves.  With  a  sodium  flame  the  appear- 

ance is  as  shown  in  Fig.  2,  Plate  VII.  We  have  in  this  case  four 
orders  of  spectra  in  the  region  occupied  by  the  central  maximum 
of  the  spectra  of  the  first  class.  Their  order  is  indicated  below. 
Two  or  three  orders  to  the  right  and  left  of  this  group  are  absent, 
since  they  fall  in  the  region  of  the  minima  due  to  a  single  slit.  They 

are  the  "  absent  spectra  "  of  grating  theory.  Other  groups  of 
orders  appear  in  the  regions  occupied  by  the  first  class  colored 
spectra,  their  intensity  being  much  less,  however,  than  the  intensity 
of  the  ones  falling  within  the  region  of  the  central  maximum.  The 
existence  of  these  images  of  the  soda  flame  shows  us  that  the  per- 

fection of  ruling  is  such  that  interference,  with  a  path  difference  of 
about  30  wave-lengths,  is  still  taking  place.  In  other  words,  our 
grating  is  acting  as  a  reflecting  echelon  with  steps  15  wave-lengths 
in  height. 

The  width  of  the  region  in  which  we  have  these  maxima  and 
mimima  of  the  first  class  becomes  less  as  we  increase  the  width  of 
the  reflecting  steps  of  the  grating.  In  the  case  of  a  grating  of  such 
a  small  constant  as  .0123  mm.,  this  region  of  diffraction  of  the 

energy  from  each  individual  element  covers  a  range  of  fully  10°, 
embracing  as  many  as  12  or  more  orders  of  second  class  spectra. 
In  the  case  of  the  Michelson  echelon,  the  width  of  the  step  is  from 
0.5  to  1  nun.,  and  the  range  of  diffraction  is  so  small  that  but  one 
or  two  orders  of  spectra  are  included  within  it.  By  the  study  of 
these  echelette  gratings  we  can  pass  gradually  from  the  case  of  the 
ordinary  grating  to  that  of  the  echelon. 

The  results  appear  to  indicate  that  with  a  simple  groove,  such 
as  we  have  here,  we  cannot  secure  a  concentration  of  light  in  a 
region  narrower  than  the  diffraction  range  from  a  single  reflecting 
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element.  In  one  case  the  central  maximum  of  the  spectra  of  the 
first  class,  instead  of  being  white,  was  distinctly  blue,  while  the 
maxima  immediately  to  the  right  and  left  of  it  contained  only  red, 
orange,  and  yellow  light,  as  shown  in  Fig.  3,  Plate  VII.  This 
curious  distribution  of  color  in  the  maxima  of  the  first  class  was 
observed  only  in  the  case  of  one  grating.  To  explain  it  we  must 
devise  some  type  of  single  reflecting  element  which  will  give,  in 
the  case  of  red  light,  zero  illumination  at  the  center  of  symmetry 
with  strong  lateral  maxima,  and  with  blue  light  a  strong  maximum 
at  the  center,  bordered  by  minima,  which  occupy  the  positions  of 
the  red  maxima,  and  maxima  in  the  positions  of  the  red  minima. 
This  can  apparently  be  brought  about  only  by  an  element  consist- 

ing of  two  parts,  in  other  words  a  double  reflecting  strip,  with  a 
half  wave  retardation  for  red  light,  as  in  the  case  of  the  laminary 
grating.  The  central  maximum  of  the  first  class  will  vanish  in 
this  case  for  red  light,  as  can  easily  be  seen  by  constructing  the 
diffracted  wave  fronts. 

If  blue  light  is  used,  the  retardation  becomes  very  nearly  a 
whole  wave  and  we  have  the  center  of  the  system  bright.  An  ex- 

amination of  the  grating  with  a  microscope  showed  that  there 
were,  in  fact,  two  narrow  reflecting  strips  in  contact,  the  grating 
being  built  up  of  paired  reflecting  elements,  separated  by  inoper- 

ative strips  of  about  the  same  width.  A  fuller  account  will  be 
found  in  Philosophical  Magazine. 

Some  of  the  gratings,  with  a  constant  of  .0123  nmi.,  gave  strongly 
colored  central  images,  and  lateral  spectra  of  low  oider  in  which 
a  certain  color  or  colors  were  wholly  absent.  The  first  order 
spectrum  on  one  side,  for  example,  may  contain  no  yellow-green 
light,  which  appears  in  excess  in  the  central  image.  The  higher 
orders  are  also  wanting  in  certain  colors,  a  color  wholly  absent  in 
one  spectrum  constituting  all  that  there  is  of  a  spectrum  of  higher 
order.  The  spectra  formed  by  one  of  these  gratings  showing  a 
most  remarkable  distribution  of  color  is  represented  in  Fig.  4, 
Plate  VII.  Rephcas  made  from  it  with  celluloid  show  similar 
anomalies. 

Spectral  Intensity   and   Form   of    Grooves.  —  An    investigation 
has    been   made    by   A.  Trowbridge    in   collaboration    with    the 
author  of  the  distribution  of  the  energy  amongst  the  spectra  of 
different  orders,  as  influenced  by  the  form  of  the  groove    (Pkil^ 
Mag.y  Oct.  1910).    The  echelette  gratings,  with  grooves  of  known 
form,  were  used  in   connection   with  a  remarkably  perfect  vac- 

uum spectrometer  and  bolometer,  both  designed  by  Trowbridge. 
The  slit  of  the  instrument  was  illuminated  with  either  the  resid- 

ual rays  from  quartz   (see  Chapter  on  Theory  of  Dispersion),  the 
wave-length   of  which   (8.5  ̂ t)   was   about   fifteen   times   that  of 
yellow  light,  or  mth  the  radiations  from  the  flame  of  a  Bunsen 
burner,  which  emits  a  very  strong   band  of  wave-length.  4.3/*. 
The  curves  obtained  with  the  bolometer  indicated  how  the  energy 
was  partitioned  between  the  central  image  and  spectra  of  various 
orders.     Extremely   interesting  results   were   obtained.     For  ex- 

ample, a  grating  with  a  constant  of  .0123  mm.  and  a  groove  with 
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one  side  sloping  at  an  angle  of  8^  with  the  original  surface,  and  the 
other  side  at  an  angle  of  more  than  45°,  gave  with  quartz  rays  66 
per  cent  of  the  energy  in  the  central  image  and  M  per  cent  in  the 

first  order  spectrum.  The  reflecting  edges  of  8°  angle  reflected 
the  energy  at  an  angle  somewhat  less  than  that  subtended  by  a 
point  midway  between  the  central  image  and  the  first  order  spectrum, 
for  A  =  8.5  ft,  consequently  the  energy  was  divided  between  them, 
with  an  excess  in  the  central  image.  For  the  4.3  ̂   waves  from  the 
Bunsen  burner,  the  first  order  spectrum  was  very  nearly  in  the 
direction  of  reflection,  and  contained  70  per  cent  of  the  total  energy, 
22  per  cent  being  in  the  central  image,  and  8  per  cent  in  the  first 
order  spectrum  on  the  other  side.  A  grating  of  the  same  spacing 

with  angles  of  slope  of  29°  and  18°  gave  for  quartz  rays  17  per  cent 
in  the  central  image,  57  per  cent  in  the  first  order  spectrum  to  the 
left,  and  26  per  cent  in  the  first  order  to  the  right.  The  direction 

of  reflection  from  the  29°  edges  was  about  7°  greater  than  the 
angle  of  the  first  order  spectrum  to  the  left,  consequently  more 
thw  half  of  the  energy  was  found  here.  For  the  4.3  radiations,  the 
first  order  to  the  left  was  wholly  absent,  the  second  order  contained 
37  per  cent,  the  third  39  per  cent,  the  central  image  17  per  cent, 
and  the  first  order  to  the  right  7  per  cent.  The  absence  of  the  first 
order  spectrum  to  the  left  is  of  especial  interest.  It  can  result  only 
from  the  destructive  interference  between  the  disturbances  coming 

from  the  18°  edges  of  the  grooves,  with  those  coming  from  the  29° 
edges.  We  may  thus  regard  the  grating  constant  as  halved,  calling 
each  edge  of  the  groove  an  element  of  the  grating.  The  first  order 
spectrum  referred  to  the  original  constant  is  therefore  absent. 
A  large  number  of  gratings  have  been  examined,  and  the  work  is 
not  yet  completed.  For  a  complete  solution  of  each  case  it  is 
necessary  to  know  whether  any  of  the  original  flat  surface  has  been 
left  between  the  grooves.  This  is  often  the  case  with  the  coarser 
rulings,  and  results  in  the  formation  of  strong  central  images  when 
the  gratings  are  examined  with  visible  light.  An  elementary  method 
of  handling  the  energy  distribution  in  these  cases  has  not  been 
found,  for  there  are  three  elements  of  surface  operating.  It  has 
been  ̂ own,  however,  that  even  with  flat  reflecting  surfaces  at  just 
the  right  angle  it  is  impossible  to  get  all  of  the  energy  into  a  single 
spectrum,  on  account  of  the  effects  from  the  other  sides  of  the 
grooves,  and  the  diffraction  of  the  energy  over  a  rather  wide  angu- 

lar range,  resulting  from  the  narrowness  of  the  reflecting  elements. 
Concave  Gratings.  —  To  obtain  sharply  focusscd  spectra  by  means  >/ 

of  the  plane  diffraction  grating,  two  lenses  arc  required :  one  to 
render  the  light  parallel  before  its  incidence  upon  the  grating,  the 
other  to  unite  the  parallel  diffracted  rays  in  a  focus.  The  brilliant 
discovery  was  made  by  Rowland  that  gratings  ruled  on  concave 
spherical  surfaces  would  of  themselves  furnish  focussod  spectra,  ex- 

celling in  sharpness  those  obtained  by  means  of  lenses.  This  dis- 
covery marked  an  epoch  in  the  history  of  spectroscopy,  for  by  dis- 
pensing with  the  lenses,  and  the  absorbing  action  which  they  exerted 

on  the  ultra-violet,  the  region  of  short  waves  could  be  explored  with 
an  accuracy  never  before  attainable,  and  the  gratings  ruled  upon 
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Professor  Rowland's  machine  have  become  the  standard  instru- 
ments for  spectroscopic  work  throughout  the  world.  They  combine 

the  image-forming  power  of  concave  mirrors  with  the  spectrmn- 
producing  power  of  gratings.  A  marked  advantage  of  the  concave 
grating  Ues  in  the  fact  that  the  superposed  spectra  of  different  orders 
are  all  in  focus,  which  is  not  the  case  with  plane  gratings  and  lenses, 
owing  to  the  fact  that  complete  achromatization  can  never  be  ob- 

tained. It  is  thus  possible  to  measure  the  relative  wave-lengths 
with  great  accuracy.  An  ultra-violet  line  of  wave-length  2950  of 
the  second  order  spectrum  will  be  photographed  nearly  in  coinci- 

dence with  the  D  hnes  of  sodium,  and  its  wave-length  can  be  very 
accurately  measured  relatively  to  these  Unes.  This  method  of 
coincidences  was  originated  by  Rowland.  But  the  greatest  advan- 

tage of  all  is  the  fact  that,  when  properly  mounted,  the  concave 
grating  >nclds  spectra  which  are  truly  normal,  i,e,  spectra  in  which 
the  distances  between  the  Unes  are  proportional  to  their  wave- 
lengths. 

Various  methods  of  mounting  the  concave  grating  have  been  de- 
vised. That  due  to  Rowland  is  the  following :  The  theory  of  the 

grating,  which  we  shall  take  up  presently,  shows  that  if  the  grating 
and  the  illuminated  slit  are  both  situated  on  a  circle,  the  diameter 
of  which  is  equal  to  the  radius  of  curvature  of  the  grating,  the  spectra 
of  different  orders  will  all  be  in  focus  upon  the  same  circle.  The 
spectra  are  normal  along  that  portion  of  the  circle  diametrically  op- 

posite the  grating,  consequently  if  a  photographic  plate  is  placed  at 
this  point  and  bent  to  the  radius  of  curvature  of  the  circle,  the 
photographic  image  will  be  everywhere  in  focus,  and  the  spectrum 
will  be  normal.  To  pass  from  one  part  of  the  spectnmi  to  another 
we  have  only  to  move  the  slit  around  on  the  circle,  a  method  some- 

times employed.     With  fixed  sources  of  Ught,  such  as  the  image  of 
the  sun  formed  by  a  lens  in  combina- 

tion with  a  heliostat,  this  is  impossi- 
ble, and  Rowland  devised  the  following 

extremely  ingenious  mechanical  device, 
by  which  the  camera  and  grating  could 
be  moved,  with  reference  to  a  fixed 
slit,  so  as  to  comply  with  the  required 
conditions. 

Two  tracks  AB,  AC  (Fig.  171)  are 
rigidly  mounted  on  fixed  beams,  so 
as  to  meet  accurately  at  a  right 
angle.  On  these  tracks  roll  a  pair  of 
carriages  which  support  a  trussed  tube 
of  iron,  the  length  of  which  is  equal  to 
the  diameter  of  the  large  circle,  i,e,  the 
radius  of  curvature  of  the  grating.  One 
of  the  carriages  carries  the  camera,  the 

other  the  grating  (?,  while  the  slit  is  permanently  mounted  above 
the  point  where  the  rails  meet.  As  the  camera  is  moved  away 
from  the  slit,  the  grating  is  drawn  towards  it,  the  three  always  re- 

maining on  the  circumference  of  the  circle,  with  the  grating  and 

Fio.  171. 
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camera  always  at  opposite  ends  of  a  diameter.  The  grating  is 
turned  into  such  a  position  that  its  centre  of  curvature  coincides 
with  the  centre  of  the  photographic  plate. 

Full  and  expUcit  directions  for  mounting  and  adjusting  the  grating 

vrill  be  found  in  Kayser's  Handbuch  der  Spectroscapiey  vol.  i. 
Theory  of  the  Concave  Grating.  —  The  theory  of  the  concave 

grating  has  been  treated  by  Rowland,  Mascart,  and  others.  The 
following  is  due  to  Runge,  who  specifies  definite  conditions  regarding 
the  position  of  the  grating,  sUt,  and  spectrum,  and  then  investigates 
the  nature  of  the  ruUng  necessary  to  produce  sharply  focussed  spec- 

tra; for  example,  should  the  lines  be  equally  spaced  along  the  arc  of 
the  grating  or  along  the  chord?  The  manner  of  ruling  adopted  by 
Rowland  gives  equal  spacing  along  the  chord,  for,  as  the  diamond 
point  moves  back  and  forth  along  a  fixed  line,  the  concave  surface, 
which  lies  flat  upon  the  moving  carriage  of  the  dividing  engine,  is  ad- 

vanced through  equal  distances  by  means  of  the  screw. 
Suppose  that  we  have  a  small  source  of  monochromatic  light  at  the 

point  A  (Fig.  172),  and  ̂ vish  to  determine  the  resultant  at  A'  of 
the  disturbances  coming  from  the  dilBferent  elements  of  the  concave 
surface  GP. 

Let  P  be  any  point  on  the  concave  surface.  An  image  of  A  will 

be  formed  at  A'  whenever  the  disturbances  arising  at  every  point  P 
reach  A'  in  the  same  phase.  This  condition  is  fulfilled  if  AP-\-PA' 
=  const.,  or  if  the  curved  surface  is  a  portion  of  an  elUpsoid  of 
revolution  having  A  and  A'  as  foci.  Construct  now  a  series  of  con- 
focal  ellipsoids,  under  the  condition  that   the   constant  distance 

AP-{-PA'  for  each  increases  by  -.  for  each  successive  surface. 

^   2 

These  ellipsoids  will  cut  the  spherical  surface  G  up  into  zones,  in 
such  a  manner  that  the  disturbances  from  any  two  adjacent  ones 

will  reach  A'  in  opposite  phase.     If  AP, 
A'P  and  the  radius  of  curvature  of  G  are 
large,  the  zones  will  have  practically  the 

same  width,  and  the  resultant  efifect  of    ̂ ^^H  "--^^'^'^•* 
all  at  A'  will  be  zero.     If  every  other  zone 
is  blotted  out,  or  if  a  line  is  ruled  on 
every  other  one,  so  as  to  get  rid  of  this        y  \  >  r. 
destructive  interference,  we  shall  have 

illumination  at  A',    Runge  then  shows  ^^^  <--r-- 
that  with  any  other  wave-length  differing  Fio.  172. 
even  but  sli^tly  from  the  one  considered, 
we  shall  have  zero  illumination  at  A '.   This  is  merely  an  explanation 
of  the  formation  of  the  spectrum  and  can  be  omitted. 

Consider  the  spherical  surface  of  radius  p  as  fixed  with  its  vertex 
at  the  origin  of  coordinators  x,  t/,  z,  and  tangent  to  the  yz  plane. 
Its  equation  in  this  position  is 

a:'+i/'  +  2'-2px  =  0. 

Let  the  points  A  and  A'  lie  in  the  zy  plane,  and  let  their  coordi- 
nates be  a,  5,  and  a',  6'  (Fig.  173).     We  require  expressions  for  AP 
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and  A'P,  for  it  is  the  sum  of  these    quantities    which    enters 
into  our  expression  for  the  illumination  at  A'. 
^  The  coordinates  of  P,  a  point 

on  the  spherical  surface,  are  z,  y, 
and  z. 
Then 

P(i.V  I) 

"75 — y 

Fio.  173. 

or  writing  r'  for  (a- +6*), 

From    the    equation    of    the 
spherical  surface  we  have 

P 

and  substituting  in  the  last  equa- 

tion for  2  ax,  the  value  given  above,  i.e.  -(x'+2/*4-«*), 

From  the  equation  of  the  sphere,  x  is  of  the  second  order  with 
respect  to  y  and  z;  the  above  equation  reduces  to  (neglecting 
third  order  terms) 

A  similar  equation  is  obtained  for  A'P,  and  the  sum  may  be written 

+ 

[^,0-^f.('-;)> 
We  can  simplify  this  equation  by  imposing  certain  conditions. 

If  we  limit  the  vertical  aperture  of  the  mirror  sufficiently,  the  terms 
in  z^  may  be  neglected.  This  condition  is  fulfilled  if  the  ruled  lines 
are  short,  and  in  practice  the  ratio  of  the  length  of  line  to  the  radius 
of  curvature  is  never  made  greater  than  a  certain  amount,  say  ̂ . 

We  can  get  rid  of  the  terms  in  y^  by  proper  disposition  of  A  and 
A\    The  condition  to  be  fulfilled  is  that 

2r\r     pj     2r\r'-     p, 

which  will  occur  if  r^ = op  and  r'^  =  a'p,  that  is  if  A  and  A'  are  situated 
on  a  circle,  the  centre  of  which  is  on  the  x-axis  at  a  distance  p/2 
from  the  origin. 
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This  is   the   condition  already   specified  in  the  treatment  of 
ihe  mounting  of  the  grating. 
The  equation  now  reduces  to 

AP+A'P=r+r ■-(^A)'- 

Under  the  conditions  specified  r  and  r'  are  independent  of  the 
position  of  the  point  P  on  the  surface  of  the  grating ;  we  need  only 

consider  the  term  (-  +  — W  in  determining  the  illumination  at  A\ 
Call  e  the  distance  between  the  y  coordinates  of  the  lines  n  and 

(n+1),  or  the  distance  between  their  adjacent  zones;  there  will 

be  illumination  at  A'  when  the  path-difference  between  the  streams 
of  light  from  the  two  zones  amounts  to  a  whole  number  of  wave- 

lengths.   This  condition  is  obviously  represented  by 

(^'r>->-(^^>- 

=  wX, 

or  e(-H--7)  =  wX, 

(^
^)
- 

m  being  an  entire  number. 
The  consecutive  values  of  the  y  coordinates  of  the  lines  must  there- 

fore differ  by  a  constant  amount ;  in  other  words,  the  spacing  of  the 
grating  must  be  equal  when  measured  along  a  chord  of  the  arc,  and 
not  along  the  arc  itself.  The  manner  of  ruling  the  gratings  insures 
thiSy  as  has  been  pointed  out. 

— -X 

Fio.   174. 

In  Fig.  174  let  A  be  the  slit  and  A'  the  spectrum  line, 

«-+  -7j  =  c(sini+8ini')  =  w^; 
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N 

therefore  keeping  i  constant, 

e  cos  i'di'=mdX. 

Now  pdi'—dSf 

therefore 6^^^ds  =  7ndX, 

or 

ds 

ds  _     mp 

d\     e cos  i r 

—  is  the  scale  of  the  spectrum,  that  is  to  say,  the  distance  measured 
oX 
in  a  suflSciently  small  unit  of  length  between  two  lines  whose  wave- 

lengths differ  by  one  unit.  The  scale  is  a  minimum  when  i'  =  0, 
that  is  to  say,  when  A'  lies  on  the  normal  of  the  grating.  For  A'  in 
the  neighborhood  of  the  normal  the  scale  varies  slowly;  that  is,  the 
spectrum  is  approximately  normal. 

Diffraction  by  a  Circular  Aperture.  —  This  case  is  of  especial 
interest  in  connection  with  the  theory  of  optical  instnunents. 

Let  R  be  the  radius  of  the  aperture,  and  0  the  angle  of  diffraction 
of  parallel  rays  which  meet  at  M,  the  focus  of  the  lens.  AjS  is  a 
diameter  of  the  aperture  and  ON  the  normal  at  the  centre. 

Let  the  displacement  at  M  due  to  an  area  pd^^  at  A  be  expressed 

by  sin  2ir— f>d*dp  and  let  OP—p  and  /.AOP=^  be  the  coordi- 

nates of  a  point  P  of  the  aperture. 
The  path-difference  between  the 
rays  leaving  A  and  H  \s  AH  w\0. 

A  ray  leaving  P,  parallel  to  the 
other  three  rays,  will  have  the  same 
path-difference  with  respect  to  A  as 
has  the  ray  from  H,  the  foot  of  the 
perpendicular,  let  fall  from  P  upon 
AO.  The  displacement  due  to  the 
disturbance  from  P  is  therefore  ex- 

pressed by 
Fio.  176. 

'    n   ft      AH smff\j^j 
P  sm  2  M-   jd^^dp, 

pd^P  being  the  area  of  the  surface  element  at  P,  and  since 

AH=R-'pco89, 

we  can  write  the  above  expression 

P8in 
2^^1-^m?  +  P 

cos 

^^d*d
p, 

which  being  thi^ne  of  the  sum  of  two  quantities  can  be  treated  in 
the  same  way  as  the  expression  of  similar  form  which  we  developed 
in  determining  the  effect  of  the  concave  spherical  wave. 
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The  resultant  obtained  by  integrating  over  the  whole  aperture  is 
then 

\Jo    Ja 
«^«  o    P  COS  *  sin  0  , .  ,  \^ P  cos  2  w^-   OTcrp  ] 

The  second  integral  is  zero,  for  the  elements  of  it,  arising  from  any 
two  points  situated  at  equal  distances  on  opposite  sides  of  PO^ 
are  equal  and  of  opposite  sign. 

The  intensity  is  therefore 

/  /^»  /•«  pcos*sinf  ,^  ,  V 

This  expression  is  integrated  with  respect  to  r  by  parts,  and  with 
respect  to  ̂   in  series,  the  final  result  being 

;.,.«.,{,.l(.);|(D'.J(_^)Vl(_|l_)-j-, 
in  which  m  is  defined  by  2  m= — ^  sin  tf. A 

This  result  was  obtained  by  Airy  {Camb.  Phil,  Trans,  ̂   p.  283, 
1834).  The  series  is  convergent  for  all  values  of  m,  and  becomes 
alternately  positive  and  negative  as  m  increases.  The  intensity  is 
therefore  zero  for  certain  values  of  m,  i.e.  for  certain  values  of  0, 
We  have  in  consequence  a  series  of  concentric  bright  and  dark  rings. 
The  an^e  B  oorresponding  to  any  bright  or  dark  ring  is  found  by 
ascertaining  the  corresponding  value  of  m  in  the  series,  and  equating 
it  to 

irffisintf    ̂   .    /)     m\ 

an  equation  which  shows  that  the  deviation  0  for  any  ring  is  pro- 
portional to  X,  and  inversely  as  the  radius  of  the  aperture. 

Tlie  diameters  of  the  rings  and  central  spot  consequently  become 
less  as  the  aperture  is  increased  in  size.  It  is  on  this  account  that 
the  images  of  the  fixed  stars  appear  smaller  in  telescopes  of  large 
aperture  than  in  smaller  instruments. 

The  foUowing  table  gives  the  values  of  —  for  the  first  few  maxima 
IT 

and  minima : 
-.  ■   Intensity. 

1 
0 

.0174 

.0041 
0 

1st  Max., 0 
1st  Min., 0.61 
2d  Max., 0.81 
2d  Min., 0.116 
3d  Max., 1.333 
3d  Min., . 1.619 
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/ 

/ 

Resolving  Power  of  Telescope.  —  The  images  of  two  stars  can  be 
seen  separated  if  the  central  spot  of  the  diffraction  pattern  of  one 
falls  at  or  beyond  the  first  minimum  (i.e.  dark  ring)  of  the  image  of 

the  other.  Let  R  be  the  radius  of  the  telescope's  aperture.  The 
diffraction  angle  0  for  the  first  minimum  is  given  by 

sin  ̂ =0.6l4. 

The  angular  distance  between  two  stars  must  therefore  be  greater 
than  ̂ ,  as  defined  above,  if  they  are  to  be  seen  separated,  i.e.  we 

must  have  the  angular  separation  *>.61—  (writing  *  for  sin  *). 

Calling  fc=  .00056  mm.  and  expressing  *  in  minutes,  we  have 

1  17' *>  -^.   
 
A  telescop

e  
of  200  nmis.  aperture

  
will  therefor

e  
resolve R 

a  double  star  with  an  angular  separation  of  .0117'  =  .?".  The 
equation  shows  us  that  the  angular  separation  of  two  stars  which 
can  be  separated  by  a  given  lens  is  roughly  equal  to  the^n^e_sub- 
tended  by  the  wave-length  of  light  at  a  distance  equal  to  the  diam- 

eter of  the  lens.    
In  some  cases  it  becomes  necessary  to  reduce  the  aperture  of  the 

telescope,  as  when  viewing  a  very  brilliant  object  such  as  the  sun 
or  the  brighter  planets.  This  is  usually  accomplished  by  covering 
the  lens  with  a  screen  perforated  with  a  circular  hole.  The  re- 

solving power  is  immediately  reduced,  and  if  the  reduction  is  car- 
ried too  far  all  definition  disappears. 

Lord  Rayleigh  has  pointed  out  that  a  better  method  would  be  to 
cover  the  central  portion  of  the  lens  with  a  circular  opaque  screen. 
This  would  permit  of  the  interference  of  the  rays  from  the  outer 
zones  of  the  lens  and  the  resolving  power  would  not  be  reduced. 
In  fact  calculations  showed  that  an  actual  improvement  resulted, 
the  diameter  ot  the  first  dark  ring  around  the  central  bright  q)ot 
being  less  than  with  the  full  aperture. 

Babinet's  Principle.  —  This  principle  is  one  which  is  applied  to 
complementary  diffraction  screens,  by  which  we  mean  a  pair  of 
screens  in  which  the  transparent  portions  of  one  are  replaced  by 
opaque  portions  in  the  other,  and  vice  versa.  An  example  would 
be  a  metal  plate  with  a  number  of  small  circular  apertures  and  a 
glass  plate  with  metal  disks  of  similar  size  and  distribution.  Babi- 
net's  principle  states  that  the  diffraction  patterns  are  the  same  in 
each  case.    This  we  can  see  from  the  following  considerations: 

In  the  case  above  the  illumination  at  a  point  M  on  the  screen, 
where  the  parallel  diffracted  rays  of  diffraction  angle  8  from  the 
collection  of  circular  apertures  come  together,  is  represented  by 
the  sum  of  the  squares  of  two  integrals  taken  over  the  areas  of  the 
apertures.  This  we  will  call  Ai^  4-  fii^.  In  the  same  way  the  illu- 

mination at  the  s^ne  point  due  to  the  collection  of  disks  is  Al*-f--B|^ 
If  the  two  sets  oi^sturbances  act  simultaneously,  i.e.  if  the  wave  is 
disturbed  by  no  screen,  the  illumination  is  zero,  provided  the  point 
M  is  situated  at  some  point  not  coincident  with  the  point  at  which 



THE  DIFFRACTION  OF  LIGHT 
239 

the  wave  comes  to  a  focus ;  in  other  words,  no  diffraction  effects  are 
produced.  This  means  that  the  resultant  of  one  set  of  disturb- 

ances is  able  to  exactly  destroy  the  resultant  of  the  other  set,  or 

Ui+A,)'  +  (fii+&)'=0,  or  that  Ai=^At  and  fii=  -  fi,. 
The  illumination  is,  therefore,  the  same  in. the  two  cases,  and 

the  only  result  of  changing  the  screens  is  to  alter  the  resultant 

phase  by  180°. The  principle  of  Babinet  cannot  be  applied  universally  to  all 
diffraction  problems,  for  example  the  circular  aperture  and  disk  in 
the  Fresnel  class,  one  of  which  gives  maxima  and  minima  along 
the  axis,  the  other  only  a  maidmum.  Its  application  is  restricted 
to  points  lying  outside  of  the  projection  of  the  aperture,  where  the 
illumination  due  to  the  whole  aperture  is  zero.  As  an  illustration 
of  a  case  in  which  it  can  be  applied,  suppose  we  have  a  large  aperture 
AB  (Fig.  176)  filled  with  small  circular  disks.  The  illumination  at 
points  in  the  regions  CD  and  EF  remains  the  same,  when  circular 
apertures  are  substituted  for  the  disks,  but  alters  in  the  region  DE^ 
the  projection  of  the  large  aperture.  Strictly  speaking  we  cannot 
apply  the  principle  quite  up  to  the  points  D 
and  Ej  for  if  we  get  very  near  them  we  are  in  a 
r^on  where  the  illumination  due  to  the  whole 
aperture  is  not  zero,  owing  to  diffraction  by  its 
edges.  The  case  above  figured  belongs  to  the 
Fresnel  class.  If  we  place  a  lens  behind  the 
aperture,  we  can  apply  the  principle  to  all 
points  lying  outside  of  the  system  of  small  dif- 

fraction rings  formed  by  the  open  aperture 
and  the  lens.  If  the  aperture  is  fairly  large  and  the  lens  of  short 
focus  the  ring  system  is  exceedingly  small,  and  the  principle  applies 
everywhere  except  at  the  image  of  the  source  of  light  thrown  by 
the  lens,  which  is  sensibly  a  point. 

Diffraction  by  Two  Small  Apertures.  —  If  we  have   two  small 
circular  apertures  of  the  same  size  and  close  together  we  shall  have 

interference  between  the  disturbances 
exactly  as  in  the.  case  of  the  two  parallel 
sUts.  The  intensity  due  to  a  single  aper- 

ture may  l>e  represented  by 

Fio.  176. 

t  =  [/(8,8')P, 

^  in  which  8  and  3'  are  the  two  angular  co- ordinates which  detennine  the  direction  of 

Fig  177  *^^  diffracted  ray. If  b  is  the  distance  between  the  H'litres 
of  the  apertures  (Fig.  177),  and  consequently  th(»  distance  between 
any  two  homologous  points,  and  *  is  the  anjrle  between  the  dif- 

fracted ray  and  a  plane  per|)endicular  to  the  Hik*  joining  the  points, 
the  path-difference  l>etween  the  rays  will  be  h  sin  *,  and  the  inten- sity 

7=2[/(8,  8')F-  (l  +cos27r^-^|^^-^\ 
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There  will  thus  be  a  system  of  circular  maxima  and  minima,  croesed 
by  a  system  of  parallel  dark  strips  perpendicular  to  tbe  line  joinini 
the  points,  the  portion  of  which  is  given  by 

By  Babinet's  principle  we  may  substitute  for  the  apertures  twc 
small  circular  disks,  without  chan^g  the  distribution  of  intensity 
in  the  diffraction  pattern.  In  this  case,  however,  the  diffused  light 
and  the  intensity  of  the  illumination  at  the  centre  make  it  difficult 
or  impossible  to  see  the  rings  and  fringes. 

Diffraction  by  a  Large  Number  of  Irregularly  Arrangsd  Circulai 
Apertures  or  Disks.  —  In  this  case  the  phases  between  the  parallel 
disturbances  from  homologous  points  vary  in  an  irregular  manner, 
and  we  have  on  the  whole  as  much  reenforcement  as  destructive 
interference  in  any  ̂ ven  direction,  the  case  being  similar  to  the 
parallel  but  not  equidistant  slits.  The  illumination  at  any  point 
is  the  same  as  that  produced  by  a  single  aperture  multiplied  by  tbe 
number  of  apertures, 

Halos.  —  The  halos  which  are  sometimes  seen  surrounding;  the 
sun  or  moon  are  due  to  diffraction  by  small  dro^w  of  water,  which 

by  Babinet's  principle  will  produce  the  same  effects  as  small  cir- 
cular apertures  of  the  same  size.  The  smaller  the  drops  the  Iat|^ 

the  halos,  but  we  distinguish  between  the  diffraction  halos,  which 
are  always  close  to  the  sun,  and  the  large  rings  due  to  ice  apiculea 
floating  in  the  air.  These  halos  can  be  imitated  by  viewing  a  candle 
flame  or  other  source  of  light,  through  a  glass  plate,  on  the  surface 
of  which  lycopodium  has  been  dusted,  or  better,  by  viewing  the 
li^t  through  a  large  glass  flask,  wet  on  the  inside  and  connected 

with  an  air  pump.     On  partially  ex- 

I.     I     I     I     I     I    hausting   the   flask   with   one   or   two strokes  of  the  pump  a  cloud  forms  in 

I    I    i   I    i    I    the  flask,  and    the  light  is  seen  to  be 
t    ■   e    D    I    F    0    surrounded  by  brilliantly  colored  lings. 

jf^jfjf^jf^       When  the  halo  is  produced  at  a  great 

'Vj'^'yf'^'0''^'^'       distance,  as  is  the  case  in  the  atmo- 
///////,'//////        spheric  phenomenon,  instead  of  by  par- 

///y /'■/// ,'////  tides  immediately  in  front  of  the  lens 
/   /  /'  .''  ,'  /'  ,'  of  the  eye  or  telescope,  the  complete 

'    '   "yp'    •■   "    •■  ring  system  as  seen  is  of  course   not «  produced  by  each  individual  particle. 
Fio,  178.  The  production  of  the  colored  ring  is 

illustrated  in  Fig.  178.  The  broad  ar- 
row indicates  the  direction  in  which  the  sun  is  seen  by  an  eye  at 

X.  A,  E,  C,  D,  etc.,  are  small  globules  of  water.  The  dott^ 
arrows  represent  the  directions  of  the  diffracted  rays,  giving  the 
first  maximum  to  the  left  of  the  central  maximum  for  the  blue 
rays,  the  long  solid  arrows  the  directions  of  the  diffracted  rays 
for  the  green,  and  the  short  arrows  for  the  red.  It  is  obvious  from 
the  diagram  that  the  particle  D  will  ̂ nd  blue  light  to  the  eye,  tiie 
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particle  E  green  light,  and  the  particle  F  red  light.  The  phe- 
nomenon in  space  will  be  represented  by  rotating  the  diagram  on 

il  X  as  an  axis.  Each  particle  of  water  thus  forms  an  infinitesi- 
mal element  of  the  halo.  If  the  particles  vary  in  size  in  different 

parts  of  the  sky,  the  angles  of  diffraction  will  vary  also,  and  we 
may  thus  have  a  halo  which  is  not  a  perfect  circle. 

In  the  same  way  a  cobweb  in  the  sunshine  sends  approximately 
monochromatic  li^t  to  the  eye,  the  color  depending  on  its  angular 
position,  and  a  plwe  diffraction  grating  at  a  distance  of  eight  or  ten 
feet  from  the  eye  appears  illuminated  in  light  of  a  uniform  color. 

Toiing's  Briometer.  —  The  dependence  of  the  diameter  of  the 
halo  on  the  size  of  the  diffracting  particles  was  utilized  in  an  in- 

genious piece  of  apparatus  devised  by  Young  for  measuring  the 
diameters  of  fibres,  or  small  particles  of  any  sort.  It  consists  of  a 
metal  plate  with  a  small  hole  5  mms.  in  diameter,  surrounded  by  a 
circle  of  smaller  holes  about  1  cm.  in  radius.  The  plate  is  placed 
in  front  of  a  lamp  flame,  and  viewed  through  the  particles  or  fibres 
to  be  measured,  which  are  best  spread  out  on  a  glass  plate.  The 
halo  surrounding  the  central  aperture  can  be  brought  into  coinci- 

dence with  the  circle  of  small  holes  by  varying  the  distance  of  the 
screeny  which  can  be  done  by  sliding  the  plate  carrying  the  particles 
along  a  graduated  rod,  on  the  end  of  which  the  diffracting  screen  is 
mounted,  the  distance  varying  inversely  as  the  diameter  of  the  halo, 
which  in  turn  varies  inversely  as  the  diameter  of  the  particles.  The 
constant  of  the  instrument  is  determined  by  making  an  observation 
with  particles  of  known  size.  If  d  is  the  distance  between  the  screen 
and  the  particles  of  known  radius  r,  when  the  halo  is  in  coincidence 

with  the  ring,  and  d'  is  the  distance  for  particles  of  unknown  radius 
r',  we  have 

^l^a  or  r'=r^' 
d'     d^  d' 

Bffect  of  Moving  one  of  the  Two  Apertures  in  the  Direction  of 
tiie  Source.  —  This  case  is  of  especial  interest  in  connection  with 
the  study  of  the  so-called  diffusion  rings,  which  we  shall  take  up 
next.  Suppose  the  screen  with  the  two  circular 
apertures  to  be  divided  in  two  along  a  line  per- 

pendicular to  the  line  imiting  the  centres  of  the 
apertures  at  its  middle  point,  and  the  two  halves 
displaced  in  the  direction  of  the  incident  rays  by  a 
distance  a.  In  Fig.  179  call  2  c  the  distance  between 
two  homologous  points  Aj  B  o{  the  apertures,  ̂   the 
angle  between  the  incident  ray  and  AB^  and  x  the 
angle  between  the  diffracted  ray  and  AB,  Let  D 
be  the  position  of  B  before  it  was  moved  forward 
through  the  distance  a.  We  require  the  path-dif- 

ference between  the  parallel  diffracted  rays  AE  and 
BP.  When  the  incident  wave-front  reaches  AD, 
the  secondly  disturbance  leaves  A^  travelling  along 
AE  ami  reaching  a  point  E  (so  situated  that  AE=a) 
at  the  moment  when  the  incident  wave  reaches  B, 

Fia.  179. 

Let  fall  a 
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perpendicular  from  B  upon  AE  meeting  it  at  H,  which  may 
be  above  or  below  E  according  as  x  is  greater  or  less  than  *.  If 
0=X  the  two  points  will  coincide,  since  then  the  rt.  triangles 
DAB  and  AHB  will  be  equal.  The  path-difference  between  the 
parallel  diffracted  rays  is  evidently  HEj  or 

AJ5-Ai/=a-i4ff=2c(cos*-cosx). 

If  ̂   and  X  ̂ e  small  this  is  approximately  equal  to 

c(x-^-*^). 

Substituting  this  in  the  expression  obtained  in  the  last  article 

we  get  J=2  [/(8, 8')]{l  +C08  2  ̂ *(x'-*')\ 

The  minima  will  be  given  by  2ir^^X^~ — ^  =  (2m+l)ir 

This  equation  represents  concentric  circles  surrounding  a  point 
on  the  prolongation  of  AB.  These  minima  of  course  correspond 
to  the  minima  described  in  the  last  article.  When  the  two  aper- 

tures are  side  by  side  the  minima  are  practically  vertical  straight 
lines.  Shifting  one  of  the  sources  in  the  direction  of  the  incident 
light-rays  causes  the  minima  to  become  arcs  of  circles,  the  centre  of 
the  concentric  system  coming  nearer  to  the  image  of  the  source  as 
the  apertures  are  further  displaced.  If  the  apertures  were  in  line, 
i.e,  if  *  =  0,  the  image  of  the  source  would  be  at  the  centre  of  the 
system. 

This  will  be  the  case  treated  in  the  next  article,  in  which,  how- 
ever, the  apertures  are  replaced  by  small  opaque  particles.  The 

linear  and  circular  minima,  which  we  have  discussed  in  this  and 
the  preceding  article,  should  be  compared  with  the  minima  pro- 

duced by  two  similar  sources  in  directions  at  right  angles  to,  and 
parallel  with,  the  line  joining  them. 

Diffraction  by  Small  Particles  on  the  Surface  of  a  Mirror.  —  The 
so-called  diffusion  rings  observed  when  a  small  source  of  light  is 
viewed  in  a  silvered  glass  mirror,  the  front  surface  of  which  is 
slightly  dimmed  with  a  deposit  of  dust,  such  as  lycopodium,  are  in 
reality  diffraction  phenomena.  They  are  sometimes  erroneously 
attributed  to  the  interference  of  diffused  light,  and  Stokes  was  the 
first  to  treat  them  as  diffraction  effects. 

We  have  here  a  case  of  the  interference  of  the  secondary  dis- 
turbances from  a  particle  interfering  with  the  reflected  secondary 

disturbances  from  the  same  particle,  the  path-difference  depending 
on  the  thickness  of  the  glass  plate  and  its  refractive  index.  By  a  suit- 

able arrangement  of  the  apparatus  employed  for  viewing  them,  they 
may  be  brought  under  the  Fraunhofer  class  of  diffraction  phenom- 

ena. The  method  is  due  to  Lommel.  We  require  the  normal  in- 
cidence of  parallel  rays  upon  the  surface  of  the  mirror,  and  a  lens 
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or  telescope  for  the  purpose  of  rendering  concave  the  reflected  wave- 
front. 

Sunlight  is  concentrated  upon  the  slit  of  a  spectrometer,  which 
should  be  wide  open.    The  parallel  rays  emerging  from  the  colli- 

mator are  reflected  from  a  piece  of  plane- 
parallel  glass,  placed  on  the  table  of  the  ,^^ 

instrument  at  an  angle  of  45°  (Fig.  180),       — » — ^^^^^      \ 
against  the  dusted  mirror,  and  by  this  back  ^    (D^  ^J^ 
through   the  inclined  reflector   into   the 
telescope,  in  which  the  image  of  the  source 
is  seen  surrounded   by  brilliant   colored 
rings. 

The  investigation  can  be  simplified  by  ^'^'  i^- 
considering  the  glass  plate  absent,  i.e.  by 
reducing  the  diffracting  system  to  a  reflecting  surface  with  a  large 
number  of  small  particles  l3ring  in  a  plane  parallel  to  and  in  front 
of  it.  We  may  further  simplify  the  case  by  considering  the  reflect- 

ing surface  absent,  and  a  second  layer  of  particles,  absolutely  iden- 
tical with  the  first,  occupying  the  position  of  the  reflected  image  of 

the  first  layer.  The  source  of  light  we  consider  the  vertical  image 
of  the  actual  source,  seen  behind  the  reflecting  surface.  The  case 
as  it  now  stands  is  a  source  of  light  at  an  infinite  distance,  two 
parallel  equidistant  layers  of  small  particles  identical  with  each  other, 
and  a  lens  for  bringing  the  parallel  diffracted  rays  to  a  focus  where 
they  interfere.    If  the  distance  between  the  layer  of  dust  and  the 

reflecting  surface  is  €,  the  distance  be- 
tween the  two  layers  in  the  modified  case 

is  obviously  2€.  Every  particle  in  one 
layer  has  a  similar  neighbor  in  the  direc- 

tion from  which  the  light  comes,  and  we 
will  consider  the  particles  so  small,  in 
comparison  to  the  angular  diameter  of  the 
light  source,  that  they  do  not  shade  their 
neighbors  to  any  sensible  degree.  Let  A 

/  and  B  be  two  particles  at  distance  2  c 
(Fig.   181).    We  are  to  investigate  the 

Fia.  181.  mutual  interference  of  the  diffracted  dis- 
turbances in  the  direction  of  the  dotted 

lines,  making  an  angle  x  with  the  incident  rays.  The  path-dif- 
fereoce  wiU  be  the  same  as  in  the  case  treated  in  the  last  article, 
2e(co6*— cosy)-  For  normal  incidence  *  =  0.  If  A  is  the  inten- 

sity of  the  field  in  the  direction  X)  due  to  a  single  layer  of  particles, 
the  intensity  when  both  layers  are  present  will  be 

1 

•  •/  '  >  •  •  •  • 

7=2/,(l+co8  2^'^'(^°«*
-^^"X\ 

Tlie  podtion  of  the  maxuna  and  minima,  due  to  the  second  vari- 
able factor,  are  given  by 

2€  (cos  *-cosx)  =  ̂ 5, 
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odd  values  of  m  giving  minima,  even  maxima 

mX. 
cosx=cos*  — 

4c The  maxima  and  minima  are  concentric  circles,  the  common 
centre  of  which  is  in  the  direction  of  the  normal  to  the  reflecting 
surface.  The  white  central  maximum  for  which  m=0  is  given  by 
X=*.  This  means  that  if  we  incline  the  mirror,  the  centre  will 
move  to  one  side  and  eventually  disappear,  the  fringes  becoming 
approximately  straight. 

Fresnel  Diffraction  Phenomena.  —  In  the  preceding  section  we 
have  discussed  various  diffraction  problems  under  the  simplified 
conditions  of  light  source  and  screen  at  infinity.  We  will  now  pro- 

ceed with  the  more  general  treatment  of  cases  in  which  the  source 
and  screen  are  both  at  finite  distances  from  the  diffracting  aperture, 
and  no  lenses  are  used  for  rendering  the  rays  parallel  or  convergent, 

'^e  cannot  now  treat  the  phase  as  the  same  at  all  points  in  the  plane 
of  the  diffracting  aperture,  nor  can  we  solve  the  problems  by  deter- 

mining the  resultant  of  parallel  disturbances  as  in  the  Fraunhofer 
class. 

Fresnel  discussed  only  the  diffraction  patterns  produced  by 
screens  bounded  by  straight  hues  of  infinite  length,  such  as  straight 
edges,  wires,  and  sUts.  He  first  showed  that  the  relative  intensities 
at  different  points  on  the  projection  screen,  along  a  line  perpendicu- 

lar to  the  diffracting  edge,  could  be  determined  by  considering  only 
the  secondary  disturbances  coming  from  a  circular  section  of  the 
wave-front,  the  problem  reducing  itself  to  the  discussion  of  the 
resultant  of  an  infinite  number  of  disturbances  from  a  limited  por- 

tion of  a  linear  circular  wave. 
In  Fig.  182  AB  and  CD  are  the  sections  of  the  projection  screen 

and  spherical  wave-front  respectively,  F  is  the 
section  of  the  diffracting  screen,  and  O  the 
source  of  the  light.  The  relative  illimiination 
along  AB  will  be  the  same  whether  we  take 
the  resultant  of  the  disturbances  from  the 
circular  section  of  the  wave  which  is  not  inter- 

cepted by  the  screen  f ,  or  the  disturbances 
from  that  portion  of  the  complete  spherical 
wave  which  is  not  screened  off. 

We  have  then  to  determine  the  effects  at  a 
point  P  of  disturbances  coming  from  points  M , 

Fio.  182.  M\  M'\  etc.    Let  the  distance  from  0  to  the 
edge  of  F  be  a,  and  from  F  to  the  screen  6,  and 

let  cte  be  a  small  element  of  the  wave  at  ̂ 4.     If  the  displacement  at 

A  be  proportional  to  sin27r~,  that  at  P,  contributed  by  cb,  will  be 

sin  2  7rf  -  — \dsy  while  an  element  at  M  will  contribute  a  displace- 

ment represented  by  sin27r[  —   jds,  in  which  6 +  8= MP. 
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The  displacement  at  P  due  to  the  simultaneous  action  of  all  the 
el^nents  ds  of  the  circular  arc  will  be 

/.n2   (i-'-±^>., 
and  the  intensity  (compare  article  on  Diffraction  by  Parallel  Slits) 

I--(Ccos27r^d8j  +  ffsm2w-d8y, 

in  which  we  have  resolved  each  disturbance  into  two  rectangular 
components,  which  are  separately  added. 

If  we  can  confine  our  attention  to  points  not  far  removed  from  A 

we  can  write  8=     ̂    ,     ,  as  can  be  easily  shown  by  considering  a 

and  6  as  the  longer  sides  of  two  right  triangles  similar  to  the  small 
trian^es  which  have  the  side  s  in  common ;   3  is  then  equal  to  the 
sum  of  the  short  sides  of  the  small  triangles. 

This  gives  us  for  the  intensity 

Writing  ̂ ^^  - ,  ̂    =  ̂r,  which  gives  us 

«= JI«^  and  d8=yl-^dv, 
and  the  expresaon  for  the  intensity  reduces  to 

j^     oftX
 2(o+6) 
[(/cos^-^drY  +^/8in|»*(foJ]. 

The  two  integrals  occurring  in  this  expression  are  known  as  the 
Fresnel  integrals.  Integrating  them  between  certain  values  of  v 
gives  us  the  resultant  of  the  secondary  disturbances  from  a  cor- 

responding portion  of  the  wave-front,  v  varying  with  8  the  distance 
of  the  wave-front  elements  from  the  pole  of  the  wave,  the  latter 
taken  with  reference  to  the  point  at  which  we  are  determining  the 
Uiumination.  The  values  [of  these  integrals  between  0  and  upper 
limits  of  various  values  have  been  evaluated  by  different  methods 
by  Fresnel,  Knochenhauer,  Cauchy,  and  Gilbert,  and  the  results 
(pven  in  tables.  As  we  gradually  increase  the  upper  limit,  the  val- 

ues of  the  integrals  pass  through  maxima  and  minima,  approaching 
I  as  a  limit,  as  we  see  from  substitution  in  the  formula 

r  sin  mx^dx=  |    cosmx*(ir  =  \/-^, 

which  gives     J    co&^vMv  =j    sin^r'dr  ̂ \'r~—h 
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Fresners  method  of  integration  was  as  follows : 
Since  the  absolute  value  of  the  integral  remains  the  same  ̂ en  the 

upper  limit  changes  sign^  it  was  sufficient  to  integrate  between  0  and 
+  t;.  Assuming  the  value  of  the  integral  to  be  known  between  the 
limits  0  and  i,  we  deduce  the  expression  for  the  value  between  i  and 
i-\-t,  where  <  is  a  small  fraction  of  the  unit,  for  example  0.1. Writing 

2 

i  t 
where  ti  is  a  variable  which  increases  trom  —r  to  +-,  we  have 

has  been  n^ected  as 

Fresnel  found  for  this  the  value 

'  -;^[-K-^X'4')-i(-l)('-0} An  expression  was  developed  in  the  same  way  for  the  other 
integral,  and  with  these  formulae  Fresnel  calculated  his  table  for 
<=.!,  and  i  (in  succession) =0,  .1,  .2,  .3,  etc.,  getting  values  for 

,1,1,  etc.,  which  by  addition  give  J    >   I    i    I    • 
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The  values  of  the  integrals  are  usually  ̂ ven  in  the  form  of  a 
table,  thus : 

Table  of  Fresnel's  Integrals  (Gilbert) 

A B A B 

f 
C'cosiviMv 

f'siniviMv f 
i  COB^WlMv i  siniviMff 

0.0 0.0000 0.0000 2.6 0.3389 0.5500 
0.1 0.0999 0.0005 2.7 0.3926 0.4529 
0.2 0.1999 0.0045 2.8 0.4675 0.3915 
0.3 0.2994 0.0141 2.9 0.5624  o 

0.6057  -^ 

0.4102 
0.4 0.3975 0.0334 3.0 0.4963 
0.5 0.4923 0.0647 3.1 0.5616 0.5818 
0.6 0.5811 0.1105 

3.2 
0.4663 0.5933 

0.7 0.6597 0.1721 3.3 0.4057 0.5193 
0.8 0.7230 0.2493 

3.4 
0.4385 0.4297 

0.9 0.7648  t 0.3398 3.5 0.5326 0.4153 
1.0 0.7799 0.4383 3.6 0.5880 0.4923 
1.1 0.7638 0.5365 3.7 0.5419 0.5750 
1.2 0.7154 0.6234 3.8 0.4481 0.5656 
1.3 0.6386 0.6863 3.9 0.4223 0.4752 
1.4 0.5431 0.7135 4.0 

0.4984 0.4205 
1.5 0.4453 0.6975 4.1 0.5737 0.4758 
1.6 0.3655 0.6383 4.2 

0.5417 0.5632 
1.7 0.3238 0.5492 

4.3 
0.4494 0.5540 

1.8 0.3363 0.4509 4.4 0.4383 0.4623 
1.9 0.3945 0.3734 4.5 0.5258 0.4342 
2.0 0.4883 0.3434 4.6 0.5672 0.5162 
2.1 0.5814 0.3743 4.7 0.4914 0.5669 
2.2 0.6362  a 0.4556 4.8 0.4338 0.4968 
2.3 0.6268 0.5525 4.9 

0.5002 0.4351 
2.4 0.5550 0.6197 5.0 0.5636 0.4992 
2.5 0.4574 0.6192 

GO 

0.5000 0.5000 

Knochenhauer  developed  the  integrals  in  series  by  partial  in* 
tegration,  thus : 

reos  ̂w*(to=rcos  ̂ t;*-f  IT  |    r'sin^i^cto, 2  2         •/©  2 

rv*  sin  ̂r*dt;=  —  sin  ̂ w*—  Z  \   ̂  cos  ̂ v^dv, 2  3        2        3%/o  2 

rr*C06  ̂r*(to=— cos  ̂ 1^  +  ̂  I    v^sin^v^dv, 2  5        2        5*/«  2 

his  final  expression  ̂ ving  the  integral  in  the  form  of  the  sum  of  two 
convergent  series : 

006  -»*d»=co6  -v^l  V-  ,    ̂     ̂   4- : — ^    ,    ̂     ̂  — —  •••  1 2  2    \      1-3-5     1-3-5-7-9...        / 

2    \li     1-3-5-7        ; 
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The  convergence  becomes  less  as  v  increases,  consequently  the 
expression  can  only  be  used  for  small  values  of  the  upper  limit. 

Cauchy  in  a  somewhat  similar  way  developed  the  integral  in 
series  which  were  convergent  for  large  values  of  v. 

Turning  back  now  to  the  expression  for  the  illumination,  we  see 
that  it  consists  of  the  sum  of  the  squares  of  two  integrals.  The  two 
integrals,  therefore,  represent  the  components  along  two  rectangular 
axes  of  the  resultant  amplitude.  The  illumination  is  thus  repre- 

sented by  the  square  of  a  line  joining  the  origin  with  a  point,  the 
coordinates  of  which  are  the  two  integrals.  Taking  (  and  17  as  the 
coordinates  of  the  point  for  different  values  of  v,  we  will  investigate 
the  curve  along  which  the  point  moves  as  v  varies.  This  geomet- 

rical discussion  of  the  equation  is  due  to  Comu,  and  the  curve  is 

known  as  Comu's  Spiral.  By  its  aid  the  classical  problems  of  dif- 
fraction can  be  solved  in  a  geometrical  manner,  the  intensity  curve 

of  the  diffraction  pattern  being  plotted  from  measurements  made 
on  the  spiral. 

Comu's  Spiral.  —  Let 

f  =  I   cos  -r-dr,  w=  I   sin  -^r^v. Jo  2  •A>  2 2 

The  curve  passes  through  the  origin,  since  for  9»0,  £  and  i|  also 
equal  zero.  Changing  the  sign  of  v  does  not  change  the  values  of 
(  and  17,  but  only  their  sign ;  the  curve  is  therefore  symmetrical 
about  the  origin. 

The  tangent  to  the  curve  makes  an  angle  r  with  the  (  axis  ̂ ven  by 

tan T= -2=  tan  •  ̂or  T=^t^. di  2  2 

At  the  origin,  where  «;  =  0  the  curve  is  parallel  to  the  i  axis.     For 
t;=l  or  5=1  it  is  parallel  to  the  1;  axis,  for  s^=2  again  parallel  to 
the  i  axis,  and  for  5^  =  3  parallel  to  the  1;  axis. 

The  radius  of  curvature  is  given  by 

dr         TTV         fTS 

For  v  =  0  the  radius  is  infinite,  and  the  curve  has  a  point  of  in- 
flection at  this  point :  as  v  increases  the  radius  decreases,  the  curve 

having  the  form  of  a  double  spiral,  which  winds  about  the  asymp- 
totic points  P  and  P',  which  correspond  to  the  values  of  the  inte- 
grals when  the  upper  Hfnits  are 

-f-  00  and  —  00 . 

We  can  construct  the  curve  by  employing  the  equations  for  the 
radius  of  curvature,  and  the  angle  which  the  tangent  makes  with 
the  i  axis. 

A  small  element  of  the  curve  at  distance  (  from  the  origin  cor- 

responding to  .9  =  0.1  has  a  radius  of  curvature  p  =  —  =  — .  the 

centre  of  curvature  lying  in  a  direction  from  the  point  such  that  it 



THE  DIFFRACTION  OF  LIGHT  249 

makes  the  same  angle  with  the  17  axis  as  the  tangent  makes  with  the 
i  axis,  viz., 

2  2 

On  this  circle  we  lay  off  the  arc  s  =  .1.  We  proceed  in  the  same 
way  for  points  corresponding  to  «=0.2,  «=0.3,  etc.,  and  thus 
build  up  the  entire  cm*ve.  This  somewhat  laborious  geometrical 
method  is  not  necessary,  for  in  Fresners  table  of  integr^s  we  have 
successive  values  of  (  and  17  and  can  plot  the  curve  at  once  by  tak- 

ing them  as  ordinates  and  abscissae.  In  this  way  the  curve  shown 
on  Plate  V.  at  the  end  of  the  book  was  constructed.  This  curve 
we  have  already  used  in  the  solution  of  certain  diffraction  problems. 
We  will  now  examine  the  method  employed  by  Fresnel. 

Diffraction  by  a  Straight  Edge.  —  In  the  elementary  treatment 
we  have  seen  that  the  illumination  within  the  geometrical  shadow 
falls  off  gradually  \rithout  showing  maxima  and  minima,  while 
outside  of  the  ec^  of  the  shadow  we  have  maxima  and  minima, 
which  decrease  in  distance,  and  become  more  nearly  of  the  same 
intensity  as  we  recede  from  the  edge,  until  finally  we  have  uniform 

illumination.  We  will  now  apply  Fresnel's  expression  to  a  point  P 
within  the  geometrical  edge  of  the  shadow.  The  integration  must 
be  taken  from  the  edge  of  the  screen  to  infinity.  The  pole  of  the 
wave  with  reference  to  P  is  cut  off  by  the  screen,  and  if  S  represents 
the  arc  from  the  pole  to  the  edge,  the  expression  for  the  intensity 
is  obviously 

or  introducing  the  quantity  v  as  before, 

'-i^[(r«-i''*)'+(r''-i'^-)'] 

Let  X  equal  the  distance  of  the  point  P  from  the  edge  of  the 
geometric^  shadow  (Big.  183), 

jO 

a  ^     2a 

Write    j['co8^«»dt;  =  Cr,   jT'sin  Vdt;=.Sr. 
We  have  shown  that  the  integrals  taken  be* 

tween  0  and  oo  are  both  equal  to  },  therefore 

2(0+6) 

The  value  ot  the  quantity  within  the  brackets  was  determined 
by  Freooel  for  different  values  of  V  (whiJh  corresponded  to  certain 
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valuers  of  S  and  x)  by  the  method  which  we  have  already  seen.  It 
was  found  that  the  illumination  fell  off  rapidly  without  passing 
through  maxima  and  minima,  becoming  0  as  soon  as  V  reached  any 
(;on8idcral)lc  value.  In  the  same  way  the  illumination  outside  of 
the  edge  of  the  shadow  was  found  to  depend  on  the  quantity 

The  values  calculated  from  the  Fresnel  tables  for  this  sum  showed 
that  it  passed  through  maxima  and  minima,  the  increment  of  x 
necessary  for  the  change  becoming  less  as  the  distance  from  the 
inlfi^v  of  the  shadow  increased. 

The  geometrical  solution  of  this  and  kindred  problems  by  the  aid 

of  the  (^'Ornu  spiral  which  we  have  already  considered  is  much  more convcMiient  and  direct  however. 

Diffraction  by  Thin  Laminae.  —  Laminary  diffraction  phenomena 
of  the  Fraunhofer  class  have  already  been  briefly  discussed  in  con- 

nection with  the  theory  of  the  diffraction  grating.  We  will  now  ex- 
amine the  case  of  diffraction  by  a  straight  edge,  when  the  screen, 

instead  of  being  opaque,  consists  of  a  thin  transparent  lamina  of 
thickness  c  anil  refractive  index  n.  The  path-difference  between 
two  rays,  one  passing  by  the  edge  and  the  other  through  the  edge  of 
the  lamina,  is  (n—  l)c.    The  phase-difference  A  will  be  i^ven  by 

2ir  A       '  X 

If  this  is  an  odd  multiple  of  ir,  the  edge  of  the  geometrical  ahadovr 
of  the  lamina  will  be  in  total  darkness,  for  the  disturbaneeB  from 

hoinologtnis  |xnnts  of  the  lamina  and  the  clear  space  reach  points 
situattnl  du  tho  tnlgo  i)f  the  shadow  with  a  path-diifference  of  naif  a 
wavi*-lougtli,  autl  mutually  destroy  one  another.  There  will  in  ad- 

dition Ih^  intorforonco  fringes  lx)th  within  and  without  the  edge  of 
tho  shadow,  which  we  shall  investigate  presently. 

If  A  tH|uals  an  even  multiple  of  r,  not  only  will  there  be  no  mini- 
mum  at  the  inigi'  of  the  shadow,  but  the  fringes  will  disappear,  the 
illuiniuation  IxMug  the  Siune  as  if  the  lamina  were  absent.  Owing 
ti)  tho  dis(vrsion  in  the  huuina,  the  former  i\>ndition  may  hold  {or  one 
a>lor.  the  latter  for  another,  and  we  may  have  the  fringes  very  dis- 
tiuet  with  blue  light,  and  scarcely  visible  with  red. 

Assuming  that  we  are  working  with  monochromatic  lig^t  and  a 
lanuna  giving  a  halt-wave  rt^taRlation.  we  can  easily  construct  the 
iutensity-i'urve  with  the  help  of  the  (.\>rnu  spiral. 

The  whole  wave  is  utiliztxl  in  this  cast\  the  portion  of  the  spiral 
n^pn^seuting  the  part  imssing  through  the  lamina  being  rotated 
thrvniirh  ISi.^^  For  x  =  0  the  up^xT  half  of  the  spiral  is  rotated 
arv^uiui  the  oridii  ihtxniiih  ande  t  and  comes  into  coincidence  with 
trie  U^wor  halt.  The  vector  sum  of  the  lines  from  the  as>'mptotic 
|\^iiits  to  the  orii::ii  i>  zerv^.  since  they  are  equal  and  oppositely 
dircv  !^\i.  aikl  the  illuniitiation  is  therefore  0  at  the  center  of  the 

V<  wo  iv.o!>\is<^  jr  wo  have  our  Tv.oviiig  ixnnt  tracing  out  mj^-srima. 
.I'.u;  "T-ir.tui  as  \:i  the  cas<*  of  the  opaque  straight  edge,  but  we 
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shall  find  that  the  effect  of  adding  the  vector  of  the  portion  of  the 
wave  which  was  before  left  out,  and  is  now  utilized  after  a  rotation 

of  180°,  is  to  increase  the  intensity  at  the 
maxima  and  decrease  it  at  the  minima. 
For  example,  with  an  opaque  screen  the 
ampUtude  would  be  JM  for  the  value  of  x 
^ving  the  first  maximum  (Fig.  184).  With 
the  lamina  screen  the  portion  of  the  spiral 
MJ'  is  used.  The  natural  direction  of  the 
vector  b  towards  J',  but  the  half-wave 
retardation  directs  it  away  from  J",  the  re- 

sultant being  JM',  which  is  larger  than  JM. 
If  our  point  has  moved  aroimd  to  N,  the  P'"-  184. 
first  minimum,  the  direction  of  the  smaller 

vector  after  rotation  is  J'N,  which,  being  opposed  to  J  N,  means 
A  subtraction,  and  a  smaller  value  of  the  amplitude. 

It  is  obvious  that  the  fringes  are  similar  on  both  sides  of  the 
central  minimum,  for  the  above  construction  applies  in  whichever 
direction  we  take  x. 

The  fringes  are  best  shown  by  means  of  a  lamina  of  variable 
retardation,  which  can  be  made  by  etching  a  strip  of  plate  glass 

with  dilute  hydrofluoric  acid. 
One-half  of  the  strip  is  protected  by 

means  of  a  coatii^  of  par^ne,  running 
parallel  to  the  long  edge.  The  paraffine 
can  be  applied  with  a  brush,  or  better  by 
heating  another  strip  of  glass  and  pressing 
the  melted  paraffine  l)etween  the  two  strips. 
With  a  little  practice  it  is  possible  to  obtain 
in  this  way  a  uniform  coating  bounded  by  a 
straight  edge.  The  acid,  diluted  with  about 
five  parts  of  water,  is  placed  in  a  beaker 
jllass,  previously  coated  with  paralBne,  and 
the  strip  of  glass  lowered  very  gradually 
into  it,  a  millimetre  or  two  per  second,  until 
about  three-quarters  is  immersed.  It  is 
then  quickly  withdrawn  and  transferred  to 
a  dish  of  water  to  stop  the  action  of  the 
acid. 

After  removii^  the  paraffine  a  fine  line 
will  be  seen  running  down  the  middle  of  the 

plate,  marking  the  division  between  the  re- 
gions of  different  thickness.  Sun  or  arc 

light  is  concentrated  upon  a  pin-hole  in  a 
thin  metal  screen,  or  upon  a  sWt.  and  the  strip  mounted  vertically 
at  a  distance  of  two  metres.  The  fringes  can  Iw  observed  with 

an  eye-piece  at  a  distance  of  a  metre  Iwhind  the  plate.  The  »in- 
etched  portion  of  the  plate  represents  the  retarding  lamina,  and  we 
have  an  increasing  retardation  varying  from  0  to  .several  wave- 

lengths as  we  pass  down  the  plate.  Where  the  retanlation  is  cou- 
siderahle,  we  find  the  centre  of  the  system  brilliantly  colon-d. 
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A  photograph  of  the  fringes  obtained  in  this  way  is  reproduce^  in 
Fig.  185,  the  retardation  at  various  points  being  indicated.  Where 
it  amounts  to  one  or  more  whole  wave-lengths  tibe  centre  of  the  sys- 

tem is  bright.  A  still  easier  way  to  make  the  lamina  is  to  flow 
a  very  dilute  solution  of  celluloid  in  amyl  acetate  over  a  strip  of 
glass,  standing  it  on  edge  to  dry.  Celluloid  solution  can  be  easily 
obtain^,  as  it  is  sold  with  most  brands  of  gilt  paint ;  it  must  be 
diluted,  however,  with  the  amyl  acetate.  After  the  film  is  dry  make 
a  straight  cut  down  the  centre  with  a  sharp  knife,  and  remove  one- 
half  of  the  film,  which  is  best  done  by  placing  a  few  drops  of  water 
at  the  edge  and  lifting  it  up  with  the  point  of  a  knife. 

The  Colors  of  Mixed  Plates.  —  Interference  colors  of  this  t3rpe 
were  discovered  by  Young,  and  described  in  the  Philosophical 
Transactions  for  1802,  and  were  subsequently  studied  by  Sir  David 
Brewster.  Verdet  and  other  writers  on  Optics  have  classified  them 

with  Newton^s  thin-film  colors,  and  have  given  treaCments  which 
are  not  very  rigorous,  and  fail  to  show  where  the  energy  goes  to. 

The  colors  are  very  easily  obtained  by  pressing  a  little  white  of 
egg  between  two  pieces  of  plate  glass,  separating  the  plates  and 
squeezing  them  together  a  number  of  times  so  as  to  form  a  froth. 
The  plates  are  to  be  pressed  firmly  together  with  a  rotary  sUding 
motion  just  before  the  froth  becomes  sticky,  enclosing  a  film  made 
up  of  air  and  albumen  in  the  form  of  a  mosaic.  The  colors  are  best 
seen  by  holding  the  plate  towards  a  distant  window  or  other  bright 
source  of  Ught  on  a  dark  field.  Certain  wave-lengths  will  be  found 
to  be  absent  in  the  directly  transmitted  fight.  Young's  explanation 
was  that  the  path-difference  between  a  ray  passing  ttirou^  an  air- 

space and  one  passing  through  the  albumen  was  an  odd  number  of 
half  wave-lengths  for  such  colors  as  failed  to  appear  in  the  trans- 

mitted light.  Neither  Young  nor  subsequent  writers,  so  far  ajs  I  have 
been  able  to  find,  show  what  becomes  of  these  absent  colors,  though 
both  Young  and  Brewster  obser\'ed  the  colored  fringes  which  apn 
peareil  against  the  dark  background  to  one  side  of  the  source  of  light. 
Brewster  published  a  paper  in  the  Philosophical  Transactions  for 
1837  in  which  he  referred  the  colors  to  diffraction,  thou^  his 
treatment  was  not  very  complete,  and  concerned  chiefly  the  case 
of  (litTniction  by  a  transparent  lamina  Iwunded  by  a  straight  edge. 
Venl(»t  obje(*te(l  to  this  explanation  on  the  ground  that  the  colors  are 
indopcnclent  of  the  size  and  arrangement  of  the  air-bubbles,  depend- 

ing^ only  on  the  thi(*kness  of  the  albumen-film  and  the  angle  of  in- 
ci(len(*(\  The  int(Tf(Tence  phenomena  of  mixed  plates  are  easily 
t^xplaintMl  by  the  elementary  theory  of  diffraction,  and  they  should 
he  classtHl  with  laniinarv  diffraction  effects,  and  not  with  thin  film 
iiit»TfiTences,  as  is  usually  the  case. * 

In  Fijjj.  IS()  let  A  A  represent  the  glass  plates  with  the  albumen  and 
air  eliMuents  hetwivu  them.     We  will  assume  the  thickness  of  the 

albinniMi  such  that  rhvu  lij»ht  suffers  a  retardation  of  -  in  travers- 

iiiK  it.  If  H  is  the  1<mis  of  the  eye,  and  parallel  rays  traverse  the 
platr,  the  secinularv  disturbances  represented  by  the  dotted  lines 
UHnnially  iliffracttnl  rays)  will  Ix^  brought  to  a  focus  at  E;  that  is, 
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the  reduced  paths  of  all  these  rays  are  equal  ami  the  dieturbanceB. 
arrive  at  E  in  the  same  phase,  if  there  be  no  retardation.  The  dis- 

turbances   coming    from 
the  albumen  elements  are  ^      V       >^      ̂       V       ̂  
retarded,    however,    and         .      .        ■  .        ]        .         ■ 
reach    E    half    a   wave-         !,     '        ',  i        ;        '         ■     ,  .J  ̂ 
length  behind  Ihe  disturb- 

ances coming  from  the 
air  dements.  The  two 
seta  destroy  each  other 
at  this  point,  and  green 
light  will  not  be  repre- 

sented here.  In  general, 
li^t  will  be  absent  at 
this  point  if  the  retarda- 
^n  of  a  ray  passing 
throu^  albumen  with 
ret^KCt  to  one  pasang 
throu^  the  adjacent  air- 

the  film  is  fairly  thick, 
this  condition  may  hold 
for  a  number  of  colors  in 
the  spectrum,  which  will  ^ta  ise. 
consequently  be  absent 
in  the  image  of  any  source  of  light  seen  through  the  plate.  The 
question  now  ia :  What  becomes  of  this  enei^?  In  the  case  of 
thin  film  interferences,  the  wave-lengths  absent  in  the  transmitted 
figlit  appear  in  the  reflected.  This  is  not  the  case  with  mixed  plates, 

'^ich  show  little  or  no  color  by  reflection.  If  we  refer  to  Fig.  186  it 
is  dear  that  if  we  take  parallel  rays  diffracted  in  an  oblique  direc- 

tion, the  phase-difference  introduced  by  the  retardations  in  the 
mosaic  may  be  compensated  by  the  obliquity,  the  agreement  of 
phase  being  more  or  less  complete  for  green  light  in  the  point  F. 
The  case  is  analogous  to  a  laminary  grating,  which  yields  colored 
central  images,  the  absent  wave-lengths  appearing  in  the  spectra. 
Mixed  plates  throw  the  light  absent  in  the  direct  image  into  a  halo 
or  ring,  which  is  seen  to  surround  the  source  of  light. 

Laminary  diffraction  phenomena,  which  we  have  just  discussed, 
and  .mixed  plates  belong  to  the  same  class,  the  case  being  best  de- 

fined as  laminary  diffraction  by  a  great  number  of  irregularly  dis- 
tributed transpuent  disks.  If  the  patches  of  the  mosaic  were  of 

uniform  dze,  the  halo  would  be  sharply  defined  and  separated 
from  the  direct  image  by  a  dark  space,  which  would  become  wider 
as  the  size  of  the  elements  of  the  mosaic  decrea.sed.  Though  it  is 
easy  to  obtain  very  perfect  halos  in  some  cases,  separated  by  a  dark 
area  of  considerable  size,  the  variation  in  the  size  of  the  elements 
usually  causes  the  halo  to  take  the  form  of  a  disk,  the  centre  of 
which  is  occupied  by  the  <]irect  image. 

If  the  plates  are  held  close  to  the  eye  and  a  distant  lamp-flame 
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vipwwi  thmugli  thciii,  the  flamp  will,  for  example,  appear  purple  (ffl^ 
Ihi'  surniurKling  liiilo  grt^n.  If  a  amall  sodium  Batne  is  emploj'ed, 
parts  of  the  mosaii;  will  allow  it  much  lilurred,  and  surrounded  by 
a  halo,  wliile  otht-r  parts,  where  the  retardation  is  a  whole  number 
of  half-waves,  show  it  perfectly  sharp  and  distiDct.  The  distribu- 

tion (if  the  light  iu  the  halo  depends  on  the  form  of  the  elements  of 
the  iiioi^iie.  By  pressing  the  plates  firmly  together  and  sliding  one 
over  the  other,  the  circular  air-bubblos  can  be  deformed  into  ellipsea. 

1'he  light  in  the  ring  will  bo  more  or  less  concentrated  on  opposite 
sides  of  the  halo.  If  the  ellipses  were  drawn  out  indefinitely,  we 
ttliQuld  paas  over  to  the  grating,  and  the  points  of  concentration 
would  become  first  order  spectra,  the  rest  of  the  halo  disup|)eant^. 

A  very  curious  and  interesting  example  of  this  ramcentration  of 
liglit  in  a  halo  was  ol)servp<l  liy  the  author  when  copying  some 
diffraction  gratings  on  bichromatiKcd  albumen.  The  originid  grat- 

ing was  niled  on  glass,  14,400  lines  to  the  inch,  a  sparing  so  fine 
that  copies  were  oTily  obtained  with  considerable  difficulty. 

Some  uf  the  films  were  found  to  have  frilled  in  the  process  of 
wujihing,  the  buckling  of  tiie  film  following  the  grooves  of  the  grating 
to  H  certain  ext<'nt.  The  albumen  surface  was  seen  by  the  micro- 

scope t<i  have  frilleil  into  oval  patches  of  varying  length,  but  of  fairly 
constant  widtli,  the  width  l>eing  equal  to  t,hrec  liue^  of  the  original 
grating.  In  Fig.  ISS,  //,  we  have  a  diagram  illuatratiiy;  this  con- 

dition. This  plali-  when  held  before  ihe  eye  showoil  a  ring  of  wide 
aperture  surrounding  a  brilliant  source  of  light,  with  four  distinct 

concentrations,  two  very 
bright,  and  two  quite 
faint.  The  appearance 
rt-minded  one  most  for- 
cil  ily  of  a  stolar  halo,  with 
pitrlieliii  or  mock  suns. 
A  photograph  of  this 
curions  diiTraclion  pat- 
lern  was  tna<le  by  direct- 

ing H  camera  towards  a 
Imlliant  point  source  of 
li^ht ,  mid  placing  one  of 
the  friUed  pUtea  befon 
the  len.s.  This  pliott>- 
(H'liph  is  repriMlueiid  in 
Fig.  187. 

The   wrangMuwit   of 
tlu-  colors  in  the  "  mock 
^uiis"  producfx)  ID  tiiis 

I'lix.  1S7.  way  u",  h»nnrvw.  exacUjr 
IIm-  opposite  of  the  ar- 

nuyK'Mient  in  the  real  ones,  aneir  they  are  prwluced  by  diffmction 
instead  of  refracttim.    The  parallel  oAal  patch*-*  corre^Kmd  t«»  th# 
orionleil  iei-  crystals  whii-li  pndlini-  thi-  iMrhelia,  a?  we  slmll  sw 
in  the  t'hiipter  on  Mete«roi.iRii-a!  Ojitirs. 

Talbot's  B«Dd«.  -    A  cunous-  tj-|>e  of  intrrferrnre  haivls  waa  ijfr 
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Mribed  by  Talbot  *  in  1837.  If,  whon  viewing  a  continuous  spectrum 
intflpectroscopc,  we  place  a  tliin  pierce  of  glass  or  mica  in  front  of  one- 
half  of  the  pupil  of  the  eye,  with  its  edge  towards  the  red  end  of  th»» 
spectrum,  a  setof  extremely  black  bands  appears,  crossing  the  s|M'c- 
tnim  parallel  to  the  Fraunhofer  lines.  If,  however,  the  thin  plate 
be  turned  with  its  edge  pointing  towanls  the  violet,  no  trace  of  the 
btnds  is  to  be  seen.  A  thin  cover-glass,  such  as  is  usixi  for  microsco|)e 
slides,  answers  the  purpose.  If  the  glass  is  placeil  in  front  of  the 
tdesrape  lens  it  must  ))e  introiluced  from  the  side  towards  the  blue 
end  of  the  spectrum. 
Talbot  gave  an  imperfect  explanation  of  the  hands  on  the  el(»- 

mentary  principles  of  interference.  The  thin  plate  retanls  certain 
wlors  an  odd  numl)er  of  half  wav<^lengths.  These  waves  arrive 
*t  the  retina  in  a  condition  to  interf<Te  destructively  with  the  waves 
*hioh  enter  the  uncovered  portion  of  th(»  pupil,  the  lens  of  the  eye 
bringing  them  to  the  sain(»  ixiiiit,  const^uently  these  colors  are  ab- 

sent in  the  spectrum.  The  distinctness  of  the  bands  deiKMids  on 

the  thickness  of  the  plate,  and  TaUK)t's  explanation  neitluT  accounts 
'or  this  nor  for  the  apparently  n^niarkable  circumstance  that  the 
hands  do  not  appear  at  all  whcMi  the  plate  is  turned  with  its  cnlge  the 
other  way,  covering  the*  other  half  of  the  pupil,  a  change  which 
*hould  produce  no  effect  on  the  inttTferenct*  theory ;  neither  is  it 
Wo  clear  what  becomes  of  the  light.  Th(»  correct  (explanation  was 
^t  given  by  Airy.*  His  treatment  involv(»s  so  much  mathematics 
*hat  it  is  difficult  to  follow  the  physical  significan<*(»  of  the  different 

The  following  elementary  treatment  will  make  clt»ar  just  how  the 
hwrfs  are  formed,  and  why  they  appc^ar  only  when  the  plate  is 
^Dtroduc«l  on  one  side.  Compare  this  case*  with  the  laminary 
*^ting  jiwt  treat «1. 

'nridentally  we  shall  find  that  the  c^chelon  grating,  which  will  Ix* 

d'*«rril)cd  in  the  next  chapter,  is  a  siH»<*ial  case  of  TallM)t's  plate,  the 
•Perture  partly  coventl  by  the  thin  plate 
forming  an  echelon  grating  of  two  ele-  tmw  kati 

^^U.     To  ««» the  iiands  at  their  best,  — ^^— i 

^  object-glass    of    the    spc»ctn)sco|M»  * 
^'^^uld  l)e  covered  with  a  s<»reen  perfor-         ̂ ^^^----   -r--->. 
?^''*i  Hith  an  aptTture  alnmt   1    cm.  in  ^  '\ 
'^"ight  l>v  5  inms.  in  width.     T\w  glass  ^V^!: 
^  mica  plate  can  Ik»  mounte<i  so  as  to 
^^Vor  the  right  or  left  haml  half  of  this 
*lH*rtun\  or  simplv  hel<l  in  front  of  the 

hi  AH,  Fig.  IHS,  Im»  the  aixTture, 
'Wi^-half  «>f  which  may  be  coverc*d  with 
the  rf-taniing  plate. 
In  the  al)sc»nce  of  the  plate,  the  lens 

irill  form  an  image  of  tlie  slit  (which 
for  the  present  we  will  i^msidcr  illumi- 

1  Oilhert.  Ann,,  IMT. 
«  Air>'.  '""3'»-  Ann.,  liii.  Iviii.  :   PhUon.  Trann..  I**  10,  vol.  ii.  ;  l.sl2.  vol.  i 
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nated  with  monochromatic  light),  bordered  by  faint  maxima  and 
minima.  For  the  present  we  consider  the  prism  removed,  and  the 
telescope  directed  in  line  with  the  collimator.  The  intensity  curve, 
which  represents  the  image  of  the  slit  diagrammatically,  is  shown 
at/. 

The  first  diffraction  minima  to  the  right  and  left  of  the  central 
maximum  will  lie  in  directions  such  that  the  path-difference  between 
the  disturbances  coming  from  the  edges  of  the  aperture  is  a  whole 
wave-length.  If  the  right-hand  half  of  the  aperture  is  covered  with 
a  transparent  plate  which  retards 'the  wave-train  one-half  wave- 

length, we  shall  have  zero  illumination  at  the  centre,  and  two 
bright  maxima  of  equal  intensity  in  the  position  previously  occupied 
by  the  first  minima,  as  shown  at  F.  It  is  clear  that  the  path-differ- 

ence for  the  left-hand  maximum  is  one  wave-length,  and  for  the 
right-hand  one  zero.  We  may  therefore  call  the  former  the  spec- 

trum of  the  first  order,  and  the  latter  the  spectrum  of  zero  onier, 
considering  the  aperture  as  a  grating  of  two  elements.  If  we  con- 

sider the  change  as  taking  place  progressively,  starting  with  a  trans- 
parent lamina  of  infinite  thinness  which  gradually  thickens,  it  is 

clear  that  the  central  maximum  moves  to  the  right,  decreasing  in 
intensity,  while  its  neighboring  maximum  to  the  left  increases  in 
brightness  moving  in  the  same  direction.  When  the  thickness 
corresponds  to  a  half-wave  retardation  these  two  maxima  are  of 
equal  intensity,  and  occupy  the  positions  previously  occupied  by 
the  minima  to  the  right  and  left  of  the  central  maximum.  If  we 
increase  further  the  thickness  of  the  plate  the  maxima  drift  further 
to  the  right,  the  left-hand  one  increasing  in  brilliancy,  the  ri^t*hand 
one  decreasing.  When  the  retardation  becomes  one  whole  wave- 

length, we  again  have  a  single  bright  maximum  at  the  centre,  as  with 
the  uncovered  aperture.  In  this  case,  however,  it  is  the  spectrum 
of  the  first  order  which  is  at  the  centre.  As  we  go  on  increasing 
the  thickness  of  the  plate  the  march  of  the  fringes  continues,  new 
ones  coming  into  view  on  the  left  and  disappearing  on  the  right,  and 
the  order  of  spectrum  increasing.  The  condition  when  we  have  a 
pair  of  bright  maxima  will  l)e  recognized  as  the  condition  which 
obtains  when  an  echelon  grating  is  set  for  the  position  of  double 
order,  the  single  order  position  corresponding  to  the  case  when  we 
have  a  single  bright  maximum  at  the  centre. 

Suppose  now  that  we  have  a  thick  retaniing  plate  and  gradually 
decrease  the  wave-length  of  the  light  which  illuminates  the  sUt  from 
which  the  plane  waves  are  coming.  We  shall  have  the  same  march 
of  the  fringes  as  l>efore,  the  gradual  increase  in  retardation  resulting 
fn.)ni  the  decrease  in  wave-length.  If  our  source  emits  two  wave- 
trains  of  liiffen^nt  wave-length,  and  the  retardation  for  one  of  the 
trains  is  an  oild,  and  for  the  other  an  even  number  of  half  wave- 

lengths, it  is  clear  that  the  single  and  double  maxima  exist  simulta- 
nt\>usly,  and  all  trace  of  the  maxima  and  minima  will  disappear 
owing  to  the  fonn  of  the  intensity  curve :  in  other  words,  the  lines 
an*  not  resolveil. 

It,  however,  we  increase*  the  numl>er  of  retarding  plates,  placing 
them  so  as  to  divide  the  apertun*  into  a  number  of  vertical  strips 
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of  equal  width,  the  width  of  the  maxima  decreases  in  proportion 
to  the  distance  between  them,  as  in  the  case  of  the  ordinary  dif- 

fraction-grating when  we  increase  the  number  of  lines,  and  we  have 
resolution  of  the  lines.  Our  aperture  is  now  acting  as  an  echelon 
grating,  set  in  position  of  single  order  for  one  train  of  waves  and 
double  order  for  the  other.  With  very  thick  plates,  as  in  the  case 
of  echelons  such  as  are  actually  used,  it  is  evident  that  a  very  minute 
change  in  wave-length  will  be  sufficient  to  change  the  retardation 
by  the  amount  necessary  for  resolution.  We  are  now  in  a  position 
to  discuss  the  effect  of  the  thickness  of  the  plates,  their  number, 
and  the  width  of  the  steps.  Decreasing  the  width  of  the  steps  in- 

creases the  width  of  the  space  between  the  spectra,  in  other  words, 
forms  the  system  of  maxima  and  minima  on  a  larger  scale.  In- 

creasing the  thickness  decreases  the  change  in  wave-length  neces- 
sary in  passing  from  the  condition  of  single  order  to  that  of  double 

order,  in  other  words  the  greater  the  thickness  the  greater  will  be 
the  shift  of  a  maximum  for  a  very  minute  change  in  X,  and  in  con- 

sequence the  greater  the  resolving  power.  An  increase  in  the 
number  of  plates  merely  reduces  the  width  of  the  maxima,  without 
affecting  the  distance  between  them, 
or  the  amount  of  shift  produced  by  a 
given  change  of  X.  This  then  is  the 
whole  theory  of  the  echelon  in  a  nut-  n 
shell  (a  coco-nut  perhaps).  ^, 
We  are  now  ready  for  the  Talbot 

fringes. 
Consider  the  slit  of  a  spectrometer 

illuminated  with  monochromatic  light, 
the  prism,  aperture,  and  retarding  plate 
arranged  as  shown  in  Fig.  189.  If  the 
plate  retards  the  stream  an  even  number 
of  half  wave-lengths,  we  shall  see  in  the 
instrument  a  single  bright  line  with  ac- 

companying faint  maxima  and  minima. 
If  we  now  decrease  the  wave-length  a 
trifle  the  line  will  move  a  little  to  the 
right,  if  we  disregard  the  action  of  the 
prism.  We  can  verify  this  experimentally  by  removing  the  prism 
and  viewing  the  slit  directly  with  the  telescope.  The  slit  can  be 
illuminated  with  a  monochromatic  illuminator  (spectroscope  with 
narrow  slit  in  place  of  the  eye-piece),  the  slit  of  the  instrument  be- 

ing substituted  for  the  slit  of  the  first  spectroscope. 
As  we  gradually  decrease  the  wave-length  by  turning  the  prisms 

of  the  illuminator,  we  shall  see  the  line  l)ecome  double  and  single  in 
succession,  the  doubling  being  accomplished  by  the  march  of  the 
fringes  to  the  right  and  their  fluctuating  intensity  in  the  manner 
already  dcscrib^.  It  is  a  little  difficult  to  put  into  words  the 
changes  ndiich  accompany  the  alteration  of  wave-length.  The 
appearance  is  much  like  that  presented  by  a  picket  fence  in  motion 
viewed  through  a  narrow  vertical  aperture,  i.e.  the  pickets  are  only 
visible  as  they  pass  across  a  narrow  vertical  region.    If  we  imagine 

a 

r.    11   *•• 

Fio.  189. 
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the  visibility  of  the  pickets  to  be  a  maximum  as  they  cross  the  centre 
of  the  aperture  and  least  when  at  the  edges,  we  shall  have  a  fairly 
accurate  conception  of  the  §ippearance  of  the  moving  maxima. 
Suppose  that  a  change  of  100  Angstrom  units  in  the  wave-length  is 
sufficient  to  change  the  single  line  to  the  double  line.  The  changes 
which  take  place  in  the  focal  plane  of  the  telescope  (prism  removed) 
as  we  decrease  the  wave-length  over  this  range  are  indicated  in 
Fig.  189  a.  To  avoid  confusion  I  have  represented  each  successive 
appearance  a  little  lower  down  in  the  figure. 
Now  consider  the  prism  in  place,  turning  the  telescope  so  as  to 

view  the  deviated  image.  As  we  decrease  the  wave-length  there 
will  be  a  shift  to  the  rigfd  as  before,  resulting  from  the  retardation  of 
the  plate,  and  a  shift  to  the  left,  due  to  the  increasing  deviation  pro- 

duced by  the  prism.  If  the  compensation  is  perfect,  the  prismatic 
dispersion  will  shut  up  the  picket-fence  arrangement  of  lines  in  the 
diagram  into  single  lines ;  in  other  words,  if  we  illuminate  the  slit 
simultaneously  with  all  of  the  wave-lengths  in  the  given  range  ol 
100  Angstrom  units,  we  shall  not  see  a  short  continuous  spectrum, 
but  single  bright  lines,  to  the  intensity  of  which  all  the  waves 
contribute.  These  lines  are  of  course  much  narrower  than  the 
corresponding  range  of  the  continuous  spectrum  which  would  be 
formed  in  the  absence  of  the  plate.  We  thus  see  that  the  re- 

tardation has  the  effect  of  compressing  a  narrow  region  of  the 
spectrum  into  a  much  narrower  one  which  constitutes  one  of  the 
bright  Talbot  bands.  If  we  consider  what  happens  to  the  entire 
spectrum,  we  can  perhaps  obtain  a  still  clearer  idea  of  how  the 
bands  are  formed. 

Consider  a  large  number  of  equidistant  monochromatic  con- 
stituents of  the  spectrum  :  call  these  the  lines  A.  Midway  between 

them  is  another  set  of  lines  B.  The  distance  from  a  line  A  to  £  is 
such  that  the  difference  in  the  retardation  for  the  two  lines  is  half  a 
wave-length.  If  the  retardation  for  the  A  lines  is  an  even  number 
of  half-waves,  they  will  remain  single  and  fixed  in  position.  The 
lines  B  will,  however,  double  and  fall  upon  the  neighboring  lines  A. 
The  regions  previously  occupied  by  the  lines  B  are  the  dark  Talbot 
fringes.  It  may  at  first  sight  appear  as  if  the  same  result  would  be 
obtained  regardless  of  the  side  on  which  the  retarding  plate  was 
introduced.  It  obviously  would  for  the  wave-lengths  A  and  B; 
but  if  we  consider  the  elements  of  the  spectrum  between  the  A 
and  B  lines,  we  shall  see  that  in  one  case  they  are  shifted  so  as  to 
fall  upon  the  stationary  lines  A,  while  in  the  other  they  are  pioved 
into  the  region  between.  In  the  latter  case  we  have  a  continuous 
spectrum  if  we  consider  the  widths  of  the  regions  A  and  B  infinitely 
narrow.  In  the  foregoing  treatment  we  have  considered  the  con- 

dition as  that  of  the  "  best  thickness  "  which  obtains  when  shifts 
due  to  retardation  and  prismatic  dispersion  exactly  compensate. 
It  is  clear  also  that  to  obtain  the  bands  the  aperture  must  be  some- 

what restricted  so  as  to  obtain  an  appreciable  doubling  of  the  lines 
for  which  the  retardation  is  an  odd  number  of  half-waves. 

In  this  treatment  we  have  considered  white  light  as  made  up  of 
an  infinite  number  of  monochromatic  constituents,  the  older  view. 
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Professor  Schuster  has  given  a  very  neat  explanation  of  the  failure 
€>t  the  bands  to  appear,  when  the  plate  is  introduced  from  the 
'wrong  side,  considering  white  light  as  consisting  of  irregular  pulses 
without  periodicity,  the  periodicity  or  reg- 

ularity of  light  in  the  spectrum  result-  b 
ing  from  the  dispersing  apparatus  which 
produces  it.  This  idea  was  first  ad- 

vanced by  Lord  Rayleigh  in  considering 
the  action  of  the  diffraction  grating  when 
analyzing  white  light ;    a  matter  which 

we  shall  investigate  more  in  detail  when  /^  •  ̂'''* 
we  come  to  the  chapter  on  White  Light.  '  *^*^ 
Suppose  we  have  a  source  of  white  light  •  ̂̂ ^ 
at  S  (Fig.  190)  which  is  emitting  non-  Fio.  190. 
I)eriodic  impulses. 

Let  one  of  these  impulses  fall  upon  the  grating.  If  our  source  is 
at  a  great  distance,  or  if  we  use  a  collimating  lens,  secondary  waves 
will  leave  the  various  elements  of  the  grating  at  the  same  moment. 

Obviously  we  can  choose  three  points,  designated  "  Blue,*'  "  Green,*' 
and  "  Red,"  respectively,  such  that  the  separate  impulses  from  the 
grating  elements  will  pass  through  them  (in  succession)  with  the 
periodicity  of  blue,  green,  and  red  light.  We  thus  see  why  the  red, 
with  its  slow  periodic  impulses,  is  further  removed  from  the  normal 
to  the  grating  than  the  blue,  or,  in  other  words,  why  the  grating  con- 
tracts  red  light  at  a  point  further  removed. 

Our  light  will  not  be  monochromatic  at  the  three  points  unless 
we  add  a  lens  to  the  system,  for  the  inclination  of  different  parts 
of  the  grating  to  the  lines  joining  them  with  the  points  will  be 
different ;  that  is,  different  parts  of  the  grating  construct  different 
colors  at  a  given  point.  With  the  lens  added,  we  have,  however, 
monochromatic  light  at  points  lying  in  the  focal  plane  of  the  lens. 

If  now  we  retard  the  impulses  coming  from  one-half  of  the  grat- 
ing half  a  wave-length,  they  will  destroy  the  impulses  coming  from 

the  other  half,  provided  the  two  sets  traverse  the  point  simultane- 
ously. Clearly  we  must  introduce  our  plate  on  the  red  side  if  we 

are  to  accomplish  this,  for  if  we  introduce  it  on  the  other  side,  we 
retard  a  set  of  impulses  which  is  already  behind  the  set  with  which 
we  wish  to  make  it  interfere.  This  is  equivalent  to  introducing  it 
on  the  blue  side,  if  we  put  the  plate  between  the  spectrum  and  the 
eye,  as  can  be  easily  seen  by  constructing  a  diagram  illustrating  the 
formation  of  the  image  of  the  spectrum.  The  rays  cross  at  the 
point,  and  the  bundle  which  we  must  retard,  which  was  originally 
on  the  red  side,  is  now  found  on  the  opposite  side.  If  the  retard- 

ing plate  is  placed  between  the  grating  and  the  telescope  lens  of  the 
spectroscope,  it  must  be  introduced  from  the  red  side,  instead  of 
the  blue,  as  is  easily  proved  by  experiment.  The  best  thickness 
of  the  plate  is  such  as  will  divide  the  whole  series  of  impulses  into 
two  equal  portions,  which  arrive  at  the  point  in  pairs ;  i.e,  an  im- 

pulse from  the  near  edge  of  the  grating  and  one  from  the  central 
element  should  reach  the  point  simultaneously.  If  N  he  the  total 
number  of  lines  of  the  grating,  the  best  retardation  is  therefore  \  Nk^ 
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and  the  plate  should  intercept  exactly  one-half  of  the  beam.  The 
value  X  here  means  the  wave-length  of  the  light  which  the  grating 
constructs  at  the  point.  If  the  retardation  is  greater  or  less,  some 
of  the  impulses  arrive  either  too  soon  or  too  late  to  interfere  with 
others,  and  the  bands  are  not  as  clearly  defined.  The  impulses 
coming  from  the  various  elements  of  the  grating  need  not  even  be 
considered  as  "  to-and-fro  "  to  account  for  interference  in  the  man- 

ner supposed.  Consider  them  all  in  one  direction,  i.e.  half-waves, 
and  let  the  retardation  be  such  as  to  cause  one  set  to  fit  exactly 
halfway  between  those  belonging  to  the  second  set.  The  resulting 
disturbance  at  the  point  would  have  a  periodicity  twice  as  great  as 
it  had  before ;  there  is  therefore  light  at  the  point,  but  it  is  light 
which  belongs  to  the  overlapping  spectrum  of  the  second  order. 
As  regards  the  wave-length  X  under  consideration  there  is  darkness. 

It  will  be  remembered  that,  in  the  previous  treatment,  we  saw 
that  the  bands  were  most  distinct  when  the  interference  maxima 
were  the  same  distance  apart  as  the  diffraction  maxima.  The 

same  thing  can  be  shown  by  Schuster's  treatment.  Quoting  from 
his  paper : 

"  If  at  a  certain  point  of  the  spectrum  corresponding  to  wave- 
length X  there  is  a  maximum  of  light,  the  relative  retardation  of  the 

two  interfering  impulses  must  be  equal  to  mX,  m  being  an  integer, 
the  next  adjoining  band  towards  the  violet  will  appear  at  wave- 

length  X'  such  that  rnX={m  +  1)A'. 
"  Hence  for  the  distance  between  the  bands 

X-V^  1 

X'        m' with  the  best  thickness  of  the  interposed  plate  m=iiV,  and  hence 
X-V^  2 

X'        N' 
where  X'  in  the  denominator  may  with  sufficient  accuracy  be  replaced 
by  X.  If  X"  be  that  wave-length  nearest  to  X  at  which  there  is  a 
minimum  of  light,  it  follows  that 

X         N 

This  equation  shows  us  that,  under  the  conditions  of  "  best  thick- 
ness "  the  difference  between  the  wave-lengths  of  a  maximum  and 

its  neighboring  minimum,  divided  by  X,  is  equal  to  — .     We  shall ^  iV 

find  the  same  to  be  true  for  the  diffraction  maxima  and  minima. 

"  If  a  linear  homogeneous  source  of  light  of  wave-length  X  be 
examined  by  means  of  a  grating,  the  central  image  extends  to 
wave-length  X,  such  that       \_x       i 

where  N  as  before  is  the  total  number  of  lines  on  the  gratmg.'' 
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In  thb  expression  A— Ai  is  the  distance  of  the  first  minunum 
from  the  central  maximum,  of  the  diffraction  pattern  of  a  linear 
source  of  monochromatic  light  seen  with  a  grating  of  N  lines,  which 
we  have  fully  considered. 

Schuster  also  shows  that  if  we  are  using  a  plate  which  is  not  of 

the  "  best  thickness,"  we  may  restore  the  original  contrast  between 
the  maxima,  by  screening  off  the  portions  of  the  beam  which  are  not 
interfering. 

In  the  case  when  the  spectrum  is  formed  by  a  prism,  the  method 
is  not  so  obvious,  as  there  is  apparently  no  periodic  structure  to 
build  up  the  colored  light.  There  is,  however,  no  especial  diffi- 

culty in  this  case,  as  we  shall  see  when  we  take  up  the  subject  of 
White  Light. 
Anomalous  Propagation  of  Waves  in  the  Vicinity  of  Foci.  — 

The  curious  discovery  was  made  by  Gouy  in  1890,  that  in  its  passage 
through  a  focus  a  wave  gained  a  half  wave-length,  as  if  its  velocity 
of  propagation  was  accelerated  in  the  vicinity  of  the  focus.^  He 
employed  a  pair  of  Fresnel  mirrors,  one  of  which  was  concave,  the 
light  falling  upon  them  at  nearly  normal  incidence. 
The  arrangement  of  the  apparatus  is  shown  in  Fig.  191  a.    An 

illuminated  pin-hole  at  S  sends  light  to  the  two  mirrors  at  C  and  D. 
C  is  a  concave  silvered  mirror  made  by      q        q 
cutting  a  small  square  from  a  spectacle  w-^ai^      x^^^E^ 
lens,  D  is  a  plane  silvered  mirror  of  the  >       /•        ;       ̂ ,/£M:^>^  ̂ same  size.    The  distance  of  the  source  S  \\     j\       /  ^-^6 from  the  mirrors  is  1.5  metres  and  the 
mirror  C  brings  the  rays  to  a  focus  at  F, 
about  35  or  40  cms.  from  C,  The  fringes 
arc  observed  at  O  with  an  eye-piece,  or       ,  ̂    .    ,  , 
better  with  a  microscope  of  low  power    p  V  \  1  /  M 
(30-40  diameters).     If  there  were  no  ad-      A   \  •  /  ^ 

vanoe of  the  wave  in  its  passage  through     /  \  \\1  *" " 
the  focus,  we  should  have  a  fringe  system     /   \  ̂V 
with  a  white  centre  bonlered  on  each  side    /     »    1^  S 

by  colored  fringes,  as  with  the  onlinary  /  o  *  "^  '*  ^ 
mirrors.    What  we  see  is  system  with  a  '  W\f 
black  centre,  with  lateral  fringes  of  colors  V^ 
complementary  to  those  usually  ol)serv(Mi.        ̂   6   Q  ̂ 

The  fringes  are  circular  since  the  two  m0 
sources,  one  at  F,  the  other  at  distance  p^^  ̂^^ 
SD  behind  the  plane  mirror,  are  prac- 

tically in  line.  Gouy 's  experiments  were  repeated  by  Fabry  *  and 
later  by  Zeeman,  who  used  a  lens  ma<le  of  Iceland  spar,  placc?d  Ixv 
tween  two  Nicol  prisms.  Tliis  lens  was  doubly  refracting  and  gave 
two  real  images  of  the  source,  at  different  distances.  A  similar 
arrangement  subsequently  used  by  Sagnac  and  by  Reiche  is  shown 

in  Fig.  191  6.  The  light  of  a  mercur>'  lamp  a  is  focussed  upon  a 
small  aperture  c,  traversing  the  Nicol  d  and  the  doubly  refracting 
lens  e.    The  latter  has  focal  lengths  of  304  and  412  cms.,  and  the 

•Gouy,  Ann.  de  Chim.  et  de  Phyit.,  0-  S6rir,  24,  pp.  145-213. 
<  Fabry,  Joum.  dc  FhyB.,  3d  aeries.  2.  p.  22  (1892). 
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distance  between  c  and  e  was  about  7  metres.  The  Nicols  ar 
crossed  and  the  lens  turned  until  its  principal  section  makes  an  angl< 

of  45°  with  the  planes  of  the  Nicols.  The  circular  fringes  are  ob 
served  with  a  powerful  eye-piece.  With  this  arrangement  we  cai 
see  the  fringes,  not  only  between  the  foci,  but  in  front  of  and  behinc 
them.  If  the  diaphragm  in  front  of  the  lens  e  has  a  diameter  of  I 
cms.,  we  observe  a  system  with  a  white  centre  about  .5  m.  in  fron 
of  the  first  focus,  i.e.  between  the  focus  and  the  lens ;  on  moviuj 
the  Nicol  eye-piece  back  the  fringes  become  indistinct  until  we  ar 
rive  at  a  point  about  .5  m.  behind  the  focus,  when  they  again  appeal 
this  time  with  a  dark  centre,  owing  to  the  change  of  phase  produce< 
by  the  passage  of  the  waves  through  the  first  focus.  Behind  th 
second  focus  we  again  find  rings  with  a  white  centre.  If  the  dia 
phragm  is  contracted  to  a  diameter  of  1  cm.,  it  is  found  that  a 
the  focus  is  approached  periodic  changes  of  the  centre  of  the  systen 
occur,  and  the  fringe  system  can  be  followed  through  the  foci,  wher 
no  sudden  change  occurs.  Sagnac  explains  the  apparent  anomalou 
propagation  as  a  result  of  diffraction,  and  shows  that  we  may  hav 
a  somewhat  similar  phenomenon,  when  plane  waves  pass  througl 
a  circular  aperture,  without  passing  through  a  focus.^ 
We  remember  from  our  study  of  Huygens's  principle  that  th 

resultant  of  the  disturbances  from  a  circular  zone  in  the  apertur 
at  a  point  on  the  axis  is  retarded  in  phase  with  respect  to  a  dis 
turbance  travelling  from  the  centre  of  the  aperture  along  the  axis 
The  phase-difference  between  the  two  becomes  less  as  we  mov 
the  point  away  from  the  aperture.  It  is  as  if  the  phase  of  the  re 
sultant  vibration  from  the  circular  zone  was  propagated  along  th 
axis  with  a  velocity  greater  than  that  of  a  plane-wave,  or  greate 
than  that  of  a  disturbance  from  the  centre  of  the  aperture,  for  i 
it  lags  less  and  less  upon  the  phase  of  the  axial  disturbance  it  mus 
be  travelling  faster.  This  does  not  mean,  however,  that  we  ari 
actually  dealing  with  an  abnormal  velocity  of  light,  for  the  di 
rection  of  the  axis  does  not  coincide  with  the  direction  of  propaga 
tion  of  the  elementary  waves  from  the  circular  zone.  If  we  have  i 
spherical  wave  starting  from  the  circumference  of  the  aperture  w( 
can  regard  the  velocity  with  which  its  point  of  intersection  witl 
the  axis  travels,  as  the  velocity  of  the  resultant  phase.  It  will  U 
greater  than  the  velocity  of  light  in  the  vicinity  of  the  aperture  am 
equal  to  it  at  a  great  distance.  Now  the  phase  of  the  resultant  a 
any  given  instant  on  the  axis,  of  all  of  the  disturbances  cominj 
from  the  aperture,  depends  upon  the  size  of  the  aperture.  Th( 
same  is  true  of  the  illumination,  which  is  zero  for  points  so  situatec 
that  the  aperture  contains  2,  4,  6,  etc.,  Fresnel  zoneis.  If  now  W( 
define  the  velocity  of  light  as  the  velocity  with  which  a  given  phas< 
of  vibration  travels  along  the  axis,  it  is  clear  that  if  we  restrict  tin 
wave  to  the  portion  passed  by  the  aperture,  the  velocity  as  definei 
above  may  be  modified  by  diffraction. 
We  will  now  investigate  exactly  what  happens  in  the  case  of  i 

small  aperture,  and  in  the  case  of  a  wave  passing  through  a  focus. 
Take  first  the  case  of  a  circular  aperture,  through  which  a  wave 

*  Sagnac,  Journ.  de  Phya.,  2,  page  721  (1903). 
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train  has  passed.  If  we  are  at  a  great  distance  from  the  aperture 
the  resultant  phase  due  to  all  of  the  disturbances  will  agree  with 
that  due  to  the  one  coming  from  the  centre,  since  the  path-differ- 

ences are  practically  zero.  This  resultant  phase  will  be  accelerated 

90**  on  the  phase  which  we  should  have  if  the  wave  had  not  been 
restricted  by  the  screen  with  its  small  aperture,  as  we  saw  in  the 

Chapter  on  Huygens's  Principle,  for  we  must  consider  the  secondary 
^wavelets  as  starting  with  a  phase  one-quarter  period  in  advance 
of  the  phase  on  the  wave-front.  If  the  phase  which  we  should 
have  at  the  point  if  the  wave  were^unrestricted  be  represented  by 
an  arrow  pointing  vertically,  the  phase  which  we  have  with  the 
small  circular  aperture  can  be  represented  by  an  arrow  pointing 
to  the  ri^t,  retardations  of  phase  being  represented  by  counter- 

clockwise rotations  of  the  vector. 
If  now  we  approach  the  aperture  along  the  axis  the  illumination 

i^ill  increase,  reaching  its  maximum  value  when  we  reach  a  point 
such  that  the  aperture  contains  one  Fresnel  zone.    The  phase  will 

4irift  back  90°,  however,  as  a  result  of  the « path-difference  between 
the  disturbances  coming  from  the  edge  and  centre  elements,  so 
that  it  agrees  with  the  phase  given  by  the  unrestricted  wave  (ver- 

tical arrow).  Moving  still  nearer  to  the  aperture,  the  illumina- 
tion decreases,  reachii^  the  value  zero  when  the  aperture  contains 

two  zones :  the  phase  suffers  a  further  retardation  of  90°,  as  we 
can  easily  see  by  compounding  the  resultant  by  the  graphical 
method,  the  elementary  vector  arrows  forming  a  closed  circle  at 
this  point.  This  first  arrow,  representing  the  effect  from  the  cen- 

tral dement,  points  to  the  right.  Succeeding  ones,  with  increasing 
phase  retardations,  represent  resultant  effects  from  circular  zones 
surrounding  the  central  element.  Just  before  we  reach  the  point 
of  zero  illumination,  the  vector  which  gives  us  the  resultant  phase 
and  amplitude  is  a  short  arrow  pointing  to  the  left.  Passing  the 
zero  point,  the  phase  springs  back  suddenly  to  the  value  which  it 

had  at  the  most  distant  point,  that  is,  it  is  accelerated  180°.  This 
same  thing  occurs  over  and  over  again  as  we  approach  the  aperture. 
We  find,  however,  that  as  we  appi^ach  the  aperture  the  minima 
are  no  longer  equal  to  zero,  that  is  the  vectors  do  not  form  a  closed 
circle,  but  a  portion  of  a  spiral.  The  phase  at  these  points  is  the 
same  as  at  the  maxima,  that  is  it  is  represented  by  the  short  ver- 

tical arrow  joining  the  beginning  and  end  of  the  turn  of  the  spiral. 
The  maxima  and  minima  gradimlly  die  out  and  we  end  up  with  a 

phase  represented  by  a  vertical  arrow,  that  is  retarded  90°  on  that 
of  the  distant  point. 
We  thus  see  that  as  we  pass  from  the  aperture  to  the  distant 

point  we  gain  90°  in  phase,  the  phase,  however,  oscillating  back 
and  forth  through  180°  a  number  of  times,  as  was  found  in  the  ex- 

periment with  the  lens  of  Iceland  spar. 
This  same  thing  takes  place  in  the  case  of  a  wave  passing  through 

a  focus.  At  the  focus  the  path-difference  between  disturbances 
coming  from  the  centre  and  edge  of  the  wave  becomes  zero ;  that 
iSy  the  focus  corresponds  to  the  distant  point  in  the  previous  case, 



264  PHYSICAL  OPTICS 

and  we  have  the.  phase  represented  by  an  arrow  pointing  to  the 
right.  As  we  pass  through  the  focus  the  phase  arrow  begins  to 
turn  down  and  we  have  similar  oscillations,  ending  up  with  an 
arrow  pointing  downwards  when  we  get  so  far  from  the  focus  that 
the  maxima  and  minima  have  disappeared.  The  passage  of  the 
wave  through  a  focus  is  thus  seen  to  result  in  an  acceleration  of 

phase  of  180°;  we  can  regard  the  decrease  in  area  of  the  wave- 
front  as  we  approach  the  focus  as  analogous  to  restricting  it  by  a 
small  circular  aperture. 

It  is  difficult  to  give  a  clear  exposition  of  the  subject  in  a  limited 

space,  and  the  reader  is  advised  to  refer  to  Sagnac's  paper,  and 
the  more  recent  ones  by  Reiche  (Annalen  der  Phyaikj  1909). 



CHAPTER  VIII 

INTERFERENCE  SPECTROSCOPES  AND  THE 
RESOLUTION  OF  SPECTRAL  LINES 

In  the  Chapter  on  Diffraction  we  have  discussed  the  action  of  the 
<]i£Fraction  grating,  and  we  wiU  now  take  up  the  subject  of  the  more 
recently  devised  spectroscopes,  which  should  have  been  treated  in 
the  Chapter  on  Interference,  but  which  has  been  postponed  for 
the  reason  that  certain  points  cannot  be  well  understood  without 
previously  considering  the  theory  of  the  grating.  We  will  begin 
with  the  Michelson  interferometer,  which  is,  perhaps,  the  best- 
known  type. 

X 

HicheUon'm  Intarferometor.  —  The  essential  parts  of  this  in- 
strument are  four  plates  of  glass  arranged  as  shown  in  fig.  192. 

I^tes  A  and  B  are  cut  from  the  same  piece  of  glass  accurately 
plane  parallel.  Both  may  be  transparent  or  A  may  be  half  sil- 

vered on  the  surface  opposed  to  B.  Plates  C  and  D  are  heavily 
silvered  on  tii^r  front  surfaces.  Plate  D  is  mounted  on  a  carriage 
airanged  so  that  it  can  be  moved  along  parallel  ways  by  means  of 
a  screw.  The  action  of  the  apparatus  is  as  follows :  light  from  a 
source  S  made  parallel  by  a  lens  falls  upon  the  plate  A,  the  beam 
being  divided  into  two  portions  by  the  half-silvered  surface.  One 
ptstion  is  reflected  to  the  mirror  Z>,  the  other  transmitted  through 
B  to  the  mirror  at  C,  which  is  fixed  in  position.  The  mirror  D  re- 
tuniB  the  li(^t  to  j4,  a  portion  of  it  escaping  throu^  the  half- 

265 
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silvered  film  and  entering  the  observer's  eye,  which  is  located  at  0. 
The  light  reflected  back  from  C  is  in  part  reflected  from  the  silver 
film  and  enters  the  eye  over  the  same  path.  If  the  path-difference 
is  an  odd  number  of  half  wave-lengths,  these  two  streams  wiU  inter- 

fere destructively  and  we  shall  have  darkness.  The  path-difference 
between  the  two  rays  can  be  altered  by  moving  the  mirror  D  by 
means  of  the  screw.  Consequently  the  point  in  question  upon 
the  half-silvered  surface  will  appear  alternately  bright  and  dark 
as  the  carriage  is  moved  along  the  ways.  The  plate  B  is  not  essen- 

tial, and  its  object  will  be  explained  presently.  We  can  get  a  better 
idea,  perhaps,  of  the  action  of  the  instnmient  in  the  following  way : 
The  mirror  C  is  seen  by  reflection  in  the  half-silvered  film  in  coin- 

cidence with  the  mirror  D,  if  the  optical  paths  are  the  same.  The 
instrtunent  is  thus  the  equivalent  of  two  parallel  reflecting  surfaces, 
the  distance  between  which  can  be  varied.  The  phenomena  pre- 

sented by  the  interferometer  are  thus  similar  to  those  shown  by 
thin  films,  the  difference  lying  in  the  fact  that  in  the  present  case 
we  may  make  the  distance  between  the  reflecting  surfaces  as  great 
or  as  small  as  we  please. 

If  our  source  of  light  is  a  point  or  narrow  line,  e.g.  a  vacuum  tube, 
a  lens  must  be  employed  as  shown  in  the  diagram.  If,  however^ 
we  use  a  broad  source,  such  as  a  sodium  flame,  the  lens  may  be  dis- 

pensed with. 
The  plate  B  is  called  the  compensator,  and  is  introduced  to  make 

the  two  optical  paths  synunetrical.  In  its  absence  it  is  obvious 
from  the  diagram  that  one  of  the  interfering  beams  which  enters 
the  eye  has  traversed  the  plate  A  three  times,  while  the  other  has 
passed  through  it  but  once;  the  double  transit  of  the  latter  ray 
through  the  compensator  makes  the  two  paths  optically  equivalent. 
The  compensator  has  also  another  use,  for  by  turning  it  slightly 
we  can  increase  or  diminish  the  optical  path,  thus  compensating 
for  and  measuring  a  change  produced  in  the  other  path,  as,  for 
example,  by  the  introduction  of  a  thin  film,  the  refractive  index  of 
which  we  wish  to  determine. 

Use  of  the  Interferometer.  —  The  following  very  explicit  direc- 
tions for  using  the  interferometer  are  taken  from  Mann's  Mamial 

of  Advanced  Optics,  in  which  various  experiments  with  the  instru- 
ment are  described  in  detail. 

Adjustment.  —  *'  Measure  roughly  the  distance  from  the  silver 
half-film  upon  the  rear  of  the  plate  A  to  the  front  of  the  mirror  C 
Set  the  mirror  D,  by  turning  the  worm  wheel,  so  that  its  distance 
from  the  rear  of  A  is  the  same  as  that  of  C  from  A.  This  need 
not  be  done  accurately.  It  is  suggested  because  it  is  ea^er  to  find 
the  fringes  when  the  distance  between  the  mirror  D  and  the  vir- 

tual image  of  the  mirror  C  is  small.  This  distance  will  hereafter 
be  called  the  distance  between  the  mirrors. 

"  Now  place  a  sodium  burner,  or  some  other  source  of  monochro- 
matic light,  at  S,  in  the  principal  focus  of  a  lens  of  short  focus.  It 

is  not  necessary  that  the  incident  beam  be  strictly  parallel.  Hold 
some  small  object,  such  as  a  pin  or  the  point  of  a  pencil,  between 

Landyl." 
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A  pin-hole  in  a  card  is  preferred  by  the  author,  as  the  vertical 
and  horizontal  adjustments  can  be  made  with  greater  precision. 

"  On  looking  into  the  instrument  from  0,  three  images  of  the 
small  object  will  be  seen.    One  image  is  formed  by  reflection  at 
the  front  surfaces  of  A  and  D ;   the  second  is  formed  by  the  reflec- 

tion at  the  rear  surface  of  A  and  the  front  surface  of  D ;   the  third 
is  formed  by  reflection  from  the  front  surface  of  C  and  the  rear 
surface  of  A.    Interference  fringes  in  the  monochromatic  Ughtare 
found  by  bringing  this  third  image  into  coincidence  with  either 
of  the  other  two  by  means  of  the  adjusting  screws  upon  which  the 
inirror  C  rests.     If,  however,  it  is  desired  to  find  the  images  in  white 
light,  the  second  and  third  of  these  images  should  be  brought  into 
coincidence,  because  then  the  two  paths  of  the  light  in  the  instru- 

ment are  symmetrical,  i.e.  each  is  made  up  of  a  given  distance  in 
sir  and  a  given  thickness  of  glass.    When  the  paths  are  ̂ yvdr 
metrical,  the  fringes  are  always  approximately  arcs  of  circles  as 
described  above.     If,  however,  the  first  and  third  images  are  made 
to  coincide,  then  the  two  optical  paths  are  unsymmetrical,  i.e.  the 
path  from  A  to  C  has  more  glass  in  it  than  from  A  to  D,  and  in  this 
case  the  fringes  may  l^e  ellipses  or  equilateral  hyperbolae,  because 
of  the  astigmatism  which  is  introduced  by  the  two  plates  A  and  B, 
It  is  quite  probable  that  the  fringes  will  not  appear  when  the  two 
images  of  the  small  objects  seem  to  have  been  brought  in  to  coin- 

cidence.   This  is  simply  due  to  the  fact  that  the  eye  cannot  judge 
with  sufficient  accuracy  for  this  purpose  when  the  two  are  really 
superposed.     To  find  the  fringes,  then,  it  is  only  necessary  to  move 
the  adjusting  screws  sUghtly  back  and  forth.    As  the  instrument 
has  here  been  described,  the  second  image  lies  to  the  right  of  the 
first. 

"  Having  found  the  fringes  the  student  should  practise  adjust- 
ment until  he  can  produce  at  will  the  various  forms  of  fringes. 

Thus  the  circles  appear  when  the  distance  between  the  mirrors  is 
not  zero,  and  when  the  mirror  D  is  strictly  parallel  to  the  virtual 
image  of  C  The  accuracy  of  this  adjustment  may  be  tested  by 
moving  the  eye  sideways  and  up  and  down  while  looking  at  the 
circles.  If  the  adjustment  is  correct,  any  given  circle  will  not 
change  its  diameter,  as  the  eye  is  thus  moved.  To  be  sure,  the 
circles  appear  to  move  across  the  plates  because  their  centre  is  at 
the  foot  of  the  perpendicular  dropped  from  the  eye  to  the  mirror  D, 
but  their  apparent  diameters  are  independent  of  the  lateral  motion 
of  the  eye.  For  this  reason  it  is  advisable  to  use  the  circular  fringes 
whenever  possible. 

"  To  find  the  fringes  in  white  light,  adjust  so  that  the  mono- 
chromatic fringes  are  arcs  of  circles.  Move  the  carriage  rapidly 

by  intervals  of  a  quarter  turn  or  so  of  the  worm  wheel.  Wlien  the 
region  of  the  white-light  fringes  has  been  passed,  the  curvature  of 
the  fringes  will  have  changed  sign,  i.e.,  if  the  fringes  were  convex 
toward  the  right,  they  will  now  be  convex  toward  the  left.  Having 
thus  located  within  rather  narrow  limits  the  position  of  the  mirror 
D,  which  corresponds  to  zero  difference  of  path,  it  is  only  necessary 
to  replare  the  sodium  light  by  a  source  of  white  light,  and  move 

/ 
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the  mirror  T>  by  means  of  the  worm  slowly  through  this  region 

until  the  fringes  appear." 
A  better  control  of  the  motion  can  be  obtained  by  placing  a  small 

white  gas  flame  behind  the  sodium  flame.  This  gives  us  a  white 
spot  in  the  centre  of  the  field,  across  which  the  fringes  push  when 
we  reach  the  centre  of  the  system. 

"  These  white-light  fringes  are  strongly  colored  with  the  colors  of 
Newton's  rings.  The  central  fringe —  the  one  which  indicates 
exactly  the  position  of  zero  difference  of  path  — is,^  as  in  the  case 
of  Newton's  rings,  blacks  This  black  fringe  will  be  entirely  free 
from  color,  i.e.  perfectly  achromatic,  if  the  plates  A  and  B  are  of 
the  same  piece  of  glass,  are  equally  thick,  and  are  strictly  parallel. 
If  they  are  matched  plates,  i.e.  if  they  are  made  of  the  same  piece 
of  glass  and  have  the  same  thickness,  their  parallelism  should  be 
adjusted,  until  the  central  fringe  of  the  system  is  perfectly  achro- 

matic. When  this  is  correctly  done,  the  colors  of  the  bands  on 
either  side  of  the  central  one  will  be  synmietrically  arranged  with 

respect  to  the  central  black  fringe." 
If  the  instrument  is  illuminated  with  sodium  light  it  will  be  found 

that  the  fringes  become  invisible  periodically  as  the  mirror  is  moved, 
for  reasons  which  have  been  given  in  the  Chapter  on  Interference. 
It  will  be  found  instructive  to  illuminate  the  instrument  with  a 
lithium  flame  containing  a  little  sodium,  and  note  the  shortness 
of  the  periods  of  indistinctness.  In  using  the  instrument  to  meas- 

ure the  refractive  index  or  dispersion  of  a  gas,  the  tube  containing 
the  gas  can  be  closed  with  plates  of  thin  plate  glass,  which,  if  of 
good  quality,  do  not  much  affect  the  appearance  of  the  fringes. 
The  tube  is  highly  exhausted  and  the  gas  then  slowly  admitted,  the 
shift  in  the  fringe  system  being  determined  by  counting  the  number 
of  bands  which  cross  the  hair  in  the  telescope  used  to  view  them. 

The  interesting  investigation  by  Johonnott  (Phil.  Mag.^  47,  page 
501,  1899)  on  the  thickness  of  the  '*  black  spot  "  on  soap  films,  is 
an  example  of  the  many  interesting  applications  of  the  interferom- 

eter. If  we  know  the  thickness  of  a  transparent  plate  we  can  meas- 
ure its  refractive  index  by  inserting  it  in  one  of  the  optical  paths  of 

the  instrument  and  measuring  the  fringe  displacement.  The  white 
system  must  be  used  of  course  in  conjunction  with  the  sodium  or 
other  monochromatic  system,  as  the  central  fringe  is  the  only  one 
that  can  be  identified.  The  abnormal  displacement  of  the  central 
band  referred  to  in  the  Chapter  on  Interference  must  also  be  re- 
membered. 

It  is  evident  now  that  if  the  refractive  index  of  a  film  is  known 
the  thickness  can  be  determined.  Johonnott  found  that,  by  em- 

ploying a  battery  of  54  soap  films  mounted  on  frames,  it  was  pos- 
sible to  get  a  measurable  shift  of  the  fringes  even  when  the  films 

were  so  thin  that  they  refused  to  reflect  light,  i.e.  showed  the 
Newton  black. 

The  thickness  was  found  to  vary  between  .00006  mm.  and  .0004 
mm. 

Determination  of  Refractive  Index  and  Dispersion  with  the 
Interferometer.  —  The  refractive  index  of  a  transparent  ].late  and 



INTERFERENCE  SPECTROSCOPES  269 

its  dispersion  can  be  obtained  by  means  of  white  light  in  combi- 
nation with  monochromatic  light  of  a  single  wave-length.  The 

determination  of  the  dispersion  is  based  upon  the  shift  between  the 
true  and  the  apparent  position  of  the  centre  of  the  system  of  fringes 
formed  by  white  light,  which  we  have  just  studied.  The  plate 
should  be  sensibly  plane-parallel,  and  should  be  cut  in  two,  the  two 
pK>rtions  placed  in  the  paths  of  the  interfering  beams  in  such  posi- 

tions that  they  cover  the  same  portion  of  the  field.  We  may  illu- 
minate the  instnunent  with  a  sodium  flame  backed  by  a  candle 

flame.  The  two  pieces  of  the  plate  should  be  so  arranged  that 
they  can  be  rotated  about  vertical  axes,  one  of  them  very  slowly  and 
uniformly,  the  angles  of  rotation  being  measured  with  a  mirror  and 
scale.  We  can  set  them  normal  to  the  rays,  by  turning  them  to  the 
point  where  the  direction  of  motion  of  the  fringes  resulting  from 
the  increase  of  path  with  increasing  incidence  angle  reverses. 

Adjust  the  instrument  so  that  both  the  white-light  fringes  and 
the  sodium  fringes  appear  in  the  field.  Then  turn  one  plate  through 
a  convenient  angle,  which  is  read  from  the  scale.  Turn  the  other 
plate  very  slowly,  counting  the  sodium  fringes  as  they  pass  over 
the  cross  hair  of  the  observing  telescope  until  the  white  fringes  again 
appear  and  occupy  their  former  position.  Let  the  angle  through 
wluch  the  plates  have  been  turned  be  i,  the  fringe  count  2  iV,  the 
thickness  of  the  glass  f ,  its  refractive  index  /a,  and  the  wave-length  of 
the  sodium  light  A,  it  can  be  shown  that 

(i_iVX)(l-cost)-h^ 

/*=  — i(l- cos  i)-N\ 

in  which  the  term  — —  is  negligible.    We  now  restore  one  plate ^  t 

to  its  original  position,  and  move  the  interferometer  mirror  until 
the  white-light  fringes  appear  in  their  former  position,  counting 
the  sodium  fringes  as  they  cross  the  hair.    The  number  will  be 

greater  than  2N,  the  difference,  which  we  will  call  2iV',  being  due 
to  the  dispersion. 

The  Cauchy  dispersion  formula  can  be  assumed,  /*= A  -h  —  > A 

and  we  have  N'  =  =^^ , 

in  which  t'  is  the  thickness  of  the  glass  introduced  by  the  rotation,* 
as  was  shown  in  the  Chapter  on  Interference. 

light- Waves  as  Standards  of  Length.  —  Probably  the  most  im- 
portant use  to  which  the  interferometer  has  been  put  was  the  de- 

termination of  the  length  of  the  standard  metre  in  wave-lengths  of 
the  monochromatic  radiations  from  cadmium.  The  invariableness 
of  the  wave-length  of  the  radiation  sent  out  from  the  atoms  of  a 
metal,  brou^t  to  a  state  of  luminescence  by  electrical  discharges 

>  Mann's  MantuU  of  OpticB. 

/ 
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in  a  high  vacuum,  suggests  their  adoption  as  a  standard  of  length. 
This  proposition  was  first  made  by  Lamont  in  1823,  and  subsequently 

by  Dr.  Gould  about  thirty  years  ago.  At  that  time  the  interferom- 
eter in  its  present  form  was  unknown,  and  the  method  proposed  in- 

volved the  use  of  the  diffraction  grating,  the  measurement  of  its 
width,  and  the  determination  of  angles,  all  of  which  measurements 
would  have  entailed  no  very  inconsiderable  errors.  Michelson 
suggested  the  use  of  his  interferometer,  and  through  the  efforts  of 
Dr.  Gould,  who  represented  the  United  States  in  the  International 
Committee  of  Weights  and  Measures,  was  asked  to  carry  out  the 
experiments  at  the  International  Bureau  at  Sevres  in  collaboration 
ynth  Benoit.  A  very  complete  description  of  the  method  will  be 

found  in  Prof.  Michelson's  book,  Light-Waves  and  their  Uses 
(Chicago  University  Press,  1903). 

The  general  principle  of  the  method  can  be  briefly  outlined  as 
follows :  — 

The  problem  is  to  measure  the  distance  between  the  two  marks  on 
the  standard  meter  bar  in  terms  of  the  wave-length  of  light,  or,  in 
other  words,  find  out  how  many  Ught-waves  there  are  in  a  beam  a 
meter  long. 

A  bronze  bar  10  cms.  in  length,  of  the  form  shown  in  Fig.  193,  was 
prepared,  on  the  ends  of  which 
two  silvered-glass  mirrors  were 
mounted  which  could  be  made 
accurately  parallel  by  observing 
the  interference  fringes,  formed 

^=9  Ia  in  the  manner  to  be  described 

  rTIos    presently.  XThe  principle  con- sisted in  finding  the  number  of 
light-waves  in  a  beam  whose  length  was  equal  to  the  distance  be- 

tween the  planes  of  the  two  mirrors,  and  then  to  find  how 
many  times  this  distance  was  contained  in  the  mete]^^  In  a 
length  of  10  cms.,  there  are,  however,  roughly  300,000  Ught- 
waves,  and  the  direct  determination  of  this  number  by  actual 
count  would  have  involved  too  much  labor  and  too  great  a 
risk  of  accidental  mistakes.  Nine  other  standards*  similar  to 
the  above  were  therefore  prepared,  each,  half  as  long  as  its 
predecessor,  i.e.  of  lengths  10,  5,  2.5,  1.25,  etc.,  cms. ;  the  smallest 
unit  had  mirrors  with  reflecting  planes  only  .39  mm.  apart.  The 
number  of  light-waves  in  this  distance  was  first  determined  for  the 
red,  green,  and  blue  radiations  from  a  vacuum  tube  containing 
cadmium  vapor.  This  was  accomplished  by  putting  the  bar  with 
its  two  mirrors  in  the  place  of  one  of  the  mirrors  of  the  interferom- 

eter ;  the  other  mirror  was  then  brought  into  such  a  position  that 
the  central  fringe  (whit^  light)  appeared  in  the  field  of,  we  will  say, 
the  lower  mirror.  By  moving  the  mirror  back  the  centre  of  the 
system  could  be  made  to  appear  in  the  upper  mirror,  and  by  count- 

ing the  number  of  fringes  which  passed  during  this  operation  the 
number  of  wave-lengths  in  the  distance  through  which  the  mirror 
moved  could  be  determined. 

This  first  "  eto/on,"  as  it  was  called,  was  next  compared  with  the 
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second  by  mounting  the  two  side  by  side,  in  place  of  the  movable 
mirror  of  the  interferometer.  The  field  of  view  now  consisted  of 
four  square  areas  corresponding  to  the  four  mirrors  of  the  etalons. 
The  longer  of  the  two  (No.  II.)  was  fixed  in  position,  while  the 
shorter  (No.  I.)  could  be  moved  by  turning  the  screw  of  the  instru- 

ment. The  reference  plane  (image  of  the  interferometer  mirror 
seen  in  the  plate)  was  then  brought  into  coincidence  with  the  front 
surface  of  the  lower  mirrors  of  the  two  etalons,  the  plane  R  (Fig.  194, 
A),hy  moving  the  interferometer  mirror  until  the  colored  fringes 
appeared.  This  mirror,  which  is  usually  fixed,  in  the  present  type 
of  instrument  could  be  moved  along  parallel  ways.  It  was  then 
moved  back  until  the  reference  plane  coincided  with  the  upper  mir- 

ror D  of  etalon  I.,  the  plane  R\  The  fringes  passing  during  this 
motion  of  the  mirror  were  counted,  the  number  of  course  correspond- 

ing with  the  number  previously  determined.  Etalon  I.  was  now 
moved  back  until  C  came  into  coincidence  with  the  reference  plane 

ft'  (Fig.  194,  6).  The  reference  plane  was  now  moved  to  /?",  until 
it  coincided  with  D'  in  its  new  position,  and  was  within  a  few  wave- 

lengths of  the  plane  of  B,  the  number  being  found  by  turning  the 
compensating  plate.  The  second  etalon  was  then  compared  with 
the  third,  and  so  on,  until  finally  the  number  of  wave-lengths  in 
the  10  cm.  etalon  had  been  determined.  A  mark  on  this  etalon 
was  then  brought  into  coincidence  with  one  of  the  end  marks  on  the 
metre  bar  under  the  microscope,  and  the  etalon  was  then  pro- 

gressively advanced,  its  front  mirror  being  brought  into  coincidence 
with  the  plane  previously  occupied  by  the  rear  mirror,  the  reference 
plane  then  moved  back  and  the  process  repeated.    In  this  way  the — — -""R 

■•••••■••a     »••  ***V^^ 

I 

~...t. 

     R 

Fio.  194. 

total  number  of  waves  in  a  length  equal  to  the  standard  metre  was 

determined.  The  final  results  were  as  follows,  for  15**  C.  and  760 
nuns,  pressure: 

Red  line  1  m.  =  15531 63.5  X,  i.e.  X= 6438.4722^5, 
Green  Une  1  m.  =  1900249.7  A,  i.e.  X= 5085.8240  A i?, 
Blue  line     1  m.  =  2083372. 1 X,  i.e.  X = 4799.9107  AE. 

The  values  given  by  Rowland  for  these  same  lines  are 

6438.680,  5086.001,  and  4800.097. 

An  idea  of  the  accuracy  of  the  work  can  be  obtained  by  comparing 
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three  independent  observations,  the  first  two  by  Michdson,  the 
third  by  Benoit : 

1553162.7,  1553164.3,  1553163.6. 

In  addition  to  recording  the  length  of  the  standard  metre  in 
terms  of  an  invariable  unit,  this  remarkable  piece  of  work  has  given 
absolute  determinations  of  three  standard  lines,  which  will  doubt- 

less stand  for  a  long  time,  if  not  forever,  as  the  standards  from  which 
all  other  lines  will  be  measured. 

It  may  be  well  to  point  out  here  that  it  has  been  recently  shown 
by  Michelson,  and  proven  experimentally  by  Kajnaer,  that  Row- 

land's coincidence  method  is  not  accurate.  As  a  result  of  small 
errors  of  ruling,  the  second  order  ultra-violet  line  of  wave4engt.h  2 
may  not  fall  exactly  upon  a  first  order  line  of  wave-length  4.  The 
use  of  the  grating  is  thus  restricted  to  obtaining  the  wave-lengths  of 
lines  between  fixed  standard  lines,  by  interpolation,  at  least  if  the 
greatest  accuracy  is  required.  Revision  of  the  standard  wave- 

lengths is  in  progress  at  the  present  time  by  interferometer  methods. 
The  Visibility  Curves.  —  As  we  saw  in  the  Chapter  on  Interference, 

the  fringe  system  formed  with  Newton's  combination  of  a  lens  and 
flat  plate,  illuminated  with  sodium  light,  is  not  continuous.  There 
are  periodic  regions  of  invisibility  as  we  proceed  outward  from  the 
centre,  due  to  the  fact  that  when  the  maxima  of  Dt  coincide  with 
the  minima  of  Di,  uniform  illumination  results.  If  now  Di  and  Dt 
were  infinitely  narrow  lines  and  single,  the  fringes  would  be  equally 

distinct  when  "  in-step,"  regardless  of  the  path-<lifference.  If,  how- 
ever, this  is  not  the  case,  the  visibility  will  vary  at  the  different 

points  of  maximum  distinctness.  Suppose,  for  example,  that  each 
line  is  a  close  double ;  with  a  sufficiently  large  path-difference,  the 
two  components  of  Di  will  get  out-of-step,  and  we  shall  have  uniform 
illumination  and  invisibility  entirely  independent  of  the  light  from 
Dt,  Fizeau  and  Foucault,  who  may  be  regarded  as  the  founders  of 
interference  spectroscopy,  only  recorded  the  successive  recurrences 
of  the  fringes  as  the  path-difference  increased.  Michelson  went  a 
st^p  further,  and  measured  the  distinctness  of  the  fringes  at  each 
reappearance.  From  these  observations  he  was  able  to  compute 
the  nature  of  the  lines,  i.e,  whether  they  were  single  or  double,  broad 
or  narrow,  etc.  If  J$  denotes  the  maximum  brightness  of  a  fringe, 
and  Ji  the  intensity  of  the  dark  region  between,  Michelson  calls Jl  —  J 2  ___  y 

the  *'  Visibility"  a  quantity  which  represents  the  distinctness  with 
which  the  fringes  appear  to  the  eye. 

If  we  know  the  nature  of  the  distribution  of  the  light  in  the  source, 
i.e.  whether  the  lines  are  single  or  double,  accompanied  or  not  by 
fainter  companions,  etc..  it  is  possible  to  construct  a  visibility  curve 
in  which  the  values  of  V  are  plotted  as  ordinates  and  the  path-dif- 

ferences as  abscissae. 
Michelson  coniniencwi  by  calculating  the  visibility  curves  wliich 

would  result  from  various  tyi)es  of  single,  double,  and  multiple  lines. 
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Examples  of  such  curves  are  shown  in  Fig.  195,  the  intensity  curves 
of  the  spectrum  lines  being  shown  to  the  left  of  each.  The  curves 
shown  are  resultant  curves  formed  by  the  superposition  of  wave- 
trains  such  as  would  emanate  from  sources  having  a  distribution  of 
intensity  as  figured.  The  visibiUty  curves  are  obviously  the  enve- 

lopes of  the  above  curves.  Michelson  next  took  up  the  subject  of 
the  construction  of  an  intensity  curve  from  a  visibility  curve,  a 
much  more  difficult  problem.  His  work  in  this  Une  was  much 
aided  by  the  invention  of  his  harmonic  analyzer,  a  machine  which 
separates  out  of  a  complex  curve  the  simple  harmonic  curves  of 
which  it  is  formed ;  in  other  words,  makes  a  Fourier  analysis  of  it. 

As  Lord  Rayleigh  has  shown  (PhU.  Mag.,  34,  page  407,  1892),  the 
rigorous  solution  of  the  problem  is  not  possible,  for,  except  in  cases 
where  there  is  symmetry  u|  the  group  of  Unes,  we  may  have  a  large 
number  of  different  distributions  of  intensity,  all  of  which  ̂ ve  the 
same  visibility  curve.  It  is  impossible,  moreover,  to  decide  from 
the  visibility  curve  on  which  side  of  the  principal  line  a  fainter  com- 

ponent lies.  Michelson's  predictions  regarding  the  structure  of 
many  lines  have  been  subsequently  verified,  however,  and  he  is  to 
be  regarded  as  the  pioneer  in  the  field  of  investigations  devoted  to 
the  minute  study  of  spectrum  Unes. 

The  method  has  not  been  used  to  any  great  extent  by  other 

observers,  partly  from  the  great  difficulty  of  estimating  ''  visibili- 
ties" of  the  fringes,  and  partly  from  the  difficulty  in  interpreting  the 

results.  Michelson's  results  were  due  to  his  great  skill  in  this  respect. 
Intensity 
Curve.  Visibility  Curve. 
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Fio.  195. 

which  resulted  from  long  experience  and  familiarity  with  his  instru- 
ment. The  more  modem  interferometers  show  objectively  what 

before  oould  only  be  guessed  at,  that  is,  they  actually  separate  the 
fine  into  its  components  just  as  the  prism  and  grating  separate  the 
originally  ocMnposite  li^t  into  a  spectnmi  of  lines. 

MicfadflOii's  genius  gave  us  the  next  instrument  in  the  series  which 
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we  are  considering,  and  we  vrill  now  take  up  the  subject  of  one  of  the 
most  curious  and  interesting  optical  instruments  ever  devised,  the 
echelon  grating. 

The  Echelon  Grating.  —  A  remarkable  tjrpe  of  grating  was  con- 
structed by  Michelson.^ 

As  we  have  seen  in  the  Chapter  on  Diffraction  the  resolving  power 
of  a  grating  is  represented  by  mn,  the  product  of  the  order  of  the 
spectrum  and  the  number  of  lines.     High  resolving  power  had  been 

secured  previously  by  ruling  a  very  large  number 
of  Unes ;  Michelson  attacked  the  problem  in  a  new 
direction  and  constructed  a  grating  for  which  m 
nstead  of  n  had  a  large  value.    The  order  of  the 
pectrum  is  measured  by  the  number  of  wave- 
engths  in  the  path-diff^nce  of  disturbances  com- 
ng  from  adjacent  elements.    If  the  path-difference 
can  be  made  1000  wave-lengths,  we  have  a  spec-T 
trum  of  1000th  order.    Michelson  accompUshed 
this  by  building  up  a  flight  of  steps  of  glass  plates, 
all  of  exactly  the  same  thickness  and  plane-parallel 
to  within  ̂   of  a  wave-length  of  sodium  Ught. 
The  plates  were  cut  from  a  single  disk,  which  was 
figured  with  the  greatest  care  by  Mr.  Petitdidier, 
and  mounted  as  shown  in  Fig  196.    If  light  is  sent 

n   through  the  series  of  plates  in  .the  direction  in- 
^   dicated  by  the  arrows,  it  is  obvious  that   the 

streams  emerging  from  the  steps  are  retarded  on 
each  other  by  amounts  depending  on  the  thickness 
traversed,  and  the  refractive  index  of  the  glass. 
Now  the  retardation  by  a  plate  2  cms.  in  thick- 

ness is  considerably  over   20,000  wave-lengths; 
Fio.  196.  consequently  we  are  deaUng  with  a  spectrum  of 

the  20,000th  order,  if  the  plates  have  this  thick- 
ness. The  number  of  the  plates  cannot  be  increased  above  30  to 

advantage,  owing  to  the  loss  of  light  by  absorption  and  reflection 
from  the  surfaces.  Our  resolving  power  is  thus  about  30  X  20,000 
or  roughly  600,000,  or  the  grating  should  separate  lines  only  ̂ ^  of 
the  distance  between  the  D  Unes  apart. 

The  echelon  throws  all  its  Ught  into  one,  or  at  most  two,  spectra ; 
consequently  it  is  well  adapted  for  the  minute  structure  of  faint 
spectrum  Unes.  Its  great  disadvantage  is  the  difficulty  of  interpret- 

ing the  results  obtained  with  it,  and  the  impossibiUty  of  seeing  more 
than  a  single  line  at  a  time.  Even  if  sodium  light  is  used  nothing 
can  be  seen  which  can  be  interpreted.  With  certain  thickness  of 
plates  the  Di  and  D2  spectrum  Unes  may  coincide,  one  being  seen 
in,  say,  the  2000th  order,  and  the  other  in  the  2030th,  owing  to  the 
difference  of  retardation.  With  plates  of  a  different  thickness  the 
Di  spectra  may  faU  midway  between  those  due  to  Dj.  As  the  spec- 

tra of  succeeding  orders  are  very  close  together,  it  is  obvious  that, 
except  when  employing  extremely  homogeneous  radiation,  we  shall 
have  a  confused  jumble  of  Unes. 

» *'Tho  Echelon  Spectroscope,"  Astrophys.  J.,  8,  page  36,  1898. 
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Only  three  different  orders  can  be  seen  at  one  time,  but  by  turning 
the  echelon  slightly  others  may  be  brought  into  view.  We  can  set 
the  echelon  so  as  to  have  two  adjacent 
orders  of  equal  intensity,  as  in  the  first 
diagram  of  Fig.  197,  or  so  as  to  have 
one  bright  line  bordered  by  two  faint 
ones.  The  latter  condition  is  usually 
preferable. 

The  light  must    undergo   previous  Fio.  197. 
prismatic    analysis    before  it    enters 
the  collimator  sUt  of  the  echelon  spectroscope,  or  we  may  illu- 

minate the  sUt  ynth  the  heterogeneous  Ught  and  place  a  prism 
between  the  echelon  and  the  telescope. .  The  instrument  is  espe- 
ciaUy  well  adapted  for  the  exhibition  of  the  Zeeman  effect,  as  it  is 
compact,  and  extremely  saving  of  light,  and  requires  practically  no 
adjustment  if  the  plates  are  properly  mounted  in  a  metal  case.  The 
writer  has  had  no  diflSculty  in  showing  Zeeman  effect  with  an  im- 

provised echelon  made  by  standing  four  interferometer  plates  on  the 
table  of  a  small  spectroscope.  A  five-element  grating  is  secured  in 
this  way,  since  a  stream  of  imretarded  Ught  can  be  passed  by  the 
edge  of  the  first  plate.  The  width  of  the  steps  should  not  exceed 
one  or  two  mms.  and  a  cardboard  screen  should  be  so  arranged  as  to 
cut  off  all  the  light  except  that  which  comes  through  the  steps,  a 
clear  space  of  equal  width  to  one  side  of  the  first  plate,  and  a  strip 
of  the  same  width  at  the  edge  of  the  last  plate,  i.e.  the  top  step.  In 
other  words,  when  looking  at  the  echelon  from  the  direction  of  the 
telescope  the  screen  should  hide  everything  except  five  vertical 
elements  of  equal  width,  four  of  them  glass  and  one  air.  A  direct 
vision  prism  can  be  put  between  the  plates  and  the  telescope  to 
separate  the  echelon  spectra  of  the  different  lines  in  the  spectrum 
under  investigation.  A  mercury  vacuum  tube  between  the  conical 
poles  of  a  powerful  electromagnet  is  a  suitable  source  of  Ught  to  work 

with,  the  green  Une  spUtting  up  as  soon  as 
.         :  the  current  is  turned  on. 

Theory    of  Echelon.  —  An    elementary 
treatment  has  been  given  under  Talbot's 

.    bands  in  the  Chapter  on  Diffraction. 
The  theory  as  worked  out  by  Michelson 

is  as  follows : 
Let  s  be  the  width  and  t  the  height  of  each 

step,  and  0  the  angle  of  diffraction  (Fig. 
      180).     If  the  order  of  the  spectrum  is  desig- 

nate<l  by  w,  and  the  ref.  index  of  the  glass 

     by  fly  we  have  for  the  path-<lifferenee  bo- tween  the  diffracte<l  rajs  indicated  by  the 
arrows,  mX  =  fii—ac, 

Now         ac  =  t  cos  0—s^inO; 
.*.  m\  =  fjU— t  cos  0-\-s sin  0, 

(1)  mA=(/ii-l)/-hs^, 

\ 

+ 
I 

/i 

't 
//i 
/ 

/ 

Fia.  198. 

since  0  is  very  small,  sin  ̂ = ^,  cos  ̂   =  1. 
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To  find  the  dispersion  which  is  represented  by  — ,  we  dififeren- 

OA, tiate  0  with  respect  to  A  in  the  above  equation,  remembering  that 
/A  is  also  a  fimction  of  A, 

dX.      8     sdk' Substituting  for  m  its  approximate  value  (fi— 1)-,  we  obtain 

if  we  represent  the  bracketed  term  by  b. 

The  resolving  power,  which  we  define  by  —  i  ̂  by  equation 

(2)  8z--    If  dS  is  the  increment  in  the  angle  of  dififraction  nec- bt 
essary  for  resolution  (Fig.  199), 
i.e.  the  angle  between  the  princi- 

pal maximum  and  the  first  mini- 

mum, we  can    write  dO  =  — ,  as  is 

made  clear  by  the  figure,  in  which 
we  have 

^=8in(>,(^m}^=8in(<>+<»). ns  ns 

Fio.  199.  in  which  N  is  some  number  depend- 
ing on  fi  and  L  It  corresponds  to 

the  product  mn  used  previously.  (In  Fig.  181  it  is  designated  by 
a  small  n.) 

Owing  to  the  small  value  of  0,  we  get  by  subtraction  of  the  first 
equation  from  the  second 

8inde=de=—, ns 

in  which  ns  is  the  total  width  of  the  grating. 
This  gives  us  for  the  resolving  power, 

A      bnt' 
To  find  the  distance  between  the  spectra  of  succeeding  orders,  we 

differentiate  equation  (1)  with  respect  to  m, 

dO^^X 

dm     s' or  if  we  put  rfm=  1  to  obtain  the  change  in  0,  in  passing  from  order 
7n  to  order  m±l, 

(4)   d0^=^, s 

in  which  d^i  is  the  angle  of  diffraction  between  adjacent  spectra. 
i 
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We  will  now  determine  the  change  in  the  wave-length  which  gives 
dO  the  same  value  as  dSiy  that  is,  we  will  derive  an  expression  which 
will  enable  us  to  compare  the  distance  between  the  components  of 
a  double  line,  with  the  distance  between  the  spectra.  This  we  can 
easily  do  by  substituting  (4)  in  (2),  which  gives 

in  which  dX  is  the  increment  of  wave-length  necessary  to  produce  the 
increment  dOij  that  is  the  components  of  a  double  Une,  with  a  wave- 

length difference  dX,  (as  defined  by  (5)),  will  be  separated  by  a 
<listance  exactly  equal  to  the  distance  between  the  spectra  of  suc- 

ceeding orders.    Comparison  of  (3)  with  (5)  shows  us  that  the  limit 

of  resolution  is  -  of  the  distance  between  the  spectra.   "  This,"  says n 

Professor  Michelson,  "  is  a  rather  serious  objection  to  this  form  of 
spectroscope.    Thus  in  observing  the  effect  of  increasing  density 
on  the  breadth  of  the  sodium  lines,  if  the  broadening  be  of  the  order 

r-  the  two  contiguous  spectra  of  the  same  line  will  overlap.  As  a ot 

particular  case  let  us  take  <=7  nmis.,  then  r-  =  ̂ ,^^^^,  and  it  will 

be  impossible  to  examine  lines  whose  breadth  is  greater  than  ̂   of 
the  distance  between  the  D  Unes.  It  is  evidently  advantageous  on 

{his  accourd  to  make  t  as  small  as  possible." 
Obviously  t  has  its  smallest  possible  value  (zero)  in  the  case  of 

the  ordinary  diffraction  grating  ruled  on  glass. 
To  get  hi^  resolving  power,  however,  we  must  make  either  4iov  t 

large.  The  former  quantity  cannot  be  increased  to  advantage 
above  25  or  30,  for  reasons  already  specified,  consequently  t  must  be 
made  large. 

Michebon  constructed  three  echelons,  with  plates  7,  18,  and  30 
mms.  in  thickness,  having  resolving  powers  equal  to  210,000, 540,000, 
and  900,000  respectively,  the  smallest  value  surpassing  that  of  the 
largest  gratings  ruled  on  speculum  metal. 

The  distribution  of  intensity  is  deduced  from  the  formula 

rcos  pocdXy  where  p=-^0. _i  A 

8 

Bin'w 
Hence  7=A 

sin'^r^^ 

2  X w 
which  vanishes  for  tf  =  ±  -  =  dO,  the  distance  between  the  spectra. 8 

Two  spectra  will  thus  in  general  be  visible,  of  unequal  intensity,  as 
shown  in  Rg.  200,  but  by  inclining  the  echelon  a  trifle  one  of  them 
can  be  brouj^t  into  the  position  ̂ =0,  when  it  reaches  its  maximum 
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ensity,  and  the  two  adjacent  spectra,  falling  at  »,  practically 
appear.    Or  we  can  so  adjust  the  echelon  as  to  have  two  spectra 

of  equal  intensity  symmetrically 
placed.  These  two  positions  have 
been  named  positions  of  single  and 
double  order.- 
We  can  perhaps  arrive  at  a  bet- 

ter conception  of  the  action  of  the 
echelon  if  we  consider  a  type  in  which 
tj  the  thickness  of  the  plates,  is  made 
very  small.    Such  a  grating  can  be 

'29  'W  0  jT  £jr  constructed  of  mica  films,  .05  nmi.  or 
Fio.  200.  so  in  thickness.     We  can  in  this  way 

obtain  a  type  intermediate  between 
the  ordinary  grating  and  the  thick  plate  echelon  of  Michelson. 
With  a  grating  of  this  description,  the  distance  between  two  fairly 
close  lines  wiU  not  be  greater  than  the  distance  between  the 
spectra. 
An  echelon  grating  of  8  or  10  elements  can  be  made  of  mica, 

which  illustrates  the  principle,  though  of  no  use  as  a  piece  of  optical 
apparatus.  It  is  useful  as  coming  midway  between  the  ordinary 
grating  and  the  echelon  as  usually  constructed.  By  its  aid  lines  can 
be  separated  which,  with  an  ordinary  grating  of  the  same  number 
of  elements,  would  appear  single.  It  shows  spectra  of  the  same  gen- 

eral appearance  as  in  the  more  powerful  instruments,  can  be  set  for 
single  and  double  order,  and  though  useless  as  a  tool  for  research, 
is  ̂most  as  satisfactory  for  purposes  of  demonstration  as  the  costly 
batteries  of  thick  plates. 

The  very  best  quality  of  mica  must  be  used,  a  sheet  about  .05  nmi. 
thick  being  split  off.  This  must  be  examined  with  an  interfer- 

ometer, and  a  portion  picked  out  of  uniform  thickness,  that  is,  an 
area  must  be  found,  across  which  the  fringes  run  straight  and  un- 

broken. Possibly  a  simple  examination  of  the  film  with  a  sodium 
flame  would  answer  as  well.  A  fuller  description  of  the  mica  eche- 

lon constructed  by  the  author  will  be  found  in  the  Philosophical 
Magazine  for  June,  1901,  and  may  be  helpful  to  those  who  wish  to 
undertake  the  task  of  constructing  a  similar  piece  of  demonstra- 

tion apparatus. 
The  Interferometer  of  Fabry  and  Perot.  —  In  the  Michelson  in- 

strument, as  we  have  seen,  the  fringes  due  to  a  double  line  disappear 
completely  when  out-of-step.  It  is  obvious  that  if  the  ratio  between 
the  widths  of  the  bright  and  dark  bands  could  be  decreased  this  dis- 

appearance would  not  occur,  the  bright  fringes  due  to  one  line  falling 
midway  between  those  due  to  the  other.  An  interferometer  has 
been  devised  by  Fabry  and  Perot  in  which  the  width  of  the  bri^t  band 
has  been  made  many  times  smaller  than  the  width  of  the  dark  band. 
To  understand  how  this  has  been  accomplished  we  must  go  back  to 
the  theory  of  the  diffraction  grating.  It  will  be  remembered  that 
the  intensity  curve,  in  the  system  of  fringes  formed  by  li^t  passing 
through  two  parallel  slits,  is  similar  to  the  curve  which  we  have  with 
the  Michelson  interferometer.     Increasing  the  number  of  slits  in- 
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rreaaesthe  steepnese  of  the  curve,  i.e.  the  maxima  become  narrower  I 
and  the  minima  wider.  Regardin;;  the  slits  a^  similar  sources  of 
lif^t,  we  see  that  an  increase  in  the  number  of  the  sources  results  in 
a  narrowing  of  the  bright  fringes.  In  the  case  of  thin  films  or  the 
MichelsoQ  interferometer,  we  are  dealing  essentially  with  light 
coming  from  two  virtual  sources,  one  immediately  behind  the  other. 
If  we  can  by  any  device  increase  the  number  of  these  sources,  we 
shall  in  consequence  decrease  the  width  of  the  bright  maxima 
without  altering  their  distance  apart.  This  can  be  done  by  avail- 

ing ourselves  of  multiple  reflections.  We  can  illustrate  the  prin- 
ciple very  easily  by  haJf-^lvering  two  small  squares  of  thin  plate 

^ass,  by  the  process  which  will  be  presently  described. 
If  they  are  placed  with  their  silvered  sides  together,  but  sepa- 

rated by  two  narrow  strips  of  thick  writing  paper,  and  held  in  front 
of  a  sodium  Same,  they  will  resolve  the  D  Unes,  i.e.  show  a  double 
set  of  fringes.    By  varying  the  thickness  of  the  paper  strips,  com- 

mencing irith  thin  tissue,  the  process  can  be  followed.  The  fringes 
appear  at  their  best  when  the  eye  is  nonnul  to  the  plates.  This 
can  be  accomplished  by  bringing  the  reflected  image  of  the 
pu|Hl  of  the  eye  over  the  sodium  flame.  The  Fabry  and  Perot  in- 
stniment  is  based  upon  this  principle.  It  consists  of  two  plates 
of  i^ane-paraUel  ̂ ass,  one  stationary,  the  other  movable  in  a  direc- 

tion perpendicular  to  its  surface  by  a  device  similar  to  that  employed 
by  Michdson.  The  general  arrangement  of  the  apparatus  is  shown 
in  Fig.  201.  The  paths  of  the  rays  through  the  half-silveretl  films  are 
shown  in  Fig.  202,  in  which  the  source  of  the  light  Is  located  at  S 
and  the  eye  at  0.  The  opposed  surfaces  of  the  glass  plates  are  half- 
silvered,  and  the  distance  between  them  can  be  varied  from  zero 
to  30  or  40  cms.  Consider  now  a  ray  of  light  leaving  the  source  and 

passing  throu^  the  first  silver  film.  A  portion  of  it  will  Ix"  trans- 
mitted through  the  second  film  and  a  portion  reflected  back  upon  the 
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first,  from  which  it  will  be  returned,  the  same  sequence  of  events 
occurring  again.     Owing  to  these  multiple  reflections  we  shall  have  a 
number  of  beams  of  li^t  of  decreaaing  intensity  emerging  parallel 

to  one  another  from  the  second  silvered 

«      5  surface,  the  beams  coming  from  a  number 
■       i  of  virtual  sources  situated  in  a  line  behind 
•       \  the  actual  source.     The  distance  between 
i      }  the  sources  will  be  double  the  distance  be- 
1     L  tween  the  silvered  films,  which  will  con- 

'■      \  sequently  be  the  path-difference  between 
■      \  two  streams  of  light  coming  from  adjacent 

sources.  The  case  may  be  regarded  as 
analogous  in  some  respects  to  a  number  of 
slits  situated  in  a  line  behind  one  another. 
Starting  with  the  plates  close  together  and 
accurately  parallel,  we  shall  observe  in  the 
case  of  sodium  light  a  system  of  circular 

fringes  similar  to  those  seen  with  Newton's 
glasses,  except  that  the  maxima  are  ex- 

tremely narrow  circles  of  light  with  broad 
dark  regions  between  them.  On  increas- 

ing the  distance  between  the  mirrors  the 
rings  due  to  the  two  components  of  the 
sodium  lighftwill  gradually  get  out-of-step ; 
but  instead  of  disappearing,  as  they  do  in 

the  Michelaon  instrument,  they  merely  become  double  in  the  present 
case.  In  other  words,  we  can  observe  the  separation  of  the  Dt 
fringes  from  the  Dt  ones,  the  number  of  circles  of  light  doubling. 
On  further  increasing  the  path  the  fringes  will  ag£un  coincide. 

It  is  clear  that  in  the  present 
case  we  can  observe  direcUy  that 
which  we  were  obhged  to  infer  from 
the  visibility  curves  in  the  case  of 
the  Mi chelson  interferometer.  Fiunt 
components  Ijing  close  to  a  bright 
line  can  be  observed  directly  with 
this  instrument  by  making  the  dis- 

tance between  the  plates  sufficiently 
great.  Fabry  and  Perot  have 
studied  the  minute  structure  of  a 
large  number  of  spectrum  lines, 
and  have  obtained  results  which 
the  Michelson  instrtmient  is  inca- 

pable of  yielding. 
The  resolving  power  of  the 

Fabry  and  Perot  instrument  de- 
pends upon  the  number  of  reflec- 

tions. It  is  thus  important  to  have 
the  thin  silver  films  highly  poUshed, 
and  quite  free  from  the  yellow  deposit  which  covers  them  when 
they  come  from  the  silvering  solution.     As  a  result  of  eonsiderabla 
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experimenting  it  was  found  by  A.  H.  Pfimd  that  it  was  possible  to 
P9lish  the  thm,  semitransparent  fihns  so  highly  that  forty  images 
could  be  coimted  when  the  source  of  light  was  very  bright.  If  the 
plates  are  placed  in  opposition  at  a  smidl  angle  the  images  lie  side 
by  ade  and  can  be  coimted.  They  are  white  at  first,  but  speedily 
become  reddish  owing  to  the  lower  reflecting  power  of  silver  for 
the  blue.  If  the  row  of  images  is  viewed  through  a  prism,  the  fall- 

ing off  of  the  blue  end  of  the  spectrum  by  repeated  reflection  is 
easily  seen.  A  photograph  of  the  phenomenon  is  reproduced  in 
Ilg.  203.  The  blue  has  practicaUy  disappeared  at  the  8th  image 
and  the  green  at  the  10th.  On  this  account  the  resolving  power 
is  greatest  in  the  red  and  falls  off  rapidly  with  decreasing  wave- 
length. 

Silvering  the  Plates.  —  The  simplest  method  is  the  one  in  which 
formaldehyde  is  used  as  a  reducing  agent. 

Prepare  the  two  following  stock  solutions. 

A  B 

5  grs.  Silver  nitrate.  50  cc.  Formaldehyde  (40  per 
500  cc.  Dist.  water.  cent  solution). 

500  cc.  Dist.  water. 

The  ̂ ass  plates  are  placed  in  a  small  glass  dish,  and  cleaned  first 
by  strong  nitric  acid,  then  by  caustic  potash,  swabbed  over  the  sur- 

face by  smaU  wads  of  cotton  twisted  ardund  the  end  of  a  glass  rod. 
Rinse  them  thoroughly  by  a  stream  of  running  water,  lifting  the  edges 
with  a  rod,  to  aUow  the  potash  to  escape  from  beneath  them. 
Take  about  50  cc.  of  Solution  A  in  a  beaker  and  add  ammonia  to 
it  drop  by  drop,  until  the  precipitate  which  forms  is  almost,  but  not 
quUe.  redLssolved,  the  liquid  having  a  light  straw  color.  If  too  much 
is  adied  the  soluticm  becomes  clear,  in  which  case  add  A  until  a 
a^Eht  permanefU  turbidity  is  produced. 

Nest  mix  equal  parts  of  this  solution  and  Solution  B  in  a  clean 
beaker,  and  pour  them  at  once  over  the  plates  (first  pouring  off  the 
wmtflri.  The  dish  should  be  shaken  gently  and  the  process  watched. 
Uimuy  with  the  proportions  given  a  pinkish  film  forms,  which  is 
renuttkabhr  unifonn,  and  serves  as  a  substratum  for  the  thicker 
depodL  If  this  is  the  case,  pour  off  the  solution  at  once,  rinse  the 
phtoii  and  then  flow  over  a  solution  made  up  of  three  parts  of  the 
aimnonia  acdution  to  one  of  B.    This  will  give  the  required  blue 

In  a  minute  or  two  the  silvering  will  be  complete,  and  the  plates 
can  be  rinsed  off  with  distilled  water  and  dried.  Pfund  reconi- 
menda  following  the  water  with  alcohol  and  ether.  He  has  found 
that  to  polish  these  thin  films  it  is  essential  that  they  should  l)e  dried 
for  an  hour  in  a  warm  place.  They  can  be  polished  by  brushing  them 

with  a  feather  "  powder-puff  "  charged  slightly  with  opticians', rouge, 
or  even  with  a  piece  of  a  clean  kid  glove,  covered  with  rouge. 
Chamois  skin  should  not  be  used.  The  polishing  removes  the 
yellow  deposit.     If  it  is  desired  to  proiluco  a  thick  opaque  de[)()sit, 
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the   Nilvering  process  should   be  repeated  Beveral  times.    Thick 
ilepositM  can  be  polished  with  less  danger  of  daniaging  them. 

A  photograph  by  Fabry  and  Perot  of  the  fringe  system  of  the  green 
hno  of  mercury  as  seen  in  their  instrument  is  ̂ own  in  Fig.  204. 
The  fainter  companion  lines  are  distinctly  shown.  The  narrowness 
of  the  bright  rings  is  to  be  noticed.  Compare  these  photc^fraphs 

with  the  rings  seen  with  Newton's  arrangement  of  a  plate  and  lens. 

The  Interferometer  of  Lummer  and  Gehrcke.  —  An  extremely 
ingenious  <ievice  for  obtaining  narrow  interference  fringes  under 
(•niKJitiiiusof  larErn'tardation  of  path  was  originated  by  O.  Lummer 
and  E.  Oehn-ke.'  It  reseniblea  in  some  respects  the  echeloo 
grating,  but  is  iti  reality  a  Fabry  and  Perot  plate  in  principle,  the 
difference  being  that  the  angle  of  incidence,  instead  of  being  normai, 

is  VfT\  iie;»rl>'  !H>°,  and  the  iiuiltiple  reflections  result  from  the  ray 
iH'inn  incident  uixwi  the  iiuier  surfaces  at  nearly  the  critical  angle 
insterul  of  from  ihin  silver  films.  The  light  from  a  slit  is  rendered 
parallel  by  a  lens  and  |>:isse(l  through  a  prism  and  a  Nicol  falling  upon 

a  wiile  slit  at  .^■.  Kig,  20."i, 
After  passjige  ihroiigh  this  sHt,  the  plane  waves  enter  a  long  slab 

of  plam^parallel  glass  at  siieh  an  angle  that  they  meet  the  second 
sTirface  at  very  nearly  the  critical  angle.  To  prevent  the  large  loss 
b>-  rellei'tioii  at  the  first  surface  which  would  occur  at  the  very 
oblinuK  incidence  neeessjiry,  a  small  right-angle  prism  p  is  cemented 
to  llic  up|vT  surface. 
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Owing  to  the  large  angle  of  incidence  only  a  small  portion  of 
the  energy  escapes  along  the  path  1,  the  remainder  being  re- 

flected to-and-fro  within  the  plate.  The  function  of  the  Nicol  is 
to  polarize  the  light  in  such  a  plane  that  it  is  most  copiously  re- 

flected at  the  inner  surfaces. 
In  the  case  of  the  echelon  and  the  ordinary  diffraction  grating 

the  width  of  the  interference  maxima  •  increases  as  the  slit  is 
opened,  and  the  spectrum  lines  are  eventually  obliterated  by 
fusion  if  they  are  close  together.  We  obtain  the  extended  inter- 

ference system  by  diffraction.  With  the  Lummer  and  Gehrcke 
plate  the  width  of  the  slit  plays  no  part  in  the  sharpness  of  the  inter- 

ference maxima.  Diffraction  plays  no  part  here,  and  we  must  have 
a  collection  of  plane  waves  of  varying  inclination  to  obtain  an  ex- 

tended interference  system.  As  a  matter  of  fact  the  plate  can  be 
considered  as  a  Fabry  and  Perot  interferometer  with  the  incidence 
angle  very  large. 

After  two  internal  reflections  a  second  portion  emerges  along 
path  2.  The  path-difference  between  these  two  streams  is  evidently 
very  large,  for  it  is  represented  by  fi(ABi-BC)—AD.  Owing  to 
the  small  amoimt  of  energy  which  escapes  at  each  reflection  a  large 

'^••••^. 

FiQ.  205. 

number  of  parallel  beams,  1,  2,  3,  4,  5,  etc.,  are  obtained  with  path- 
differences  increasing  in  arithmetical  progression. 

Lummer  and  Gehrcke  studied  the  structure  of  the  mercury  lines 
with  this  instrument,  obtaining  results  which  have  given  rise  to  a 
gpod  deal  of  discussion.  The  yellow  line  (A =579)  was  found  to 
consist  of  12  components,  the  other  yellow  line  (A =577)  of  11. 
Tlie  green  line,X3:546,  had  21,  and  the  blue  line  (A=492),  3  com- 
ponents. 

These  results  have  been  criticised  by  Fabry  and  Perot,*  on  the 
ground  that  they  do  not  agree  with  the  results  obtained  with  other 
instruments  of  equal  power.  Though  Lummer  and  Gehrcke  do  not 
pve  the  wave-lengths  of  the  component  lines,  Fabry  and  Perot 

^Jawm,  de  Phys.,  Jan.  1904. 
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estimate  that  the  three  brightest  components  of  the  green  line,  as 
figured  by  Lummer,  ought  to  be  easily  visible  with  a  small  grating. 
They  appear  to  be  of  nearly  equal  intensity,  while  other  observers^ 
working  with  instruments  of  different  types,  all  agree  upon  one 
bright  line  with  two  faint  companions.  Lunmier  and  Gehrcke  state 
that  the  resolving  power  of  their  instrument  is  400,000.  The  dis- 

tance between  the  extreme  bright  lines  in  the  set  is  about  twenty 
times  the  distance  between  the  closest  pair,  from  which  Fabry  and 

Perot  estimate  that  for  them  --  must  be  aotoo>  ̂ ^  ̂   other  words, 

that  if  they  had  a  real  existence,  the  distance  between  them  would 
be  only  ̂   of  the  distance  between  the  D  lines. 

The  multiple  lines  observed  by  Lununer  they  regard  as  optical 

''  ghosts,"  due  to  slight  imperfections  in  the  glass  plates. 
Interference  Points.  —  Gehrcke  then  devised  a  method  of  ascer- 

taining which  of  the  lines  were  real  and  which  ̂ osts.  The  light 
was  reflected  from  two  interference  plates  in  succession,  the  plates 
being  mounted  in  perpendicular  planes,  as  shown  in  Fig.  206.  This 
is  the  method  of  crossed  gratings  described  in  the  section  on 

"  Ghosts  "  in  the  Chapter  on  Diffraction.  The  second  plate  intro- 
duces a  set  of  parallel  interference  minima  at  ri^t  an^es  to  the 

maxima  and  minima  due  to  the  first.  The  illumination  is  thus  re- 
duced to  a  series  of  points  arranged  in  rectangular  order.  Hie 

companion  points  due  to  real  lines  will  lie  along  the  diagonals  as 
described  in  the  method  of  crossed  gratings.  Suppose  we  have  a 
source  of  light  emitting  a  strong  line  accompanied  by  a  group  of 
three  close  lines  on  one  side. 

1
1
 

/      I  <  ■■'.  .'\  A   A 

Fig.  206. 

Suppose  further  that  one  of  the  interference  plates  is  free  from 
ghosts,  while  the  other  exhil)its  a  faint  one  on  each  side  of  the  strong 
lino.  Th<»  appearance  of  the  maxiina  and  minima  due  to  this  second 
plate  acting  alone  will  l)o  as  shown  in  Fig.  206,  -4,  the  ̂ osts  being 
roprosented  by  dotted  lines.  Three  different  orders  are  shown. 
When  the  second  plate  is  crossed  with  this  one,  it  will  introduce  a 
s(»c()iul  stories  of  minima  at  right  angles  to  the  first.    Tliese  hori- 
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zoatal  niinitT)ft  will  have  the  same  width  in  proportion  to  the  maxima 
as  tiie  vertical  minima;  that  is,  they  will  break  up  the  vertical  lines 
into  dots  or  interference  points.  They  will  have  the  same  position 
for  the  primary  line  and  its  ghosts  since  A.  is  the  same  for  all,  but 
not  for  liie  three  companion  lines,  as  shown  in  Fig.  206,  B.  The 

result  is  that  the  "  points  "  (short  lines  in  the  figure)  representing 
tiie  true  companion  lines  lie  in  an  oblique  direction.  The  actual 
appearance  of  the  interference  points  for  the  green  mercury  line 
546  as  photographed  by  Gehrcke  is  shown  in  Fig.  207.  The  com- 

panion lines,  or  satellites,  as  they  are  called,  are  represented  by 
the  oblique  lines  of  dots.  The  principal  dot  is  somewhat  elongated, 
showing  the  finite  width  of  the  line.  It  is  apparent  that  a  true 
satellite  dot  may  happen  to  fall  both  on  the  diagonal  and  on  the 
vertical  line  of  the  n^:t  order,  and  be  mistalcen  for  a  ghost  of  the 
principal  line.  By  u^ng  a  plate  of  a  different  thickness  we  can  tell 
whether  this  is  the  case  or  not. 

ReiolTing  Power  and  Spectral  Range.  —  The  spectral  range  of  an 
interference  spectroscope  is  the  range  of  wave-lengtlis  which  can  be 
analyzed  with  it.  This  is  always  very  small,  and  as  has  already  been 
pointed  out,  the  light  must  be  previously  analyzed  with  a  prism  and 
each  line  studied  separately.  If  we  call  the  spectral  range  AA ,  we  have 

« 
in  which  q  is  the  path-difference  measured  in  wave-lengths  or  the 
"  order  "  of  the  ̂ >ectrum. 

For  example,  ̂ e  D  lines  of  sodiiun  form  a  fringe  system  which  is 
in  diaeonance  (oulxjf-step)  with  a  path-difference  of  500  waves,  as 
we  hav«  seen.  This  means  that  a  change  of  wave-length  equal  to 
6  AngstrOm  units  causes  a  line  seen  in  an  interference  spectroscope 
with  paA-difference  of  500  waves  to  move  a  distance  equal  to 
(MK-half  of  the distAnce  to  the  next  fringe  (order).  Ifwehaveapath- 

e  equal  to  1000  waves,  the  same  change  of  wave-length  will 
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cause  it  to  move  to  the  position  of  the  fringe  of  next  hi^er  order. 
The  spectrum  range  is  therefore  equal  only  to  the  range  of  wave- 

lengths represented  by  that  change  of  wave-length  necessary  to 
cause  a  fringe  to  shift  over  one  order. 

For  sodium  light  the  wave-length  is  approximately  .0006  mm. 
With  a  path-difference  of  1000  waves  we  have 

0006  ^ A\=  '-rrrr-,  or  6  Angstrom  units, 

the  distance  between  the  D  lines.  For  a  plane-parallel  ̂ ass  plate 
.5  cm.  in  thickness  of  refractive  index  1.5,  half-silvered  on  each 
surface,  we  have  at  nonnal  incidence  a  path-difference  of  30,000 
waves  for  green  light,  and 

.0005 

AA  = 

30000' 
a  range  equal  to  ̂ j^  of  the  distance  between  the  D  lines.    The  re- 

solving power  rr  expresses  the  wave-length  difference  8X  capable  of 

separation  by  the  instrument.    To  resolve  the  D  lines  rr  « 1000. 

From  the  analogy  of  the  plate  to  the  echelon  we  see  that  the 
solving  power  will  be  the  product  of  the  order  of  spectrum  (t.6.  path 
difference  between  two  adjacent  emergent  beams,  and  the  total 
number  of  emergent  beams)  corresponding  to  elements  of  the  grat- 

ing. If  the  length  of  the  plate  is  I  and  the  thickness  d,  and  we  send 
in  the  light  in  such  a  direction  as  would  correspond  to  an  angle  of 
refraction  r  in  the  absence  of  the  small  prism,  we  have  for  p,  the 

•        7 

number  of  emergent  beams,  —   =  p,  as  can  be  easily  seen  bv 2  a  tan  r 
drawing  a  diagram  of  the  plate.     In  Fig.  205  the  distance -40  =  2  d 
tan  r,  r  being  the  angle  between  the  ray  AB  and  the  normal.     The 

order  of  spectrum  or  the  retardation  is  —,  as  we  have  seen. 

The  resolving  power  is  therefore  pq. 
Gehrcke  has  given  the  following  table  for  the  resolving  power  of 

various  echelons  and  plane-parallel  plates. 

Echelon  Grating  (Michelson) 

d{mm) 3 5 
10 

20 

P 
21 21 21 

21 
X 

3000 5000 10,000 20,000 

lirum)  —  p(l 

\ 

P^i-TZ 

03 

C)3,000 

105 

105,000 

210 420 

210,000 420,000 
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LUMUBR    AND   OeHRCKB   PLATE 

d{mm) 3 5 

10 
20 

P 24 15 11 8 ^'k 
12.000 20,000 40,000 80,000 

Hmm) 
129 134 197 

366 w=rx 288,000 300,000 440,000 640,000 

Michdaon  has  recently  ruled  a  ten-inch 
grating  with  15,000  lines  to  the  inch,  the 
resolving  power  of  which  in  the  third  order 
spectrum  would  be  450,000.  Lai^e  grat- 

ings of  high  perfection  will  in  all  probability 
be  the  instruments  of  the  future,  for  they 
can  already  I^e  made  with  very  nearly  the 
resolving  power  of  the  .interference  spectro- 

scopes, and  have  the  great  advantage  of  an 
indefinitely  wide  spectral  range. 

Quite  recently  MicheJson  has  succeeded 
in  ruling  gratings  10  inches  in  diameter 
which  appear  to  be  more  perfect  than  any 
previously  ruled.  With  such  gratings  the 
companion  lines  of  the  green  mercury  line 
have  been  seen  and  photographed.  A 
photograph  of  this  line,  taken  by  Gale  and 

Lemon  with  one  of  Michelson's  gratings, 
is  reproduced  in  Fig.  208  (Aatrophys.  J., 
January  1910).  The  upper  spectrum  line 
was  yielded  by  a  small  arc,  the  lower  by  a 
Cooper-Hewitt  lamp,  —  the  latter  shows  a 
strong  satellite  line. 



CHAPTER  IX 

POLARIZATION  OF  LIGHT 

In  the  preceding  chapters  we  have  considered  rays  of  li^t  as  sym- 
metrical aroimd  their  direction  of  propagation;  this  amounts  to 

saying  that  the  rotation  of  the  ray  about  its  Une  of  propagation  is 
wholly  without  influence  upon  the  optical  phenomena  exhibited 
by  it.  Rays  of  light  exist,  however,  which  possess  a  one-sidednesa 
and  behave  differently  when  differently  orientated.  For  example, 
it  is  possible  to  obtain  light  which  a  gUiss  or  water  surface  refuses 
to  reflect  at  a  certain  angle  of  incidence.  Such  Ught  is  said  to  be 
polarized,  and  is  distinguished  from  ordinary  li^t  in  that  its  vi- 

brations are  of  a  fixed  type;  that  is,  the  ether  particle  travels  in  a 
fixed  orbit.  If  the  motion  is  back  and  forth  along  a  line,  the  light 
is  said  to  be  plane-polarized,  and  it  is  with  this  type  of  polarizatioa 
that  we  are  concerned  in  the  present  chapter.  EUipticaUy  polarized 
li^t,  when  the  ether  particle  moves  in  an  elliptical  orbit  of  fixed 
eccentricity  and  orientation  in  space,  and  circularly  polarized  lights 
where  the  orbit  is  a  circle,  will  be  subsequently  d^t  with. 

The  fact  that  light  can  be  obtained  having  a  lack  of  symmetry 
around  the  direction  of  propagation  is  one  of  the  most  direct  and 
convincing  proofs  which  we  have  of  the  transverse  nature  of  the 
waves,  for  we  cannot  very  well  conceive  of  a  pressural  or  longitu- 

dinal wave,  having  different  properties  in  the  different  directions 
perpendicular  to  the  line  of  propagation. 

Discovery  of  Polarization.  —  The  polarization  of  U^t  was  dis- 
covered by  Huygens  in  1690,  while  experimenting  with  Iceland  spar. 

He  found  that  a  ray  of  light  was,  by  passage  through  the  crystal, 
divided  into  two  separate  rays  of  equal  intensity,  except  when  the 
light  traversed  the  crystal  in  a  direction  parallel  to  the  crystal- 
lographic  axis.  He  found  furthermore  that  if  one  of  these  emer- 

gent rays  was  passed  through  a  second  crystal,  it  was  divided  into 
two  rays  of  equal  or  unequal  intensity,  or  not  divided  at  aU,  accord- 

ing to  the  orientation  of  the  crystal.  Though  this  single  experi- 
ment was  sufficient  to  establish  the  existence  of  light  which  was 

asymmetrical  around  its  line  of  propagation,  and  though  many 
other  crystals  exist  having  similar  properties,  Huygens  was  igno- 

rant of  the  nature  of  the  phenomenon,  and  the  discovery  remained 
an  isolated  fact  for  more  than  a  century.  The  polarization  is  in 
this  case  produced  by  double  refraction,  which  we  shall  study  in 
detail  in  a  subsequent  chapter. 

Polarization  by  Reflection.  —  The  discovery  was  made  by  Malus 
in  1810  that  light,  which  had  suffered  reflection  at  a  certain  angle 288 
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from  a  surface  of  water  or  glass,  exhibited  the  same  peculiarities, 
which  had  previously  only  been  observed  in  the  case  of  light  after 
its  passage  through  a  crystal  of 
Iceland    spar.    The   polarization 
of  light  by  reflection  can  be  ex-  '—• — ,*., 
hibited  by  means  of  the  easily  im- 

provised apparatus  shown  in  Fig. 
209.    The  reflectors  A  and  B  are 

made  of  ordinary  plate-glass,  the 
backs   being   coated    with   black 
paint    or    asphalt   varnish.    The 
polarizing  plate  A  is  mounted  on 
an  iron  stand  on  a  hinged  support 
so  that  it  can  be  set  at  the  polariz-  y\q.  209. 
ing  angle.    The  other  reflector  is 
mounted  on  the  vertical  axis  of  an  ordinary  turn  table,  in  such  a 
way  that  the  light  reflected  down  from  the  polarizer  meets  the  sur- 

face of  the  glass  at  an  angle  of  57°  with  the  normal,  i.e.  the  plate 
must  make  an  angle  of  33°  with  the  axis.  A  cylindrical  ring  of 
parchment  paper  or  other  translucent  mediiun  surroimds  the  re- 

volving plate,  and  receives  the  light  reflected  from  it.  The  upper 
plate  is  so  adjusted  that  its  plane  is  parallel  to  the  plane  of  the  lower 
idate,  in  which  position  it  will  be  found  to  reflect  light  capable  of 
reflection  from  the  latter:  if,  however,  the  lower  plate  is  turned 

throu^  an  angle  of  90°,  it  will  be  found  that  the  light  is  no  longer 
reflected  from  it,  while  in  intermediate  positions  of  the  plate  the 
reflection  is  partial.  If  the  plate  be  set  in  rapid  revolution,  a  ring 
of  light  is  seen  on  the  translucent  screen  with  two  maxima  and  two 
minima,  corresponding  to  the  positions  in  which  the  light  is  most 
and  least  copiously  reflected. 

Angle  of  Polarization.  Brewster's  Law.  —  If  the  angle  of  the 
upper  mirror  is  varied,  it  will  be  found  that  the  reflected  light  is  less 
completely  polarized,  and  the  maxima  and  minima  obtained  by 
revolving  the  lower  plate  are  less  marked.  In  general,  as  we  in- 

crease the  ani^e  of  incidence  from  normal  to  grazing,  the  polari- 
jsation  increases,  passes  through  a  maximiun,  and  then  decreases. 
The  an^e  at  which  the  polarization  is  most  complete  varies  with 
the  nature  of  the  substance,  and  is  known  as  the  polarizing  angle. 
Jamin  found  that  only  a  few  substances  with  a  refractive  index  of 
about  1.46  completely  polarize  the  reflected  light.  For  all  other 
substances  the  polarizing  angle  is  merely  the  angle  at  which  the 
polarization  is  a  maximum. 

The  relation  between  this  angle  and  the  refractive  index  of  the 
substance  was  investigated  by  Brewster,  who  discovered  the  re- 

markable law  that  the  index  of  refraction  was  the  tangent  of  the 
angle  of  maximum  polarization.  Allien  the  light  is  incident  at  this 

az^e,  the. refracted  ray  makes  an  angle  of  90°  with  the  reflected  ray, for 
sin  %           .^„  .     sin  2 . -1 —  =  n  =  tani=   :; sm  r  cos  x 

.*.  cosi  =  sin  r  and  i-f  r  =  90°. 
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If  this  law  is  true,  the  angle  of  maximum  polarization  will  be  d 
ferent  for  the  dififerent  colors  owing  to  dispersion.     In  the  case 
most  transparent  media  the  dispersion  is  too  small  greatly  to  affe 
the  angle,  as  can  be  shown  by  examining  the  image  of  the  sun  i 
fleeted  in  a  glass  plate  through  a  Nicol  prism  so  orientated  as 
cut  oflf  most  completely  the  reflected  Ught.    The  image  of  the  si 
appears  uncolored,  which  would  not  be  the  case  if  the  angle  of  polai 
zation  was  very  dififerent  for  different  parts  of  the  spectrum.     T 
Nicol  prism,  which,  will  be  presently  described,  takes  the  place 
the  second  reflector,  having  the  property  of  completely  cutting  ( 
light  polarized  in  a  certain  plane,  and  transmitting  with  greater 
less  facility  light  polarized  in  all  other  planes.     In  the  case  of  su 
stances  having  very  high  dispersion,  the  variation  of  the  angle  wi 
change  of  wave-length  becomes  very  marked. 

The  organic  compound  nitroso-dimethyl  aniline,  which  has  be 
found  by  the  author  to  have  the  highest  dispersion,  in  the  bright 

parts  of  the  visible  spectrimi,  of  ai 
known  substance,  is  admirably  adapt 
for   the   exhibition   of   what   may 
termed  the  dispersion  of  the  angle 
polarization.    A  Uttle  of  the  substan 

^*'*'*^ — —  is  fused  on  a  glass  or  metal  plate, better  in  a  small  brass  cell  heated  1 iSSS-Q^^s^ 

Fio.  2ia  steam  (Fig.  210).* A  brilliant  source  of  light  of  smi 
dimensions  —  nothing  is  better  than  a  Nemst  lamp  —  is  arrang 
so  that  its  Ught  is  reflected  from  the  liquid  surface  at  an  angle  whii 
can  be  varied. 

On  examining  the  light  reflected  at  a  fairly  large  angle  with 
Nicol  prism,  it  will  be  found  to  vary  from  light  blue  to  deep  viol 
and  purple,  as  the  angle  of  incidence  is  increased,  the  Nicol  beii 
held  in  such  a  position  as  to  refuse  transmission  to  the  light  pols 
ized  by  reflection.  If  a  small  direct-vision  spectroscope  is  plac< 
behind  the  Nicol,  a  dark  band  will  be  seen  crossing  the  spectrui 
which  shifts  its  position  as  the  incidence  angle  varies.  The  cent 
of  this  dark  band  evidently  marks  the  wave-length  for  which  tl 
angle  of  incidence  happens  to  be  the  angle  of  maximum  polariz 
tion,  or  in  other  words  the  refractive  index  of  the  substance  for  tl 
wave-length  is  the  tangent  of  the  angle  of  incidence.  In  the  case 
glass  and  substances  of  low  dispersion,  the  dififerent  colors  a 
polarized  at  nearly  the  same  angle,  i.e.  very  little  color  eflfect 
observed  when  the  reflected  light  is  examined  with  the  Nicol. 
these  cases  the  dark  band  is  so  broad  as  to  occupy  practically  tl 
entire  visible  spectrum.  In  the  case  of  a  substance  with  as  high 
dispersion  as  that  of  the  nitroso,  the  angle  of  maximum  pK>lariz 
tion  is  quite  dififerent  for  the  dififerent  colors;  consequently  tl 
Nicol  prism  only  extinguishes  a  portion  of  the  spectrum  for  a  give 
angle  of  incidence.     This  gives  us  a  reflection  method  of  det^rmii 

'  Nitroso-bonzyl  aethyl  aniline,  which  can  })e  obtained  from  the  Berlin  Anili 
Co.,  is  better  than  the  nitroso-dimethyl  compound,  as  after  fusion  it  remai 
liquid  for  some  hours  at  ordinary  temperatures. 
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ing  the  refractive  index  of  a  substance,  for  by  determining  the 
angle  of  incidence  for  which  the  centre  of  the  dark  band  is  at  a  given 
point  in  the  spectrum,  we  have  only  to  look  up  the  tangent  of  the 
angle  in  order  to  get  the  refractive  index  for  the  wave-length  in 
question.  The  band  will  be  found  to  be  very  sharp  and  quite  nar- 

row when  it  occupies  a  position  in  the  green  and  greenish  blue,  but 
on  attempting  to  drive  it  into  the  red,  we  shall  faid  that  it  broad- 

ens and  becomes  much  less  sharply  defined.  This  is  of  course  due 
to  the  fact  that  the  dispersion  is  much  less  in  the  red  and  orange 
portion  of  the  spectrum.  If  the  nitroso  cannot  be  obtained,  sele- 

nium plates,  made  by  pressing  the  molten  substance  between  glass 
plates,  which  are  to  be  separated  by  a  blow  from  a  hammer  when 
cold,  can  be  used  for  the  e^diibition  of  the  dark  band  in  the  spectrum. 

Plane  of  Polarization.  —  The  plane  of  polarization  is  defined  as 
the  particular  plane  of  incidence  in  which  the  polarized  light  is  most 
copiously  reflected.  Referring  to  Fig.  209,  we  will  determine  the 
plane  of  polarization  of  a  ray  reflected  from  the  upper  mirror.  The 
ray  meets  the  lower  mirror  at  the  polarizing  angle,  but  as  the  mirror 
turns  the  plane  of  incidence  changes,  and  the  particular  plane  of 
incidence  which  we  have  when  the  light  on  the  translucent  screen 
is  a  maximum,  is  the  plane  of  polarization  of  the  ray.  Since  the 

mirrors  are  parallel  (or  turned  through  180°  from  the  parallel 
position)  when  this  occurs,  the  plane  of  polarization  of  light  polar- 

ized by  reflection  is  obviously  the  plane  of  reflection.  In  the  case 
of  light  polarized  by  some  other  method,  we  can  determine  its  plane 
of  polarization  by  reflecting  it  at  the  polarizing  angle  from  a  glass 
plate  SO'  oriented  as  to  give  maximmn  reflection.  The  plane  of 
polarization  of  the  ray  is  then  the  plane  of  incidence. 

This  definition  of  the  plane  of  polarization  is  rather  unfortunate, 
for,  as  we  shall  see  later  on,  the  vibrations  of  plane  polarized  light 
are  in  a  direction  at  right  angles  to  this  plane,  and  the  plane  of 
vibration  is  the  one  in  which  we  are  chiefly  interested,  for  it  is  the 
one  in  which  something  is  taking  place.  It  would  have  been  pref- 

erable if  what  we  now  believe  to  be  the  plane  of  vibration  had  been 
called  the  plane  of  polarization,  but  the  definition  was  given  before 
any  very  definite  ideas  were  held  regarding  the  direction  of  the 
vibration. 

Iforrenberg's  Reflecting  Polariscope.  —  The  reflecting  polari- 
scope  of  Ndrrenberg  is  a  convenient  and  very  easily  constructed  piece 
of  apparatus  for  the  study  of  polarized  hght.  It  consists  of  a 
wooden  base  (Fig.  211)  with  two  vertical  supports  which  carry  the 
hinged  polarizing  mirror  Ai  made  of  plate  glass,  and  the  two  cir- 

cular collars  C  and  A,  the  latter  fitted  with  a  glass  plate,  upon  which 
the  object  to  be  examined  is  laid.  The  upper  collar  carries  the 
analyzing  mirror,  A^,  which  is  mounted  on  a  revolving  collar  fitting 
concentrically  into  the  other.  This  mirror  is  made  of  plate  glass, 
backed  with  black  varnish,  and  is  hinged  like  the  polarizer.  If  the 
upper  collar  is  roughly  graduated,  the  utility  of  the  apparatus  is 
increased,  for  it  may  then  be  used  for  measuring  the  rotation  of  the 
plane  of  polarization,  which  occurs  when  Hght  passes  through  cer- 

tain substances.    On  the  base  of  the  instrument,  between  the  two 
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vertical  supports,  a  small  circular  mirror  of  silvered  ̂ ass  is  ce- 
mented. The  entire  apparatus  can  be  made  of  wood,  if  facilities 

for  metal  turning  are  not  available. 

A  beam  of  sunlight,  coming  in  a  direction  a'a  such  that  it  makes 
an  an^e  of  66°  with  the  vertical,  is  reflected  from  the  mirror  at  an 
incidence  angle  of  57°,  the  mirror  being  adjusted  at  an  angle  of  33" 
with  the  vertical,  so  that  the  reflected  ray  is  thrown  down  normally 
upon  the  silvered  reflector.  It  is  then  reflected  back,  and  for  the 

most  part  passes  throt^  the  mirror  Ai 
and  the  circular  glass  table,  falling  upon 
the  upper  mirror  At,  which  Is  also  set  at 

an  angle  of  33°  with  the  vertical.  The 
upper  mirror  we  shall  call  the  analyzer, 
since  it  is  uaed  for  the  study  of  the  li^t 
which  comes  from  the  polarizer.  On 
looking  down  into  this  mirror  at  an 

angle  of  66°,  we  see  the  reflected  image  of 
the  sun  or  other  source  of  light,  the  in- 

tensity, depending  on  the  positioa  of  the 
revolving  collar,  being  greatest  when  the 
mirrors  are  parallel  or  turned  throu^ 

180°  with  respect  to  this  position,  and 
,  practically  zero  when  the  planes  of  re- 
'  flection  are  perpendicular  to  each  other. 

The  proper  angles  can  be  foimd  by 
making  small  adjustments  of  the  mirrors 
when  they  are  in  the  latter  position,  until 
the  reflected  image  disappears  entirety. 
The  instrument  will  be  found  useful  in 
the  study  of  the  colors  of  thin  crystalline 
plates,  and  the  phenomena  of  drcular 
and  elliptical  polarization,  which  we  ̂ lall 

I  take  up  in  subsequent  chapters. 
The  polarized  light  from  the  reflector 

passes  through  the  object  under  exami- 
nation once  or  twice,  according  as  it  is 

)r  the  silver  mirror ;  placing  the  object  in 

the  latter  position  is  equivalent  to  doubhng  its  thickness.  On  this 
account  the  instrument  is  sometimes  called  the  Norrenbei^  doubler. 

Polarization  by  Refraction.  —  If  we  examine  the  Ught  transmitted 
through  a  plate  of  ̂ass  placed  at  the  polarizing  angle,  we  shall  find 
that  the  light  is  partially  polarized ;  i.e.  its  intenaty  varies  sl^tly 
when  examined  by  means  of  an  analyzer.  Arago  discovered  that 
the  reflected  and  refracted  portions  of  the  light  contained  equal 
quantities  of  polarized  light,  and  that  the  planes  of  polarization 
were  at  right  angles. 

The  greater  intensity  of  the  transmitted  light  is  responsible  for 
the  incompleteness  of  the  polarization.  If  the  light  transmitted 
through  a  plate  placed  at  the  polarizing  angle  is  received  upon  a 
second  plate,  the  unpolarized  portion  suffers  a  further  resolution 
into  two  polarized  components,  one  of  which  is  reflected  out  throuf^ 

laid  on  the  glass  table  c 
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the  upper  plate  and  the  other  transmitted.  By  increasing  the 
number  of  plat^^s  we  can  increase  the  intensity  of  the  n»flecteil 
polarized  light,  and  consequently  the  completeness  of  the  polari- 
latioQ  of  the  transmitted  hght,  seven  or  eij];ht  Ix^ing  sufficient  to 
give  us  nearly  complete  polarization  in  the  transmitted,  as  well  as 
in  the  reflected  Ixjams. 

A  simple  polariscoiK?  can  \ye  constructed  on  this  principle,  whi(*h 
has  an  advantage  over  the  reflecting  instrument  in  that  it  can  Ik^ 
directed  towards  the  source  of  light,  and  requires  no  adjustment. 
The  glass  plates  used  should  l>e  as  thin  as  possible,  in  order  to  avoid 
loss  of  light  by  absorption.  The  large  sized  rectangular  cover 
glasses  used  for  microscopical  preparations  are  l)est  for  the  purfxise, 
though  the  thin  glass  employed  for  lantern  slides  is  almost  as  good. 
The  plates  should  be  carefully  cleaned  and  free<l  from  dust,  and 
mounted  in  two  piles,  of  eight  plates  each,  in  tuljes  of  wood  or 

pasteboard  at  an  angle  of  al)out  33°  with  the  axis  of  the  tul)e.  It 
is  b(*8t  to  determine  the  angle  experimentally,  as  it  varies  slightly 
nith  the  nature  of  the  glass.  The  two  pil(»s  of  plates  should  almost 
completely  cut  off  light  when  the  phiiies  of  incidence*  arc?  at  right 
angles.  If  this  is  not  the*  case,  a  fvw  more  plates  can  In*  added, 
Bundles  of  plates  thiis  mounted  fonn  ver}''  fair  substitut<»s  for 
the  more  expensive  Xicol  prisms,  and  are  well  adapted  to  hint eni  ex- 

periments. It  may  appear  at  first  sight  as  if  c»ach  succes.sive  platt* 
in  the  pile  would  dimhiish  the  intensity  of  the  |K)lariz(*d  [xirtion 
coming  through  the  one  next  to  it  by  reflection,  but  it  nnist  }h*  n»- 
memlx»red  that  trnnsmitU'd  iK)larize(l  light  is  [xihirized  in  a  piano 
at  right  angles  to  the  plane  of  the  r(^fl(»<*t(»d  iM)rtion,  and  conse- 

quently is  incapable  of  n»fle<'ti()n.  AftcT  passage  through  a  suffi- 
dent  numlKT  of  ()lates  the  Hght  is  comph'tely  |)olarize<l,  and  the 
addition  of  more  plates  (Iocs  not  decrease'  tin*  intensity  except  by 
al)Sorption.  Tliis  is  of  iin|)ortance  in  connection  with  thc»  ealcii- 
lation  of  the  loss  of  light  by  n»f lection  from  th<»  surfa<'cs  of  prism- 
trains  in  spectroscofx^s.  Transmission  through  tin'  obli(|uc  surfaces 
polarizes  the  light,  and  we  must  take  this  into  accoinit  in  calculat- 

ing the  loss  at  each  surface,  the  amoimt  reflect e< I  de<Tcasing  as  the 
polarization  b<*comes  more  complete.  After  ()as.s:ig(>  through  five 
prisms  there  is  practically  no  further  lt)ss  by  surface  reflection,  and 
the  spectrum  is  almost  completely  i^olarizeel. 
Law  of  Malus.  —  The  law  which  governs  tin'  <lecrea.««4»  in  the 

intensity  of  the  light,  as  tin*  upjier  mirror  of  the  XtirrenlxTg  ixh 
lariscope  is  revolve<l,  was  formulate<l  by  Malus.  It  may  Ih»  state**! 
thus:  lUTien  a  In^am  of  light,  i)olariz<'<l  by  reflection  at  one  i>lane 
surface,  is  alloweei  to  fall  \\\Mm  a  second,  at  the  |M»lari/iiig  angle, 
the  inteasity  of  the*  twice  n*flect<'<l  beam  varies  as  the  Mpiare  of 
the  cosine  of  the'  angle  Iw^tween  tin*  twt)  planes  of  reflect  it  m.  The 
assumption  was  made  that  the  incident  vibration.  i>olariznl  in  a 

plane  making,  say, an  angle  $  with  the  plane  t>f  ineiilenee.  was  n*- 
soIve<l  into  two  comixMients,  tnie  ]'HT])entlicular.  the  < it  her  i>arallel 
to  the  plane  of  inci<lence,  tin*  former  b<»ing  partially  reflecti'il.  un<l 
the  latter  whollv  transmit te<l.     This  will  make  the  refleet«Ml  am- ■ 

plitudc  a  C06  6,  if  a  is  the  reflect«Mi  umpUtude  when  6  =  0,  an<l  the 
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intensity  will  be  a^co«5?  d,  or  the  maximum  reflected  intensity  mul- 
tiplieil  by  the  cot^  of  the  angle  between  the  plane  of  polarization 
and  the  plane  of  incidence. 

'l*he  law  of  Malus  is  therefore  simply  a  statement  of  the  resolu- 
tion of  a  vibration  into  two  rectangular  components,  the  direction 

of  the  vibratioa  being  considered  perpendicular  to  the  plane  of 
poIart;ftation. 

It  iss  iukport;mt  to  distinguish  between  the  behavior  of  vibrations 
parallel  to  th^  piajne  of  incidence,  and  vibrations  perpendicular  to  the 

plane,  when  they  meet  a  reflecting 
surface  at  the  polarizing  angle.  If 
the  light  is  so  polarized  that  the  vi- 

brations are  perpendicular  to  the 
incidence  plane,  i,e.  parallel  to  the 
reflecting  surface,  a  portion  of  the 
energy  will  be  reflected,  and  a  much 
larger  part  transmitted,  the  direc- 

tions of  the  vibrations  remaining 
parallel  to  the  incident  vibration 
(Fig.  212,  a).  If,  on  the  other  hand, 
the  direction  of  vibration  is  parallel 
to  the  incidence  plane,  practically 

!K>  enerjo'  i^^  rt*flected,  the  light  being  refracted  without  loss  of  in- 
tciuuty  i^Fig.  212,  6).  If  now  the  vibration  takes  place  in  a  direc- 
lii»a  uuiking,  say,  an  angle  of  45°  with  the  plane  of  incidence,  it  will 
Iv  ix^Jvtnl  into  two  components,  one  parallel  to  the  reflecting  sur- 
taw  aiul  the  other  parallel  to  the  plane  of  incidence. 

Let  A  Bi^D  (Fig.  213)  represent  a  portion  of  the  wave-front  of  the 
lucuUtit  U*am,  which  is  coming  towards  us,  the  direction  of  vibration 
Iviiig  Ai\  We  have  resolution 
lulo  the  i*omponents  AB  parallel 
U>  the  incidence  plane,  and  AD 
parallel  ti>  the  reflecting  surface. 
iW  k\>nner  is  wholly  transmitted 

^.l'W^')»  the  latter  in  part  reflected 
;uhI  iu  mrt  transmitted  (^'D'). 
l^ho  rt^tliH^ttHi  light  is  therefore 
(.K^^'i^xl  with  its  vibration  par- 
;JM  to  the  surface,  since  only  this 
v.\>ii^K»neut  is  reflected ;  the  re- 
ivactKxl  light  is  made  up  of  the 
^\»*upletely  transmitted  compo- 

VK'Ul  A'ti\  and  the  partially  trans- 
^iti^V^\l  ixunponent  A'D\  their 
listiMils^ut  Unng  AT\  a  polarized 
\Vl**^lH«u  rotated   counter  clock- 
%i^v  vvith  n^spect  to  the  incident  vibration  AC,  If  now  the  re- 

>^«M^I  A'C  be  received  on  a  second  reflecting  surface, the  same 
-f«ii^|iKM\  will  take  place,  and  there  will  be  a  further  rotation  of  the 

^f^f^f^  n^e  t^ffect  of  a  pile  of  plates  will  therefore  be  to  bring  the 
^jiiitt^  <i  vibration  of  the  transmitted  light  into  coincidence  with 

A>*r^P'^ 

Fig.  213. 



POLARIZATION  OF  LIGHT  295 

:he  plane  of  incidence,  since  A'B'  is  transmitted  each  time  without 
OSS,  while  A'D'  is  reduced  in  intensity  by  the  partial  reflection, 
rhis  rotation  of  the  plane  of  polarization  is  clearly  the  result  of  the 
•eduction  in  the  intensity  of  one  of  the  rectangular  components, 
ind  may  be  shown  best  by  means  of  a  pair  of  Nicol  prisms,  so 
)riented  as  to  refuse  transmission.  If  a  glass  plate,  or  better,  a 
>ile  of  three  plates,  be  placed  between  the  prisma  at  the  polarizing 
ingle  and  so  oriented  that  the  plane  of  incidence  is  inclined  at  45° 
X)  the  principal  planes  of  the  Nicols,  there  will  be  a  partial  restitu- 

tion of  light,  and  the  analyzing  Nicol  will  have  to  be  turned  counter 
,'loclcwise  to  produce  complete  extinction. 

It  is  clear  now  why  the  transmitted  light  is  only  partially  polar- 
zed,  when  a  ray  is  refracted  at  a  single  surface,  and  completely 
3oIarized  by  refraction  at  a  large  number  of  parallel  surfaces.  We 
nay  consider  ordinary  light  as  consisting  of  vibrations  polarized 
n  all  possible  planes.  Each  vibration  is  therefore  transmitted 
^th  a  slight  rotation  towards  the  plane  of  incidence,  and  the  Ught 
wOi  not  differ  greatly  in  its  properties  from  ordinary  light.  By 
jvery  succeeding  surface  there  is  a  further  rotation,  and  eventually 
ill  are  brought  into  the  plane  of  incidence  and  the  transmitted  light 
s  plane-polarized.  If  the  vibrations  of  the  incident  light  be  rep- 
-esented  by  A  (Fig.  214),  the  effect 
)f  successive  refractions  may  be 
•epresented  by  the  succeeding  dia- 
p*ams  By  C,  Z),  £,  the  transmitted 
ight  being  plane-polarized  in  the 
atter  case.    As  we  shall  see  in  a  sub-  Fio.  214. 
sequent  chapter,  the  probable  condi- 

tion in  ordinary  Ught  can  be  more  nearly  represented  by  consider- 
ng  it  plane-polarized  light,  the  plane  of  poplarization  changing 
vith  great  rapidity.  This  conception  will  not  alter  the  above 
"epresentation  when  the  condition  present  during  a  finite  time 
s  under  consideration.  The  foregoingelement  ary  treatment  of 
3olarization  by  reflection  will  suflSce  for  the  present.  The  theo- 
•etical  treatment  of  the  subject  will  be  given  in  a  subsequent 
chapter.  We  will  now  consider  some  of  the  other  methods  by  which 
3olarized  vibrations  can  be  obtained. 

Polarization  by  Double  Refraction.  —  The  double  refraction  of 
ight  by  crystals  of  Iceland  spar  was  first  noticed  by  Erasmus 
Bartholinus,  and  subsequently  more  completely  investigated  by 
Huygens.  It  occurs  whenever  light  enters  the  crystal  in  a  direction 
lot  parallel  to  the  optic  axis,  and  is  due  to  the  fact  that  the  incident 
vibration  is  decomposed  into  two  mutually  perpendicular  com- 
X)nents  which  travel  through  the  crystal  with  different  velocities. 
3ne  of  the  two  rays  obeys  the  ordinary  laws  of  refraction  and  is 
railed  the  ordinary  ray,  while  the  other  behaves  in  a  most  peculiar 
nanner  and  is  called  the  extraordinary  ray,  for  it  is  bent  away  from 
the  normal  even  at  perpendicular  incidence.  At  first  sight  this  ap- 
3ears  impossible,  for  even  if  the  two  rays  have  different  velocities 
:here  seems  to  be  no  reason  why  there  should  be  a  change  of  direc- 
ion  for  normal  incidence.    As  we  shall  see  when  we  come  to  the 

X  I  I 



^     -  **    ■•  ■ 

-  -  .;ie  to  the  fact  that  the  wavo- 
;^«»-  is  not  spherical  but  cllip- 

»ve  are  not   concerned  \\'ith 
.>*;..- r  'he  cr>'stal  as  a  means  of  re- 

••4;4nziHl  beams.     One  of  these  mav 
.  -.  leanng  us  plane-polarized  light. 

.11:  r^^markable  property  of  absorbing 
^i.::ng  the  extraordinary,  consequently 
r:»ii2«iits  only  polarized  light,  and  may 
itr  or  analyzer.     The  sections  are  cut 

.^^  Aiid  when  superposed  with  their  axes 
^.   t  rreely.     If  one  is  rotateii  through  a  right 

..'. ».  .   XL\»mes  opaque,  since  the  polarized  vibra- 
»     til'  :uv  absorbed  by  the  other.     The  tour- 

^  .^   ̂   1  *  t»ry  simple  instrument,  consisting  of  a  pair 
^    .  .  ̂    ̂   ..iiirt^i  in  a  pair  of  wire  tongs  in  such  a  way  that 

^    't  >'Catt\i  in  front  of  the  other.    The  object  to  be 
v*^i-.;'u\  a  mica  or  st^lenite  film,  is  placed  between 

.>.   1^  .iiid  the  instrument  directed  towards  a  bright 
^   .    .A   iivp  voloT  of  the  tourmaline  crystals,  this  form 
^A,  »;iAi>  ier  is  very  inferior  to  the  Nicol  prism,  which 

,  ...    'v  iiitt'usity  of  the  original  light  one-half. 
-^  ̂ niv*  H»tsfli.       Kvland  spar,  on  account  of  the  large  size  in 

X    •>>i»is  vKVur.  and  their  great  transparency,  is  especially 
>Jii:»iHe  tor  the  construction  of  polarizing  prisms.     Since 
xHii  tlio  onlinary  and  extraordinary^  rays  are  transmitted 
Hirn  ix^iuil  facility,  it  becomes  necessary  to  eliminate*  the 
•iu'  or  the  other  by  some  optical   contrivance.     The 
•utiJUHl  cmployt^I  by  Nicol  was  to  stop  the  ordinary'  ray 
\%ii!»m  ihe  crystal  by  total  reflection.     A  rhomb  of  spar 

^  s  vut  ill  two  along  a  plane,  as  indicated  in  Fig.  215,  and 
\  ho  two  halves  cemented  together  with  Canada  balsam, 

\^     Aw   two  oblique   surfaces  having  first    l>een   polished. 

Y     I'ho  n^fnictive  index  of  the  balsam  is  intermediate  be- :\nvn  that  of  the  spar  for  the  ordinary  and  extraordinary 
ravs.  ami  the  former  meeting  the  balsam  film  at  an  angle 

^        <ivator  than  the  critical  angle  is  totally  reflected  to  one 
siilo  and  absorbed  by  a  coating  of  black  paint. 

The  prism  therefore  only  transmits  the  extraordinary 

vv.    .Jkk     ̂ J^v.  which  is  plane-polarizal,  the  direction  of  the  vibra- 
tion Unng  parallel  to  th(»  short  diagonal  of  the  prism,  i.e. 

•s  iiviuliouUr  to  the  balsam  surface.     In  some  prisms  it  is  impos- 
>.:nr  iv»  U'U  t\v  mere  inspection  in  which  direction  the  emergent  light 
\  .infiio^,  v»wiii^  to  the  way  in  which  the  crystal  has  been  cut.     It  is 
il\%:i\'*  ivivxiblo,  lu»wever,  to  determine*  in  a  moment  the  directior 
11    jiu-.xitoa      We  have*  only  to  reflect  ordinary  light  from  a  glas 
^tin;uv   u  ihe  iunghlK>rho(Kl  of  the  polarizing  angle  and  examine  i 
Mx\i^*>  v»ur  prism,  holding  it  in  such  a  position  that  the  tnin 

'::•  vv,  -^.jeJrM  lias  its  maximum  intensity.     The  Wbrations  of  f 
»j;,v  A'c  iivimlM  to  the  glass  surface,  consequently  the  diagonal 
■  K"  v'i^x'i'.  wluoh  is  parallel  to  this  surface  is  the  direction  in  wh 



POLARIZATION  OF  LIGHT  297 

the  transmitted  light  vibrates.  If  any  difficulty  is  experienced  in 
fixing  in  the  mind  the  direction  of  vibration  in  the  case  of  reflected 
and  transmitted  light,  the  following  analogy  may  prove  useful.  If 
a  cylindrical  wooden  rod  is  thrown  in  an  oblique  direction  and  with 
great  force  upon  the  surface  of  water,  it  will  bounce  off  if  parallel 
to  the  surface,  the  rod  being  supposed  to  move  in  a  direction  per- 

pendicular to  its  length.  If,  however,  the  rod  is  perpendicular  to 
the  surface,  the  lower  end  will  enter  the  water  first  and  the  rod 

**  cut  down  "  into  the  fluid,  without  suffering  reflection.  Consider 
our  polarized  vibrations  as  parallel  to  the  rod,  and  we  have  the 
optical  analogy,  which  is  only  of  use,  however,  in  enabling  us  to 
remember  the  direction  of  the  vibration  in  the  reflected  and  re- 

fracted components. 
The  Nicol  prism  is  sometimes  made  with  end  surfaces  perpen- 

dicular to  the  axis.  This  necessitates  a  more  oblique  section,  and 
consequently  a  greater  length  in  proportion  to  the  width,  the  ratio 
being  nearly  4:1.  The  Foucault  prism  is  similar  to  the  Nicol,  ex- 

cept that  the  balsam  film  is  replaced  with  an  air  film.  This  device 
reduces  the  ratio  of  length  to  width  to  1.5  :  1,  but  the  prism  is  less 
efficient  than  the  Nicol,  owing  to  multiple  reflections  in  the  air  film. 
It  is  useful  for  work  in  the  ultra-violet  region,  for  balsam  absorbs 
these  rays. 

Angular  Aperture  of  Polarizing  Prisms.  —  Since  many  experi- 
ments require  the  passage  of  a  convergent  or  divergent  beam  through 

the  prism,  it  is  of  some  interest  to  consider  the  maximum  angular 
aperture  of  the  prism,  or  maximum  divergence  which  a  cone  of  rays 
may  have,  and  still  be  completely  polarized  by  passage  through  a 
prism  of  given  type.  If  the  divergence  exceeds  a  certain  amount, 
it  is  obvious  that  some  of  the  ordinary  rays  will  not  suffer  total 
reflection.  The  type  of  prism  originally  designed  by  Nicol  was 
made  by  grinding  down  and  polishing  the  ends  of  the  rhomb,  by 
an  amoimt  sufficient  to  reduce  the  angle  between  the  end  surfaces 

and  the  sides  from  72°  to  68°,  and  make  the  section  in  a  plane  per- 
pendicular to  the  end  surfaces  and  the  plane  containing  the  optic 

axis  and  long  axis  of  the  crystal.  The  angular  aperture  of  a  prism 

of  this  type  is  about  30°,  while  that  of  the  Foucault  prism  is  only 
8°.  A  prism  was  devised  by  S.  P.  Thompson  *  in  which  the  optic 
axis  was  perpendicular  to  the  long  axis  of  the  prism,  which  had  an 

I4)erture  of  39°.  Glazebrook  ^  constructed  one  along  similar  Unes, 
but  with  end  surfaces  perpendicular  to  the  long  axis. 

The  question  of  the  best  construction  for  a  prism  with  large  aper- 
ture and  end  surfaces  perpendicular  to  the  long  axis  was  investi- 

gated by  Feussner,*  who  found  that  the  optic  axis  should  be  per- 
pendicular to  the  section,  and  the  refractive  index  of  the  cementing 

film  the  same  as  that  of  the  crystal  for  the  extraordinary  ray.  Such 

a  prism  has  an  aperture  of  42°  and  a  ratio  of  length  to  width  of  4  :  1. 
In  another  and  quite  different  type  of  polarizing  prism,  the  doubly 

refracting  substance  acts  as  the  rarer  medium,  the  extraordinary 
ray  being  totally  reflected  from  a  thin  plate  of  Iceland  spar  im- 

>  PkH  Mag.,  5,  12,  page  349.  1881.  *  PhU.  Mag.,  5,  15.  page  352.  1883. 
*  ZeiUch.  far  InstrkdS,  4.  page  41.  1884. 
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mersed  in  a  liquid  of  higher  refractive  index.  The  first  prism  con- 
structed on  this  principle  was  made  by  Jamin,  who  inmiersed  a  thin 

plate  of  spar  in  a  glass  trough  filled  with  carbon  bisulphide.  Zenker 
improved  the  device  by  substituting  prisms  of  flint  glass  for  the 
liquid,  while  Feussner  suggested  the  use  of  a  plate  of  sodium  salt- 

petre instead  of  Iceland  spar,  on  account  of  the  greater  difference 
between  the  ordinary  and  extraordinary  refractive  index.  Such 

a  prism  would  have  an  aperture  of,66°. 
Detection  of  Polarized  Light.  —  If  the  amoimt  of  polarized  fight 

present  in  a  beam  is  too  small  to  be  detected  by  the  sUght  changes  in 
intensity  produced  by  passing  it  through  a  slowly  revolving  Nicol> 
some  more  deficate  method  must  be  adopted. 

The  Nicol  used  alone  will  not  give  evidence  of  the  presence  of  less 
than  about  20%  of  polarization,  consequently  in  cases  where  the 
polarization  is  not  considerable  (the  solar  corona,  for  example),  we 

cannot  rely  upon  its  testimony.  By  the  use  of  the  so-called  "  bi- 
quartz,"  which  is  described  inthe  Chapter  on  Rotatory  Polarization, 
the  presence  of  5  or  10%  of  polarization  may  be  detected  by  the 
sUght  coloration  of  the  two  segments  of  the  plate  when  it  is  placed 
in  front  of  a  Nicol  and  directed  towards  the  fight.* 

\  Savart's  plate  and  Babinet's  compensator  are  stiU  more  sensitive 
detectors  of  small  amounts  of  polarization,  and  are  generaUy  em- 

ployed in  the  study  of  the  polarization  of  the  sun's  corona  during 
total  ecfipses.  The  presence  of  polarized  fight  is  shown  by  a  sys- 

tem of  colored  fringes  which  appear  when  the  plate  is  used  in  the 

same  manner  as  the  bi-quartz.  Savart's  plate  is  made  by  cutting  a 
plane-paraUel  plate  from  a  quartz  crystal  at  an  angle  of  45°  with  the 
optic  axis.  The  plate  is  then  cut  into  two  halves,  which  are  moimted 

the  one  above  the  other,  but  rotated  through  90°  with  respect  to 
each  other.  The  sensitiveness  is  at  a  maximum,  i.e.  the  fringes  are 
most  distinct  when  the  direction  of  the  polarized  vibration  is  per- 

pendicular to  the  fringes,  the  instrument  then  being  capable  of 
showing  the  presence  of  .1%  of  polarization. 

Determination  of  the  Percentage  of  Polarized  Light.  —  In  the 
case  of  light  partially  polarized  it  is  often  of  importance  to  deter- 

mine the  percentage  polarized.  This  may  be  accompfished  in  a 
number  of  ways.  A  method  frequently  used  in  studying  the  polar- 

ization of  the  solar  corona  consists  in  compensating  the  polarization 
by  means  of  one  or  more  inclined  glass  plates.  The  same  method 
was  used  by  the  author  in  studying  the  polarized  fluorescence  of 
sodium  and  potassium  vapor.  One  or  more  glass  plates  are  placed 
between  the  partially  polarized  source  of  light  and  the  Savart  plate 
with  its  analyzing  Nicol.  The  plates  are  rotated  until  the  Savart 
fringes  disappear,  i.e.  until  the  polarization  produced  by  trans- 

mission through  the  oblique  plates  exactly  compensates  the  op- 
posite polarization  originally  present  in  the  source.  The  angle 

through  which  the  plates  have  been  turned  is  read. 
If  the  angle  of  incidence  upon  the  inclined  plate  is  *,  and  the 

^  An  exoollent  account  of  various  methods  of  detecting  polarised  light  and 
measuring  the  percentage  will  be  found  in  the  *'  Report  of  the  U.S.  Naval  Obs.  of 
the  Total  Eclipse  of  July  29,  1878." 
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refractive  index  of  the  glass  is  n,  we  can  calculate  x*  the  angle  of 

refraction  from  - —  =  w. 
smx 

From  the  theory  of  reflection,  
we  have  for  the  ratio  of  the  ampli- 

tude of  the  vibration  
perpendicular  

to  the  plane  of  incidence  
to 

that  in  the  plane,  for  transmission  
through  

the  two  surfaces  
of  a 

plate, cos"(<l>-x). 

The  intensity  ratio  will  be  the  square  of  this,  or  cos*  (*— x)- 
If  we  use  m  plates,  we  raise  cos*  (*— x)  to  the  mth  ix>wer.     For 

two  plates  at  angle  *  =  52**,  which  was  the  angle  found  in  the  case 
of  the  sodium  vapor  polarization,  x  =  «^l**  10', 

and  cos-(*  -  x)  =  -873. 

We  square  this  again  for  th(»  intensity  ratio,  and  again  since  we  have 
two  plates  and  obtain  for  our  ratio  .58,  that  is,  58  parts  of  the  light 
niay  l>e  reganled  as  polarizcnl  p<Tp<»ndicular  to  the  plane  of  inci- 

dence, and  100  parts  in  th(»  plane.  Th(»  iHTcentage  of  iK)larization 
Ls  the  diflference  betwet»n  these*  quantitic^s  (total  light)  divided  by 
their  sum, 

or  -  ,  -  =  .27. ir>8 

Therefore  we  have  27  %  of  ixJarization. 
The  following  methcxl  is  du(»  to  ( \)rnu.  It  cannot  1h»  us<h1,  how- 

ever, unless  the  jXTcentage  of  |x>lurization  is  alwve  25.  A  screen 
I)erforated  with  a  rectangular  oiH^ning  m(»:isuring  alK)ut  2x4  nuns, 
is  placed  in  front  of  the  source  of  light,  and  a  (louble  image  prism 
oriented  in  such  an  azimuth  that  one  of  its  plain's  of  vil)ration  is 
parallel  to  the  polarized  vibration  which  is  to  Im'  measurinl.  It 
frequently  happens  that  we  know  tlM»  iM>sition  of  this  j)laiM*  In^fore- 
hand ;  for  example,  if  viv  are  studying  light  refl<»ct<Hl  from  trans- 

parent media,  we  know  that  the  plane  of  vibration  of  the  {)olariz<Nl 

portion  of  the  reflecttMl  light  is  parallel  to  the  reth»<'ting  surface. 
The  screen  and  prism  are  to  Im»  plaee<l  at  such  a  distance*  apart  that 
the  two  imagiM  of  the  ajHTture  just  touch  one  another.  One  of 
th<^s<*  images  will  \h^  found  to  hv  brighter  than  tin*  other,  since  all 
of  the  nolariz(*d  light  is  pres<'nt  in  it,  while  the  uni)olarize<I  Hght  is 
<U\id<*cl  equally  In'twcMMi  \\\r  two.  We  now  eomiM'nsate  the  int4'n- 
sities  by  means  of  a  Nii'ol  prism  mounttMl  on  a  gnuIuatiMl  eireh*. 

In  Fig.  194.  let  A  H  Im»  th<»  plane  of  vil)ration  of  the  |)olariz<Ml  |)or- 

tion  of  the  light.  'Y\w\\  the  right-hand  image  of  the  jiiwTtun'  will 
Im»  the  brightiT.  if  th(»  plant^s  of  vibration  of  th<*  double  image  an»  as 
in<licat<*d  by  the  arrows  a  an<l  h.  Let  n  and  h  e<|ual  the  amplitudes 
of  the  vibration.**,  n'  and  Ir  the  intensities.  Tlie  pn»|)«>rti4)ii  of 
IMilarized  liglit  will  then  l>e  given  by 
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Call  0)  the  angle  between  the  transmission  plane  (short-diagonal) 
of  the  Nicol  and  the  plane  of  the  vibration  a.  Then 
the  intensities  of  the  two  images  seen  through  the 

Nicol  will,  by  the  law  of  Malus,  be  a*  cos* «  and  6*  sin'  •*. 
If  we  orient  the  Nicol  so  that  equality  is  established, 
we  can  equate  these  two  quantities 

2       2       !.•>  *  2        (^     sin^co a'  cos^  CO = 0-  sm^ «  or  -  =  — --. 
o      cos  <«> 

The  proportion  of  polarization  is  given  by  Fw.  21ft. 

or-V     sin"co-cos-«         cos^«  — 8in'«         .,.^^0^ 
a^  4-  V^     sin*  w  4-  cos* «  1 

It  will  be  at  once  seen  that  2  «  will  be  over  90®,  since  •  =45® 
when  a  and  b  are  originally  equal,  i.e.  when  the  light  oontwis  no 
traces  of  polarization.  If  the  plane  of  partial  polarisation  is  not 
known,  we  may  take  a  reading  with  the  double  image  prism  in  any 

position,  and  then  rotate  the  whole  instrument  through  90®  and 
take  a  second  reading.  The  proportion  of  polarised  li^^t  will  thea 
be  given  by 

p=sin(<»>8-o)i). 

The  Eye  as  an  Analyzer :  Haidinger's  Brush.  —  Tlie  pcdarisa- 
tion  of  light  can  sometimes  be  detected  by  the  eye  alone.  If  we 
look  through  a  Nicol  prism  at  a  white  cloud,  and  slowly  revolve  the 
prism,  a  faint  blue  and  yellow  double  brush  appears  at  the  point 
upon  which  the  eye  is  fixed,  which  revolves  with  the  prism.  It  is 
not  easy  to  see  it  at  the  first  attempt,  but  once  noticed,  it  is  easily 
recognized  on  subsequent  occasions.  It  consists  of  fourquadrants^ 
colored  blue  and  yellow  alternately,  and  is  usually  very  faint. 
Various  explanations  of  the  phenomena  have  been  given,  most  oF 
them  based  on  the  laminary  structure  of  the  Ions  of  the  eye.  If  this 
were  the  case,  however,  the  centre  of  the  brush  ought  to  appear  a 
little  to  one  side  of  the  point  observed,  since  the  point  on  the  retina 
which  receives  the  image  of  the  point  upon  which  the  eye  is  fixed 
lies  to  one  side  of  the  axis  of  the  eye.  This  fact  led  Helmholtz  to 

look  for  the  cause  of  the  phenomenon  in  the  structure  of  the  "  yel- 
low spot  "  of  the  retina,  which  is  the  point  of  the  retina  alluded  to 

above.  Ho  found  that  the  brush  was  due  to  the  fact  that  the  yel- 
low elements  of  the  sjx)t  wore  doubly  refracting,  and  that  the  ex- 

traordinary rays  of  blue  color  were  more  strongly  absorbed  than 
the  ordinary  rays.  For  a  more  complete  treatment  of  the  subject 
the  reader  is  referred  to  Helmholtz's  Physiological  Optics. 

Polarization  by  Oblique  Emission.  —  Arago  found  that  the  light 
emitted  in  an  oblique  direction  from  the  white  hot  surface  of  a  solid 
or  liquid  was  partially  polarized  in  a  plane  perpendicular  to  the 
plane  of  emission,  i.e.  it  resembled  light  refracted  at  an  oblique  sur- 

face. From  this  we  may  infer  that  the  emitted  Ught  comes  not 
only  from  the  surface  molecules,  but  also  from  those  Ijdng  below  the 
surface,  and  that  the  polarization  is  due  to  the  refraction  of  this 
light  when  it  emerges  into  the  air.    The  light  from  an  incandea- 
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cent  gas  is  not  usually  polarized,  owing  doubtless  to  the  low  re- 
fractive indexy  and  the  fact  that  we  seldom  have  a  sharply  defined 

surface. 

The  state  of  polarization  of  the  light  coming  from  an  oblique  sur- 
face of  a  body  ̂ ves  us  a  clew  as  to  the  origin  of  the  light  and  the 

state  of  the  body.  The  hght  of  the  moon,  for  example,  is  partially 
polarized  in  a  plane  passing  through  the  sun,  moon,  and  earth,  which 
shows  us  that  the  moon  shines  by  reflected  hght. 

If  it  shone  by  emission  the  hght  would  be  polarized  slightly  in 
the  opposite  plane.  The  absence  of  polarization  in  the  Ught  coming 
from  near  the  edge  of  the  sim  led  Arago  to  infer  that  it  was  emitted 

by  an  incandescent  gas,  which  is  in  accord  with  Schmidt's  theory 
of  the  solar  disk.     (See  Chapter  on  Refraction.) 

Stationary  Polarized  Waves.  —  Wiener  found,  in  repeating  his 
experiments  with  plane-polarized  light,  that  if  the  light  was  inci- 

dent at  an  angle  of  45°  the  effects  of  stationary  waves  were 
obteuned  only  when  the  plane  of  polarization  was  parallel  to  the 
plane  of  incidence.  Stationary  waves  can  be  formed  only  when  the 
effective  vector  in  the  reflected  disturbance  is  parallel  to  the  vector 
of  the  incident  light,  from  which  we  infer  that  the  vector  which  is 
effective  in  producing  photographic  action  is  perpendicular  to  the 
plane  of  polarization.  The  same  was  found  to  hold  true  for  fluo- 

rescence action.  Wiener  having  already  determined  that  a  node 
of  the  stationary  wave  system  occurred  at  the  reflecting  surface,  the 
inference  to  be  drawn  from  the  experiments  with  oblique  light  was 
that  the  electric  vector  was  the  one  concerned  in  photographic  and 
fluorescent  action,  and  that  it  was  perpendicular  to  the  plane  of 
polarization.  This  will  be  made  clearer  in  the  Chapter  on  the 
Theory  of  Reflection. 

Landolfs  Fringe.  —  If  a  brilliant  source  of  light  is  viewed  through 
a  pair  of  Niool  prisms,  so  oriented  that  their  principal  planes  are  at 
ri^t  an^es,  it  will  be  seen  that  the  whole  field  does  not  become 
absolutely  dark  when  exact  adjustment  is  reached,  but  that  the 
darkened  field  is  crossed  by  a  back  fringe  which  changes  its  position 
if  dther  prism  is  rotated  ever  so  slightly.  This  fringe,  which  was 
first  noti(^  by  Landolt,  was  explained  by  Lippich,*  who  showed  that 
it  was  due  to  the  fact  that  the  directions  of  vibration  in  the  different 
parts  of  the  field  were  not 
strictly  parallel,  a  circumstance 
resulting  from  the  varying  ob- 

liquity of  the  rays.  Lippich 
showed  further  that  in  the  case 
of  polarizing  prisms  with  end 
facesperpendicular  to  the  prism 
axis  the  direction  of  \4bration 
was  represented  by  a  system  of 
converging  lines  which  met  in  a 
point  outside  of  the  prism,  as 
^own  in  Fig.  217,  a.  Complete  darkness  will  occur  with  crossed 

Niools  only  in  those  parts  of  the  field  where  the  directions  of  \nbra- 
>  F.  Uppich,  Wien.  Akad.  Ber.,  III.,  Bd.  Ixxxv.,  page  268.  1882. 

Fio.  217. 
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tion  in  the  two  prisms  are  perpendicular.  If  we  draw  two  J 
similar  to  the  one  represented  by  a,  at  right  angles  to  each  othe 
shall  find  that  the  small  areas  formed  by  the  intersection  of  the 
verging  lines  are  in  general  diamond  shaped,  but  that  they  ar< 
proximately  rectangular  along  a  curved  line  represented  by  the 
band  in  Fig.  217,  b.  This  is  the  region  where  the  directions  of  v 
tion  are  strictly  perpendicular,  and  it  in  consequence  appears  b 
A  slight  rotation  of  either  field  will  obviously  change  the  pos 
of  this  locus,  the  squares  becoming  diamond  shaped,  and  the  i 
cent  diamonds  straightening  out  into  squares.  Rotation  of 

of  the  prisms  through  180°  will  be  found  to  give  a  locus  of  sqi 
perpendicular  to  the  one  shown  in  the  figure,  and  since  the  fi 
moves  broadside  across  the  field,  the  directions  of  motion  in 
two  cases  are  perpendicular. 

Lippich  made  use  of  the  fringe  in  the  construction  of  a  pola 
eter,  in  which  the  position  of  the  fringe  was  determined  with  r 
ence  to  a  pair  of  cross-hairs.  It  was  possible  in  this  way  to  sel 
analyzing  Nicol  with  an  error  not  exceeding  two  or  three  secon< 
arc.  A  very  brilliant  source  of  light  must  be  used,  the  sui 
example. 



CHAPTER  X 

DOUBLE    REFRACTION 

Wb  have  seen  in  the  Chapter  on  Polarization  that  crystals  of  lee- 
land  spar  have  the  property  of  dividing  a  ray  of  light  into  two  pbine- 
polarised  rays,  the  directions  of  polarization  being  at  right  angles 
to  each  other.  In  the  present  chapter  we  shall  study  in  detail 
the  propagation  of  light  in  crystalline  media,  and  the  laws  which 
govern  it. 

The  division  of  a  ray  of  light  by  a  crystal  of  Iceland  spar,  or  double 
refraction,  was  observed  in  1669  by  Erasmus  Bartholinus,  and  the 
polarisation  of  the  two  rays  was  subsequently  discovered  by  Huy- 
gpns,  though  he  was  unable  to  explain  the  phenomenon,  since  at  the 
time  light  was  supposed  to  consist  of  waves  in  which  the  displace- 

ment was  parallel  to  the  direction  of  propagation.  It  was  not  until 
Young  and  Fresnel  intnxluced  the  idea  of  transverse  waves  tliat  the 
true  nature  of  polarization  was  understood.  Double  refraction  can 
l)e  easily  observed  by  laying  a  crystal  of  Iceland  spar  over  an  ink  dot 
on  a  sheet  of  paper.  Two  images  are  seen  which  can  l)e  quenched 
in  succession  by  the  rotation  of  a  pile  of  glass  plates  held  at  the  po- 

larizing angle.  On  revohing  the  crystal  of  spar,  one  of  the  images  is 
seen  to  remain  stationary,  while  the  other  revolves  around  it.  The 
<listance  l)etween  the  two  images  is  independent  of 
the  position  of  the  eye,  showing  that  the  rays  of  light,  \ 
after  refraction  through  the  crystal,  emerge  parallel  j 
to  one  another,  as  shown  in  Fig.  218.    At  first  sight  : 
it  may  appear  strange  that  rays  of  light,  incident        /       J      7 
normally  upon  the  refracting  surface,  should  l)e  de-      /        /:    / 
\iated  away  from  the  normal,  since  we  are  some-     ̂    h — 
times  accustomed  to  associate  the  l)ending  due  to  j ; 
refraction  with  oblique  incidence,  the  light-waves  r 
turning  through  an  angle  as  they  enter  the  denser 
medium.    We  shall  see  presently,  however,  that  the         Fio.  218. 

phenomenon  is  easily  explained  by  Huygens's  prin- 
ciple, when  applied  to  the  peculiar  type  of  waves  which  we  have  in 

doubly  refracting  media. 
Experiments  have  shown  that  in  cr>*stals  Monging  to  the  hexag- 

onal and  tetragonal  system  one  of  the  rays  ol)eys  the  oniiimry 
laws  of  refraction,  i.e.  the  refract<»d  ray  lies  in  the  plane  of  incidence, 
and  the  sine  of  the  angle  of  inciden^'e  l>ears  a  constant  ratio  to  the 
hine  of  the  angle  of  refraction.  This  ray  is  calknl  the  oniinar>'  ray  ; 
the  other  ray  in  general  conforms  to  neither  of  thes<»  two  laws,  though 
in  certain  cases  it  may  confonn  to  one  or  to  lx)th  of  them.  This  ray 
is  called  the  extraordinary  ray.  In  the  cjis4»  of  all  other  crystals  ex- 

cept those  of  the  cubic  system,  neither  of  the  two  rt^fracted  raya 303 
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conforms  of  necessity  to  the  ordinary  laws  of  refraction.  Crystals 
belonging  to  the  cubic  system  do  not  exhibit  the  phenomenon  of 
double  refraction,  the  light  being  propagated  as  in  isotropic  media. 

Physdcal  Explanation  of  Double  Refraction.  —  On  the  elastic  solid 
theory  we  can  explain  double  refraction  in  crystalline  media  by 
assuming  that  there  are  three  directions  called  axes  of  elasticity, 
which  have  the  distinctive  properties  of  the  two  planes  of  vibration 

of  Blackburn's  p^endulum,  which  consists  of  a  weight  suspended  by 
strings  as  shown  in  Fig.  219,  a.  If  the  weight  is  displaced  either  in,  or 
perpendicular  to,  the  plane  of  the  paper  it  will  oscillate  in  a  straight 
line,  the  period  being  greater  for  vibrations  perpendicular  to  this  plane 
than  for  those  parallel  to  it.  If,  however,  it  is  displaced  in  an  oblique 

direction,  the  force  acting  upon  it  will  no  longer 
be  directed  towards  the  position  of  equilibrium, 
and  the  weight  will  move  in  a  curved  orbit.  In 
the  case  of  crystals  a  particle  displaced  parallel  to 
any  one  of  the  axes  of  elasticity  will  be  acted 
upon  by  a  force  directed  towards  the  equilibrium 
position,  and  the  vibration  will  be  plane-polar- 

ized. If  displaced  in  any  other  direction  and  re- 
Fio.  219.  leased,  it  does  not  return  to  its  original  position, 

but  moves  in  a  curved  path  in  a  manner  analo- 
gous to  that  of  the  pendulum.  We  require  an  explanation  of  the 

splitting  of  a  beam  of  light  into  two  polarized  components,  and  for 
their  unequal  velocities  of  propagation.  The  vibrations  of  a 
cylindrical  rod  form  a  useful  analogy.  In  this  case  the  elasticity  is 
the  same  in  all  directions,  and  traverse  vibrations  in  all  planes  are 
transmitted  with  the  same  velocity.  Suppose  the  rod  to  be  struck 
in  a  very  brief  time  in  every  possible  direction,  then  each  particle 
will  move  in  an  orbit  which  is  the  resultant  of  all  these  impulses. 
The  waves  transmitted  along  the  rod  in  this  case  are  analogous  to 
the  waves  of  light  in  isotropic  media.  Consider  now  that  the  rod 
has  an  elliptical  cross  section  (Fig.  219,  6).  The  elasticity  is  now 
not  the  same  in  all  directions,  being  greatest  in  the  plane  of  the  major 
axis,  and  least  in  the  plane  of  the  minor.  Wave-motion  will  trav- 

erse it  with  greater  velocity  if  the  direction  of  vibration  is  parallel 
to  the  longer  diameter  than  if  the  direction  is  perpendicular.  If  an 
attempt  is  made  to  transmit  vibrations  making  an  angle  with  the 
axes  of  the  elliptical  cross  section,  by  striking  the  end  of  the  rod  in  a 
direction  other  than  that  parallel  or  perpendicular  to  the  major  axis, 
the  vibration  will  be  decomposed  into  two  components  which  travel 
along  the  rod  with  different  velocities.  The  rod,  in  other  words,  is 
incapable  of  transmitting  vibrations  which  make  an  angle  with  the 
axes. 

We  have  in  doubly  refracting  media  a  somewhat  similar  condition, 
the  elasticity  being  different  in  different  directions.  Luminous 
vibrations  will  be  decomposed  into  two  polarized  components  which 
traverse  the  crystal  with  different  velocities.  .^ 

Wave-Surface  in  Uniazal  Crystals.  —  The  fact  was  established  by 
Huygens  that,  in  isotropic  media,  the  form  of  the  wave-surface  was 
spherical,  and  as  one  of  the  rays  in  Iceland  spar  was  found  to  obey 
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the  ordinary  laws  of  refraction,  he  assumed  that  the  corresponding 
wave  was  a  sphere.  In  the  case  of  the  extraordinary  ray,  which  does 
not  obey  such  sunple  laws,  he  made  the  assumption  that  the  wave- 
surface  was  a  spheroid,  i.e.  an  ellipsoid  of  revolution.  The  velocity 
of  the  extraordinary  ray  in  any  direction  is  therefore  given  by 

the  following  construction :  "  Let  an  ellipsoid  of  revolution  be  de- 
scribed around  the  optic  axis,  having  its  centre  at  the  point  of  in- 

cidence, and  let  the  greater  axis  of  the  generating  ellipse  be  to  the 
lesser,  in  the  ratio  of  the  greater  to  the  lesser  index  of  refraction. 
Then  the  velocity  of  any  ray  will  be  represented  by  the  radius  vector 

of  the  ellipsoid  which  coincides  with  it  in  direction."* 
The  optic  axis  may  be  defined  as  the  direction  in  the  crystal  in 

which  a  ray  of  light  may  be  propagated  without  double  refraction. 
The  law  just  given  was  found  to  apply  to  Iceland  spar  and  many 
other  crystals,  but  in  all  of  these  there  was  but  a  single  optic  axis. 
Brewster,  however,  discovered  that  in  many  crystals  there  were  two 
directions  in  which  light  could  be  propagated  without  double  re- 

fraction. Such  crystals  are  termed  bis^,  and  the  law  of  Huygens 
was  found  not  to  apply  in  these  cases.  Fresnel  then  establi^ed  a 
theory  which  not  only  conformed  to  all  of  the  known  facts,  but 
made  possible  predictions  which  were  afterwards  verified  by  experi- 

ment.   This  theory  we  shall  take  up  a  little  later. 
According  to  the  theory  of  Huygens  the  wave-surface  in  uniaxal 

crystals  consists  of  two  dieets,  one  a  sphere,  the  other  a  spheroid, 
which  touch  each  other  at  two  points.  The  direction  of  the  line 
joining  these  points  of  contact  is  called  the  optic  axis  of  the  crystal. 
This  conception  applies,  however,  only  to  uniaxal  crystals.  In  the 
case  of  Iceland  spar  and  all  so-called  negative  crystals,  the  sphere 
lies  within  the  spheroid.  In  such  crystals  the  angle  of  refraction  of 
the  extraordinary  is  greater  than  that  of  the  ordinary  ray.  In  the 
case  of  quartz  and  other  positive  crystals,  the  spheroid  fies  within 
the  sphere,  and  the  angle  of  refraction  of  the  extraordinary  ray  is 
less  than  that  of  the  ordinary.  This  will  be  clearer  when  we  come 
to  the  construction  of  the  refracted  ray. 

Hoygens's  Construction.  —  Suppose  a  luminous  disturbance  to 
start  within  a  uniaxal  crystal.  TTie  wave  will  spread  out  in  two 
sheets,  a  sphere  and  a  spheroid,  which  touch  each  other  at  two 
points.  In  the  direction  of  the  line  joining  these  two  points  both 

waves  travel  with  the  same  velocity.  If  we  apply  Huygens's 
construction  to  crystalline  refraction,  giving  to  the  secondary- 
wavelets,  which  originate  on  the  refracting  surface,  the  forms  of 
spheres  and  ellipsoids,  we  can  account  for,  and  calculate  the  position 
of  the  two  refracted  rays.  In  all  other  directions  the  velocities  will 
be  unequal  and  we  shall  have  a  division  of  the  ray,  as  may  be  seen 

by  Huygens's  construction.  Consider  a  wave-front  A  B  incident  in 
an  oblique  direction  upon  the  surface  of  a  uniaxal  crystal  (Fig.  220). 
The  direction  of  the  optic  axis  is  represented  by  the  dotted  line. 
The  point  A  becomes  the  centre  of  two  secondary  wavelets  which 
are  propagated  with  different  velocities.  Making  use  of  the  same 
oonstruction  which  we  applied  in  the  case  of  isotropic  media  (see 
Chi^yter  IV.),  we  draw  tangent  planes  from  the  point  C  to  the  two 
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Fig.  220. 

wave-surfaces ;  the  directions  of  the  refracted  rays  are  given  by  joinr 
ing  the  point  A  with  the  points  of  tangency.    In  the  case  of  the 

ordinary  wave  the  refracted  ray 
lies  in  the  plane  of  incidence. 
This  is  also  the  case  with  the 
extraordinary  ray,  provided  the 
optic  axis  lies  in  the  plane  of  the 
paper.  If,  however,  the  optic 
axis  is  not  in  the  plane  of  the 
paper,  the  point  of  tangency  for 
the  extraordinary  wave  will  he 
above  or  below  the  plane  of  the 
paper,  and  the  refracted  ray  will 
no  longer  be  in  the  plane  of  inci- 

dence. In  the  latter  case  neither  of  the  ordinary  laws  of  refraction 
is  obeyed,  for  the  sine  relation  only  holds  when  the  section  of  the 
secondary  wave  is  circular.  If  the  optic  axis  is  perpendicular  to  the 
plane  of  incidence,  the  section  of  the  spheroid  is  equatorial  and 
therefore  circular,  the  extraordinary  refracted  ray  in  this  case  lying 
in  the  plane  of  incidence  and  obeying  the  sine  law.  The  ratio  of 
the  sines  of  the  angles  of  incidence  and  refraction  in  this  case  is 
termed  the  extraordinary  index  of  refraction. 

We  will  next  consider  the  case  in  which  rays  of  light  are  incident 
in  a  normal  direction  upon  the  crystal.    As  we  have  seen,  double 
refraction  occurs  in  this  case,  one  of  the  rays  passing  straight 
through,  while  the  other  is  deflected  away  from  the  normal.     It  is 
obvious  that  we  cannot  apply  in  this  case  the  simple  explanation  of 
refraction  which  assumes  successive  portions  of  the  wave-front 
retarded  upon  entrance  into  the  refracting  medium.    For  the  wave- 
fronts  originally  parallel  to  the  surface  must  remain  so  after  refrac- 

tion.   What  we  have  actually,  if  our  original  waves  be  plane,  are 
two   plane-waves   travelling   through    the    crystal   with   imequal 
velocities  but  parallel  always  to  the  surface.    The  deflection  of  the 
extraordinary  ray  is  obvious  if 

we  apply  Huygens's  construction 
to  the  present  case.   Assume  that 
the  points  on  the  surface  of  the 
crystal    become    simultaneously 
the  centres  of  ellipsoidal  wavelets 
as  indicated  in  Fig.  221.     If  the 
incident  wave-front  is  limited  to 
the    region    AB^    the    refracted 
wave-front  will  be  the  tangent 
plane  of  the  ellipsoidal  wavelets, 
and  the  refracted  rays  will  be 
the  lines  AA\  BB\    What  ac- 

tually happened  may  be  described 
a^  follows :   The  refracted  wave-front  travels  in  the  medium  in  a 
direction  normal  to  its  surface,  but  any  limited  portion  of  it  bears 
away  constantly  to  one  side,  and  the  ray  is  defined  as  the  direction 
in  which  a  limited  portion  of  the  wave-front  travels.    We  see  in  this 

•B 

Fio.  221. 
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that  the  ray  is  not  perpendicular  to  the  wave-front,  which  is, 
in  general,  the  case  in  doubly  refracting  media. 

Verification  of  Hoygens's  Construction.  —  The  assumptions  made 
by  Huygens  reganiing  the  form  of  the  wave-surfaces  in  uniaxal 
crj'stals  were  speedily  verified  by  experiment.  That  the  ordinary 
wave-front  is  a  sphere,  was  shown  by  constructing  a  prism  formed  of 
ineces  cut  in  all  possible  directions  from  a  crystal  of  Iceland  spar 
and  cemented  together.  The  spectra  formed  by  the  extraordinary 
rays  were  deviated  by  different  amounts,  whereas  a  single  spectrum 
only  was  formed  by  the  ordinary  rays  which 
traversed  the  different  elements  of  the  prism. 
To  verify  the  construction  of  the  extraordi- 

nary wave-front  we  will  consider  several  cases. 
(1)  The  refracting  face  is  parallel  to  the 

optic  axis,  and  the  plane  of  incidence  perpen-    
dicular  to  it  (see  Fig.  222).  —  In  this  case  the  Fior222. 
axis  is  perpendicular  to  the  plane  of  the  paper. 
The  sections  of  the  two  wave-surfaces  will  in  this  case  be  circles, 
as  we  have  seen.  The  tangent  planes  touch  the  sphere  and  spheroid 
at  C  and  C.  Let  the  velocity  in  air  be  1,  then  the  velocity  of  the 
ordinary  and  the  extraordinary  rays  will  be  proportional  to  h  and  a 
the  radii,  and  the  refractive  index  of  the  extraordinary  ray  will  be 

sin  t     1 

smr    a 

By  cutting  a  prism  of  Iceland  spar  with  its  refracting  edge  parallel  to 
the  optic  axis  we  obtain  two  spectra,  and  by  measuring  the  deviation 
with  a  spectrometer  we  can  calculate  in  the  usual  manner  the  rc»- 
fractive  indices  f^,  and  fi,  for  the  ordinary  and  extraordinary  rays.  It 
can  easily  be  shown  that  both  rays  are  propagated  through  the  prism 
according  to  the  same  law  which  holds  in  the  case  of  a  glass  prism. 
This  indicates  that  the  section  of  the  wavensurface  is  a  circle  for  lx)th 

ravs,  the  railius  for  the  extraordinary  ray  l)eing  —  and  for  the  or- 

dinary  -- .    The  extraordinary  wave  is  therefore  a  surface  of  rev- 

olution  around  the  optic  axis,  and  to  determine 
the  form  of  the  generating  curve  we  shall  con- 

sider the  refraction  which  takes  place  under  dif- 
ferent conditions. 

(2)  Optic  axis  parallel  to  the  surface  of  the 

crystal  and  to  the    plane  of  incidence.  —  Tlie 
Fi«i.  223.  sections  of  the  wave-surfaces  in  this  case  are 

shown  in  Fig.  223.  Asmmie  the  extraonlinary 
Wave-section  to  be  an  ellipse,  the  minor  axis  of  which  lies  in  the 
surface.  The  section  of  the  sphere  will  lx»  a  circle  touching  the 
ellipse  at  the  extremities  of  the  minor  axis.  Drawing  tangent 
planes  from  A\  as  l)efore,  to  the  two  wave-8urfac(^.  and  joining 
the  points  of  tangency  with  -4,  we  obtain  the  refracte<l  rays.  A  line 

joining  the  two  points  of  contact  and  produced  will  r\\\  the  miu^t 
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axis  at  a  right  angle,  since  the  polar  of  any  point  in  the  chord 
of  contact  of  a  circle  and  ellipse  having  double  contact  is  the  same 
with  regard  to  both  curves.    We  have  then 

tanr  ̂ AD     CD ^CD ^a ^i^^ 

tanr'     CD      AD     CD     b     ft' 

or  the  ratio  of  the  tangents  of  the  angles  of  refraction  is  equal  to  the 
ratio  of  the  two  indices  of  refraction. 

This  relation,  which  was  deduced  on  the  assumption  that  the 
wave-section  was  an  ellipse,  was  verified  by  Malus  in  the  following 
manner:   Two  scales  AC  and  BC  (Fig.  224)  were  engraved  on  a 

M  iumtii   iiiiiiiii  iLtM»»  C 

Fio.  224. 

plate  of  polished  steel,  and  a  thick  plate  of  crystal  with  its  faces  par- 
allel to  the  optic  axis  was  laid  on  the  scale  and  viewed  through  a 

telescope  mounted  on  a  graduated  vertical  circle.  The  crystal  was 
brought  into  the  horizontal  position  by  means  of  leveUing  screws, 
the  correct  position  being  that  in  which  the  image  of  a  distant  point 
of  light  was  not  changed  by  rotation  of  the  platform.  Two  images 
of  the  scale  were  seen  in  the  telescope,  and  if  we  denote  these  by 

ACy  A' CI  BCf  fi'C,  there  will  be  some  point  of  BC  coinciding  with 
some  point  of  A'C\  We  call  this  point  h.  If  the  axis  of  the  tele- 

scope is  directed  towards  this  point  it  will  cut  the  surface  of  the  crys- 
tal at  h,  the  position  of  which  can  be  determined  with  reference  to 

the  scales.  The  divisions  at  E  and  D  which  appear  to  coincide 
can  be  read  ofiF  and  the  distance  ED  determined  by  actual  measure- 

ment.    If  e  is  the  thickness  of  the  crystal,  we  have 

ED  =  EP-DP=e  (tan  r'-  tan  r). 
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in  which  tan  r  is  known,  for  the  angle  of  incidence  (considering  the 
ray  reversed)  is  equal  to  the  angle  which  the  axis  of  the  telescope 
makes  with  the  vertical.  Moreover,  sini^M^sinr  (since  the  or- 
<linary  ray  obeys  both  laws  of  refraction  for  all  conditions),  therefore 

T  is  known,  and  r'  may  be  determined  by  the  above  formula.  If 
the  value  of  r^  thus  found  agrees  with  the  value  determined  by  the 

formula      "*"  =  — ,   the  experiment  will  have  proved  that  the tanr     /a. 

-section  of  the  extraordinary  wave  is,  in  the  present  case,  an  ellipse. 
Inasmuch  as  we  have  already  proven  that  the  wave  front  is  a  surface 
of  revolution,  the  experiment  will  prove  that  it  is  a  spheroid  of  axes 
.4  and  B.    The  experiments  made  by  Malus  completely  verified 
this  theory. 
The  method  employed  by  Malus  was  not  very  accurate.  A 

method  based  upon  prismatic  refraction  was  used  by  Stokes,  which 
gave  results  correct  to  the  fourth  place  of  the  decimal,  verifying 

Huygens's  construction,  and  completely  dipproving  the  law  result- 
ing from  the  theory  that  the  doubU*  rc»fraction  rt^sults  from  a  differ- 

ence of  inertia  in  different  directions. 

In  FresneFs  theory  it  is  the  elasticity  which  is  sup|X)sed  to  l)e  vari- 
able. Ix)nl  Rayleigh  many  years  ago  suggesttnl  that  the  inertia 

might  vary  with  the  direction.  It  is  hanl  to  st»e  how  the  actual 
density  could  vary  with  the  direction,  but  the  same  difficulty  does 
not  hold  in  the  case  of  the  effective  density  or  inertia. 

Lord  Rayleigh  takes,  as  an  analogy,  the  vibration  of  a  disk  held 
in  position  l)y  springs  and  immersed  in  water ;  its  |HTi(Ml  would  b.e 
very  slow  when  vibrating  in  a  direction  per|M»n(Hcular  to  its  plane. 
As  Stokes  point e<l  out,  however,  experiment  disproves  this  theor>'. 
We  ̂ -ill  now  take  up  FresneFs  theory. 

Fresoel's  Theory  of  Double  Refraction.  —  In  the  foregoing  c!iscus- 
sion  we  have  considered  only  uniaxal  cr>'stals,  making  certain  as- 
siunptions  reganling  the  form  of  the  wav(*-surfac<v.  and  showing 
that  certain  relations  deduced  from  them  were  verifieil  hy  (»x|HTi- 
ment. 

We  will  now  consider  the  phenomenon  of  double  refraction  in  its 

more  general  aspect,  following  the  treatment  of  Fn*snel. 
As  we  have  seen,  the  velocity  of  a  transverse  wave  in  an  iso- 

tropic medium  is  pmportional  to  y^-,  in  which  e  is  the  elasticity  of 
the  medium. 

In  doubly  refracting  media  e  is  assumcnl  to  vary  with  thedin»ction 
of  the  displacement,  and  there  will  1h»  two  tlirections  in  every  ix>s- 
aible  plane  for  which  c  has  its  maximum  and  miniiniim  valuers.     The 

corresponding  velocities  of  propagations  -y' ' »  \^  are  for  vilirations 

parallel  to  these  two  din*ctions.     If  the  displacement  is  in  any  other 

direction,  the  wave  is  not  prnpagjitinl  with  an  internnMli:it4»  velociiy. 
as  might  at  first  1m*  suppost^l.  but  is  decom|x»s<wl  into  two  w:ivi»s, 
which  travel  with  the  alx)ve  veloriti4»s,  the  din»rti(ms  of  tlu'ir  vihr:\- 

tions  l)eing  perpendicular  to  each  other.     If  wv  an*  tleiiliivJ:  \v\\\\ 
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trains  of  waves,  as  is  always  the  case,  the  actual  motions  of  the 
vibrating  particles  will  not  be  along  straight  lines,  for  they  are  the 
resultants  of  the  two  sets  of  disturbances  which  are  traveling  with 
different  velocities.  Until  the  rays  become  completely  separated 
by  the  double  refraction,  we  must  regard  the  vibration  as  changing 
its  type  from  point  to  point,  changing  from  plane  to  elliptical  and 
circular,  and  then  back  again  to  plane,  as  the  relative  phases  of  the 
two  perpendicularly  polarized  disturbances  alter. 

If  the  direction  of  displacement  coincides  with  one  or  the  other  of 
the  two  directions  of  maximum  or  minimum  elasticity,  a  single 
plane-polarized  wave  will  be  propagated  in  the  medium.  From  this 
it  is  dear  that  in  the  case  of  the  changing  type  of  vibration  alluded 
to  above,  the  vibration  along  a  line  will  never  occur  in  either  one  of 
these  directions,  for  if  it  did,  it  would  be  propagated  from  that  point 
on,  as  a  plane-polarized  vibration  without  further  change. 

Fresnel  arrived  at  a  conception  of  the  wave-surface  by  consider- 
ing it  as  the  envelope  of  an  infinite  number  of  plane-waves,  which 

have  passed  simultaneously  in  all  possible  directions,  through  a 
given  point  in  the  doubly  refracting  medium. 

Consider  now  the  following  construction.  Through  the  point  in 
question  imagine  an  infinite  number  of  planes,  in  all  possible  orienta- 

tions, and  draw  through  the  point,  on  each  plane,  two  lines  at  right 
angles  to  each  other,  and  coinciding  with  the  directions  of  maximum 
and  minimum  elasticity,  and  of  lengths  proportional  to  velocities 
of  propagation  of  disturbances  vibrating  parallel  to  the  lines  in 
question. 

If  the  two  lines  are  made  to  bisect  each  other  at  the  point,  the 
terminal  points  of  the  Unes  for  all  the  planes  taken  collectively  will 
lie  upon  an  ellipsoid.  This  fact  can  be  deduced  theoretically,  by 
making  certain  specifications  regarding  the  medium,  but  as  the  de- 

duction will  not  help  us  much  in  understanding  the  phenomena,  we 
will  simply  consider  it  as  representing  experimental  facts.  Having 
the  ellipsoid  given,  it  is  possible  to  find  the  direction  of  vibration 
and  the  velocities  of  propagation  of  a  plane-wave,  by  drawing  a  cen- 

tral section  of  the  ellipsoid  parallel  to  the  plane  wave-front. 
The  ellipsoid  is  called  the  ellipsoid  of  elasticity. 
Let  its  equation  be  a^x^-\-b^y^  +  c^z^=V^y  in  which  V  is  the 

velocity  of  light  in  vacuo. 
The  constants,  a,  6,  and  c,  are  related  to  the  elastic  properties  of  the 

medium,  and  represent  the  velocities  of  waves  vibrating  parallel  to 
the  axes  of  elasticity,  which  may  be  defined  as  the  three  directions 
at  any  point,  along  which  we  can  displace  the  ether,  and  have  the 
force  of  restitution  parallel  to  the  displacement.  In  any  given  plane 
there  are  but  two  such  directions;  in  space,  however,  there  are  three. 

If  we  take  as  our  unit  of  time  the  time  occupied  by  a  wave  in 
travelling  unit  distance  in  vacuo,  then  F=l.  If  we  put  x=0  in 
our  equation,  we  obtain  the  equation  of  the  intersection  of  the  ellip- 

soid with  the  yz  plane,  which  is  an  ellipse  having  -  and  -  as  semi- b  c 

axes,  and  a  plane-polarized  wave  will  be   propagated  along  the  x 
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axis  with  a  velocity  b  if  the  direction  of  vibration  is  parallel  to  y, 
or  with  a  velocity  c  if  it  is  parallel  to  z. 

The  reciprocals  -,  -,  -  correspond  to  refractive  indices,  and  are a    b    c 
called  the  principal  refractive  indices.    If  we  designate  them  by 
M'h  t^t  thy  we  can  write  the  equation  of  the  ellipsoid  in  the  form 

£!+jd+^  =  i 
2     '  2     '  2 

H-l  /*«  /*« 

The  deduction  of  the  equation  of  the  ellipsoid  from  a  considera- 
tion of  the  elastic  properties  of  the  medium  is  generally  accompUshed 

by  considering  the  potential  of  the  medium.  The  following  simple 

method  is  taken  from  Schuster's  Optics  : 
"  Fresnel's  method  of  treating  double  refraction  which  led  him  to 

the  discovery  of  the  laws  of  wave-propagation  in  crystalline  media, 
though  not  free  from  objection,  is  very  instructive,  and  deserves 
consideration  as  presenting  in  a  simple  manner  some  of  the  essential 
features  of  a  more  complete  investigation.  Consider  a  particle  P 
attracted  to  a  centre  0  with  a  force  ah^  when  the  particle  lies  along 
OXy  and  a  force  6*j/  when  it  Ues  along  OY.  The  time  of  oscillation, 
if  the  particle  has  imit  mass,  is  2ir/a  or  2ir/b  according  as  the  oscil- 

lation takes  place  along  the  axis  of  X  or  along  the  axis  of  F.  When 
the  displacement  has  components  both  along  OX  and  OYj  the  com- 

ponents of  the  force  are  a^x  and  h^y,  and  the  resultant  force  is 

"  The  cosines  of  the  angles  which  the  resultant  makes  with  the 
coordinate  axes  are  a*x/R  and  b^y/R.  The  direction  of  the  result- 

ant force  is  not  the  same  as  that  of  the  displacement,  the  direction 
cosines  of  which  are  x/r  and  y/r.  The  cosine  of  the  angle  included 
between  the  radius  vector  and  the  force  is  found  in  the  usual  way  to 
be 

Rr      ' 
and  the  ccmiponent

  
of  the  force  along  the  radius  vector  is 

(aV-f6V) 
r 

"If  we  draw  an  ellipse  aV+6V  =  fc*  (Fig.  225),  where  fc  is  a 
constant  having  the  dimensions  of  a  velocity, 
the  normal  to  this  ellipse  at  a  point  P,  hav- 

ing coordinates  x  and  y,  forms  angles  with 
the  axes,  the  cosines  of  which  are  in  the  ratio 

a*x  to  6*y,  hence  the  force  in  the  above  prob- 
lem acts  in  the  direction  of  ON  of  the  Une 

drawn  from  0  at  right  angles  to  the  tangent 

at  P.    The  component  of  the  fof  ce  along  the  "* 
radius  vector  is  fc*/r,  and  the  force  per  unit  distance  is  k^/r^,  so  that 
if  the  particle  were  constrained  to  move  on  the  radius  vector  OP,  its 
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period  would  be  2  ̂ rr/fc.  Since  the  ratio  r/fc  depends  only  on  the 
direction  of  OP,  our  result  is  independent  of  the  particular  value 
we  attach  to  fc. 

"  If  we  extend  our  investigation  to  three  dimensions,  the  compo- 
nent of  attraction  along  OZ  being  c^z,  we  obtain  the  same  result,  and 

the  component  of  force  acting  along  any  radius  vector  OP  per  unit 
length  is  fc*/r^,  where  r  is  the  radius  drawn  in  the  direction  of  OP  to 
the  ellipsoid 

For  a  plane-wave  to  be  propagated  without  alteration  it  is  essen- 
tial that  the  effective  force  of  restitution  shall  be  parallel  to  the  dis- 

placement. 
Though  in  general  this  force  does  not  even  lie  in  the  plane  of  the 

wave-front,  we  can  always  resolve  it,  however,  into  two  components, 
one  in,  the  other  perpendicular  to  the  front  Fresnel  neglected  the 
latter  component,  as  it  contributes  nothing  towards  the  propagation 
of  a  transverse  wave.  The  longitudinal  disturbance  which,  in  the 
case  of  elastic  solids,  is  produced  by  the  normal  component,  is  con- 

sidered as  non-existent  in  the  case  of  light,  owing  to  the  incompres- 
sibility  of  the  medium. 

The  direction  of  the  component  of  force  parallel  to  the  wave-front 
is  along  the  radius  vector  of  the  ellipsoid  which  is  perpendicular  to  the 
section  conjugate  to  the  direction  of  the  displacement.  This  will  be 
made  clearer  by  reference  to  Fig.  226.  Let  abed  be  a  plane-wave 
travelling  within  the  crystal,  the  direction  of  the  displacement  being 
parallel  to  ab.  The  ellipsoid  is  assumed  constructed  around  a  point 
Ijring  on  the  wave-front,  which  cuts  it  in  the  elliptical  cross-section  as 
indicated.  The  displacement  is  along  AO,  which  we  will  assume  to 
be  the  semi-major  axis  of  the  ellipse,  while  the  direction  of  the  force 
of  restitution  is  along  the  radius  ON,  perpendicular  to  the  plane 
BOC,  If  the  projection  of  ON  on  the  plane  of  the  wave-front  coin- 

cides with  the  direction  of 
the  displacement  OA,  the 
plane  AON  must  be  per- 

pendicular to  the  wave- 
front,  and  since  ON  is  per- 

pendicular to  OBy  OB  must 
be  perpendicular  to  OA ;  in 
other  words,  OA  and  OB 
are  the  axes  of  the  elliptical 
section.  This  is  the  con- 

FiG.  226.  dition  which  we  assumed  at 
the  start.  If  the  direction 

of  the  displacement  is  not  along  one  of  the  axes,  the  effective  force 
of  restitution  will  not  be  directed  parallel  to  the  displacement,  and 
two  plane-polarized  waves  will  result  as  we  have  seen.  Two  sec- 

tions of  the  ellipsoid  will  be  circular,  and  plane-waves  parallel  to 
these  sections  will  be  propagated  without  alteration,  whatever  may 
be  the  direction  of  the  displacement,  though  there  may  be  a  division 
of  the  ray,  as  we  shall  see  presently.    These  circular  sections  of  the 

0 
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ellipsoid  of  elasticity  are  perpendicular  to  the  optic  axes  of  the 
crystal.    We  may  sum  up  as  follows  : 

In  any  given  direction  in  the  crystal  two  systems  of  plane-waves 
can  be  propagated  normally,  the  vibrations  being  along  the  axes  of 
the  elliptical  cross-section,  and  the  velocities  of  normal  propagation 
inversely  proportional  to  the  lengths  of  the  axes.  Two  directions 
exist,  however,  in  which  but  a  single  wave-front  is  propagated , 
known  as  the  axes  of  single  wave-velocity  or  optic  axes.  In  these 
directions  the  velocity  of  normal  propagation  of  a  plane-wave  is  in- 

dependent of  the  direction  of  vibration,  although  the  direction  in 
which  a  limited  portion  of  the  wave-front  travels  (the  ray  direction) 
depends  upon  the  nature  of  the  vibration,  for  the  ray  is  not  neces- 

sarily perpendicular  to  the  wave-front  in  crystalline  media. 
We  will  now  investigate  the  form  of  the  wave  surface,  which  we 

can  do  by  considering  a  geometrical  construction  known  as  the  nor- 
mal velocity  surface. 

The  Normal  Velocity  Surface.  —  Around  any  point  0  within  a  crys- 
tal construct  the  elUpsoid  of  elasticity,  and  consider  a  system  of  plane- 

waves  passing  simultaneously  through  0  in  all  possible  directions. 
We  have  seen  that,  in  general,  a  crystal  has  the  property  of  transmit- 

ting only  vibrations  polarized  in  a  definite  direction,  and  that  all 
other  types  of  vibrations  are  resolved  into  two  components  which 
travel  with  unequal  velocities.  We  shall  thus  have  two  systems  of 
plane-waves  passing  through  the  point.  To  determine  the  veloci- 

ties of  these  waves  in  different  directions  we  proceed  as  follows. 
Let  any  one  of  the  plane-waves  passing  through  0  cut  the  ellipsoid 
in  the  section  AOB  (Fig.  227),  of  which  the  axes  are  OA  and  OB. 
Draw  a  normal  to  the  plane  at  0  and  measure  off  on  it  distances  ON 
and  0N\  inversely  proportional  to  the  axes  OA  and  OB.  If  now 

planes  are  drawn  through  N  and  N'  parallel  to  the  original  plane  of 
the  section,  they  will  represent  the  positions  of  the  two  waves  which 
passed  through  the  point  0  simultaneously,  the  one  having  its  vibra- 

tions parallel  to  OA  and  the  other  parallel 

to  OB.     If  we  rotate  the  plane  AOB  around  /       ,  i^' O  in  every  possible  direction,  the  points  N 
and  N\  as  defined  above,  will  trace  out  a 
surface  consisting  of  two  sheets  termed  the 
surface  of  normal  velocities,  any  radius 
vector  of  which  determines  the  normal 

velocity  of  the  plane-wave  propagated  in  Fiq.  227. 
that  direction.    Since  for  two  positions  of 
the  plane  AOB  the  section  of  the  ellipsoid  is  circular,  it  is  obvious 

that  the  points  N  and  AT'  will  coincide,  when  the  waves  are  parallel 
to  these  sections.  In  other  words,  the  inner  sheet  will  touch  the 
outer  at  four  points. 

This  surface  is  not,  however,  identical  with  the  wave  surface, 
which  is  the  surface  enveloped  by  the  plane-waves  which  we  have 
just  considered.  This  family  of  planes  is  represented  l)y  tlie  (equa- tion 

lx-\-my-^nz  =  v. 

^^ 

'/^ 
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in  which  Z,  m,  n  are  the  direction  cosines  of  the  direction  in  which  the 
wave  travels  with  a  velocity  v,  which  is,  however,  a  function  of  /,  m, 
and  n.  We  require  a  relation  connecting  these  quantities.  TTie 

following  treatment  is  taken  from  Rayleigh's  Wave-Theory: 
"  If  t;  be  the  velocity  of  propagation  in  the  direction  Z,  m,  n,  the 

wave-surface  is  the  envelope  of  planes  lx-{-my-\-m=^v,  where  t;  is  a 
function  of  Z,  m,  n,  the  form  of  which  is  to  be  determined.  If  ( V*') 
be  the  corresponding  direction  of  the  vibration,  then 

ZX4-m/t+nv=0." 
According  to  the  principles  laid  down  by  Fresnel,  we  see  at  once 

that  the  force  of  restitution  (a^X,  6V,  <^)  corresponding  to  a  dis- 
placement unity  is  equivalent  to  a  force  v^  along  ( Vv)  together  with 

some  force  (P)  along  (Imn). 
Resolving  parallel  to  the  coordinate  axes,  we  get 

IP = a^\  -  t;tx,      mP=¥fi-  v^fjLy       nP^c^v-  t^v, 
\        IP  ^P  nP 

a^-v^^  V-'tP^  d^-v^' 
Multipl3ring  these  by  Z,  m,  n  respectively,  and  remembering  the 

relation  l\-\-mfi+nv=0,  we  obtain 

+  n^.  +  -7^.=0, a*-v*     6«-p»     c»-t>* 

an  equation  which  we  shall  use  presently. 
The  Wave-Surface.  —  If  for  every  possible  position  of  the  section 

AOB  in  the  construction  which  we  have  just  considered,  we  con- 
struct planes  through  N  and  iV'  parallel  to  the  section,  these  planes 

will  envelop  a  surface  which  consists  of  two  sheets,  and  resembles  in 
its  general  appearance  the  normal  velocity  surface  which  we  have 
just  considered.  The  surface  thus  defined  is  the  true  wave-surface, 
representing  the  form  of  the  wave  which  we  should  have  if  a  iimii- 
nous  disturbance  started  within  the  body  of  the  crystal. 

The  equation  which  represents  the  system  of  plane-waves  which 
envelop  the  wave-surface  is 

lx-\-my-{'m=Vy 

in  which  Z,  m,  n,  and  v  are  subject  to  the  conditions 

''     +-::^.  +  -T^  =0  and  Z»+mHn»  =  l. v^  —  a^     t^  —  b^     tp-  —  f? 

The  equation  of  the  wave-surface  was  found  by  Archibald  Smith 
(Phil,  Mag.y  1838,  page  335),  in  the  following  manner : 

By  diflferentiation  of  the  three  equations  above  regarding  Z,  m,  n  as 
variables,  we  obtain 

xdl  +  ydm  +  zdn  =  dvy 

Idl      ,   mdm    ,     ndn        \        P         .        m^        ,        v}   r  -z — r«  +  -;:   ;  —  1  -r:.   rr*  +  tt — ttt^  +  ti.   T.2 
t;2_o2      v^-b^      v^-e       ̂ (v^-a^Y      {v^-h^Y      {f--&) 

Idl  -\-mdm  +  ndn  =  0, 

vdv  =  Oy 



=  1. 
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whence  by  indeterminate  multipliers  we  obtain 

^*^  ̂^  I  (T::^  "^  (i;^::^^)*  "^  (t^-c»)' , 
Multiplying  the  first  three  of  these  equations  by  Z,  m,  and  n,  and 

adding,  we  obtain 

(5)  v^A. 
By  transposing  the  third  terms,  squaring,  and  adding,  we  get, 

since 

+  ̂ ,J?^. 

v?   \ 

which  by  (4)  and  (5)  gives  us 

jB  =  t;(r»-t;«). 

We  now  substitute  these  values  of  A  and  B  in  equation  (1)  and 
obtain 

x^lv-^lv-   z^lv-   -;  ..  l=-   1--, 
v^  —  ar        v^-a*  r^  —  a^   v 

V^  —  fe^      1/  t^  —  C       2 

and  similarly         m  =  -r — —  -^,71=  — — -  •  -. 
r^  —  cr    V  r^  —  c^v 

Substitution  of  these  values  in  lx-{-my-\-m=^v,  the  equation  of 
the  plane-wave  system,  gives  us  the  equation  of  the  wave-surface, 

OC^O^  IJ^b^  2^C^ 

whence  - — ;  ̂-fii +  x^"'^' r*  -a*     r*  -6*     r*  -c* 

Multiplying  out  and  dividing  by  r^,  we  obtain 

We  are  now  in  a  position  to  determine  the  general  form  of  the 
wave-surface,  which  we  can  do  by  studying  its  sections  with  the 
planes  xy,  xz,  yz.  This  we  can  do  bj'  making  x=0,  y=0,  2  =  0  in 
succession  in  the  equation  of  the  wave-surface,  when  we  obtain  the 
equations  of  the  curves  of  section.    Assume  a>b>c. 

If  we  make  «=0,  we  get  at  once 

(x« + y«)  (aV  4-  6V)  -  «'(&'  +  c^>^  -^'(c^  4-  a^)y^ + a'Vc^  =  0, 

or  (a:*  +  y*-c2)(aV+fe^y^-a262)  =  o, 
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which  is  separately  satisfied  by 

i'  +  y*=c°,  a  circle  of  radius  c. 

and  aV+6*i/*=a'b*,  an  eUipse  of  semi-axes  a  aad  b. 

The  circle  lies  wholly  withia  the  eUipse,  ̂ ce  we  have  assumed  c 
less  than  either  a  or  b.  Makii^  x=0,  we  find  the  section  with  the 
yz  plane  to  be 

y'+^  =  a*,  a  circle  of  radius  a, 

and  &*y*+c*3*=6'c*,  an  ellipse  of  semi-axes  b  and  c 

In  this  case  the  eUipse  lies  within  the  circle. 
For  y=0,  the  section  with  the  xz  plane, 

x*+z'  =  fe*,  a  circle  of  radius  6, 

a*x*+c*^=a'c*,  an  ellipse  of  semi-axes  a  and  c. 

In  this  case  the  circle  meets  the  ellipse  at  four  points.  The  Uiree 
sections  are  shown  in  Fig.  228. 

A  model  of  the  surface  can  be  made  by  cutting  the  sections  out  of 
cardboard  and  fitting  them  together  in  three  perpendicular  planes, 
which  can  easily  be  done  by  cutting  them  up  in  a  suitable  manner, 
and  fastenji^  them  together  ag^n  by  means  of  strips  of  gummed 

paper.  Such  a  model  is  shown  in  Fig.  229. 
The  inner  surfaces  should  be  blackened  on  both 
sides  of  the  section  as  indicated.  By  a  little  ex- 

ercise of  the  hnagination  it  is  easy  to  see  the 
general  form  of  the  inner  and  outer  sheets, 
though  a  still  better  idea  can  be  obtained  from 
the  wire  or  plaster  models,  which  can  be  procuretl 
from  dealers  in  physical  apparatus.  The  outer 
sheet  has  the  general  form  of  an  ellipsoid  with 
four  depressions  or  pits  similar  to  the  pit  found 

"  on  an  apple  around  the  point  where  the  stem  ia 
'"■  inserted,  only  much  shallower.     At  these  four 

points  the  two  sheets  come  in  contact,  and  some  very  remarkable 
optical  phenomena  are  associated  with  this  pecuUar  condition, 
which  we  will  now  investigate. 

The  Optic  Axes  or  Axes  of  Single  Wave- Velocity.  —  Comider  now 
the  xz  section  of  the  wave-surface,  m  which  the  curves  intersect  at 
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four  points  and  have  four  common  tangents,  one  of  which  is  repre- 
sented by  MN  (Fig.  230).  Planes  passing  through 

these  tangents  and  perpendicular  to  the  plane  of  the 
section,  are  tangent  planes  to  the  wave-surface.  They 
touch  the  surface,  moreover,  not  at  two  points,  as  was 
imagined  by  Fresnel,  but  all  around  a  circle  of  contact, 
a  condition  which  can  be  represented  by  pressing  a  flat 
card  against  the  dimple  on  an  apple.  This  was  first 
proved  by  Sir  William  Hamilton,  who  predicted  from 
it  the  remarkable  phenomena  of  internal  conical  refrac-  Fio.  230. 
tion,  which  we  shall  consider  presently.  The  lines  OM^ 

OM'  perpendicular  to  the  tangent  planes  are  the  directions  in  which 
a  single  wave  only  is  propagated,  for  the  planes  MN  and  M'N' 
touch  both  sheets.  These  directions  are  therefore  the  optic  axes  of 
the  crystal. 

Internal  Conical  Refraction.  —  Huygens's  construction  may  be 
applied  to  determine  the  direction  of  the  refracted  rays,  the  points 
on  the  surface  of  the  crystal  becoming  centres  of  wave-surfaces  of  the 
form  which  we  have  just  studied.  If  light  is  incident  upon  the  crys- 

tal in  such  a  direction  that  the  refracted  wave-front  is  parallel  to 
MN  or  MW  (Fig.  230)  any  Une  joining  the  centre  0  with  the 
circle  of  contact  of  MN  with  the  wave-surface  is  a  possible  direc- 

tion of  the  refracted  ray.  The  direction  of  the  refracted  ray  will 
depend  on  the  direction  of  the  vibration  in  the  incident  wave-front. 
The  type  of  the  vibration  will  not  be  altered  by  the  crystal,  since  the 
wave-front  is  moving  parallel  to  an  optic  axis,  but  the  direction  of 
the  ray  will  depend  on  the  plane  of  polarization.  If  the  incident 
light  is  polarized  in  all  possible  planes,  i.e.  unpolarized,  the  ray  upon 
entering  the  crystal  wUl  open  out  into  a  cone,  each  elementary  ray 
of  the  cone  being  plane-polarized.  This  result  was  predicted  from 
theory  by  Sir  Willuun  Hamilton  and  verified  by  Lloyd  {Trans,  Roy, 
Irish  Ac,  vol.  xvii.,  page  145,  1833)  with  a  plate  of  aragonite  cut  so 
that  its  faces  were  equally  inclined  to  the  two  optic  axes. 

A  divergent  cone  of  li^t  from  a  screen  AB  (Fig.  231)  perforated 
with  a  very  small  hole,  upon  which  sunlight  is  concentrated  by  means 

of  a  lens,  is  intercepted  by  a  second  per- 
forated screen  CD,      This   screen   can   be 

moved  about  over  the  surface  of  the  cr>'s- 
^     ~S^ — ^     ̂ f  *^^  serves  to  isolate  a  narrow   pencil 
y'i'V^  from  the  divergent  cone.     In  general,  if  the 

'    .y      '^  transmitted  light  is  received  upon  a  screen 
.^   I  at  E,  two  spots  of  light  appear,  but  by  mov- 
//  ing  the  screen  CD  about,  it  is  possible  to 

/    ''■>•'  7/-  find  a  position  such  that  the  two  spots  run 
-ptQ  231  together  into  a  ring  of  light,  the  diameter  of which  is  independent  of  the  distance  of  the 

screen  E  from  the  lower  face  of  the  crystal  plate.  This  proves 
that  the  rays  leave  the  plate  in  a  parallel  direction,  notwithstand- 

ing their  strong  divergence  within  the  crystal.  The  angle  of  the 

cone  was  found  to  be  1®  50',  while  the  value  calculate  was  1** 
55',  a  very  close  agreement  between  theory  and  experiment. 



318 PHYSICAL  OPTICS 

Fio.  232. 

Axes  of  Single  J^  Velocity.    External  Conical  Refraction.  —  The 
directions  determined  by  joining  the  point  0  (Fig.  230)  with  the 
points  at  which  the  two  sheets  of  the  wave-surface  meet  are  termed 
the  axes  of  single  ray  velocity.  At  each  one  of  the  conical  points  or 
pits  an  infinite  number  of  tangent  planes  can  be  drawn  to  the  sur- 

face, which  collectively  form  a  tangent  cone.  A  rough  model  of 
such  a  cone  can  be  made  by  cutting  a  paper  circle  along  a  radius 
and  then  pasting  the  edges  together,  making  them  overlap  a  little. 
This  cone  fits  into  the  conical  depressions  of  the  wave-surface. 

Suppose  now  that  a  ray  is  travelling  within  the  crystal  along  the 
axis  of  single  ray  velocity,  and  emerges  from  the  siuface  of  the  crys- 

tal. The  direction  of  the  ray  after  re- 
fraction out  into  the  air  is  determined 

by  the  position  of  the  plane  tangent 
to  the  element  of  wave-surface  corre- 

sponding to  the  ray.  For  example, 
suppose  we  are  dealing  with  a  simple 
spheroidal  wave  starting  at  O  within 
the  crystal  (Fig.  23J|J.  We  wish  to 
determine  the  direction  of  the  ray  OB 
after  emergence.  This  direction  will 
be  that  traversed  by  a  plane-wave  CD 
tangent  to  the  spheroid  at  J5-  In 

other  words,  the  small  element  of  the  wave  at  B  can  be  considered  as 
a  portion  of  the  tangent  plane.  The  direction  of  the  refracted  ray 
is  thus  seen  to  be  determined  by  the  position  of  the  plane  tangent 
to  the  wave-front  at  the  point  where  it  intersects  the  surface. 
Now  a  ray  travelling  along  an  axis  of  single  ray  velocity  has  an 

infinite  number  of  tangent  planes  which  envelop  a  cone,  and  the 
refracted  ray  may  pursue  a  direction  determined  by  any  one  of  them. 

It  will  therefore  open  out  into  a  hollow  cone,  and  if  the  light  be 
received  upoi.  a  screen  we  shall  see  a  ring 
which  increases  in  diameter  as  the  dis- 

tance from  the  crystal  face  is  increased. 
The  phenomenon  is  exhibited  by  con- 

centrating a  pencil  of  rays  upon  the  sur- 
face of  the  crystal.  This  converging 

system  of  rays  contains  the  hollow  cone 
of  rays  which  we  should  have  if  we 
transmitted  a  ray  up  through  the  crystal 
along  the  axis  of  the  single  ray  velocity. 
The  cone  is  indicattnl  by  solid  lines  (Fig. 
233),  the  superfluous  rays  which  pursue 
other  paths  in  the  crystal  being  indicated  by  dotted  lines.  A  screen 
perforated  \\ith  a  small  hole  limits  the  emergent  light  to  the  ray 
which  has  traversed  the  plate  in  the  direction  of  the  single  ray  axis, 
and  if  the  h(*am  which  issues  is  receiveti  upon  a  white  screen  it  is 
seen  to  have  the  form  of  a  hollow  cone. 

Crystal  Plates  in  Convergent  or  Divergent  Polarized  Light  Colors 
of  Thin  Crystal  Plates.  —  In  the  Chapter  on  Polarization  we  have 
seen  that  a  beam  of  plane-polarized  Ught  falling  u|X)n  a  crystal  pLate 

Fig.  233. 
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cut  perpendicular  to  the  optic  axis  (for  example,  a  film  of  mica  or 
selenite)  is  in  general  doubly  refracted,  that  is,  the  incident  vibration 
is  resolved  into  two  mutually  perpendicularly  vibrations,  one  polar- 

ized in,  and  the  other  at  right  angles  to  the  principal  plane.  The 
two  disturbances  traverse  the  crystal  with  different  velocities,  and 
consequently  emerge  with  a  difference  of  phase  depending  upon  the 
thickness  of  the  crystal  plate.  The  plane  vibration  on  entering  the 
medium  becomes  transformed  into  an  elUptical  vibration,  owing  to 
the  different  velocities  of  the  two  rectangular  components.  As  the 
disturbance  proceeds  its  type  changes,  becoming  circular,  elliptical, 

and  plane  in  succession,  each  plane  phase  being  turned  through  90^ 
with  respect  to  the  phase  immediately  preceding  or  following.  It 
is  obvious  that  if  the  plate  is  thick,  and  the  two  rays  become  separated 
by  double  refraction,  each  ray  will  be  plane  polarized,  that  is,  we  shall 
no  longer  have  a  circular  and  an  elliptical  type.  If  white  light  falls 
upon  the  plate  the  difference  of  phase  at  emergence  of  the  two  com- 

ponents will  vary  with  the  wave-length,  certain  colors,  for  example, 
emer^g  plane  polarized  parallel  to  the  original  plane  of  polariza- 

tion ;  other  colors  polarize  at  right  angles  to  it.  Certain  colors  will, 
therefore,  be  absent  when  the  emergent  hght  is  examined  with  Nicol 
prism  held  with  its  principal  plane  parallel  to  the  principal  plane  of 

the  polarizing  Nicol.  On  rotating  the  Nicol  through  90®  each  color 
changes  to  its  complementary  tint  for  obvious  reasons.  The  state  of 
polarization  for  waves  of  length  intermediate  between  those  specified 
will,  in  general,  be  of  the  circular  or  elliptical  type.  We  will  now 
derive  an  expression  for  the  intensity  of  the  illumination  as  a  func- 

tion of  the  position  of  the  polarizer  and  analyzer  and  the  phase- 
difference  between  the  two  emerging 
streams.  Let  the  principal  plane  of 
the  polarizer  be  parallel  to  OD  (Fig. 
234),  and  the  principal  plane  of  the 
analyzer  parallel  to  OA.  Since  the 
vibrations  are  parallel  to  the  principal 
plane  of  the  Nicol  it  is  clear  that  the 
incident  light  will  vibrate  parallel  to 
OD.  On  entering  the  plate  it  is  re- 

solved into  two  components  vibrating 
at  right  an^es  along  OX  and  OY, 
where  OX  and  OY  are  the  two  direc-  Fio.  234. 
tions  in  the  crystal  in  which  vibra- 

tions may  occur  without  change  of  type.    Let  the  incident  vibration 
be  represented  by  Y^AmaU,    The  vibrations  in  the  crystal  will 
then  be  A  cos  a  mad  and  il  sin  a  sin  tat,  along  OX  and  OY,  where 
DOX^a. 

These  two  disturbances  on  emerging  will  have  a  difference  of  phase 
which  we  will  represent  by  8.  Tlie  vibrations,  therefore,  take  the 
form  AcoBami^d  and  A  sin  a  sin  (w< +8).  The  analyzing  Nicol  re- 

solves these  vibrations  parallel  to  its  principal  plane  OA,  trans- 
mitting one  component  and  suppressing  the  other.  If  AOX—p 

we  have  two  vibrations  parallel  to  the  plane  of  the  analyzer,  one 
along  OA  represented  by 

A  cos  a  cos  p  sin  td^ 
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contributed  by  the  OX  component,  and  another  also  along  OA  repre* 
sented  by 

il  sin  a  sin  P  sin  (w^  -fS). 

These  two  combine  into  the  resultant  vibration 

y=A  cosacos)8sino>i+-A  sinasin/8sin(«t-f  8). 

The  intensity  is  represented  by  the  sum  of  the  squares  of  the  coeffi- 
cient of  cos  cu^  and  sin  ̂  

/=A« 
cos^(a -  )8)  -  sin  2  a  sin  2  P  sin^o 

where  a— /8  is  the  angle  between  the  principal  planes  of  the  polarizer 
and  the  analyzer. 

If  we  are  working  with  white  light  8  will  vary  with  the  wave- 
length, and  if  A  also  varies  with  the  wave-length  the  general  expres- 

sion for  the  intensity  is 

/=cos2(a-/3)S42-sin2asin2/8SA«sin2l 

The  first  term  is  seen  to  be  independent  of  8  the  phase-difference, 
and  will  therefore  have  no  effect  in  producing  color  in  the  image ; 
and  the  transmitted  Ught  will  therefore  consist  of  two  parts,  one  of 
which  is  white,  depencUng  on  the  first  term,  and  the  other  colored  to 
a  greater  or  less  extent,  depending  on  the  second.  If  we  rotate  the 
plate  pround  its  normal,  the  Nicols  remaining  fixed,  the  colors  will  be 
affected  in  the  same  proportion,  and  the  tint  of  the  emerging  light 
therefore  remain  unaltered,  except  that  it  will  be  diluted  to  a  greater 
or  less  extent  with  white  light  arising  from  the  first  term.  The  col- 

ors will  be  most  intense  when  a— )8  =  90°  and  least  intense  when 
a— )8  =0,  the  former  case  corresponding  to  crossed  Nicols  and  the 
latter  to  parallel.  In  both  cases  the  effects  are  most  pronounced 

when  a=45°;  in  other  words,  when  the  principal*^  plane  of  the polarizer  and  analyzer  bisect  the  angle  between  the  principal  planes 
of  the  plate. 

Colors  of  Crystal  Plates  in  Convergent  and  Divergent  Polarized 
Light.  —  A  remarkable  series  of  phenomena  are  presented  when  we 
examine  crystal  plates,  cut  in  various  ways,  in  a  beam  of  strongly 
convergent  or  divergent  Ught.  Colored  fringes  of  varied  forms  ap- 

pear crossed  by  dark  crosses  and  brushes,  the  variety  being  almost 
as  great  as  in  the  kaleidoscope.  A  complete  investigation  of  the 
forms  which  occur  under  all  possible  conditions  is  hardly  profit- 

able, and  we  will  examine  a  few  typical  cases  only. 
The  simplest  form  of  polariscope  for  viewing  the  rings  and 

crosses  in  convergent  Ught  is  the  tourmaline  tongs.  When  the  crys- 
tal plate  is  placed  between  the  tourmalines,  and  the  eye  brought 

close  to  the  apparatus,  which  is  directed  towards  a  brilliant  light  of 
large  size,  such  as  the  sky,  the  rays  which  enter  the  pupil  have  trav- 

ersed the  crystal  in  the  form  of  a  cone  of  wide  aperture,  as  shown 
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in  Fig.  236.  Tourmaline  crystals  are,  however,  usually  so  strongly 
colored,  that  only  an  imperfect  idea  of  the  color  distribution  can 
be  obtained  in  this  way,  though 
the  general  form  of  the  fringes  can 
be  made  out.  It  is  therefore  cus- 

tomary to  use  some  such  arrange- 
ment as  that  shown  in  the  lower 

part  of  the  figure. 
Uniaxal  Crystal  Cut  Perpen- 

dicular to  Axis.  —  Consider  what 
happens  when  a  cone  of  plane-pol- 

arized rays  diverging  from  S'  (left 
hand,  Fig.  236)  passes  throi^  a 
crystal  plate,  the  central  ray  oD  of 
the  cone  coinciding  with  the  op)- 
tic  axis.  Consider  the  source  S'  in 
front  of  the  plane  of  the  paper, 
and  let  the  vibrations  be  vertical. 
The  ray  incident  at  0  passes 
through  the  plate  in  the  direction 
of  the  optic  axis,  and  its  vibration 
plane  remains  unaltered.  Other 
rays  in  general  will  sufifer  double  Fio.  235. 
refraction,    and   emerge   with   a 
phase-difference  between  the  components  of  the  vibration.  This  will 
not  be  true,  however,  for  certain  rays.  Consider  the  ray  S'P.  The 
direction  of  vibration  is  in  the  principal  plane  S'OP,  i.e,  the  plane 

7\ 

t 

Fio.  236. 

containing  the  ray  and  the  optic  axis,  and  it  will  therefore  be  trans- 
mitted by  the  crystal  without  resolution.  The  same  is  true  for  the 

ray  OP',  since  in  this  case  the  vibration  is  perpendicular  to  the 
principal  plane.    Hence  all  rays  striking  the  crystal  plate  along  OP 
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or  OP'  or  their  prolongations,  will  not  suffer  double  refraction,  and will  be  wholly  transmitted  or  completely  stopped  by  a  Nicol  held 
behind  the  plate,  according  as  its  principal  plane  is  vertical  or 
horizontal.  Consider  now  a  ray  incident  at  some  other  point,  say 
Q  (right  hand  Fig.  236).  The  vibration  a  will  be  resolved  into  two 
components,  b  and  c,  one  lying  in  the  principal  plane  SOQ  and  the 
other  perpendicular  to  it.  The  vibrations  will  traverse  the  cr3rstal 
with  different  velocities,  and  emerge  with  a  difference  of  phase, 
which  will  depend  upon  the  thickness  traversed,  and  also  upon  the 
wave-length  of  the  light.  Now  the  thickness  traversed  will  increase 
as  we  pass  from  0  to  Q,  owing  to  the  increasing  obliquity  of  the  rays. 
The  phase-difference  of  the  emergent  components  will  therefore 

vary  along  the  line  OQ,  and  the  emergent  li^t 
at  some  points  oif  this  line  will  be  polarized  in 
the  same  plane  as  the  incident  light,  at  other 
points  in  a  plane  perpendicular  to  it.  The  ana- 

lyzing Nicol  will  quench  one  or  the  other,  accord- 
ing to  its  position.  By  symmetry  the  conditions 

of  equal  phase-difference  will  occur  along  con- 
centric circles  with  a  common  centre  at  O.  We 

shall  accordingly  see  bright  and  dark  circles  sur- 
rounding 0  if  the  light  is  monochromatic,  and 

colored  fringes  if  it  is  white.  These  circles  will,  however,  be  inter- 
rupted aJong  the  lines  OP  and  OQ  (for  reasons  above  specified)  by  a 

cross  which  appears  bright  or  dark  according  to  the  position  of  the 
analyzing  Nicol  (Fig.  237). 

Isochromatic  Surfaces.  —  The  characteristic  of  a  fringe  is  that  the 
retardation  h  is  constant  along  its  length,  and  the  locus  of  points 
in  space  for  which  S  is  constant  is  called  an  isochromatic  surface. 
For  every  value  of  8  there  will  be  a  corresponding  surface,  and  if 
we  describe  these  surfaces  around  S  as  an  origin,  with  retardations 
of  1,  2,  3,  4,  etc.,  half  wave-lengths,  the  intersections  of  these  sur- 

faces with  the  second  surface  of  the  crystal  will  determine  the  iso- 
chromatic lines  or  fringes.  The  form  of  the  surface  was  worked  out 

!)y  Bertin  ̂   in  the  following  way : 
We  may  suppose  the  source  from  which  the  rays  diverge  located 

on  the  surface  of  the  crystal. 
Let  0  be  the  source :  then  the  time  occupied  by  the  two  disturb- 

OP         OP 
ances  in  traversing  OP  will  be  —  and  —  for  the  ordinary  and  ex- 

traordinary  disturbances.    The  time  retardation  is  therefore 

Fio.  237. 

to  —  tt 

and  the  phase  retardation 

2ir 
(.to-t.)  = 

-  i)  OR 
Fio.  238. 

The  wave-surface  consists  of  a  sphere  of  radius  6,  and  a  sphercnd 

1  Ann,  de  Chim,  et  de  Phys.,  bdii.,  page  57,  1861. 
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of  which  the  generating  curve  is  the  ellipse 

If  r  be  a  radius  vector  of  this  curve,  we  have  n>  proportional  to  b, 
and  Vt  proportional  to  r,  and  the  time  retardation  is,  for  a  thickness  />, 

If  we  write  the  equation  of  the  ellipse  in  the  form 

we  have  -j  =  /t.*co8'tf+fi,*8in*tf, 

which,  if  we  combine  with  the  equation  for  S,  gives  us 

/«    A,  |y 

I  ■'/i,'co8*tf+fi,'8in**, 

■Axit 

Tia.  23B. 

and  since  p*=ar*+y*, 

which  is  the  generating  curve  of  the  isochromatic  surface,  which  we 
form  by  rotating  tbe  cur\-e  around  the  optic  axis.  Its  general  form 
is  shown  in  I^^.  239.  Its  sections  with  the  surface  of  a  plate  cut 
perpendicular  to  the  axis  are  circles,  with  a  plate  parallel  to  the  axis 
hyperbolae. 

Isochronudc  Surfaces  in  Biazal  Crystals.  —  The  form  of  the 
surface  in  biaxal  crystals  is  shown  in  I^g.  240.    A  section  parallel  to 

-es)Oto- 
the  {Jane  containing  the  axes  gives  us  curves  closely  resemblir^ 

hyperbolae.  A  section  perpendicular  to  the  bi- 
sector of  the  angle  between  the  optic  axis  gives 

U3  a  family  of  iemniscates.  Sections  in  planes 
along  a,  h,  c,  d  give  us  fringes  of  the  form  sliown 

on  the  ri^t  hand  tade  of  the  figure.  These  dif- 
ferent curves  correspond  to  successive  values 

of  8,  and  they  may  all  be  seen  simultaneously, 
as  in  Fig.  241. 

The  rejqon  of  constant  illumination,  which  in 
the  case  of  uniaxal  crystals  had  the  form  of  a 

Fie.241. 
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cross,  in  the  case  of  biaxal  crystals  presents  the  sppmnnfie  <rf  a 
double  brush  of  hyperbola  form.  The  subject  <A  the  various  modi- 

fications which  the  fringes  and  brushes  may  undergo  18  a  very  laige 
one,  but  its  study  teaches  us  very  little  regarding  the  phauHnenon  of 
double  refraction,  the  problems  being  purely  geometrical.  We  shall 
examine  but  one  other  case,  the  remarkable  transfonnatioD  of  a 
biaxal  into  a  uniaxai  crystal  resulting  from  an  devation  of  teiD- 
perature. 

Positioa  of  Axes  as  a  Function  of  Tompontnrs.  —  A  remazkable 
phenomenon  occurs  when  certain  biaxal  crystals  are  heatad,  for  as 
the  temperature  rises,  the  angle  between  the  optic  axes  becomes  de- 

creased until  the  axes  finally  coalesce,  the  crystal  becomiiig  ""'y^. 
An  oblique  section  of  selenite  is  usually  used  for  exhibitang  tiie  i^ie- 
nomenon.  As  the  plate  is  warmed  the  lanniscates  close  in,  the 
centres  approaching,  and  presently  meeting,  at  which  stage  the  iso- 
chromatic  fringes  are  circles  crossed  by  a  rectangular  cross.  A  fur- 

ther ^evatioQ  of  temperature  causes  the  axes  to  cross  one  another, 
so  to  speak,  the  crystal  becoming  again  biaxal.  The  experiment 
makes  one  of  the  most  beautiful  lantern  demonstrations  ever 
devised. 

Phenomena  exhibited  by  Twin  Crystals.  —  Caldte  is  sometimes 
found  with  one  or  more  layers  crystallized  in  opposite  directions. 
Such  crystals  sometimes  show  the  rings  and  crosses  without  eathw 

polarizer  or  analyzer,  the  front  and  back  parts  of  the  crystal  taJdng 
their  place,  and  the  oppodtely  crystallized  plane  serving  as  the  thin 
fihn.  A  slice  from  a  nitre  crystal  frequently  exhibits  four  systems  of 
rings. 

If  a  crystal  possesses  rotating  power  still  further  ocnnplicationB 
result,  notable  among  which  are  the  beautiful  spirals  described  by 
Airy  and  named  after  him.  They  appear  wheo  plates  of  right-  and 
left-handed  quartz  cut  perpendicular  to  the  axis  are  superp^ed  and 
viewed  in  convergent  light.  Or  a  single  plate  may  be  made  to  ex- 

hibit them  if  it  is  plaeai  on  the  lower  mirror  of  the  Norremberg 
polariscope,  on  account  of  the  reversal  of  the  rotation. 

Convergent  Circular  light.  —  If  a  quarter-wave  plate  is  interposed 
between  the  first  Nicol  and  the  crystal  plate  in  a  conver^Qg  polari- 

scope, the  appearances  are  completely  al- 
tered.    As  we  should  expect,  the  black  cross 

disappears  almost  completely,  the  arms  be- 
ing replaced  by  thin  lines  of  nebulous  gray, 

wiuch   rotate   with    the   analyaer   without 
chan^ng  in  appearance.     The  rings  in  adja- 

cent quadrants  are  dislocated  as  shown  in 
Fig.  242,  the  light  rings  in  one  quadrant 
beihg  opposite  the  dark  ones  in  the  next. 

The   explanation   of   this  can  easily  be 
i'lo.  212.  found  by  working  out  the  resolution  of  the 

circular  vibration  in  two  opposite  quadrants, 
taking  care  to  distinguish  between  compouents  parallel  to  the  radii 
and  those  perpendicular  to  them. 

Double  Refractioa  in  Non-Crystal  Media.  —  Many  of  the  phe- 
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Fio.  243. 

nomena  of  double  refraction  can  be  observed  in  isotropic  substances 
subjected  to  strain,  or  to  sudden  differences  of 
temperature.    Glass  plates  squeezed  in  a  vise 
(Fig.  243)  and  viewed  between  crossed  Nicols 
exhibit  most    beautiful  colored   fringes,  the 
lines  of  strain  being  clearly  indicated. 

Tyndall  found  that  a  long  strip  of  glass 
thrown  into  sonorous  vibration  restored  the 
light  when  placed  between  crossed  polarizing 
prisms.  The  experiment  has  since  been  modi- 

fied in  a  beautiful  manner,  the  transmitted 
li^t  being  examined  in  a  revolving  mirror  and 
found  to  be  restored  periodically,  the  band 
appearing  broken  up  into  beads,  lowing  that 
the  double  refraction  was  coincident  with  the 
vibration.  On  inserting  a  selenite  plate  the  band  was  found  to  vary 
in  color. 

A  permanent  strained  condition  can  be  established  by  heating  a 
block  of  glass  nearly  to  a  red  heat  and  cooling  it  suddenly.  Polar- 

ized li^t  is  an  extremely  sensitive  test  for  imperfect  annealing. 
Prince  Rupert  drops  make  excellent  objects.  They  can  be  easily 
prepared  by  melting  the  end  of  a  glass  rod  in  a  powerful  blast-lamp, 
and  allowing  the  drop  to  fall  into  a  bowl  of  water  with  some  filter 
paper  on  the  bottom.  Four  out  of  five  fly  to  pieces,  but  with  a  little 
practice  a  number  can  be  prepared  in  a  short  time.  They  are  best 
viewed  by  immersing  them  in  a  small  rectangular  cell  of  glass  filled 
with  a  mixture  formed  by  dissolving  about  ten  parts  of  chloral 
hydrate  in  one  part  of  hot  glycerine.  This  mixture  has  the  same 
r^ractive  index  as  the  glass. 



CHAPTER  XI 

CIRCULAR  AND   ELLIPTICAL  POLARIZATION 

In  the  case  of  plane-polarized'light  the  vibration  of  the  ether  is 
linear,  as  we  have  seen.  We  will  now  consider  another  type  of  polari- 

zation, in  which  the  ether  particle  moves  in  a  circular  or  elUptical 
orbit.  Such  a  vibration  results  when  two  rectangular  vibrations, 
of  the  same  period,  but  differing  in  phase,  are  simultaneously  im- 

pressed upon  a  point. 
If  the  amplitudes  are  the  same  and  the  phase-difference  an  odd 

number  of  quarter  periods,  we  shall  have  a  circular  vibration  which  is 
right-  or  left-handed  according  to  the  circumstances.  This  can  be 
easily  shown  by  means  of  the  circular  pendulum :  suspend  a  weight 
by  a  string  and  strike  the  wei^t;a  blow  in  any  direction :  a  linear 
vibration  results.  Strike  a  second  blow,  at  right  angles  to  the  direc- 

tion of  the  first,  and  a  quarter  period  later,  i.e.  when  the  weight  has 
reached  its  position  of  greatest  displacement,  and  the  linear  vibra- 

tion will  be  replaced  by  a  circular  one.  If  we  delay  the  second  blow 
untU  a  half  period  has  elapsed,  the  resultant  motion  will  be  linear, 

but  in  a  direction  making  an  angle  of  45^  with  the  ori^nal  direction, 
while  if  we  wait  until  t&ee  quarters  of  a  period  have  elapsed,  we 
again  get  the  circular  vibration,  but  in  an  opposite  direction. 

We  have  cases  precisely  similar  to  the  above  when  plane-polarised 
li^t  is  transmitted  through  a  thin  crystalline  plate  which  is  doubly 

refracting.  The  incident  vibration  is  in 
general  decomposed  into  two  rectangular 
vibrations  which  traverse  the  plate  with 
different  velocities,  and  consequently 
emerge  with  a  phase-difference  depending 
on  the  thickness  of  the  plate.  If  the  plate 
is  very  thick,  the  two  components  are  com- 

pletely separated  and  emerge  plane-polar- 
ized, but  in  the  case  of  very  thin  plates  the 

components  emerge  without  appreciable 
separation,  and  compoimd  into  a  vibration 
which  may  be  circular,  elliptical,  or  linear 

according  to  the  path-difference  within  the  plate,  and  the  amplitudes 
of  the  two  components.    The  circular  vibration  results  only  when 

the  amplitudes  are  equal  and  the  path-difference  is  (2n-f  l)j* 

Let  the  X  and  Y  axes  (Fig.  244)  represent  the  directions  of  the 
vibrations  of  the  extraordinary  and  ordinary  ray  in  the  crystal  plate, 
and  let  the  incident  vibration  of  amplitude  a  be  represented  by  the 
arrow  making  an  angle  i  with  the  Y  axis.     The  incident  vibration  is 

represented  by  the  equation  <r=  a  sin  2  tt— ,  and  the  projections  of  «•♦ 
326 

Fio.  244. 



CIRCULAR  AND  ELLIPTICAL  POLARIZATION         327 

the  displacements  along  the  X  and  Y  axes,  by 

y^  **    i=osini8in2ir— , 

jy  •  iy  =  ocosi8in2ir-;. 

The  projections  on  X  and  Y  after  passage  through  the  plate  are  given by 

j=asintsin2ir 
\T    X> 

i7=aco6tsin2ir{ 

in  which  E  and  0  are  the  reduced  paths,  i,e,  the  thicknesses  of  the 
two  air  films  which  would  be  traversed  in  the  same  times  by  the  ex- 

traordinary and  ordinary  rays,  as  the  times  occupied  by  the  rays  in 
traversing  the  crystal  plate. 

These  equations  can  be  written  in  the  form 

^,.       i=asinisin2^(i-2  +  0^^ 

U,  -s.         iy=oco8isin2ii/--^\ 

Plane  Polarization  of  the  Emergent  light.  —  The  li^t  on  enter- 
ing the  plate  is  decomposed  into  the  components  parallel  to  z  and  y. 

For  the  resultant  to  be  plane-polarized  ̂   must  be  a  constant,  i.e.  in- 
dependent of  the  time.  This  occurs  for  any  thickness  of  plate  when 

1=0  and  when  t=90,  the  disturbance  being  propagated  in  these 
two  cases  without  change.  For  all  other  values  of  i  we  have  the 
condition  for  plane-polarized  emergent  li^t  given  by  the  equation 

sm2.(^^™-h-^^^^ 
{-;-?) sin  2 

or        Bm2»(-;-YJ  co8  2ir— — -|-cos2irf-;---lsm  2ir— — 

=X  sin  2,(1,-^). 

This  equation  is  satisfied  for  all  values  of  t  only  when 

sin2ir^Zj?=o  orO-E=n^, A  ^ 

the  path-difference  being  a  whole  number  of  half  wave-lengths. 

If  n  is  evea  \  ̂  cot  i,  and  the  emergent  li^t  is  polarized  in  a  plane 

paraDd  to  the  original  plane  of  vibration. 
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If  n  is  odd  >  =  "-  cot  i,  and  the  emergent  light  is  plane-polarized  in 

azimuth  2 1,  the  vibration  being  represented  by  the  double-headed 
arrow. 

Circular  Polarization  of  the  Emergent  Light.  —  This  occurs  when 

i=45°  and  0-^=(2n-|-l)-- 4 
This  makes 

sin  i = cos  i  =  ̂  V2,  cos  2  ̂ (-^  ==  0,  and  sin  2  /^^^  ̂  ̂' 
Substituting,  we  have 

f  =  ±  I V2  cos  2  7r[jy  -  ̂ j, 

Squaring  and  adding,  these  two  equations  give  us  ̂ -f  i;*=ia*. 

/a* 

The 
 
equa
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of  a  circl
e  
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Intensity  of  Circularly  Polarized  Light.  —  The  intensity  of  plane- 
polarized  light  is  as  the  square  of  the  amplitude.  We  wSl  now  find 
an  expression  for  the  intensity  of  circularly  polarized  light.  As  we 
shall  see  presently,  when  plane-polarized  li^t  is  transformed  into 
circular  light  the  intensity  remains  unaltered.  This  means  that  the 
intensity  is  measured  by  twice  the  square  of  the  radius  of  the  circle 
as  defined  above,  or  by  twice  the  square  of  the  amplitude  of  one  of 
the  plane-polarized  components.  When  therefore  we  add  two  rec- 

tangular disturbances  together  to  produce  circular  light  we  get 
double  illumination,  exactly  as  when  we  add  the  effects  of  two  inde- 

pendent sources  of  light. 
Production  and  Properties  of  Circular  Light.  —  The  easiest 

method  of  producing  circularly  polarized  Ught  is  by  means  of  a  plate 
of  mica  of  such  thickness  that  the  path-difference  between  the  ordi- 

nary and  extraordinary  rays  is  a  quarter  of  a  wave-length,  the 
proper  thickness  for  yellow  light  being  .032  nmi.  Such  a  plate  is 
called  a  quarter-wave  plate,  which  we  shall  hereafter  speak  of  as  a 
X/4  plate.  These  plates  can  be  prepared  without  difliculty  by  split- 

ting a  good  quality  of  mica  by  means  of  a  needle  into  the  thinnest 
possible  sheets,  and  selecting  such  as  completely  restore  the  light 
when  they  are  placed  in  the  proper  azimuth  between  a  pair  of  crowed 
Nicols. 

The  thickness  of  the  plates  should  be  measured  with  a  micrometer 
caliper  or  spherometer,  as  otherwise  the  mistake  may  be  made  of 
getting  the  plate  three  times  too  thick,  the  optical  effects  produced 
(with  sodium  light)  by  a  fX  plate  being  similar  in  appearance. 
The  two  directions  on  the  plate  parallel  to  vibrations  which  are 
propagated  without  change  should  be  marked.  They  can  be  easily 
found  by  holding  the  plate  between  two  crossed  Nicols,  in  such  an 
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azimuth  that  the  field  appears  dark.  The  directions  in  question  will 
then  be  parallel  and  perpendicular  to  the  longer  diagonal  of  the  field 
of  the  analyzing  Nicol.  It  is  also  important  to  know  which  of  the 
two  directions  corresponds  to  the  greater  retardation.  Singularly 
enou^  this  point  has  been  very  generally  neglected  by  text-books. 
In  fact  I  have  failed  to  find  any  mention  of  it  anywhere. 

If  the  plate  is  mounted  with  its  principal  directions  vertical  and 
horizontcd  respectively,  in  front  of  one  of  the  silvered  mirrors  of  a 
Michelson  interferometer  and  the  fringes  found  with  white  light,  it  is 
not  difficult  to  determine  the  direction  corresponding  to  the  faster 
propagation.  The  central  black  fringe  is  brought  upon  the  cross-hair 
of  the  telescope  in  which  the  fringes  are  viewed,  and  the  light  passed 
through  a  Nicol  before  it  reaches  the  instnmient.  It  will  be  found 
that  a  shift  of  ̂   a  fringe  width  occurs  when  the  vibration  plane  is 
changed  from  horizontal  to  vertical.  If  this  shift  is  in  the  same 
direction  as  the  shift  originally  produced  by  the  introduction  of  the 
mica  plate,  it  means  that  the  retardation  has  been  increased  by 
changing  the  direction  of  the  vibration  from  horizontal  to  vertical, 
consequently  the  vertical  direction  in  the  plate  is  the  direction  in 
which  the  slower  component  vibrates.  This  direction  should  be 

markedJiaow,"  the  other  "  Fast."  zr  S<;fc^»=ateSP^ SHbhis  method  involves  some  trouble,  the  following,  based  on 
observations  made  with  a  plate  previously  tested  as  above,  will  be 
found  simpler : 

A  Nicol  prism  is  mounted  in  front  of  a  sodium  flame  with  its  short 
diagonal  turned  in  the  direction  in  which  the  hands  of  a  clock  move, 

through  an  angle  of  45°  from  the  vertical.  The  light  polarized  in 
azimuth  45°  is  then  reflected  from  a  polished  metal  surface,  t,g,  silver 
or  speculum  metal,  at  an  angle  of  about  60°,  which  introduces  a 
phase-diflference  between  the  components  of  nearly  a  quarter  of  a 
period  (the  component  perpendicular  to  the  plane  of  incidence  being 
retarded).  If  the  light  is  then  passed  through  the 
quarter-wave  plate  and  an  analyzing  Nicol,  it  will  be 
found  that  it  can  be  extinguished  by  the  latter;  that 
is,  the  quarter-wave  plate  reduces  the  nearly  circular 
vibration  into  a  plane  vibration.  The  plane  of  this 
vibration,  which  is  given  by  the  long  diagonal  of  the 
analyzing  Nicol  when  set  for  complete  darkness,  makes  Fio.  245. 

an  sin^e  of  45°  with  the  two  directions  of  vibration 
which  we  have  marked  on  the  X/4  plate ;  this  direction  is  indicated 
by  the  dotted  arrow  in  Fig.  245,  the  directions  of  vibration  of  the 
fast  and  slow  disturbances  l)eing  as  shown.  We  have  then  merely 
to  fit  this  diagram  to  our  A/4  plate,  making  the  dott^  arrow  coin- 

cide with  the  direction  of  vibration  of  the  plane-polarized  emergent 
ray. 

For  the  present  we  will  not  concern  ourselves  with  the  explanation 
of  why  this  method  enables  us  to  distinguish  l)etween  the  ordinary 
and  extraordinary  rays.  The  reason  will  become  clear  after  the 
study  of  the  direction  of  revolution  of  circularly  polarized  light.  If 
plane-polarized  li|^t  is  passed  through  the  X/4  plate,  with  its  plane  of 
vibration  making  an  angl^  of  45°  with  the  two  principal  directions,  it 
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will  be  found  to  suffer  very  little  change  in  intensity  when  examined 
with  a  slowly  rotating  analyzer.  In  this  respect  it  resembles  ordi* 
nary  unpolarized  light.  It  may  be  distinguished  from  the  latter, 
however,  by  passing  it  through  a  second  A/4  plate,  which,  by  bringing 
the  retardation  between  the  components  up  to  X/2,  converts  it  into 
plane-polarized  light,  which  can  be  extinguished  with  a  Nicol.  It 
also  shows  brilliant  colors  in  the  designs  made  up  of  thin  flakes  of 
selenite,  when  thelatter  are  viewed  through  a  Nicol  or  otiier  analyser. 

Circular  Polarization  by  Total  Reflection.  Fresnel's  Rhomb.  — 
When  light  polarized  in  a  plane  ma.king  an  an^e  of  45^  with  the 
plane  of  incidence  is  totally  reflected  at  an  an^e  of  64^  the  two  re- 

flected components  have  a  phase-difference  of  one-ei^th  of  a  period 
(for  glass-air  reflection) .  Two  such  reflections  give  the  required  X/4 
difference,  and  produce  circular  polarization.     In  the  case  of  total 

internal  reflection,  the  phase  of  the  component  of 
vibration  parallel  to  the  plane  of  incidence  is 

retarded  135**,  or  a  total  retardation  of  270®  for 
two  reflections.  This  is  virtually  the  equivalent 

of  an  dccderatian  of  90®,  and  we  can  so  consider 
it  in  all  experimental  work.  (See  Lord  Kel- 

vin's Baltimore  Lectures,  page  401.) 
This  phenomenon  will  be  more  completely  dis- 

cussed in  the  article  on  the  theory  of  reflection, 
and  for  the  present  we  shall  merely  assume  the 
fact  to  be  true.  Fresnel  constructed  a  rhomb 
of  glass  to  verify  his  calculations  of  the  effect  of 
total  reflection  upon  plane-polarized  li^t,  and 
found  that  after  two  internal  reflections  at  an 

angle  of  54°,  as  shown  in  Fig.  246,  the  light 
emerged  circularly  polarized. 

A  rhomb  of  this  description  can  be  easily  made 
out  of  a  rectangular  piece  of  thick  plate  glass,  the 
dimensions  of  which  should  be  in  about  the  pro- 

portion 1:2:3.  The  plate  glass  employed  should  be  as  thick  as 
possible.  It  is  usually  possible  to  get  strips  of  glass  an  inch  or  two 
in  width  and  an  inch  thick,  which  have  been  trimmed  from  large 
plates.  These  make  excellent  rhombs,  though  equally  good  results 
on  a  smaller  scale  can  be  obtained  with  pieces  cut  from  quarter-inch 
plate.  The  ends  of  the  block  are  to  be  ground  down  on  a  grindstone 

to  an  angle  of  54°,  as  shown  by  the  dotted  Hues  in  Fig.  246.  With 
a  quarter-inch  plate  this  can  be  done  in  a  short  time,  but  if  the  very 
thick  plate  is  employed  it  is  better  to  saw  off  the  ends  with  a 

mineralogist^s  saw,  as  the  slow  grinding  is  very  tedious.  Small 
pieces  of  thin  plate  glass,  cemented  to  the  rough  groimd  ends  of  the 

rhomb  with  **  boiled-down  "  Canada  balsam,  make  an  excellent  sub- 
stitute for  polished  faces,  and  save  several  hours  of  labor. 

If  the  light  entering  one  of  the  obhque  faces  of  the  rhomb  is 

])olarized  in  a  plane  making  an  angle  of  45°  with  the  plane  of  inci- 
dence, the  emergent  light  will  be  freely  transmitted  by  a  Nicol  in 

every  azimuth.  If,  however,  thin  mica  or  selenite  films  are  inter- 
posed between  the  rhomb  and  the  analyzer,  they  will  show  brilliant 

colors,  which  is  not  the  case  when  ordinary  light  is  used. 

yrr-   r. 
■I'y^     i    ̂ y *'    ̂  

Fig.  246. 
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The  Fresnel  rhomb  has  an  advantage  over  the  A/4  plate,  for  the 
phase-difference  between  the  rectangular  components  is  nearlj^  in- 

dependent of  the  wave-length,  which  is  not  so  in  the  case  of  the 
mica  film. 

Elliptical  Polarization  of  the  Emergent  Light.  —  Suppose  i  to  have 

some  value  between  0 and  45°,  and  0—  £=  (2 n -f  1)7 •     This  is  the 4 

case  of  the  quarter-wave  plate,  with  the  light  polarized  in  such  a 
plane  as  to  give  neither  plane  nor  circularly  polarized  light. 

The  components  of  displacement  along  the  x  and  y  axes  are  then 

i=  ±asinicos27rf  —  -  —J, 

i;=acosism  27rf   j, 

which  gives  by  squaring  and  adding 

sin'*  I     cos^  I 

the  general  equation,  the  two  which  we  have  already  discussed  being 
special  cases. 

This  equation  shows  us  that  the  vibration  is  an  elliptical  one,  the 
axes  of  the  ellipse  being  parallel  to  x  and  y,  and  proportional  to  sin  i 
and  cos  i  respectively. 

Let  t  =  30*^,  then  sini=|  and  cost=^V3,  and  we  have 

The  major  and  minor  are  then  -^t  a*  and  -y  7"  respectively,  and 

since  the  sum  of  their  squares  is  equal  to  a',  and  the  intensity  of  the 
plane-polarized  light  is  not  changed  by  converting  it  into  elliptical 
Ul^t,  we  have  the  intensity  represented  by  the  sum  of  the  squares  of 
the  major  and  minor  axes,  llie  more  general  equation  we  obtain  by 
considering  our  plate  of  any  thickness,  in  which  case  we  have  the 
components 

c=asmtsm2ir(  —  —  jcos2ir  — 

-l-a  sin  t  cos  2  w ft     0\  .    o —  —  sm2ir 0-E 

'-oft      0\ 
rf^a  COS t  sm  2 Iff  ~  —  —  J. 

Kli"ii»^<^ting  t  from  this  equation  gives  us 

(  f  cosi-iisinicos  2ir-^^^ — ) 
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or  ^  cos^  i+rf  sin*  i  -  2  ̂   sin  i  cos  i  cos  2  ir  — I^ — 

=  a*  sin^i  cos^i  sin*  2  ir    "    , 

the  equation  of  an  ellipse  of  which  the  axes  are  parallel  and  per- 

pendicular to  the  principal  section  only  when  0—E=(2  w+1  )t-  The 
use  of  a  mica  plate  of  some  other  thickness  gives  us  an  elliptical 
vibration,  the  axes  of  which  are  inclined  to  the  original  direction 
of  vibration. 

Production  and  Properties  of  Elliptical  Light.  —  Elliptically  polar- 
/  ized  light  can  be  produced  in  a  number  of  ways :  by  the  transmis- 

sion of  plane-polarized  light  through  a  quarter-wave  plate,  the  plane 
of  vibration  making  an  angle  of  say  20°  with  the  principal  plane  of 
the  plate;  by  decreasing  this  angle  the  ellipse  becomes  more  eccentric, 
degenerating  into  a  line  when  i  =  0.  By  increasing  i  the  ellipse  be- 

comes less  eccentric,  and  passes  through  the  circular  condition  when 

i  =  45°.  If  we  use  a  plate  of  some  other  thickness,  we  obtain  an 
ellipse  with  its  axis  inclined  to  the  original  direction  of  vibration. 

Ellliptically  polarized  light,  when  examined  through  a  Nicol,  shows 
fluctuations  in  brilliancy  as  the  prism  is  rotated,  the  change  in  inten- 

sity becoming  more  marked  as  the  eccentricity  of  the  ellipse  is  in- 
creased. It  thus  resembles  partially  polarized  light,  but  can  be  dis- 

tinguished from  it  by  introducing  a  retardation  of  a  quarter  of  a 
period  by  means  of  a  A/4  plate,  which  converts  it  into  plane-polar- 

ized light.  The  directions  of  the  axes  can  be  determined  by  the 
A/4  plate,  for  they  are  parallel  and  perpendicular  to  the  principal 
section  of  the  plate  when  it  is  so  orient^  as  to  give  plane-polarized 
light. 

The  ratio  of  the  axes  can  be  determined  by  observing  the  angle 
between  the  principal  plane  of  the  analyzing  Nicol  when  it  extin- 

guishes the  light,  and  the  principal  plane  of  the  A/4  plate.  TTie 
tangent  of  this  angle  is  the  ratio  of  the  axes  of  the  ellipse,  for  when 
two  rectangular  vibrations  compound  into  a  linear  vibration  the 
tangent  of  the  angle  which  the  resultant  makes  with  one  of  the 
components  is  the  ratio  of  the  components. 

Wh^n  the  -  plate  and  the  Nicol  are  in  such  positions  as  to  extin- 

guish the  light,  we  have  the  ar- 
rangement shown  in  Fig.  247,  in 

which  the  elliptical  disturbance  A 

/I  r^^       ̂ (with   components  a  and   6)   ap- /...-/ — »    proaches    the    observer,     passing 

through  the  -  plate  fi,  which  de- 4 

^'"'  ̂ ^^'  composes  it  into  its  components. 
On  emerging,  the  resultant  linear 

vibration  c  is  extinguished  by  a  Nicol  oriented  as  shown,  the  tangent 

of  the  angle  c  giving  us  the  ratio  -.    The  constants  of  elliptical 
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Fxo.  248. 

polarization  cannot  be  very  accurately  determined  with  the  - 4 
plate,  owing  to  the  difficulty  of  making  accurate  settings  of  the 

mica  plate  and  Nicol.  A  better  contrivance  is  Babinet^s  compen- 
sator, which  has  been  adapted  by  Jamin  to  the  study  of  elliptically 

polarized  li^t.  It  consists  of  two  acute  prisms  of  quartz,  which, 
when  placed  in  contact,  form  a  plate  the  thickness  of  which  can  be 
varied  by  sliding  the  prisms.  The  optic  axes  are 
parallel  to  the  surfaces  of  the  plate,  but  perpendi- 

cular to  each  other,  as  shown  in  Fig.  248.  If 
plane-polarized  light  falls  normally  on  the  face  of 
the  compensator,  the  plane  of  vibration  not  coin- 

ciding with  either  of  the  principal  planes,  it  will 
be  broken  up  into  two  components  parallel  and 
perpendicular  to  the  optic  axis.  When  these  vibrations  enter  the 
second  prism,  their  directions  will  remain  unaltered,  but  they 
will  exchange  velocities ;  i.e.  the  ordinary  ray  in  one  becomes  the 
extraordinary  ray  in  the  other.  If  fit  and  /Xo  be  the  refractive 
indices  for  the  two  polarized  disturbances,  and  if  a  ray  traverses  a 
thickness  c  in  one  prism,  the  relative  retardation  of  the  two  dis- 

turbances is  c(fi,  -T  fjLo),  and  for  a  thickness  e'  in  the  second  prism 
it  is  —  c'Cfk  —  A*o),  for  the  disturbance  which  is  the  faster  in  the  first 
prism  is  the  slower  in  the  second.  The  retardation  produced  by 
the  plate  as  a  whole  at  the  point  in  question  is  obviously 

(«-0(m«-a*o). 

The  retardation  is  zero  for  the  central  ray,  for  at  this  point  c  =€', 
and  the  light  emerges  polarized  in  the  original  plane.  On  either 
side  of  this  point  we  shall  have  points  at  which  the  relative  retar- 

dation is  «-,  2  V,  3  IT,  etc. ;  the  plane  of  polarization  of  the  light 
emergent  at  the  points  at  which  the  retardation  is  an  even  multiple 
of  V  is  parallel  to  the  original  plane  of  the  incident  light.  At  inter- 

mediate points,  where  the  retardation  is  an  odd  multiple  of  ir^  the 
transmitted  li^t  will  be  polarized  in  a  plane  inclined  to  the  original 
plane  by  an  amount  2  a,  where  a  is  the  angle  between  the  plane  of 
the  original  vibration  and  the  plane  of  vibration  of  the  retarded 
component.  There  will  thus  be  a  system  of  lines  across  the  face 
of  the  compensator  along  which  the  light  is  polarized  in  the  original 
plane,  and  another  system  midway  between  them  where  the  light 
is  polarized  at  angle  2  a  with  the  original  plane. 

If  the  incident  vibration  makes  an  angle  of  45°  with  the  principal 
planes  of  vibration  of  the  compensator,  the  plane  of  vibration  along 

this  second  set  of  lines  will  be  at  right  angles 
to  the  vibration  along  the  first  system.  At 
points  between  the  lines  the  U^t  will  be 
elliptically  or  circularly  polarized,  the  con- 

dition ovOT  the  surface  of  the  compensator 
being  roughly  represented  in  Fig.  249.  If 
the  surface  of  the  compensator  be  viewed 
through  a  Nicol  with  its  planes  of  vibration 

^^0 
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Fio.  240. 

pfgp^lM  to  the  planes  of  the  linear  vibrations  along  the  surface. 
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the  light  will  be  extinguished  along  one  set  of  lines,  and  the  field 
will  appear  traversed  by  equidistant  dark  bands. 

The  bands  of  circular  polarization  may  be  detected  by  brining  a 
quarter-wave  plate  between  the  compensator  and  the  analyzing 
Nicol ;  this  gives  us  plane  polarization  along  the  lines  which  were 
previously  circularly  polarized,  and  a  new  system  of  dark  bands 
results.  The  mica  plate  should  be  so  oriented  as  not  to  affect  the 
appearance  of  the  systems  of  plane-polarized  lines. 

The  dark  bands  previously  alluded  to  are  of  course  most  distinct 

when  a  =45°. 
Determination  of  the  Constants  of  Elliptical  Polarization.  — 

When  the  elliptical  polarization  is  produced  by  a  quarter-wave 
plate  we  can  calculate  the  position  and  ratio  of  the  axes,  but  in 
cases  where  the  ellipticity  is  the  result  of  reflection,  it  becomes 
necessary  to  determine  the  constants  experimentally.  These  deter- 

minations are  of  importance  in  connection  with  the  theory  of  reflec- 
tion, as  we  shall  see  in  a  subsequent  chapter. 

The  compensator  in  its  original  form  was  provided  with  a  fine 
cross  wire  moved  by  a  micrometer  screw,  by  means  of  i^ch  the 
distance  between  the  bands  could  be  measured,  and  the  displace- 

ment of  the  bands  determined.  As  modified  by  Jamin  for  the  study 
of  elliptically  polarized  Ught,  the  instrument  has  a  fixed  cross  wire, 
one  of  the  quartz  wedges  being  moved  by  the  screw.  The  relative 

retardation  e—e'  is  increased  or  diminished  at  a  given  point  ac- 
cording to  the  direction  of  the  motion  of  the  wedge,  consequently 

the  dark  bands  are  displaced  by  a  corresponding  amount. 
The  wedge  must,  however,  be  moved  through  double  the  distance 

moved  by  the  wire  in  the  old  form  of  instrument,  in  order  to  displace 
the  system  by  the  width  of  a  band,  since  in  this  case  e  varies  while  e' 
remains  constant,  while  in  the  case  of  the  movable  wire  both  e  and  e' 
vary,  the  one  increasing  and  the  other  diminishing ;  the  difference 

between  e  and  e'  consequently  increases  twice  as  rapidly  with  a 
moving  wire  as  it  does  with  a  fixed  wire  and  moving  wedge.  Let 
2  a  be  the  distance  between  two  dark  bands  as  measured  by  the 
wire,  and  2  b  the  distance  through  which  the  wedge  is  moved  in 
order  to  produce  the  same  shift  —  from  the  foregoing  6=2  a. 

The  retardation  8  at  distance  x  (measured  by  moving  wedge) 

from  the  central  band  is  ̂  =  75,  since  moving 'the  wedge  a  dis- 

tance h  changes  the  retardation  by  ̂.    We  have  now  the  neces- 

sary  data  for  the  study  of  an  elliptical  vibration,  and  will  first  deter- 
mine the  phase-difference  between  the  two  components.  The 

components  into  which  the  incident  vibration  is  resolved  at  the 
quartz  surface  will  differ  in  phase  by  an  amount  a— i8,  if  we  rep- 

resent them  by 
x  —  A  cos(a)<-l-a),  2/=^cos(<«)<-l-i8). 

Transmission  through  the  plate  alters  this  phase-difference  by  an 
2ir 

amount  8=  -—(e— e')(/Li^— ^^),  and  there  will  be  a  system  of  lines 
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along  which  the  total  phase-difference  a— )S-|-8  will  be  multiples 
of  IT  and  the  transmitted  light  plane  polarized. 

We  first  adjust  the  wedges  so  that  with  plane-polarized  light  to 
start  with  the  central  dark  band  is  bisected  by  the  cross  wire. 
The  phase-difiFerence  at  this  point  is  zero.  Substituting  elliptically 
polarized  light  we  find  the  central  band  shifted  to  a  point,  so  sit- 

uated that  the  phase-difference  between  the  components  of  the 
elliptical  vibration  is  compensated  exactly  by  8,  the  phase-difference 
resulting  from  transmission  through  the  plate.  The  quartz  wedge 
is  now  to  be  moved  by  the  micrometer  screw  until  the  central  band 
is  again  bisected  by  the  wire.  If  this  distance  is  denoted  by  x,  we 
have 

  ^  =  -  or  a-)8  =  ir--, 
IT  0  0 

h  having  been  previously  determined. 
Position  of  the  Axes.  —  The  phase-difference  of  the  component 

vibrations  along  the  axes  is  90°.  We  set  the  compensator  as  before, 
so  that  with  plane-polarized  Ught  the  central  band  falls  under  the 
wire,  and  then  move  the  wedge  a  distance  \  6.  There  is  now  a  phase- 
difference  of  90°  along  the  line  under  the  wire.  Substituting  the 
elliptical  light  we  rotate  the  compensator  until  the  central  band  is 
again  bisected  by  the  wire.  The  axes  of  the  elliptical  vibration 
are  now  parallel  to  the  axes  of  the  quartz  wedges. 

Ratio  of  the  Axes.  —  If  the  compensator  is  set  so  that  its  axes 
are  parallel  to  the  axes  of  the  elliptical  vibration,  the  tangent  of  the 
angle  between  one  of  its  principal  planes  and  the  principal  plane  of 
the  analyzer  is  the  measure  of  the  ratio  of  the  axes.  The  com- 

pensator acts  in  this  case  in  the  same  way  as  the  -  plate,  the  use  of 4 
which  in  the  determination  of  the  ratio  of  the  axes  has  already 
been  given. 

Elliptical  Polarization  by  Reflection.  —  We  have  seen  that  when 
plane-polarized  light  is  twice  internally  reflected  at  an  angle  of 
54°,  it  emerges  as  circularly  polarized  light  if  the  original  plane  of 
polarization  made  an  angle  of  45°  with  the  plane  of  incidence ;  each 
reflection  in  this  case  introduces  a  phase-difference  of  ̂ ^  ir  between 
the  reflected  components,  consequently  a  single  internal  reflection 
from  glass  will  give  us  elliptically  polarized  light.  This  can  be 
shown  with  an  ordinary  right-angle  prism.  In  general,  when  plane- 
polarized  light  is  reflected  at  an  azimuth  of  45°,  i.e.  with  its  plane  of 
vibration  inclined  at  45°  to  the  plane  of  incidence,  the  reflected 
light  will  be,  to  a  greater  or  less  extent,  elliptically  polarized.  In 
the  case  of  glass  and  other  traasparent  media  the  eccentricity  of 
the  ellipse  is  very  great ;  in  other  words,  the  reflected  light  is  very 
nearly  plane-polarized,  but  in  the  case  of  metals  the  elliptical  polar- 

ization is  very  marked.  If  plane-polarized  light  is  reflected  from  a 
silvered  mirror  it  will  be  found  to  b^  quite  freely  transmitted  by  a 
Niool  prism  in  all  positions,  if  the  plane  of  polarization  originally 

made  an  angle  of  45°  with  the  plane  of  incidence.  These  cases  will 
be  more  fully  discussed  in  the  chapter  on  the  Theory  of  Reflection. 
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ajra 
Fio.  261. 

Direction  of  Revolution  in   Circularly   Polarized   Light.  —  The 
direction  of  revolution  of  the  circular  vibration  depends  on  the  thick- 

ness of  the  crystalline  plate,  its 
orientation,  and  its  nature,  i.e. 
whether  it  is  a  positive  or  nega- 

^r^  tive  crystal.    The  positions  of 
____^__^      "P-^^  the  ordinary  and  extraordinary /KgwAM?  Oysta/ZL  Posttu^  Oysta/    ray,  and  the  directions  of  vibra- 

^3/oir  /Is/off¥  tion  in  each,  are  shown  for  posi- 
tive and  negative   crystals  in 

f^^  '      /awf  Fig.  250.     In  the  former  the  ex- 
Fio.  260.  traordinary  component  travels 

slower  than,  and  consequently 
lags  behind,  the  ordinary ;  in  the  latter  the  reverse  is  true.    We  will 

now  take  the  case  of  a  -  plate  of  mica,  which  is  a  negative  crystal^ 

and  determine  the  direction  of  revolution  for  two  different  orienta- 
tions. First  suppose  the  direction 

of  vibration  of  the  incident  light 

to  make  an  angle  of  4-45**  with 
the  principal  section  (optic  axis 
in  Fig.  251).  It  is  decomposed 
into  the  components  0  and  £, 
the  former  lagging  behind  the 
latter  by  one  quarter  of  a  wave- 

length. The  E  component  conse- 
quently carries  the  ether  particle  to  the  right,  and  when  it  is  at  its 

point  of  greatest  displacement,  the  0  component  acts  in  a  vertical 
direction,  consequently  the  direction  of  rotation  is  from  right  to 
left,  as  shown  by  the  arrow.  If  we  now  rotate  the  plane  of  vibra- 

tion of  the  incident  light  through  180**,  making  the  angle  between 
it  and  the  principal  section  —  45°,  we  have  the  conditioa^  shown 
in  £,  and  applying  the  same  reasoning  we  find  that  the  direction 
of  rotation  is  now  from  left  to  right.  In  the  case  of  positive  crystals 
we  apply  the  same  construction,  considering,  however,  that  the 
0  component  acts  first,  since  it  is  in  advance  of  the  other.     The 

directions  of  revolution  will  be  found  to  be  the  re- 
verse of  those  in  the  former  cases. 

We  can  determine  experimentally  the  direction  of 
revolution  with  the  quarter-wave  plate.  Suppose  the 
Ught  to  be  coming  towards  us,  and  the  direction 
of  revolution  clockwise.  It  can  be  decomposed 
into  two  rectangular  components  A  and  B,  S  be- 

ing a  quarter  of  a  period  behind  A,     We  will  now 

suppose  it  transmitted  through  the  ~  plate  (placed  as 

shown  in  Fig.  252)  and  examined  with  an  analyzer. 
The  component  A,  which  is  a  quarter  period  ahead, 

will  traverse  the  plate  at  the  slower  velocity  and  be  brought  into 
the  same  phase  as  the  component  B,  the  resultant  plane  vibration 
having  the  direction  CD,      If  the  direction  of  revolution  be  re- 

Fio.  252. 
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versed,  component  A  will  be  a  quarter  period  behind  B,  and  will 
experience  a  further  quarter  period  relative  retardation  in  travers- 

ing the  -7  plate,  the  resultant  having  the  direction  EF,    The  direc- 4 
tion  of  revolution  is  thus  determined  by  observing  whether  the 

plane  vibration  makes  an  angle  of  +  or  —  45°  with  the  direction 
designated  ''fast." 

If  we  have  a  Nicol  prism  and  quarter-wave  plate  so  oriented  as  to 
give  us  a  right-handed  circular  vibration,  by  turning  the  Nicol 
through  180**  we  reverse  the  direction  of  rotation.  This  can  be 
readily  understood  by  constructing  two  diagrams  representing  the 
two  conditions. 

Let  us  now  return  to  the  method  which  we  use  for  determining 

the  "  fast "  and  '*  slow  "  directions  in  our  -  plate.     With  the 4 
arrangement  of  the  Nicol  and  metallic  reflector  which  we  em- 

ployed, we.  obtained  a  clockwise  circular  vibration.  Obviously, 
if  the  direction  of  rotation  is  known,  the  fast  and  slow  directions  of 

the  -J  plate  can  be  determined  by  observing  the  direction  in  which 4 

the  plane-polarized  disturbance  vibrates  on  leaving  the  plate. 
Direction  of  Revolution  in  the  Case  of  Fresnel's  Rhomb.  —  As 

has  been  stated  before  in  the  case  of  total  reflection,  the  compo- 
nent perpendicular  to  the  plane  of  incidence  virtually  lags  behind 

the  other.  If  the  rhomb  is  placed  in  a  vertical  position,  and  the 

incident  light  polarized  in  a  plane  turned  clockwise  45°  from  the 
vertical,  the  direction  of  revolution  will  be  clockwise.  A  conven- 

ient way  of  determining  the  direction  of  revolution  when  the  rhomb 
is  set  for  circular  polanzation  is  to  notice  the  direction  in  which  it 
must  be  turned  in  order  to  bring  the  plane  of  incidence  into  coinci- 

dence with  the  plane  of  vibration.  This  is  the  direction  of  revolu- 
tion of  the  circularly  polarized  light. 

Natural  and  Partially  Polarized  Light.  —  By  natural  Ught  we 
mean  ordinary  unpolarized  light,  which  is  characterized  by  showing 

no  change  of  intensity  when  passed  through  a  -  plate  and  Nicol 

prism,  no  matter  how  oriented,  and  by  being  doubly  refracted  by 
certain  crystals,  the  intensities  of  the  two  refracted  rays  being 
independent  of  the  orientation  of  the  crystal.  Partially  polarized 
light,  such  as  we  obtain  by  reflection  from  a  glass  surface  at  some 
other  angle  than  the  polarizing  angle,  is  characterized  by  showing 
fluctuations  of  intensity  when  it  is  examined  through  a  rotating 
Nicol,  never  being  completely  extinguished,  however.  In  this 
respect  it  resembles  elliptically  polarized  light,  but  the  difference 

between  the  two  can  be  shown  with  the  -7  plate,  which  converts 4 

the  latter  into  plane-polarized  light.     Partially  polarized  light  is 
doubly  refracted  by  crystals,  the  relative  intensities  of  the  two 
rays  varying  with  the  orientation. 

We  have  now  to  consider  the  simplest  forms  of  vibration  which 
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are  consisteiit  with  the  above  results,  and  we  will  begin  with  a  dia- 
cussion  of  natural  or  unpolarized  light.  Brewster  explained  natural 
light  by  assuming  it  to  be  made  up  of  two  plane-pomrised  disturb- 

ances perpendicular  to  each  other  and  independently  propagated. 
A  disturbance  of  this  nature,  if  it  could  eidst,  would  imdoubtedly 
have  the  properties  of  natural  light,  but  there  are  mecluaiical 
objections  to  the  conception  of  a  disturbance  in  which  it  is  neceesaiy 
to  assume  that  the  adjacent  ether  particles  on  the  wave^ront  move 
in  totally  dififerent  directions.  FVesnel  accordingly,  in  Iffil,  ad- 

vanced another  hypothesis,  namely,  that  natural  l^t  was  in  reEdity 
plane-polarized  light,  the  azimuth  of  which  changed  with  exceecUng 
rapidity.  FVesnel  considered  that  a  ray  which  came  from  a  single 
centre  of  disturbance  was  plane-polarized,  but  that  the  azimuth 
varied  rapidly.  If  we  could  isolate  such  a  ray  and  experiment 
with  it,  we  should  find  that  it  was  alternately  transmitted  and  cut 
off  by  a  Nicol  prism  in  a  fixed  azimuth.  The  isolation  of  a  ray 
coming  from  a  single  centre  of  disturbance  is,  however,  impossiblei 
and  even  if  it  could  be  done  there  would  be  no  way  of  verifying  the 
hypothesis  experimentally  unless  the  changes  took  place  so  slowly 
tihat  the  fluctuations  in  the  intensity  of  the  light,  after  passage 
through  the  Nicol,  could  be  followed  by  the  eye.  In  every  source 
of  Ught  we  have  a  vast  number  of  independent  centres  of  disturb- 

ance, and  the  joint  effect  of  all  at  a  ̂ ven  moment,  on  a  i^ven  point 
in  the  ether,  will  be  a  movement  in  a  definite  direction  which  will, 

however,  change  from  moment  to 
moment.  Fresnel  probably  included 
the  ellipse  and  circle  in  his  conc^ition 
of  the  motion  of  ordinary  u^t, 
though  he  does  not  mention  them 
specifically.  The  elliptical  vibration 

|j  is  the  most  general  form,  and  we  may, 
FiQ.  263.  on  Fresnel's  hypothesis,  consider  nat- ural light  as  an  elliptical  vibration, 

the  form  and  orientation  of  which  changes  with  great  rapidity, 
passing  through  the  circle  and  straight  line  as  special  forms. 

The  change  in  the  orientation  of  the  ellipse  cannot,  for  mechani- 
cal considerations,  be  conceived  as  taking  place  suddenly.  If  it 

takes  place  gradually,  the  curve  ceases  to  be  an  ellipse  and  takes 
the  complicated  form  shown  in  Fig.  253a.  If  the  ratio  of  the  axes 
changes  as  well  as  the  orientation,  we  have  a  curve  of  the  form 
shown  in  Fig.  2536,  except  that  the  change  from  the  straight  line 
to  the  circle  is  much  more  gradual,  and  the  whole  curve  must  be 
conceived  of  as  constantly  changing  its  orientation. 

Curves  of  this  nature  occur  in  acoustics  as  the  resultants  of  har- 
monic disturbances  of  different  periods,  and  as  early  as  1831  Airy 

raised  the  objection  that  unless  the  ellipse  changed  its  form  and 
orientation  suddenly,  the  light  could  not  be  strictly  monochromatic, 
for  a  curve  such  as  6  can  be  considered  as  the  resultant  of  two  p)er- 
pendicular  plane-polarized  components  of  different  periods.  Dove, 
in  1847,  showed  that  light  which  had  traversed  a  Nicol  prism  rotat- 

ing at  high  speed  showed  all  the  properties  of  natural  light,  the 
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emergent  beam  being  plane-polarized,  the  plane  turning  with  the 
same  speed  as  the  prism.  If  a  mica  plate  was  added  and  made  to 
revolve  with  the  prism,  the  revolving  elliptical  vibration  was  fomid 
to  have  the  properties  of  circularly  polarized  light.  Airy  pointed 
out,  however,  that  the  revolving  plane-polarized  vibration  could 
be  considered  as  the  resultant  of  two  oppositely  polarized  circular 
components  of  different  periods.  This  case  will  be  more  fully  dealt 
with  presently. 

lippich^  came  to  the  conclusion  that  unpolarized  vibrations  are 
only  possible  with  non-homogeneous  light,  and  that  only  polarized 
vibrations  are  possible  with  strictly  monochromatic  li^t.  His 
objections  to  the  conception  of  unpolarized  monochromatic  vibra- 

tions were  the  same  as  those  raised  by  Airy,  but  they  are  not  serious, 
if  we  assume  that  the  change  in  the  orbit  of  the  ether  particle  takes 
place  very  slowly  in  comparison  to  the  time  of  revolution,  t.c.  if  it 
executes  several  thousand  revolutions  in  practically  the  same 
orbit,  the  departure  from  strict  homogeneity  of  the  light  will  be 
too  slight  to  be  detected. 

Interference  experiments  under  the  condition  of  large  difference 
of  path,  point  out  that  the  form  of  the  vibration  remains  constant 
for  many  thousand  periods,  which  makes  the  above  assumption 
seem  very  probable.  Michelson  has  obtained  with  unpolsjized 
light,  interference  fringes,  with  a  path-difference  of  540,000  waves, 
which  indicates  that  the  light  executes  at  least  540,000  vibrations 
before  changing  its  state  of  polarization.  A  million  vibrations 

take  place  in  2'10'*  sec.,  and  it  is  therefore  impossible  for  the  eye 
to  detect  traces  of  polarization  in  natural  light  even  if  it  remains 
polarized  for  many  million  complete  periods. 

The  lower  limit  for  the  duration  of  a  constant  condition  of  polari- 
sation is  given  by  interference  experiments,  and  is  probably  some- 

where in  the  nei^borhood  of  I-IO'*  sec.  The  length  of  the  path- difference  in  this  case  is  about  32.4  cms. 

The  only  conceivable  way  in  which  an  upper  limit  for  the  con- 
stancy of  the  nature  of  the  vibration  might  be  obtained  is  by  the 

employment  of  flashes  of  light  of  very  brief  duration.  By  a  suit- 
able arrangement  of  apparatus  it  is  possible  to  obtain  electric  sparks 

the  duration  of  which  is  as  brief  as  2*  lO'*  sec. ;  the  length  of  the 
wave-train  from  such  a  spark  would  be  about  72  cms. 

If  no  very  great  change  of  form  of  the  vibration  in  one  of  these 
brief  flashes  took  place,  we  might  be  able  to  discover  traces  of 
polarization  in  the  light  providing  all  the  radiating  centres  of 
luminous  energy  in  the  spark  vibrated  in  practically  the  same 
plane.  In  this  case  the  li^t,  of  the  spark  would  vary  with  the 
position  of  a  Nicol  prism  through  which  it  was  viewed.  It  is  quite 
conceivable  that  an  electric  discharge  might  start  vibrations  of 
similar  form  and  orientation,  but  all  experiments  have  failed  to 
show  evidences  of  polarization  in  the  light  of  sparks  and  electric 
discharges  in  vacuum  tubes,  the  few  positive  results  that  have  been 
obtained  having  been  subsequently  shown  to  be  due  to  the  polariza- 

>  Siituno^per.  d.  Wien.  Akad..  Bd.  xlviii..  Abth.  ii.,  page  146.  1863. 
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tion  of  the  light  by  oblique  transmission  through  the  glass  wall  of 
the  tube. 

If  the  individual  luminous  centres  in  the  spark  were  vibrating  in 
different  planes,  the  light  would  not  appear  polarized  even  if  no 
change  occurred  in  the  states  of  vibration,  for  the  smallest  area  of 
the  spark  which  the  eye  could  recognize,  even  under  the  microscope, 
would  emit  light  from  thousands  of  independent  centres.  The  light 
from  some  would  be  cut  off  by  the  Nicol,  while  that  from  others 
would  be  transmitted ;  but  the  appearance  would  be  the  same  as 
with  natural  light. 

Light-Beats.  —  Airy's  conception  that  revolving  plane-polarized 
light  was  merely  the  resultant  of  two  circularly  polarized  disturb- 

ances, of  different  periods  and  opposite  directions  of  rotation,  was 
tested  experimentally  by  Righi.^ 

In  the  case  of  the  interference  between  two  sounds  of  nearly  the 
same  pitch  we  have  the  familiar  phenomenon  of  beats.  At  a  given 
point  the  intensity  of  the  disturbance  is  a  function  of  the  time,  thei 
waves  alternately  reenforcing  and  destroying  one  another.  The 
optical  analogy  would  be  a  moving  system  of  interference  fringes, 
the  illumination  at  a  given  point  varying  with  the  time. 

Righi  arranged  an  optical  system  which  effected  interference  be- 
tween the  two  circularly  polarized  components  of  different  periods, 

which  were  first  transformed  into  plane-polarized  vibrations  by 

means  of  a  -r  plate.    . 4 

Light  from  a  vertical  slit  A  was  passed  through  a  Nicol  prism 
which  made  n  revolutions  per  second,  and  then  brought  to  a  focus 
by  means  of  a  lens.  The  revolving  plane-polarized  light  was  then 
reflected  from  a  pair  of  Fresnel  mirrors  B,  and  again  brought  to  a 
double  focus  by  a  second  lens,  the  two  images  resulting  from  re- 

flection from  the  inclined  mirrors.  By  this  device  two  similar 
sources  are  obtained  side  by  side,  the  light  from  each  being  plane- 
polarized,  the  plane  rotating  with  the  same  speed  as  the  Nicol. 

Behind  each  image  a  -  plate  C  was  placed  so  oriented  that  the 

optic  axes  were  mutually  perpendicular,  and  at  an  angle  of  45** 
with  the  vertical.     We  have  seen  that  right  and  left-handed  circular 

vibrations  are  transformed  by  a  ̂   plate  into  plane  vibrations  which 

make  angles  of  +  45°  and  —  45°  with  the  axes  of  the  plate. 
According  to  Airy's  conception,  if  the  light  makes  N  vibrations 

per  second  and  the  plane  of  polarization  n  revolutions  per  second, 
it  can  be  considered  as  the  resultant  of  two  circular  vibrations,  of 

>  Journal  de  Phynque  (2).  p.  437,  1883. 
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periods  N-hn  and  iV— n  respectively.  The  two  circular  component 

from  one  source  are  resolved  by  the  j  plate  into  a  vertical  disturb- 

ance with  a  peribd  N-{-n  and  a  horizontal  disturbance  with  a  period 

N—n.     The  light  from  the  other  soured/ since  the  -  plate  behind 

it  is  differently  oriented,  is  resolved  into  vertical  vibrations  of  period 
N—n  and  horizontal  ones  of  period  N+n.  The  vertical  vibrations 
of  period  N-{-n  from  one  source  interfere  with  the  vertical  vibra- 

tions of  period  N—n  which  come  from  the  other,  and  since  the 
number  of  beats  per  second  is  equal  to  the  difference  between  the 
frequencies  of  the  interfering  disturbances,  a  given  point  will 
receive  maximimi  illumination  2  n  times  per  second.  The  fringe 
system  formed  by  the  interference  of  the  vertical  vibrations  was 
separated  from  that  formed  by  the  horizontal  components  by  means 
of  a  doubly  refracting  prism  D ;  and  the  fringes  were  found  to  be 
moving  in  opposite  directions,  passing  a  given  point  at  the  rate  of 
2  n  per  second. 

Righi  has  also  employed  an  arrangement  of  apparatus  in  which 
the  Nicol  prism  remains  at  rest  while  a  mica  plate  revolves.  Cir- 

cularly polarized  light,  obtained  by  means  of  a  Nicol  and  ̂   plate, 

is  brought  to  a  double  focus  by  means  of  a  lens  and  bi-prism.  A 
stationary  mica  plate  is  placed  in  front  of  one  image  and  a  revolv- 

ing plate  in  front  of  the  other,  moving  fringes  being  formed  as  in 
the  previous  experiment.  These  experiments  are  interesting  chiefly 
as  showing  that  the  frequency  of  the  vibration  can  be  altered  by 
allowing  the  disturbance  to  pass  through  revolving  polarizing  sys- 

tems. It  should  be  observ^,  however,  that  a  statical  treatment 
can  be  given  as  well  as  a  kinematical,  the  fringes  occupying  posi- 

tions corresponding  to  the  position  of  the  Nicol.  The  moving 
fringes  seen  in  an  interferometer  are  just  as  much  an  evidence  of 
light  beats,  the  change  in  wave-length  in  this  case  resulting  from 
reflection  from  a  moving  mirror. 
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of  li^t  by  water  drops,  ice  ciystals, 

3e  :fttcth*s  atmosphere,  give  rise  to  a  great 
the  study  of  which  is  of  help  in  de- 

oonditions  producing  them. 
es^ample  is  the  rainbow,  the  complete 

'^  ̂  %uKU  >  au  extremely  complicated  problem.    The 
^^y,^-m»i  ipvea  in  1637  by  Descartes  accounts  for 

~    '^    ,^  !.*»*- '.»*  JBeometrical  optics;  it  is  wholly  inadequate, 
*  ̂  j»  ..v4,>ftsiuauoQof  the  great  diversity  of  color  arrange- 

"'^.^    i*    *aK«r  *i'ondary  bows  which  are  so  often  seen. 
'^[^.i.  wMu^piwric  halos,  parhelia  or  mock  suns,  etc.,  are 

"^"^     ̂   ..-^vH^  vnhich  may  or  may  not  have  a  definite orienta- 
^  J*"  w  ̂   ̂ ec.  i.e.  free  from  turbulent  motion,  the  ice 

*^»^  *^  *  ̂   '-^  most  part  with  their  long  axes  horizontal, 
,j^^ttUK%i  by  a  spindle-shaded  body  falling  through  a 

This  orientation  may  give  rise  to  concentra- 
jte  JMuifee  points,  as  in  the  case  of  mock  sims.    Mirage, 
jiM   related  phenomena  come  under  the   head    of 
,j|Kic^  but  they  have  been  sufficiently  treated  in 

ju  Krfraction.    A  more  comprehensive  study  of  the 

^.  ̂s^K*  wiU  be  found  in  Pemter's  Meteoroloqische  Optik. 

^.  '^^  ̂ ui  '5y  *  study  of  the  rainbow. 
mjli^.'  -  -  The  first  theory  of  the  rainbow  was  given  by it  ig^^r.    He  calculated  the  paths  of  various  rays  which 

      OCHwd  the  parallel  bundle  incident  upon  the  raindrop. 
Xa^   ̂ fcs  AitvT  suffering  one  internal  reflection  emerge  from  the 

»*^t<iL>«ii»'  vH  •Q«?'  drop  in  different  directions.    He  made  calcula- 

,^.^^j^^  >^  :.iv  .W  of  Snell's  law,  of  the  paths  of  10,000  rays  incident 
*    .id^^^'itv  ;»*rt»  of  one  side  of  the  drop,  and  discovered  that  the 
^    *.  x>.%xvu  the  extreme  issuing  rays,  from  the  8500th  to  the 
s^j^rt.   «».  '.MCASureii  in  minutes  of  arc.     These  are  the  so-called 

«ws«  .i^r^*AJ\\l  WO"*'  ̂ '^^  ̂ ^^y  leave  the  drop  in  the  direction  RT, 
♦V    .^^NN  >fc<^'^  **  ̂ ^®  direction  followed  by  the  ray  figured  in  the 

.5vx^   Uv%vi^*u5  *t  /*.     Rays  incident  above  and  below  P  leave  the 
^svv  i4  s&ixv<h>>»^  indicated  by  the  dotted  lines.     There  is  thus  a 

.VM^^i*i■i^?^**t  K^'  energy,  or  increased  illumination  along  the  direc- 
.xx%    i'f      I'^i*  \\g^t  which  suffers  minimum  deviation  by  the 
.iw>  c^  ̂ ^K"  ti^ht  by  which  the  illuminated  drops  in  the  bow  are 

>^\\*.     V^  s5^^\ Ution  is  137"^  29'  and  the  angle  which  it  makes  with 
iK   5iv*xk*tfe5  WO*  is  42^  31'.    All  drops  therefore  which  lie  on  a 
•:  v»v  "*K**x"  <\siotly  a  cone),  the  centre  of  which  is  opposite  the  sun, 

^iv.  xN  >*^svh  the  radius  is  42^  31',  appear  strongly  illuminated. 342 
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This  fact,  which  was  laboriously  ascertained  by  Descartes,  can  be 
easily  found  by  the  method  of  maxima  and  minima.  We  will  make 
the  calculation  for  any  nimiber  A;  of  internal  reflections,  which  will 
give  us  the  position  of  other  bows. 

'"'— ---^■"■-- 

Fio.  255. 

The  deviation  Dis  equal  to  2  (t— r)  -f »— 2r  for  a  single  internal 
reflection,  or  for  A:  internal  reflections 

Differentiating, 
Z)=2(i-r)+A;(x-2r). 

dD=2di-2  (Jfc  +  l)dr, 
dD 

and  equating  -jr  to  zero  gives at 

dr 
If  fi  is  the  refractive  index  of  water,  we  have 

sini=fi  sinr, 

cost  di=fi  cos rdr, 
di        cos  r . 
-r  =  h   :» dr       cost 

or cosr =  A;-fl. 

Squaring, 
Adding 

gives  us 

cost 

/i'  cos*  r  =  (A:  -f  1)'  cos*  i. 

/i*sin*r 

,2 

sin*  if 

or 

fi*  =  l  +  (fc*-f2fc)cos*i 

cost 

-V 

k*+2k 
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A  second  dififerentiation  gives  us  a  positive  quantity  which  shows 
us  that  we  are  deaUng  with  a  minimum.  Applying  the  last  equa- 

tion we  find,  since  for  water  fi  =  J  for  A;=l, 

t  =  59^*23',     r=40M2' 
Z)  =  ̂ -f2i-4r=137^58'. 

The  radius  of  the  bow  8=180'*-137'*  58=42^ 

ForJfc=2,  Z)=232^30'. 

Incidbnt  J^at 

FiQ.  256. 

This  gives  us  a  bow  radius  232^  30' -180°  or  8=52^  30'. 
If  we  take  dispersion  into  accoimt  it  is  clear  from  Fig.  256  that 

for  one  internal  reflection  8  will  be  larger  for  the  red  than  for  the 
violet,  consequently  the  bow  will  be  red  on  the  outside  and  violet 
on  the  inside.  Moreover  the  space  between  the  bow  and  its  centre 
will  be  more  or  less  luminous,  for  the  drops  in  this  region  will  be 
seen  by  the  feebler  rays  for  which  D  is  greater  and  8  consequently 
less.  The  bow  due  to  the  two  internal  reflections  will  appear  out- 

side of  this,  the  drops  being  seen  by  rays  which  enter  on  the  under 
side  and  leave  on  the  upper  side.  The  disp)ersion  in  this  case  will 
make  D,  and  consequently  8,  largest  for  the  violet.  This  bow  will 
accordingly  be  violet  on  the  outside  and  red  on  the  inside.  The 
feebler  rays  will  illuminate  the  region  outside  of  this  bow,  the 
region  between  the  two  bows  being  absolutely  dark,  so  far  as  Ught 
from  the  rain  drops  is  concerned. 

Three  and  four  internal  reflections  give  bows  which  are  behind 
us  as  we  face  the  primary  bow,  i.e.  we  should  have  to  face  the  sun 
to  see  them.  When  the  shower  is  between  us  and  the  sun,  we  see 
the  drops  powerfully  illuminated  by  light  which  is  refracted  with- 

out undergoing  internal  reflection.  This  light  overpowers  the 
third  and  fourth  bows ;  no  bow  corresponds  to  this  directly  re- 

fracted light,  for  the  intensity  falls  off  gradually  as  the  angle  be- 
tween the  drops  and  the  sim  increases.     The  fifth  bow  coincides 
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^ery  nearly  with  the  second,  while  the  sixth  falls  inside  the  first. 
They  are  never  seen,  however,  owing  to  the  diminution  in  the  in- 
i^nsity  of  the  light  by  the  refraction  which  accompanies  each  in- 

ternal reflection. 
The  bow  which  is  sometimes  seen  inside  of  the  primary  bow 

must  not  be  mistaken  for  the  sixth  bow,  as  it  is  formed  in  quite 
Another  way,  and  cannot  be  accounted  for  by  the  elementary 
theory. 

We  will  now  take  up  the  complete  treatment  which  was  first 
given  by  Airy. 

According  to  the  elementary  treatment,  the  succession  of  colors 
in  the  rainbow  should  always  be  the  same  and  the  diameter  and 

width  constant.  *  This  is  not  the  case.  Rainbows  are  frequently 
seen  which  are  not  parts  of  true  circles,  and  the  succession  of  colors 
is  frequently  seen  to  be  different  in  different  parts  of  the  same  bow. 

This  was  shown  by  Airy  to  depend  upon  the  peculiar  form  of 
the  wave-front  which  emerges  from  the  drop.  A  plane  or  flat  wave, 
incident  upon  a  transparent  sphere  (rain  drop),  can  be  shown 
by  very  elementary  methods  to  acquire,  after  two  refractions 
and  one  reflection,  the  peculiar  shape  shown  in  6,  Fig.  257,  where 
the  curved  line  1, 2,  3  represents  the  wave- 
fronts,  the  elements  of  which  are  travelling 
in  the  direction  of  the  arrows.  The  portion 
1,  2  is  convex  in  the  direction  of  propaga- 

tion, and  will  of  course  go  on  expanding ; 
the  part  2,  3  is  concave,  and  converges    ^^^_   
to  a  focus.    The  curvature  varies  as  we  ^"Jfff** 
pass  along  the  wave-front,  being  greatest 
at  3,  zero  at  2  (where  the  front  is  plane),  ^'®*  ̂ ^' 
and  having  a  large  value  again  at  1.    The 
element  at  3  comes  to  a  focus  first,  passes  through  it  and  becomes 

convex  instead  of  concave,  forming  a   "cusp"  on  the  wave  as 
shown  at  c.    Successive  elements  of  the  wave-front  above  3  pass 
in  turn  through  foci  and  build  the  rear  front  of  the  cusped  wave. 
A  full  treatment  of  the  propagation  of  cusped  waves  has  been 
given  in  the  Chapter  on  Reflection. 

The  caustic  surfaces  are  always  bordered  by  interference  fringes, 
for  we  are  dealing  with  two  sets  of  wave-trains,  formed  by  the  front 
and  rear  surfaces  of  the  cusped  waves.  If  we  draw  the  surfaces, 
as  in  Fig.  257,  representing  the  crests  of  the  waves  by  solid  lines, 
and  the  troughs  by  dotted  lines,  we  find  that  crests  intersect 
troughs  along  the  arrows  1  and  3,  consequently  these  represent  the 
positions  of  the  interference  minima.  This  method  of  looking  at 
the  phenomenon  is  more  elementary  than  that  given  by  Airy,  who 
integrates  the  effect  of  the  whole  wave  at  a  given  point  in  front  of 
it,  as  in  diffraction  problems.  We  thus  see  that  in  addition  to  the 
least  deviated  ray  of  Descartes,  indicated  by  the  arrow  0,  there 
will  be  other  directions  (arrows  2,  4,  etc.)  in  which  there  is  consider- 

able illumination.  With  a  monochromatic  sun  we  should,  there- 
fore, have  a  number  of  concentric  bows,  as  can  be  shown  experi- 

mentally with  a  spectrometer  and  glass  cyUnder  or  ball.    The 
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distance  between  these  bows  will  vary  with  the  size  of  the  rain 
drops,  and  since  with  white  light  we  have,  theoretically,  an  infinite 
number  of  bows,  it  is  clear  that  the  color  of  the  actual  rainbow  at 

a  given  point  can  only  be  determined  by  computing  the  "  mixed 
color  "  due  to  the  superposed  bows. 

This  is  merely  a  quaUtative  explanation.  For  a  complete  solu- 
tion we  require  the  distance  between  the  successive  maxima  and 

minima,  and  the  position  with  reference  to  the  least-deviated  ray 
of  Descartes.  Airy  solved  the  problem  by  integrating  the  effect 
of  the  wave-front  at  exterior  points,  and  found  that  the  first  maxi- 

mum, which  gives  the  primary  bow,  fell  a  little  inside  of  the  Des- 
cartes ray,  which  makes  the  diameter  of  the  bow  slightly  less  than 

that  called  for  on  the  geometrical  theory.  The  cfiscrepancy  in- 
creases as  the  size  of  the  drops  diminishes.  Very  large  drops  give 

a  bow  of  practically  the  same  size  as  predicted  by  the  elementary 
method ;  very  small  drops,  however,  give  a  bow  which  may  have 
a  diameter  several  degrees  less.  We  thus  see  how  it  is  possible 
for  the  curvature  of  a  bow  to  change,  if  the  drops  which  form  one 
part  of  the  bow  are  smaller  than  those  which  form  another. 

The  successive  maxima  and  minima  give  a  series  of  so-called 
supernumerary  bows  within  and  concentric  to  the  primary  bow. 
With  large  drops  they  are  closer  together  than  with  small.  The 
actual  rainbow  is  therefore  a  superposition  of  a  number  of  bows, 
and  the  succession  of  colors  will  depend  upon  the  spacing  of  the 
supernumerary  bows. 

The  color  distribution  was  first  worked  out  by  Pemter,  who 
calculated  the  tints  resulting  from  the  mixtures  of  the  primary 
colors  of  the  superposed  bows.  If  the  red  of  the  second  bow  falls 
upon  the  green  of  the  first,  we  shall  have  a  bow  with  an  abnormally 
broad  yellow  band,  for  red  and  green  lights,  when  mixed,  form 
yellow.  This  is  a  very  common  type,  a  bow  of  red  and  yellow 
with  green  and  blue  nearly  absent.  If  the  drops  are  smaller,  the 
red  of  the  second  may  fall  upon,  or  even  within,  the  violet  of  the 
first.  In  this  case  we  see  a  second  bow  just  within  the  first,  and 
perhaps  a  third  and  fourth. 

It  is  not  difficult  to  investigate  these  phenomena  in  the  laboratory. 
Allow  the  light  from  an  arc  lamp  to  fall  upon  a  vertical  glass  rod 
one  or  two  millimetres  in  diameter,  and  view  the  refracted  light 
with  a  telescope,  placed  close  to  the  rod,  covering  the  eye  with  a  piece 
of  red  glass.  A  large  number  of  maxima  and  minima  will  be  seen; 
these  are  the  fringes  which  border  the  caustic.  Standing  with  our 
back  to  the  arc,  in  a  dark  room,  we  see,  if  we  throw  the  spray  of  an 
atomizer  in  front  of  us,  not  only  the  primary  and  secondary  bow, 
but  the  first  supernumerary  bow,  just  inside  of  the  primary. 

By  suspending  a  minute  drop  of  water  from  the  end  of  a  very 
small  glass  thread  (previously  greased)  and  holding  it  very  close 
to  the  eye,  a  little  to  one  side,  standing  with  our  back  to  the  arc, 
the  sun  reflected  in  a  mirror,  we  can  see  a  portion  of  both  the  pri- 

mary and  secondary  bow  most  intensely  colored,  with  the  very 
dark  region  between  them,  and  a  set  of  supernumerary  bows  within 
the  primary,  and  outside  of  the  secondary.     The  best  method  of 
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getting  the  drop  is  to  draw  out  a  piece  of  small  glass  tubing  into  a 
fine  capillary,  breaking  it  off  at  a  point  where  its  diameter  is  about 
0.3  mm.  Grease  the  end  slightly,  introduce  a  little  water,  and 
blow  a  minute  drop  on  the  end  of  the  capillary.  This  is  the  most 
instructive  experiment  of  all,  as  we  can  vary  the  size  of  the  drop 
and  note  the  effect  upon  the  spacing  of  the  supernumerary  lx)W8. 

The  fact  that  we  can  see  portions  of  a  number  of  bows  with  a 
single  drop  presents  no  difficulty,  for  the  drop  is  so  close  to  the  eye 
that  most  of  the  differently  deviated  rays  enter  the  pupil.  It  is  in- 

teresting to  compare  this  case  with  that  of  the  halos  to  be  described 
presently,  in  which  we  see  a  bow  resulting  from  the  diffracted 
rays  of  light,  the  drop  acting  as  an  obstacle. 

Halos,  Mock  Suns,  and  Related  Phenomena.  —  The  reflection 
and  refraction  of  the  sunlight  by  small  ice  crystals  in  the  air  give  rise 
to  a  very  compUcated  series  of  phenomena,  which,  unlike  the  rain- 

bow, can  b^  seen  at  all  altitudes  of  the  sun.  They  may  be  sunmied 
up  briefly  as  follows  : 

A  colored  circle,  surrounding  the  sun,  red  on  the  inside  and  white 

on  the  outside,  having  a  radius  of  22^,  known  as  the  22^  Halo, 
A  larger  circle,  similar  in  appearance,  but  fainter,  called  the  46^ Halo. 
A  white  horizontal  circle  passing  through  the  sun,  and  having 

a  constant  hciglit  al)Ove  the  horizon,  called  the  Parhelic  Circle, 
Concentrations  of  light  on  the  parhelic  circle,  four  colored  ones 

at  the  points  where  it  intersects  the  hajos,  are  called  Parhelia  or 
mock  suns.  One  white  one  at  180^  from  the  sun  is  called  the 
Aniheliorif  and  two  at  120**  the  PararUhelia, 
Two  oval  arcs,  sometimes  joined  together  forming  an  ellipse 

which  circumscribes  the  22^  halo,  is  known  as  the  Circumscribing Oval. 

The  TanQential  Arcs  touching  the  46**  halo. The  Oblique  Arcs  of  LorerUz  which  are  sometimes  seen  under  the 

parhelia  when  they  extend  beyond  the  22**  halo.    These,  the  chief 

I  Axis 

b 

Fio.  258. 

hak)  phenomena,  can  all  be  explained  by  the  laws  of  reflection  and 
refraction  in  the  hexagonal  ice  cr>'stal8  which  have  the  fonns  shown 
in  Fig.  258.  In  still  air,  these  crystals  will  fall  slowly  in  the  pcxsition 
shown,  since  Ixxlies  moving  through  a  resisting  medium  Hc»t  them- 

selves in  the  position  of  greatest  resistance.  A  mistake  has  l)een 
made  by  several  writers,  Brevais  and  Pemter.  for  example,  who 
state  that  the  crystals  fall  in  the  [x>sition  of  least  resistanet*. 
It  must  not  be  supposeil,  however,  that  this  ern)r  invalidates  in  any 

way  Pouter's  admirable  treatment  of  the  optical  problems  involve<i, 
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for  in  each  case  we  may  substitute  a  horizontal  hexagonal  plate  for 
a  vertical  hexagonal  prism,  and  tnce  versa,  without  affecting  the 
orientation  of  the  angles.  It  is  well  to  bear  this  in  mind,  as  the  for* 
mation  of  plates  or  spiculae  of  ice  seems  to  depend  upon  the  tem- 

perature, and  it  is  possible  that  approximate  estimates  of  the 
temperatures  of  the  clouds  coidd  be  made  by  considering  whether 
the  parheUa  observed  were  of  the  tjrpe  due  to  hexagond  crystals 
with  the  principal  axis  vertical  (i.e.  flat  plates),  or  with  the  axis 
horizontal  {i.e.  spiculae).  Erroneous  conclusions  would  of  course 
be  drawn  if  the  mistake  here  pointed  out  were  not  corrected. 

This  orientation  of  the  crystals  taken  into  account,  we  can  ex- 
plain all  of  the  above-mentioned  phenomena.  The  hexagonal 

prisms  and  plates  can  transmit  light  in  various  ways.  The  120^ 
angles  are  too  large  of  course  to  act  as  prisms,  but  the  alternate 

faces  form  60^  prisms,  which  transmit  light  at  a  minimum  devia- 
tion of  22^.  It  is  this  transmission  that  is  responsible  for  the  22^ 

halo.  The  crystals  are  not  considered  as  oriented  in  this  case. 

A  crystal  situated  22^  from  the  sim  can  send  light  at  minimum 
deviation  to  the  eye,  and  it  can  do  this  in  six  different  positions. 
Crystals  nearer  the  sun  can  send  no  light  to  the  eye  by  this  type  of 
refraction  and  the  inner  edge  of  the  halo  is  therefore  sharply  defined. 

As  we  have  seen  in  the  Chapter  on  Refraction,  the  maximum 
quantity  of  light  is  transmitted  by  a  prism  at  minimum  deviation, 
hence  the  narrowness  of  the  halo.  The  region  outside  the  halo 
is  slightly  luminous,  due  tp  the  light  transmitted  by  prisms  not  in 

this  position.  The  46**  halo  is  produced  in  a  similar  way  by  re- 
fraction through  the  90^  angles  of  the  crystals.  A  glass  prism  of 

90®  will  not  transmit  light,  but  ice  has  a  much  lower  refractive 
index,  and  if  the  crystal  is  in  just  the  right  position,  a  small  amount 
gets  through,  which  accounts  for  the  faintness  of  the  ring. 

These  two  halos  are  the  only  phenomena  which  can  be  explained 
by  the  action  of  crystals  which  have  their  axes  directed  in  a  fortui- 

tous manner.    All  of  the  others  require  still  air  for  their  production. 
The  parhelic  circle  is  white,  and  is  due  to  reflection  from  the  six 

sides  of  the  flat  plates,  and  the  flat  end  faces  of  the  elongated  ones, 
the  faces  in  question  acting  as  vertical  plane  mirrors,  which  reflect 
the  light  of  the  sun  to  the  eye.  The  crystals  which  are  at  the  same 
elevation  above  the  horizon  as  the  sun  are  the  ones  which  can  send 
light  to  the  eye  in  this  way.  The  light  of  the  parhelic  circle  can 
also  come  from  rays  which  enter  the  upper  surfaces  of  the  flat  plates, 
and  suffering  total  reflection  at  one  of  the  sides  emerge  from  the 
under  side.  The  two  refractions  in  this  case  neutralize  the  dis- 

persion, consequently  no  color  is  produced. 

The  parhelia  are  produced  by  refraction  through  the  60**  and 
90°  prisms,  which  are  oriented  as  described  and  for  the  moment 
situated  at  position  of  minimum  deviation. 

When  the  sun  is  at  a  considerable  altitude,  the  rays  no  longer 
pass  through  these  prisms  parallel  to  their  bases,  and  the  effective 
angle  of  the  prism  is  increased,  and  with  it  the  deviation,  which 
causes  the  parhelia  to  appear  well  outside  of  the  halo,  but  always 

on  the  parhelic  circle.     Parhelia  of  46°  have  been  observed,  but 
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only  rarely.  The  22®  ones  are  frequently  observed  in  winter,  even 
in  our  latitude.  The  anthelion  is  a  rarely  observed  phenomenon, 
only  about  thirty  appearances  of  it  having  been  recorded  in  the 
past  250  years.  The  paranthelia  are  still  rarer.  Both  are  formed 
by  two  internal  reflections  combined  with  two  refractions.  Pem- 
ter's  treatment  is  not  very  satisfactory  in  this  case,  as  he  makes  an 
erroneous  assumption  regarding  the  orientation  of  the  crystals. 

There  are  other  phenomena  too  numerous  to  mention,  such  as  the 
Vertical  pillars  of  light,  seen  above  or  below  the  sun,  formed  by  re- 

flection from  the  under  surfaces  of  the  horizontal  flat  plates.  They 
are  most  frequently  seen  when  the  sim  is  near  or  below  the  horizon. 
Compare  these  with  the  parhelic  circle.  Crosses  are  sometimes  seen, 
as  when  the  ice  cloud  is  located  only  at  the  point  of  intersection  of 
a  halo  with  the  parhelic  circle. 

The  reader  is  referred  to  Pemter's  Meteorological  Optics  for  a  fuller 
account  of  the  almost  innumerable  phenomena  of  this  sort.  There 
is  another  type  of  halo  frequently  seen  surrounding  the  sim  or  moon, 
which  is  due  to  diffraction.  These  are  usually  of  comparatively 
small  diameter.  The  explanation  of  the  manner  in  which  they  are 
produced  has  been  given  in  the  Chapter  on  Diffraction,  and  they 
can  be  distinguished  from  the  halos  just  described  from  the  cir- 

cumstance that  they  always  have  the  red  light  on  the  outside. 
/ 



CHAPTER  XIII 

THEORY  OF  REFLECTION  AND  REFRACTION 

A  THEORY  of  reflection  was  worked  out  by  Fresnel,  based  upon  the 
elastic-solid  hypothesis,  and  equations  were  obtained  which  rep- 

resented the  relations  between  the  intensities  of  the  reflected  and 
refracted  components,  their  states  of  polarization,  etc. 

This  treatment,  however,  is  only  of  historical  interest,  since  it 
has  been  supplanted  by  one  based  on  the  electromagnetic  theory, 
and  we  shall  in  the  present  chapter  trace  the  derivation  of  the 
fundamental  equations  of  the  more  modem  theory  of  luminous 
disturbances,  the  foundations  of  which  were  laid  down  by  Majtwell. 

The  luminous  vibrations  will  be  regarded  as  rapidly  alternating 
displacement  currents  in  the  ether  or  in  matter,  as  the  case  may  be, 
these  currents  giving  rise  to  magnetic  forces  similar  to  those  brought 
into  existence  by  currents  flowing  in  conductors.  On  this  theory 
not  only  are  the  optical  and  electrical  properties  of  matter  being 
rapidly  harmonized,  but  predictions  are  being  constantly  made 
which  are  subsequently  verified  by  experiment.  In  certain  cases, 
however,  the  discussion  from  the  elastic-solid  standpoint  is  more 
inteUigible,  and  we  shall  therefore  make  use  of  it  from  time  to  time, 
regarding  the  older  theory  more  as  a  convenience,  however,  than 
as  a  true  representation  of  what  is  actually  going  on.  We  will 
begin  by  the  derivation  of  the  fundamental  equations  of  Maxwell. 

Derivation  of  Maxwell's  Equations.  —  The  current  may  be  de- 
fined either  in  electrostatic  or  electromagnetic  units,  and  will  be 

designated  by  i  or  i'  accordingly.  As  we  shall  have  occasion  to 
pass  from  one  system  to  the  other  frequently,  it  is  well  to  fix  firmly 
in  the  mind  at  the  start  that  the  accent  is  used  to  distinguish 
quantities  measured  in  electromagnetic  units  from  those  measured 
in  electrostatic. 

The  c.g.s.  or  electromagnetic  system  of  units  starts  out  with  the 
definition  of  unit  magnetic  pole,  which  is  a  pole  of  such  strength 
that,  when  placed  at  a  distance  of  1  cm.  from  an  equal  pole,  it  will 
exert  a  force  of  one  dyne  upon  it.  The  unit  of  magnetic  field 

strength  is  the  **  gauss,''  which  is  the  strength  of  field  which  exerts 
a  force  of  one  dyne  upon  unit  pole,  i.e.  it  is  the  strength  of  the  field 
at  a  distance  of  1  cm.  from  unit  pole. 

The  unit  of  current  is  the  current  which,  when  flowing  in  a  wire, 
across  a  magnetic  field  of  unit  strength,  will  cause  1  cm.  of  the 
wire  to  be  acted  upon  by  a  force  of  1  dyne.  It  is  roughly  10  am- 

peres. The  unit  of  quantity  is  the  amount  of  such  a  current 
which  flows  across  a  given  section  of  the  wire  in  one  second.  The 
Faraday,  or  electrostatic,  system  of  imits  starts  out  with  unit 
charge,  as  the  charge  which,  when  placed  at  a  distance  of  1  cm. 
from  an  equal  charge,  exerts  a  force  of  one  dyne  upon  it.    The 
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electrostatic  unit  of  current  is  the  flow  of  one  Faraday  unit  of  charge 
per  second,  and  the  unit  of  magnetic  field  is  a  field  which  will  exert 
a  force  of  one  dyne  on  a  centimeter  of  wire  carrying  unit  current. 
We  may  also  measure  the  current  in  the  c.g.s.  system  by  the 

woric  done  in  canying  unit  magnetic  pole  once  around  the  current 
against  the  lines  of  magnetic  force  which  surround  the  current. 

The  force  exerted  by  a  current  of  intensity  i'  in  a  straight  wire 
in  a  pole  at  distance  r  is  2 1 '/r,  and  if  the  pole  is  carried  once  around 
a  circle  of  radius  r  it  moves  a  distance  of  2  irr  against  this  force; 

the  work  done  upon  it  is  therefore  4  wi'. 
If  the  current  t'  is  of  unit  strength  (c.g.s.  system)  the  force  will 

be  1  dyne  if  r=l. 
The  current  t  which  flows  through  cross  section  q  is  defined  as  the 

number  of  electrostatic  units  which  traverse  q  in  unit  time,  so  that 
if  the  quantity  of  electricity  de  flows  throu^  q  in  the  element  of 
time  dtf  we  have 

de  /,v 

and  if  g  is  equal  to  unit  cross  section,  i  is  equal  to  j,  the  current 
density.  The  components  of  j  along  the  x,  y,  z  axes  we  will  desig- 
iMi^  jmi  jft  jf  We  will  now  derive  an  expression  for  the  current  in 
electromagnetic  measure.  The  current  is  surrounded  by  a  magnetic 
field,  the  Unes  of  force  being  circles  in  the  case  of  a  current  flow- 

ing along  a  cylindrical  wire.  An  isolated  magnetic  pole  will  follow 
these  lines  of  force,  travelling  around  the  wire  as  long  as  the  current 
continues  to  flow. 

If  we  carry  the  magnetic  pole  around  the  wire  in  the  opposite 
direction,  we  are  obliged  to  do  a  certain  amount  of  work  on  it ;  and 
if  it  is  allowed  to  move  under  the  influence  of  the  magnetic  force,  the 
current  does  work  on  it,  de- 
vebping  a  certain  amount  of 
kinetic  energy.  We  shall  de  - 
fine  the  current  i'  measured 
in  electromagnetic  units  thus. 

The  work  done  will  be  pro- 
portional to  the  strength  of 

the  current,  and  for  conven- 
ience we  make  use  of  the  pro- 

portionality factor  4x.  If  A 
represents  the  work  done  by 
the  current  on  unit  magnetic 
pole  in  driving  it  around  one 
complete  turn,  we  write  A  =» 4wi\ 
Now  the  work  is  repre- 

sented by  the  force  multiplic<l 
by  the  distance  through  which  it  acts.  Assume  that  we  have  a  rec- 

tangle  dir,  dy,  which  is  traversed  normally  by  a  current  i'  ̂ jjdxdy, 
jj  being  the  t  component  measured  in  electro-magnetic  units.  If  the 
current  &)W8  to^Rniirds  the  ol)8erver  (Fig.  259),  a  plus  magnetic  |K>le 

Fiu.  250. 
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will  be  carried  around  dx,  dy  in  the  direction  indicated  by  the  arrows. 
The  total  work  done  by  the  current  in  moving  unit  pole  around  the 

rectangle  will  be  A  =  adx + p'dy — a'dx — jSdy,  (2)  in  which  a  and  P  are 
the  components  of  magnetic  force  along  AB  and  AD,  and  a'  and  /3' 
are  the  components  along  DC  and  BC.  a  may  not  be  constant  along 
dXf  but  if  we  regard  it  as  variable,  for  example  having  the  value  a  at 

A  and  A  +  5a  at  B,  the  average  value  will  be  «+  ~>  which,  when 

multiplied  by  dx,  gives  us  adx  -fan  infinitesimal  of  the  second  order. 
The  minus  signs  occur  for  the  obvious  reason  that  the  forces  along 
DC  and  CB  are  oppositely  directed  from  the  forces  along  AB  and 
AD,  a!  differs  from  a  since  it  works  along  a  line,  the  y  coordinate 
of  which  is  greater  by  an  amount  dy  than  that  of  AB.  Under  cer- 

tain conditions  of  course  a  would  be  equal  to  a'. 

If  dy  be  taken  sufficiently  small  ̂     """^  noLay  be  regarded  as  the 

dy 

p»-tial  differential  coefficient  —  dy,  and  we  have 

dy 

a!^a^^dy  and  fi'^P  +  ̂dx. ay  ax 
We  now  have  for  the  work,  substituting  these  values  in  (2)  and 

cancelling, 

and  since  A  =  4  m*' = 4  vjjdxdy, 

MaxwelPs  differential  equations  of  the  magnetic  field. 

If  c  represents  the  ratio  of  the  two  systems  of  units,  i,e.  -.  ==c  and 

-^7  =c,  we  can  introduce  j  (defined  electrostatically)  into  the  equa- 
J* tions,  which  now  become 

c^'     dy     dz'     c^'     dz      dx'      c^'^dx      dy'     '     '     '     ̂^ 
These  equations  hold  for  all  media,  for  it  can  be  shown  that  the 

work  done  in  carrying  the  magnetic  pole  around  the  circuit  is  in- 
dependent of  the  nature  of  the  medium.  The  quantity  c  has  the 

dimensions  of  velocity,  and  can  be  determined  by  observing  the 
magnetic  effect  of  discharging  a  quantity  of  electricity  measured 
electrostatically  through  a  circuit. 

While  the  above  equations,  which  connect  the  current  with  the 
magnetic  force,  hold  for  all  media,  we  shall  presently  develop  ex- 

pressions connecting  the  current  with  the  electric  force,  and  these 
expressions  take  particular  forms,  dep)ending  upon  the  nature  of  the 
medium. 
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They  will  suffice  for  the  study  of  reflection,  absoiption  and  dis- 
persion, but  when  we  come  to  consider  the  behavior  of  media  when 

brought  into  a  magnetic  field,  we  shall  require  another  set  of  similar 
equations,  which  connect  a  magnetic  current  with  the  lines  of 
electric  force  which  accompanies  it. 

The  magnetic  current  or  magnetic  flux  occurs  when  the  strength 
of  a  magnetic  field  changes,  and  the  lines  of  flow  will  be  surrounded 
by  Unes  of  electric  force  just  as  the  electric  current  is  surrounded  by 
lines  of  magnetic  force.  By  determining  the  work  done  by  the 
magnetic  current  in  drawing  unit  charge  once  around  the  circuit, 
expressions  are  obtained  which  connect  the  strength  of  the  flux 
with  the  accompanying  electric  field.  The  equations  are  similar 
to  those  which  we  have  already  deduced,  and,  like  them,  hold  for 
all  media: 

4x,      dY     BZ     4x„      dZ     dX     4x„      BX     BY        ,.x 

T'-^-ei'-ei'  T^=d^"^'  T^'^^"^'  '  ̂̂^ 
Displacement  Currents  in  Free  Ether.  —  A  displacement  current 

will  occur  in  the  ether  whenever  the  density  of  the  lines  of  electric 
force  changes,  and  the  strength  of  the  current  will  be  proportional 
to  the  rate  at  which  the  change  takes  place.  It  is  not  easy  to  form 
a  physical  conception  of  the  displacement  current.  We  may  per- 

haps think  it  of  as  a  lateral  shift  of  the  ether,  which  takes  place 
parallel  to  the  Unes  of  force ;  in  this  case  our  picture  of  the  wave 
will  not  be  imlike  the  conception  of  a  wave  in  an  elastic  soUd.  A 
dififerent  way  of  looking  at  the  matter  is  that  adopted  by  J.  J. 
Thomson  in  his  Recent  Researches  in  Electricity  and  Magnetism^  the 
first  chapter  of  which  will  be  found  of  great  assistance  in  forming 
a  concrete  picture  of  what  may  be  taking  place  in  the  ether  when  it 
is  traversed  by  waves.  Thomson  represents  the  phenomena  of  the 
electromagnetic  field  in  terms  of  Faraday  tubes  (lines  of  electric 
force).  The  motion  of  one  of  these  tubes  gives  rise  to  a  magnetic 
force  perpendicular  to  the  direction  of  its  motion,  and  an  electro- 

motive intensity  (which  we  have  spoken  of  as  the  electric  force), 
which  is  perpendicular  to  both  of  the  specified  directions.  The  dis- 

placement current  takes  place  in  the  direction  of  the  electromotive 
intensity,  which  is  not  constant,  imless  the  density  of  the  movng 
tubes  is  constant. 
Thomson  showed  that  the  equations  which  we  have  already 

examined,  and  those  which  we  are  about  to  consider,  could  be 
derived  from  the  consideration  of  the  motion  of  the  Faraday 
tubes. 
We  will  now  derive  expressions  which  connect  the  displacement 

current  With  the  electromotive  intensity  (electric  force).  Since  a 
charge  e  sends  out  4  ̂ e  lines  of  force,  the  product  of  the  current 
density  and  4  »  will  be  the  change  in  the  number  of  lines  of  force  in 
unit  time.  It  is  obvious  that  in  the  case  of  steady  currents  there 
will  be  no  change  in  the  number  of  the  lines,  but  in  the  case  of  dis- 

placement currents,  where  the  current  strength  is  changing  with 
the  time,  the  density  of  the  lines  of  force  changes.    We  can  now 

2a 
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write 

in  which  the  expressions  AT,,  ATy,  .V,  represent  the  components  of 
the  density  of  the  lines  of  electric  force  (polarization  in  free  ether) 
paridlel  to  the  three  axes.  Similarly  for  the  magnetic  current  we 
have 

We  can  form  an  idea  of  a  magnetic  current  such  as  we  have  in  the 
case  of  light  waves  in  the  following  way:  Suppose  that  we  have  an 
iron  wire  with  a  coil  of  insulated  wire  around  one  end  of  it,  which  is 
traversed  by  an  alternating  current.  The  density  of  the  magnetic 
lines  of  force  in  the  iron  wire  varies  periodically,  rising  from  zero 
to  a  maximum,  and  then  falling  to  zero  during  the  first  half  period, 
and  then  rising  again  to  a  maximum,  with  a  reversal  in  the  direction 
of  the  force,  however.  The  wire  is  thus  traversed  by  a  periodic 
magnetic  current,  which  is  surrounded  by  circular  lines  of  electric 
force,  which  set  up  alternating  induced  currents  in  conductors 
which  are  brought  into  the  field. 

In  the  free  ether  the  electric  force  is  considered  as  numerically 
equal  to  the  density  of  the  lines  of  force,  so  that  we  may  substitute 
for  AT,,  ATy,  AT,  their  equivalents  X,  F,  Z.  Our  equations  now 
become 

4w-7,=  -r-,  4w7-=— -,  4ir7,=  — - 

4ir«,=  -r-,    ̂ irS^=-^,    4^8^,=  -^ dt'  '       dt'  dt. 

(7) 

Substituting  these  values  for  the  current  in  equations  (4)  gives  us 
expressions  which  connect  the  variation  of  the  electric  force  with  the 
magnetic  field  which  results  from  the  displacement  current. 

C  dt        dy  -    dz^     c  dt       dz       dx'     C  dt       dx      dy       I  ,^. 

laa^ar^az    id^^dz_dx    i^^^_^      " 
cdt       dz      ̂ y*C  dt      dx       dz  '     cdt       dy       dx 

Isotropic  Dielectrics.  —  The  equations  which  we  have  just  de- 
rived do  not  hold  for  dielectrics,  for  in  media  the  force  exerted  by 

two  charges  e'e"  at  distance  r  is  less  than  the  force  which  would  be 
f^ff €  e 

exerted  in  the  free  ether,  being  represented  by  — -,  in  which  c  is  the 

cr' 

dielectric  constant  of  the  medium.  The  dielectric  constant  is 
greater  than  unity  for  all  media,  and  we  shall  see  that  the  velocity 
with  which  the  wave  is  propagated  in  the  medium  becomes  less  as 
the  dielectric  constant  increases. 

In  the  same  way  the  force  between  two  magnetic  poles  in  a 
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medium  is  represented  by  — -— ,  /*  being  the  magnetic  permeability, 

a  quantity  which  differs  only  slightly  from  unity  except  in  the  case 
of  iron,  and  we  shall  see  later  on  that  we  are  justified  in  writing  fi  ==  1 
in  practically  all  optical  problems.  The  change  in  the  law  of  the 
force  which  occurs  in  ponderable  media  makes  it  necessary  to  modify 
our  last  equations,  since  with  the  same  change  in  the  current  in- 

tensity the  electric  force  is  weaker  in  the  proportion  -,  the  current 

in  dielectrics  being  represented  by  4  ir;«=€-^,  etc.,  4  irfi,=fi-^,  etc. ot  oi 
Equations  (7)  now  become 

€dx^d^_dg   car^aa^dy    t^^M^§5 
c  dt       dy     dz^    c  dt      dz      dx '    c  dt      dx      dy 

cdt       dz      3y '    cdt      dx       dz*    cdt       dy      dx 

(9) 

which  expressions  completely  determine  all  properties  of  the  mag- 
netic field  in  an  isotropic  dielectric. 

A  comparison  of  equations  (6)  with  the  equations  preceding  (9) 
shows  us  that,  if  we  consider  the  number  of  lines  of  force  issuing 
from  given  charge  independent  of  the  surroundmg  medium,  we 
have  the  condition  within  a  medium  of  dielectric  constant  c,  and 
permeability  fi, 

Ar.=«x,  Ar,=€F,  Ar.=cz, 
M,=fia,  M^=:^fip,  M.=/*y; 

in  other  words,  the  densities  of  the  lines  of  magnetic  and  electric 
force  are  equal  to  the  forces  only  in  a  vacuum,  for  which  c  and  ft 
both  equal  unity. 

If  a  charge  e  is  contained  in  the  cube  dx,  dy,  dz,  4  we  lines  of  force 
issue  from  its  surface.  We  can  also  reckon  the  number  of  lines 
issuing  from  the  cube  as  the  simi  of  the  lines  issuing  from  the  six 
surfaces. 

The  two  squares  perpendicular  to  x  contribute  the  part 

'-'iN,)idydz  +  (N,)idydz. 

By  Taylor's  Theorem  (iV.),=  (iV.)i  +  ̂dx; 

ox 

the  two  squares  therefore  contribute 

((iNr.)i  +  ̂dx^dydz  -  (N.hdydz  =  ̂'^c  •  dydz. 

The  total  contribution  of  all  six  faces  is 

(f-i^-t>^ 
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Equating  this  to  4  ire,  and  bearing  in  mind  the  expression  for 

A^",  M ",  etc.,  gives  us,  if  we  write  ,   ̂    ,  =  p  the  charge  in  unit  vol- dxdydz 

.           d€X  ̂ deY  _^d€Z  f^  V 

^""'-^^^^^^   (»«> 

ume,  an  equation  which  we  shall  not  make  use  of  for  the  present. 
Boundary  Conditions. — Since  in  optical  problems  we  are  con- 

tinually dealing  with  cases  where  the  waves  pass  across  the  boundary 
which  separates  two  media  of  dififerent  optical  properties,  it  will  be 
necessary  to  determine  what  changes,  liF  any,  occur  in  the  com- 

ponents of  the  electric  and  magnetic  forces  at  the  surface  of  separa- 
tion. 
We  will  begin  by  considering  that  the  transition  is  abrupt,  i.e. 

that  the  dielectric  constant  changes  suddenly  in  crossing  a  mathe- 
matical plane,  which  we  will  take  parallel  to  the  xy  plane  of  our  co- 
ordinate system.  Let  the  dielectric  constant  of  the  upper  medium 

be  €i,  and  that  of  the  lower  c,,  and  let  N\  equal  the  density  of  the 
lines  of  force  in  the  upper  medium,  that  is,  the  number  which  pass 
in  a  normal  direction  through  a  plane  of  unit  area.  These  lines  of 
force  are  incident  on  the  boundary  at  an  angle  0\  with  the  normal. 
We  will  first  assume  that  the  lines  pass  throu^  into  the  second 
medium  without  change  of  direction.    The  electric  force  in  the 

upper  medium  is  Ri=    ̂    ̂   that  in  the  lower  medium  JBj  =    ̂    *, 
the  force  due  to  a  given  density  of  the  lines  of  force  decreasing  as 
the  dielectric  constant  increases.  If  ̂ >^\y  it  is  obvious  that  the 
electric  force  is  less  below  the  boundary,  assuming  as  we  have  done 
that  Ni=N2.  Since  ft  is  less  than  Ri  and  the  direction  the  same, 
it  is  obvious  that  the  components  of  ft,  viz.  Xi,  Fj,  Zj,  will  all  be  less 
in  the  second  medium.  We  shall  see  that  this  condition  is  contrary 
to  the  principle  of  the  conservation  of  energy,  and  that  our  original 
assumption  that  the  lines  passed  through  the  boundary  without 
change  of  direction  was  incorrect.  If  Xj  is  less  than  Xi,  and  the 
boundary  infinitely  thin,  we  can  derive  an  unlimited  amount  of 
work  by  canying  a  charged  particle  along  the  boundary  in  the  lower 
medium  against  the  electric  force,  and  then,  carrying  it  across  the 
boundary  (which  requires  no  work  unless  the  force  is  infinite), 
allow  it  to  move  back  in  the  upper  medium  through  the  same  dis- 

tance. It  will  obviously  yield  more  work  than  has  been  spent 
upon  it  in  the  lower  medium,  since  it  is  moving  under  the  influence 
of  a  stronger  force.  We  are  thus  forced  to  the  conclusion  that  the 
X  component  has  the  same  value  on  both  sides  of  the  boundary, 
otherwise  a  perpetual  motion  would  be  possible.  The  same  is  true 
for  the  y  component,  and  we  consequently  have  for  the  boundary 
condition  of  these  two  components  Xi  =  Xi  and  Yi=Yi.  Let  us 
now  see  how  we  can  reconcile  this  condition  with  the  smaller  value 
of  ft  in  the  second  medium.  It  is  obvious  that  if  we  consider  that 
if  the  lines  of  force  bend  away  from  the  normal  on  crossing  the 
boundary,  we  can  reconcile  the  equality  of  the  x  and  y  components 
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on  the  two  sides  with  the  decrease  in  their  resultaat.    But  the 
bending  of  the  lines  of  force  in  the  direction  specified  resultH  in  a 
change  in  their  density  Nt,  consequently  this  must  be  taken  into 
account.     Let  the  angle  which  the  lines 
make    with    the    normal    in    the    upper  > 
medium  be  ̂ ,  and  the  angle  which  the 
refracted  lines  make  with  the  normal  be 
0t,  as  shown  in  Fig.  260.     We  will  now 
determine  the  value  of  the  Z  component 
on  the  two  sides  of  the  boundary.     In  the 
upper  medium  the  normal  component  of 
the  electric  force  is  Zi=R,  cos  ̂ ;    in  the 
lower  medium,  Zt=  Rt  cos  ̂i.     The  density 
of  the  lines  of  force  parallel  to  the  z  axis  (normal  polarization)  for 
the  two  media  is  given  by 

«lRl  cos  6,        j«,^CQB^ 

4»  4»-       ' 
Now  the  normal  polarization  is  the  same  in  the  two  media,  for  the 

same  number  of  lines  pass  through  a  plane  of  unit  area  which  is 
perpendicular  to  the  «  axis,  in  whichever  medium  we  coDwder  the 
plane,  consequently  we  can  write 

«ifti  COS  Bi     ttftcos^t 

4ir 
4* 

€iZ,-<*Zl, 

which  expression  determines  the  boundary  conditions  of  the  t  com- 
ponent. 

In  a  similar  way  it  may  be  shown  that  the  Imundary  conditions  for 
the  components  of  the  magnetic  force  arc  a,>aa,,  ̂ ,~A,  mYi~m^- 
Since,  however,  ft  =  I  in  practically  all  optical  problems,  we  can 
write  y,-T,. 

V«locit7  of  th«  Wave.  —  To  find  the  velocity  of  the  wave  we 
differentiate  the  first  equation  of  (9)  with  respect  to  t, 

cdt  "fly     3z'    c  flf*    ~  dy\&l) 

and  substituting  for  ̂   ami 

equations  of  (9), 

t*  dp  "  dy\dy       dx)      dz\ dx  ' 

=  ̂   X  ?Y  +  ?-Y  _ 
dx*     ay*     a^ 

We  now  differentiate  the  firat  three  equations  of  (9)  with  rwpect 
to  X,  y,  and  z  respertivrty. 

c9t9x      9ydz      didx'    cStdy      dzdy      dxiy'    cdtdy      dx3z      ̂ y^t 

the  valum  given  by  the  Ust  two 

(10) 
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Addition  of  these  three  equations  gives 

i/'^^  +  ̂ +^Voor-r— +  — +^  =  0 c\dtdx     dtdy     dtdyj  dt\dx       By      dzJ 

Since  we  are  dealing  with  periodic  changes  of  the  electric  force,  the 
differential  coefficient,  with  respect  to  the  time,  of  the  quantity  in 
the  parenthesis,  can  be  considered  as  proportional  to  the  quantity, 

with  a  phase  increase  of  ̂   [since  differentiating  the  sine  gives  the 

cos,  the  equivalent  of  a  phase  change  of  ̂   ]• 

^sgivesus  (f +  ir  +  D=o.   (11) 
and  we  have  as  our  final  equation 

Similar  equations  hold  for  F,  Z,  a,  and  jS, 

±S^-\  ±^-\R        ±§h-\ 

We  have  seen  (page  7)  that  differential  equations  pf  this  form 

represent  waves  travelling  with  a  velocity  v  =  — z  • 

Vc 
Now  the  dielectric  constant  of  the  ether  equals  unity,  conse- 

quently our  equation  shows  us  that  the  velocity  of  the  wave  in 
space  is  equal  to  c,  the  ratio  of  the  two  systems  of  electrical  units. 
This  has  been  confirmed  by  experiment,  the  velocity  of  hght  de- 

termined by  optical  methods  being  2.9989.10^°  cms.  per  sec.,  while 
the  velocity  of  c  determined  by  electrical  methods  is  3.10*°  cm./sec. 

In  ponderable  media  the  velocity  must  be  smaller  in  the  ratio— p» 

Vc 

Now  the  refractive  index  of  a  medium  is  the  ratio  of  the  velocity  of 
light  in  free  space  to  the  velocity  in  the  medium,  consequently  we 
have  n  =  V«»  or  the  square  of  the  refractive  index  equals  the  dielectric 
constant.  As  a  matter  of  fact  this  result  is  not  confirmed  by  experi- 

ment except  in  a  few  cases,  for  the  reason  that  the  dielectric  con- 
stant is  in  reality  a  function  of  the  period  of  the  vibration,  or  in 

other  words  of  the  wave-length,  and  the  dielectric  constant  deter- 
mined by  all  electrical  methods  is  the  value  of  n*  for  infinitely  long 

waves,  consequently  our  expression  does  not  hold  for  the  very  short 
waves  of  light.  In  the  case  of  some  of  the  gases,  in  which  the 
dispersion  is  small,  we  have  fair  agreement,  as  is  shown  by  the 
following  table : 
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n Vi Air, 
1.000294 1.000295 CO., 
1.000449 1.000473 

H* 

1.000138 1.000132 

As  examples  of  substances  which  show  especially  marked  devia- 
tions, we  may  take  water  and  ethyl  alcohol: 

n 

VI 
Water, 1.33 9.0 
Alcohol, 1.36 5.0 

The  reason  of  these  discrepancies  we  shall  see  when  we  come  to 
the  study  of  dispersion. 

Deduction  of  the  Laws  of  Reflection  and  Refraction  for  Trans- 
parent Media.  —  If  a  ray  of  light  is  incident  upon  the  boimdary 

separating  two  media  of  dififerent  optical  densities,  the  percentage 
reflected  and  refracted  will  depend,  not  only  upon  the  relative  re- 

fractive indices  of  the  two  m^ia,  and  the  angle  of  incidence,  but 
also  upon  the  nature  of  the  incident  vibration  as  regards  its  state 
of  polarization. 

A  plane-wave  is  represented  by  the  equations 

X=A.cos^(t-n^±f±Bi\ 
Z=A. 

9f  f1  tf 

ff  f9  if 

(13) 

in  which  X,  Y,  and  Z  are  the  values  of  the  components  of  the 
electric  force  at  any  time  and  any  point  in  space,  A,j  il,,  and  A,  the 
TnATimiiTn  values  of  the  components,  T  the  periodic  time  of  the  dis- 

turbance, V  the  velocity  of  the  wave,  and  m,  n,  and  p  the  direction 
cosines  of  the  normal  to  the  wave-front. 

These  equations  also  represent  transverse  waves  in  an  elastic 
solid,  if  we  call  X,  F,  Z  the  components  of  the  displacement  and 
A^  A,,  A,  the  components  of  the  amplitude. 
We  will  now  deduce  the  laws  which  govern  the  directions  of  the 

reflected  and  refracted  rays,  and  their  relative  intensities  and  states 
of  polarization. 

Suppose  a  ray  of  light  coming  from  A  (behind  the  plane  of  the 
paper)  to  be  incident  at  angle  ̂ ,  on  the  surface  of  a  block  of  glass 
(Fig.  261). 

Resolve  the  incident  electric  force  into  two  components,  E,  per- 
pendicular to  the  plane  of  incidence  and  E,  parallel  to  it.  We 

therefore  write  for  the  y  component  of  the  electric  force,  since 

m=sin*,  n=0,  and  p=cos*, 

y.=Sco8^(«-^^a±±i«28*^,  .   .   .   (14) 
in  which  Vi  is  the  velocity  of  the  light  in  air. 
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The  other  component  Epy  which  is  also  perpendicular  to  the  ray, 
has  X  and  z  components  given  by  A,  =  S,  cos  ♦  and  A,—  —  E,  sin  *. 

Fig.  261. Fig.  262. 

The  positive  direction  of  E,  is  upwards  from  the  boundary  which 
makes  the  z  component  negative,  as  will  be  seen  from  Fig.  262, 
which  gives  us  the  side  view  of  the  block. 

While  the  component  E»y  perpendicular  to  the  plane  of  incidence, 
is  parallel  to  the  y  axis,  and  therefore  enters  the  expression  as  the 
amplitude  term,  the  component  E,j  parallel  to  the  incidence  plane, 
must  be  resolved  into  its  components  along  x  and  Zj  and  these 

components  form  the  amplitude  terms  in  oiu"  expressions  for  X« and  Z,. 
The  X  and  z  components  of  the  electric  force  are  therefore  given by 

Z.=E,co8*.cos^r« 
a;8in*+acos* 

V. 

II II 

)! 

>  •      . 

(14) 

We  use  X„  F„  and  Z,  instead  of  Xij  Fi,  and  Zi,  since  the  forces  in 
the  upper  medium  are  not  alone  those  in  the  incident  wave.  We 
have  forces  X„  Yr,  and  Zr  contributed  by  the  reflected  wave,  and 
Xi  is  the  sum  of  X,  and  Xr. 
The  magnetic  forces  associated  with  these  are  obtained  at  once 

by  differentiating  the  above  and  substituting  in  equations  (9). 
For  example,  the  x  component  a  is  given  by 

l^  =  iZ-^  =  S  sin^ 
cdt      dz      By       '        T 

'('- 
X  sin  ̂   4-2  cos  *\  2  ir  cos  * 

V, 

■ 

J  t     Fi 

^"       ̂ 1?  ̂ TTCOS*    .„  2ir 

dt  T    Vi  T 

II 

II 

„  ̂      /.I?  cos  ̂   ̂ ^„  2 
a.=  -c£;.-y-cos-y 

irf.      xsi 8in*+zcos* 

Fi 

) 
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and  since  Vi 
VT, 

«»=— &  co8*V«i  cos -y  ( ̂   y   1 
The  component  of  magnetic  force  along  x  is  due  to 

the  displacement  current  resulting  from  the  component 
of  electric  force  E,  along  y.  The  magnetic  force  is  per- 

pendicular to  Etf  i.e,  parallel  to  E,,  and  must  be  re- 
solved into  components  along  x  and  y  in  the  same  way. 

We  thus  see  the  significance  of  the  cos  ̂   in  the  ampU- 
tude  term  of  the  above  expression. 

Similarly.  A =^,V^  —  —  '    *  sin  ♦+««
»* 

(15) 

y,=E,Vti 

cos    m 

COS    m 

( 

V, 

»l 

II 

Writing  for  the  refracted  wave, 

2ir/.    xsinx-f-gcos 

2  IT  91  ff 

Xi=D,cosxc<)s 

'A 

cos 
T 

(16) 
>» 

II 

in  which  D,  and  D«  are  the  components  of  amplitude  parallel  and 
perpendicular  to  the  plane  of  incidence.  If  now  the  boundary  con- 

ditions are  to  be  complied  with,  there  will  be  a  reflected  wave  except 
when  V^= Vci*  Let  us  take  the  simplest  possible  case  of  a  plane- 
polarized  vibration  parallel  to  the  x  axis  at  normal  mcidence.  The 
boundary  conditions  are  Xi^Xt,  Pi  =  fit. 

The  magnetic  components  of  the  refracted  wave  are  obtained  in 
the  same  way  as  those  of  the  incident. 

They  are  given  by 

2w _             r       ̂   «/*     xsinx+gcosxM 
«i=  —A  COS  X V €, COS  -jtI  *   y   ^  1 1 

y,=D.sinxV^       " 
At  Uie  boundary  we  have 

X\-Xt,  that  is,  ̂ p=Dp,  since  ̂ =:x=Ol 
i9,=A    or    SpVci  =  DpV€, 

r (17) 

(18) 

The  boundary  conditions  will  hold  for  the  incident  and  ref^'acted 
wave  only  under  the  above  condition,  that  is,  when  the  refractive 
indices  of  the  two  media  are  the  same.    If  C|  differs  from  c^,  we  shall 
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have  a  reflected  wave,  and  the  sum  of  the  forces  of  the  mcident  and 
reflected  wave  constitute  the  force  at  the  boundary  in  the  upper 
medium,  which  is  to  be  equated  to  the  force  in  the  lower  medium. 
The  direction  of  the  force  in  the  reflected  wave  is  opposite  to  that 
in  the  incident,  for  as  the  reflecting  power  increases,  the  force  in  the 
lower  medium  must  diminish. 
We  now  write  for  the  electric  and  magnetic  components  of  the 

reflected  wave, 

Xr = i2p  cos  ♦' cos -7^ 
A     xsin^'-hgcos^^ 
V  V,        ) 

Yr=R,COB 2ir 

>l 

Z,=  -ii;8in*'co8^ 

ff 

19 

ff      • 

(19) 

.  F>  ^r    /-  Sir/,      X&n*'+Z008*\ 

and        «v=— «.  cos*  V«iCos"m"l*   y   ) 

Pr^R,-^ 

IT 
COS 

yr=fi«sin*V€,      cos"m" 

>i 

» 

i> 

}i 

>• 

(20) 

From  these  equations  we  can  deduce  the  laws  of  reflection  and 
refraction,  as  well  as  the  relation  between  the  intensities  of  the 
reflected  and  refracted  rays  for  various  states  of  polarization. 

The  relations  between  the  angles  of  incidence,  reflection,  and  re- 
fraction follow  at  once  from  the  boundary  conditions,  which  are  only 

fulfilled  when  for  2=0  we  put  all  of  the  forces  proportional  to  the 
same  function  of  t,  x,  and  y. 

This  gives  us 

or 

sin^ 

Ft 

sin^ 
sinx 

sin  ̂ ^  _  sin  X 

Tf—n,  the  refractive  index. 

r  2 

(21) 

We  will  now  deduce  expressions  for  the  intensities  of  the  reflected 
and  refracted  components,  the  relations  between  the  phases  of 
the  vibrations,  their  dependence  upon  the  angle  of  incidence  and 
the  state  of  polarization.  The  force  Xi,  on  the  upper  side  of  the 
boundary,  is  equal  to  the  sum  of  the  forces  in  the  incident  and 
reflected  waves,  X^  -h  Xr,  which  is  to  be  equated  to  the  force  on  the 
lower  side  of  the  boundary. 

(1)  X.+X,= 
(2)  Fe+n 
(3)  ae  +  «. 

(4)        P.  +  Pr- 

Xj  or      (J5,— /JJcos*=D,cosx 
=  r,  or  E.-\-R.^D. 

oj   or  (-B.— fl,)Vcjco8<^  =  AV€2Cosx 

^2   or  (E,-\-R^)V^i  =  D^V€, 

>• 

.(22) 
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The  positive  directions  of  the  components  R,  and  D,  are  shown 
in  Fig.  263. 

Add  (2)  and  (3), 

Elim.  A  from  (2)  and  (3), 
\        Vci  cos  */ VciCOS 

wV^COSX       /  ̂ V^cosx 
K V^cos* 

-l) =«.( 
) 

COS*       -s/lj Add  (1)  and  (4), 

Elim.  D,  from  (1)  and  (4), 

\eoax      VV        V<»SX     VV 

.   • 

(23) 

Fio.  263. 

Substitute  for  -— =  =  n  its  equivalent  ̂ 5—  and  we  obtain  equa- 
V7,  sinx 

lions  identical  with  the  formul®  of  Fresnel,  from  which  the  phases 
and  intensities  of  the  reflected  and  refracted  waves  can  be  calcu- 
lated. 

Reflected  amplitudes: 

•sm(*+x)  'tan(*+x) 
Refracted  amplitudes: 

^^^^28inxco8*      2)=g         2smxcx)s» 
'sin(*+x)'        '       'sin(*+x)cos(*— x)- 

(24) 

It  should  be  noticed  that  these  formulae  are  unsuitable  for  per- 
pendicular incidence,  for  when  *=0,  x=0»  and  the  expression  be- 

comes indeterminate. 
We  will  now  examine  these  formulae  in  detail. 
It  is  evident  that  the  component  perpendicular  to  the  plane  of 

incidence  in  the  reflected  li^t  never  vanishes,  whatever  be  the 
values  of  ̂   and  x  in  the  formula  for  J2«. 
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It  is  different,  however,  in  the  case  of  the  formula  for  Rpy  the 
parallel  component.  As  we  increase  the  angle  of  incidence  from  0, 
it  is  evident  that  we  shall  eventually  reach  a  point  at  which  the 
reflected  and  refracted  rays  are  at  right  angles,  for  the  angle  be- 

tween them  is  greater  than  90°  near  peipendicular  incidence,  and 
less  than  90°  at  grazing  incidence.  At  the  angle  in  question  it  is 
evident  that  (^  +x)  =  90°  and  tan  (*  +x)  =  °^  >  that  is,  /^ = 0,  or  the 
component  parallel  to  the  plane  of  incidence  is  wholly  absent. 
This  means  simply  that  the  reflected  light  is  plane-polarized,  and 
the  angle  in  question  is  known  as  the  wgle  of  polarization  or  the 
Brewsterian  angle. 

The  refractive  index  n=  ——,  conaeauently  if  *'  be  the  angle  of 

sm  X 

polarization,  we  have 

sinx'  =  sin(^  — *' )=C08*'and  ̂ ^  =tan*'=n, \2  /  008  * 

a  relation  which  has  been  fully  discussed  in  the  Chapter  on  Polariza- 
tion. 

Polarizing  Power  of  Oblique  Plates.  —  A  method  has  been  given, 
in  the  Chapter  on  Polarization,  for  the  determination  of  the  per- 

centage of  polarization,  by  compensation  with  inclined  plates. 
It  is  important,  therefore,  to  develop  the  formula  for  determining 
the  polarization  produced  by  one  or  more  glass  plates  at  any  given 
angle.  For  the  ratio  of  the  amplitudes  transmitted  through  a  single 
surface  we  have  from  (24) 

g  =  |cos(*-x), or  for  two  surfaces  (i.e.  a  plate), 

^•  =  f  cosX<I>-x). Up        ilr. 

If  E,  =  Epj  the  condition  equivalent  to  natural  or  impolarized 
light,  we  have  D,  <  Dp^  that  is,  the  transmitted  light  is  partially 
polarized,  the  plane  of  the  vibration  which  is  in  excess  being  in  the 
plane  of  incidence.  If  the  incident  vibration  makes  an  angle  of 

45°  with  the  plane  of  incidence,  E,  =  Ep  and  the  transmitted  hght 
is  plane-polarized,  the  plane,  however,  being  more  or  less  rotated 
towards  the  plane  of  incidence,  on  account  of  the  fact  that  the  com- 

ponent Dp  is  larger  than  the  component  D„  The  percentage  of 
polarization  for  a  single  plate  increases  with  the  angle  of  incidence. 

At  the  polarizing  angle,  tan  ̂   =  n  and*4-x=90°;  therefore,  if 
E,  =  Epy  we  have 

Dp  (l4-n2)2 

The  polarization  is  not  a  maximum  at  this  angle,  however,  but  goes 
on  increasing  as  the  angle  of  incidence  increases,  in  marked  con- 

trast to  polarization  by  reflection.    This  holds  only  for  one  plate, 
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as  we  shall  see  presently.  As  an  illustration  of  the  use  of  this 
formula,  let  us  calculate  the  percentage  of  polarization  in  a  source 
of  light,  when  it  is  completely  compensated  by  transmission  through 
a  glass  plate  at  an  angle  of  59°.  (This  was  the  case  for  the  polarized fluorescence  of  sodium  vapor  observed  by  the  author.) 

To  do  this  we  have  only  to  calculate  the  percentage  of  polari- 
zation in  ordinaiy  unpolarized  light  ̂ ter  transmission  through  a 

glass  plate  at  an  incidence  of  59°.  For  glass  n= 1.52,  *=59°.  By 
Snell's  law  we  calculate  x=34°  20', 

*-X  =  24°40'. 

For  unpolarized  light  we  take  E,  —  E,  and  find  for  the  amplitude ratio 

^  =  cos»(*-x)  =  .826. 

The  intensity  ratio  we  find  by  squaring  this, 

L  =  .682=^. 
I,  100 

Now  the  total  intensity  of  the  light  is  /,+/,=  168. 
The  amount  of  polarized  light  is  /,—/.=  100—68=32,  and  the 

percentage  of  polarization  is  19. 
If  we  have  more  than  one  plate,  we  raise  the  intensity  ratio  to 

the  power  equivalent  to  the  number  of  plates.  If  in  the  above 
experiment  we  had  used  four  plates,  we  should  have 

L  =  .682*  =  .21 

or  65%  of  the  light  polarized. 
Stokes  has  given  us  a  very  complete  paper  on  the  transmission 

and  reflection  of  light  by  a  pile  of  plates,  considered  as  perfectly 
transparent  and  as  partially  absorbing. 

The  table  which  accompanies  his  paper  is  so  often  of  use  in  optical 
investigations  that  it  is  reproduced  in  full.  The  incident  light  is 
supposed  to  have  an  intensity  1000,  and  the  proportions  trans- 

mitted (x)  and  reflected  (♦)  are  given  for  m  plates.  The  loss  by 
absorption  for  a  transit  through  a  single  plate  is  represented  by 

5=1— e~*'.  For  perfect  transparency  we  have  5=0.  If  2%  is 
absorbed,  5 = ^,  and  if  10  % ,  5 = t^.  In  the  table  *.  and  %  represent 
the  components  of  vibration  perpendicular  to  and  parallel  to  the 
plane  of  incidence.  The  case  of  normal  incidence,  t  =  0,  incidence 
at  the  polarizing  angle  *',  and  at  an  angle  two  degrees  greater  than 
the  polarizing  angle  are  considered.  Quoting  from  the  original 
paper  in  regard  to  this  table : 

"  The  intensity  of  the  light  reflected  from  a  pile  consisting  of  an 
infinite  number  of  similar  plates  falls  off  rapidly  with  the  trans- 

parency of  the  material  of  which  the  plates  are  composed,  esp>ecially 
at  small  incidence.   ,Thus  at  perpendicular  incidence  we  sec  from 
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the  above  table  that  the  reflected  light  is  reduced  to  little  more  than 
one-half  when  2  %  id  absorbed  in  a  single  transit,  and  to  less  than 
a  quarter  when  10%  is  absorbed. 

"  With  imperfectly  transparent  plates  little  is  gained  by  multiply- 
ing the  plates  beyond  a  very  limited  number,  if  the  object  be  to 

obtain  lijght,  as  bright  as  may  be,  polarized  by  reflection.  Thus 
the  table  shows  that  four  plates  of  the  less  defective  kind  reflect 
79%,  and  four  plates  of  the  more  defective  kind  as  much  as  94  %, 
of  the  light  that  could  be  reflected  by  a  greater  number,  whereas 
four  perfectly  transparent  plates  reflect  only  60%.  The  table 
shows  that  while  the  amoimt  of  hght  transmitted  at  the  polarizing 
angle  by  a  pile  of  a  considerable  number  of  plates  is  materially 
reduced  by  a  defect  of  transparency,  its  state  of  polarization  is 
somewhat  improved.  This  r^ult  might  be  seen  without  calcula- 

tion. For  while  no  part  of  the  transmitted  light  which  is  polarized 
perpendicularly  (vibration  in)  to  the  plane  of  incidence  underwent 
reflection,  a  large  part  of  the  transmitted  hght  polarized  the  other 
way  was  reflected  an  even  number  of  times,  and  since  the  length 
of  the  path  of  the  light  within  the  absorbing  medium  is  necessanly 
increased  by  reflection,  it  follows  that  a  defect  of  transparency  must 
operate  more  powerfully  in  reducing  the  intensity  of  light  polarized 
in  (vibration  X  to)  than  of  light  polarized  perpendicularly  to  the 
plane  of  polarization. 

''  But  the  table  shows  that  a  far  better  result  can  be  obtained  as 
to  the  perfection  of  the  polarization  of  the  transmitted  light,  with- 

out any  greater  loss  of  illumination,  by  employing  a  larger  number 
of  plates  of  a  more  transparent  kind. 

''  With  a  single  plate  the  polarization  of  the  transmitted  Ught 
continually  improves  up  to  grazing  incidence,  but  with  a  pile  of 
plates  the  polarization  attains  a  maximum  at  an  angle  of  incidence 
which  approaches  indefinitely  to  the  polarizing  angle  as  the  number 
of  plates  is  indefinitely  increased. 

''  For  a  given  number  of  plates  the  angle  of  maximimi  polarization 
may  be  readily  found  by  the  method  of  trial  and  error.  The  follow- 

ing table  gives  for  assumed  angles  of  incidence,  decreasing  by  5° 
from  90°,  the  number  of  plates  required  to  make  these  angles  the 
angles  of  maximum  polarization  of  the  transmitted  Ught,  and  the 

value  ♦,  which  determines  the  defect  of  polarization." 

i  =  90«      85^      80°      75°      70°      65°      60°      56°40'(  =  *0 
m=   1        1.33     1.94     2.91     4.92     9.77    30.37  oo 

♦  =  .433    .422     .390     .337     .265    .177      .075  0 

In  the  larger  table  the  column  ̂   gives  the  measure  of  the  defect 

of  polarization  of  the  transmitted  light.  No  such  colunm  was 

required  for  5=0  and  t=  *'  because  in  this  case  Xr=  10^- 
The  table  will  be  found  interesting  in  connection  with  the  thin 

plates  formed  by  roasting  thin  laminse  of  mica  described  in  the 
Ch^ter  on  Radiation.     (Temperature  radiation  of  solids.) 



368  PHYSICAL  OPTICS 

Perpendicular  Incidence.  —  As  has  been  stated,  our  formulae  do 
not  hold  for  perpendicular  incidence,  for^then  *=x=0. 

Substituting  in  equations  (23)  for  — 5  the  refractive  index  n,  we 

,  cos^     1 
have,  smce cosx     1 

Rp= 
From  the  first  equation  it  is  clear  that  if  n  >  1,  the  reflected  electric 

ampUtude  is  oppositely  directed  from  the  incident,  since  the  direc- 
tion of  the  vector  depends  on  its  sign.  The  second  equation  shows 

the  same  condition,  for  when  *=0,  similar  signs  mean  opposite 
directions,  as  will  be  seen  by  referring  to  Fig.  263.  The  presence 
of  the  reflected  wave  will  thus  reduce  the  ampUtude  of  the  incident 
wave  at  the  reflecting  boundary y  and,  if  the  intensity  of  the  reflected 
wave  is  equal  to  that  of  the  incident,  the  amplitude  will  be  reduced 
to  zero.  This  was  found  to  be  the  case  by  Wiener  in  his  experi- 

ments upon  stationary  light  waves,  the  node  occurring  at  the  re- 
flecting surface.  These  experiments  were  fully  described  in  the 

Chapter  on  Interference.  The  opposite  condition  will  be  found  for 
the  magnetic  vectors,  which  are  similarly  directed  in  the  incident 
and  reflected  waves.  They  will  therefore  add  their  effects  at  the 
boundary. 

It  must  be  remembered  that  the  above  formulae  express  the 
amplitudes  of  the  reflected  vibrations ;  the  intensity  of  the  reflected 
Ught,  if  the  intensity  of  the  incident  light  is  1,  is  given  by 

(n+iy 

This  formula  has  been  verified  for  water  by  Lord  Rayleigh,  who 
found  that  the  observed  value  agreed  with  the  calculated  within 
1.5  per  cent. 

Change  of  Phase  by  Passage  through  the  Polarizing  Angle. — 
The  formula  for  the  reflected  ampUtude,  parallel  to  the  plane  of 

incidence,  shows  us  that  the  phase  changes  suddenly  by  180°  on 
passage  through  the  angle  of  polarization:  for  (*I>+x)  is  obtuse  or 
acute  according  as  the  angle  of  incidence  is  less  or  greater  than  the 
polarizing  angle.  Suppose  now  that  the  incident  light  is  plane- 
polarized  at  an  azimuth  of  45°.  At  the  polarizing  angle  the  com- 

ponent of  the  vibration,  which  is  parallel  to  the  surface,  will  be  the 
only  one  reflected,  and  it  can  be  completely  quenched  by  means 
of  a  Nicol  prism  held  with  its  short  diagonal  vertical.  On  either 
side  of  the  polarizing  angle  we  shall  have  a  reflected  component 
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perpendicular  to  the  other,  but  the  directions  of  the  vectors  will  be  op- 
posite on  opposite  sides  of  the  angle.  The  resultant  will  be  in  each 

case  a  plane-polarized  vibration,  which  will,  however,  be  turned 
slightly  towards  the  plane  of  incidence,  the  direction  of  the  rota- 

tion from  the  plane  parallel  to  the  surface  being  opposite  in  the  two 
cases.  This  will  be  readily  imderstood  by  drawing  the  horizontal 
component,  and  compoimding  it  first  with  a  small  vertical  com- 

ponent directed  upwards,  and  then  with  one  directed  downwards, 

the  change  of  direction  corresponding  to  the  phase  change  of  180^. 
It  was  found  by  Jamin  and  others  that  in  the  majority  of  cases  the 

light  was  not  completely  polarized  by  reflection  at  the  Brewsterian 
angle.  Moreover,  if  the  incident  light  was  polarized,  and  reflection 
occurred  in  the  neighborhood  of  this  angle,  the  reflected  light,- in- 

stead of  being  plane-polarized,  as  the  formulse  indicate,  showed 
traces  of  elliptical  polarization.  This  indicates  that  the  phase 
change,  instead  of  occurring  abruptly  at  the  polarizing  angle,  enters 
by  degrees ;  Drude  observe!  in  1889  that  the  elliptical  polarization 
produced  by  a  freshly  split  surface  of  rock  salt  was  very  small, 
but  that  it  increased  rapidly  on  the  exposure  of  the  siuf  ace  to  the 
air.  Shortly  afterward  Lord  Rayleigh  foimd  that  the  elUpticity 
produced  by  reflection  from  water  could  be  completely  eliminated 
by  removing  the  surface  film  of  grease,  which  is  always  present 
unless  special  precautions  are  taken. 

These  experiments  indicate  that  the  disagreement  with  the 
formulse  is  caused  by  surface  films  having  optical  properties  dif- 

ferent from  those  of  the  body  of  the  substance.  We  will  now  take 
up  the  investigation  of  the  effects  of  these  fibns,  and  the  calculation 
of  their  probable  thickness. 

Elliptical  Polarization.  Surface  Films  or  Strains  ?  —  The  theory 
of  reflection  applied  to  boundaries  between  media  of  different  optical 
densities  has  led  us  to  the  conclusion  that  plane-polarized  light 
should  always  be  reflected  as  plane-polarized  light.  As  a  matter 
of  fact,  we  find  that  this  is  seldom  the  case.  If  the  incident  light 

is  polarized  at  an  angle  of  45^  with  the  plane  of  incidence,  almost 
no  change  in  intensity  is  seen  when  the  reflected  light  is  examined 
through  a  revolving  Nicol,  if  the  reflecting  surface  is  a  metal,  while 
even  in  the  case  of  transparent  substances  it  is  seldom  possible  to 
completely  extinguish  the  reflected  light  with  the  analyzing  NicoL 
The  cause  of  this  has  been  supposed  to  be  the  almost  universal 

presence  of  a  so-called  "  surface-layer  '*  within  which  the  optical 
density  changes  gradually  from  that  of  the  upper  medium  to  that 
of  the  lower.  In  the  previous  treatment  we  considered  that  the 
change  at  the  boundary  was  abrupt,  and  deduced  our  boundary 
conditions  on  this  assumption. 

Drude  has  developed  the  equations  which  represent  the  reflection 
of  the  two  components,  from  a  surface  at  which  the  change  in  the 
refractive  index  is  not  abrupt;  that  is,  he  considers  a  surface  film 
present  with  a  refractive  index  less  or  greater  than  that  of  the 
reflecting  material.  His  treatment  will  b^  found  in  his  text-book 
on  Optics,  or  in  the  earlier  edition  of  this  work. 

It  has  seemed  best  to  omit  it,  as  doul)t  has  been  cast  upon  its 
2b 
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validity  by  the  recent  work  of  Lummer  and  Sorge/  who  have 
shown  that  the  elliptical  polarization  can  be  altered  by  subjecting 
the  medium  to  pressure. 

If  €i  is  the  dielectric  constant  of  the  first  medium,  and  c,  that  of 
the  second  (or  reflecting  substance),  and  p  is  the  amplitude  ratio, 

Drude's  treatment  shows  us  that  p  has  a  positive  sign  when  cs>cj, and  the  dielectric  constant  c  of  the  film  has  an  intermediate  value. 
If  the  incident  light  is  considered  as  coming  towards  us  and  the 

plane  of  vibration  makes  an  angle  of  45^  with  the  vertical  (the 
rotation  away  from  the  vertical  being  clockwise),  the  direction  of 
the  elliptical  vibration  will  be  clockwise  for  positive  values  of  p  and 
counter-clockwise  for  negative  values,  a  change  of  sign  of  the  am- 

plitude ratio,  amoimting  to  the  same  thing  as  a  phase-difference 
of  180°  between  the  components.  We  can  easily  determine  the 
value  of  p  experimentally  by  either  of  the  methods  given  in  the 
Chapter  on  Elliptical  Polarization.  In  the  case  of  reflection  at  a 
glass  surface  in  air  it  has  a  value  not  far  from  .007,  though  for  flint 
glass  with  a  high  refractive  index  the  value  may  be  as  high  as  .03. 
Negative  ellipticity,  which  occurs  when  ci>€,,  has  been  observed 
in  the  case  of  water  and  certain  solids  with  very  low  refractive 
indices. 

In  the  case  of  water  Lord  Rayleigh  has  shown  that  the  ellip- 
ticity is  due  to  a  very  thin  film  of  grease,  which  naturally  has  a 

higher  refractive  index  than  water.  In  .the  case  of  solids,  a  higher 
refractive  index  of  the  surface  film  may  perhaps  be  explained  by 
some  action  of  the  polishing  material  upon  the  surface. 

By  carefully  cleaning  the  surface  of  the  water,  Lord  Rayleigh  was 
able  to  almost  completely  destroy  all  traces  of  elliptical  polarization, 
the  value  of  p  being  not  more  than  .00035.  Quite  recently  he  has 
found  that  the  positive  ellipticity  of  glass  can  be  changed  into 
negative  by  repolishing  the  surface. 

Drude  found  that  freshly  cleaned  crystal  surfaces  showed  no 
traces  of  elliptical  polarization,  but  that  it  appeared  after  the  sur- 

faces had  been  exposed  to  the  air  for  some  time,  owing  to  the  for- 
mation of  surface  films. 

Assiuning  that  the  dielectric  constant  is  uniform  throughout  the 
film,  Drude  calculated  the  thickness  of  the  film  necessary  to  pro- 

duce a  given  axis  ratio  p. 
For  glass  of  refractive  index  n=1.5  and  p=.007  he  found  that 

the  thickness  of  the  film  necessary  to  account  for  the  ellipticity  is 
less  than  -^  of  ̂ ^e  wave-length  of  the  light. 
Lummer  and  Sorge  found,  in  repeating  and  extending  the  work 

of  Lord  Rayleigh,  that  the  elliptical  polarization  of  the  light  re- 
flected from  the  surface  of  a  glass  prism  was  altered  by  polishing 

or  rubbing  one  of  the  other  faces,  or  even  by  subjecting  the  prism 
to  pressure  applied  to  the  bases. 

The  prism  was  a  right-angled  one,  and  they  found  that  by  rubbing 
the  two  base  surfaces  the  ellipticity  was  decreased  for  aU  three  of 
the  other  surfaces,  that  for  the  hypothenuse  passing  through  0  (the 

1  Annalen  der  PhyHk,  Band  31,  page  325  (1910). 
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condition  for  the  ideal  case  of  sudden  transition)  and  becoming 
slightly  negative.  It  is  impossible  to  conceive  how  the  refractive 
index  of  a  surface  film  could  be  altered,  without  touching  the  sur- 

face, much  less  how  it  could  be  changed  from  a  value  less  than  that 
of  the  medimn  to  one  of  greater,  as  we  should  be  obliged  to  assume 
for  the  conditions  foimd  in  the  case  of  the  hypothenuse  siuf ace  of 

Lummer's  prism. 
In  view  of  these  experiments  it  appears  more  probable  that  the 

elliptical  polarization  is  caused  in  some  way  by  surface  strains.  At 
all  events  further  work  is  required  before  we  can  feel  justified  in 
establishing  a  theory.  Some  unpublished  experiments  by  the 
author  have  pointed  towards  a  change  in  the  reflecting  power  re- 

sulting from  strains.  A  very  thin  film  of  collodion  on  glass  has  been 
found  to  more  than  double  its  reflecting  power  imder  certain  con- 

ditions. The  refractive  index  of  collodion  is,  however,  not  very 
different  from  that  of  glass,  and  we  should  expect  but  little  re- 

flection from  the  transition  surface.  A  layer  of  thick  glue  spread 
over  a  glass  surface  reduces  its  reflecting  power  nearly  to  zero. 
When  the  glue  dries,  the  surface  is  subjected  to  a  strain  so  great  that 
glass  chips  are  often  torn  off  the  surface.  The  reflecting  power  of 
the  surface  separating  the  dry  glue  and  the  glass  was  a  little  higher 
than  that  of  a  surface  between  glass  and  damp  glue.  The  change 
in  the  refractive  index  could  hfuxily  account  for  this,  as  it  would 
be  in  the  wrong  direction. 

Total  Reflection.  —  We  have  seen  in  the  Chapter  on  Refraction 
that  when  a  ray  of  light  is  incident  at  the  boundary  separating  an 
optically  dense  from  a  rarer  medium,  the  refracted  ray  vanishes 
for  incidence  angles  greater  than  a  certain  value,  the  energy  being 
totally  reflected.  We  will  now  apply  our  equations  to  this  phe- 

nomenon. In  this  cases  in  x  turn  out  to  be  greater  than  unity,  i.e.  x 
is  no  longer  real.     We  can  study  the  nature  of  the  reflected  light, 

however,  by  substituting     for  sin  x  in  the  equations  (23). n 
cosx 

which  quantity  is  imaginary  if  sin<^>n. 
We  can  write  this  in  the  form 

.  ̂   /sin'  * =  -i\ — I   co8x=-t\=^-l   (25) 

Substitution  of  the  above  in  equation  (23)  gives  us  reflected 
light  with  a  complex  amplitude,  which  as  we  have  seen  can  be  inter- 

preted as  a  change  of  phase  which  results  at  the  moment  of 
reflection.  This  change  of  phase,  if  it  is  different  for  the  two 
components  of  the  incident  vibration,  will  result  in  the  transfor- 

mation of  a  linear  vibration  into  an  elliptical  one,  and  as  total  re- 
flection is  one  of  the  methods  commonly  employed  to  produce 

elliptically  and  circularly  polarized  light,  the  subject  is  of  some 
importance.    To  calculate  this  phase  change  we  write  as  before 
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Rj/ff^  and  R^*  for  the  components  of  the  reflected  amplitude,  and 
obtauii  since  Vei/Vei^^j  ̂ y  substitution  in  (23) 

•VVsin«4»-n«       J       '     \Vsin^*-n^      J' 

^  /  icos<^»n    _  1  \  ̂   f   ico8^jji_  ̂   i\ 
'VVsin'*^— n*     nj  VVsin^^— n'     n/ 

If  we  multiply  these  equations  by  their  complex  conjugates, 
obtained  by  writing  in  them  —i  for  i,  we  find  that  E^^R?^  and 
Ep^  =  Rp^y  i.e.  the  intensities  of  the  reflected  components  are  equal to  those  of  the  incident. 

Suppose  now  that  our  incident  light  is  plane-polarized  vibrating 
in  azimuth  45°.  In  this  case  Et=E,  and  /J,=/^,  and  if  we  sub- 

stitute these  values  in  the  above  equations  and  divide,  we  get 

i  cos  *  —  Vsin*  <^ — n*     _  pK*.-^)         ̂   ̂ ^  *  "^  Vsin^  * — n* 

icos^  •  n— -  Vsin*^— n«  tcos*  •  n+  -  Vsin**— n*' n  n 

or 
jiip-St)  =  g^ = 'sJQ^  ̂  + ̂   cos  ̂   Vsin'  ̂  —n^ 

sin*  *— i  cos  *  Vsin*  ̂ — n*' 

and 1—6^      — tcos^  Vsin'*— n* 
14-6^  sin*^ 

Multiplying  this  by  its  complex  conjugate  gives 

cos  *  Vsin*<^— n*  1  * 
1— cosA  _ 

1+cosA 

sin*^ 

)
*
•
 

since  6^+e"*^  =  2cosA; 

therefore  tan  i  A  =  ?9i*:^^^*EZ   (26) 

This  expression  shows  us  that  the  relative  phase-difference  A  is 

zero  for  grazing  incidence  (*=^J>  and  also  at  the  critical  angle 

(sin*  =  n),  in  which  n  is  the  relative  refractive  index.    If  the  denser 
medium  has  a  refractive  index  1.51  and  the  reflection  occurs  at  an 

air  surface,  n  in  our  equations  will  be  :r-^-- 1.51 

To  find  the  value  of  *  which  will  give  A  its  maximum  value,  we 
differentiate  the  last  equation  with  respect  to  *,  and  obtain 

1         ̂ A      2n'-sin^<f>(l-hn») 
2  cos2  ̂   A  a*       gii^3  ̂   Vsin^  <^  -  n« 
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and  the  maxiTnuTn  value  of  A  is  obtained  at  an  incidence  angle  ̂  
detennined  by 

The  corresponding  value  of  A  is  given  by 

taniA'  = 
2n 

For  glass  of  refractive  index  1.51,  ♦'^Sl**^'  and  A' =45**  36'. 
A  value  of  45**  occurs  at  incidence  angles  48°  37'  and  54°  37'.  Two 
reflections  at  this  angle  will  give  us  A=:90°y  and  circularly  polarized 
light  will  result  if  the  incident  light  was  polarized  in  azimuth  45°. 
This  is  accomplished  by  the  Fresnel  rhomb  described  in  the  Chapter 
on  Elliptical  Polarization. 

Penetration  of  the  Disturbance  into  the  Second  Medium.  —  If 
we  apply  the  equations  (23),  which  express  the  relation  between 
the  incident  and  the  refracted  amplitudes,  to  the  case  of  total 
reflection,  we  reach  the  somewhat  astonishing  conclusion  that 
the  refracted  amplitude  is  not  zero,  which  appears  to  be  incon- 

sistent with  the  total  reflection  of  the  energy.  The  case  is  a 
peculiar  one,  for  although  D  may  have  a  large  value  close  to  the 
boundary,  it  becomes  zero  at  a  cUstance  of  a  few  wave-lengths,  the 
energy  being  entirely  thrown  back  into  the  first  mediiun.  This 
decrease  in  the  amplitude,  as  we  advance  from  the  boundary  in 
the  direction  of  the  z  axis,  can  be  seen  from  equations  (15)  (16), 
which  show  that  electric  and  magnetic  forces  in  the  second  medium, 

l«i  />-«tlnX-»ooty\ 

are  proportional  to  the  real  part  of  the  complex  quantity  which, 
if  we  substitute  for  cos  x  the  value  given  by  equation  (25),  takes 
the  form 

rr. e      TT^         mM 

This  formula  represents  a  wave  disturbance  moving  parallel  to 
the  z  axis,  which  implies  that  the  energy  stream  is  along  the 
boundary,  and  not  down  into  the  seconji  medium.  The  amplitude, 
which  is  represented  by  the  imderscored  part  of  (27),  decreases  as 
z  increases,  becoming  sensibly  zero  when  z  is  large  in  comparison 

to  the  wave-length  Aa=7'7i.  These  boundary  waves  possess  an- 
other peculiarity,  in  that  they  are  not  transverse,  for  in  a  trans- 
verse disturbance  moving  along  the  x  axis  in  the  second  medium, 

Xt  must  equal  zero,  which  is  not  the  case. 
The  existence  of  these  waves  can  be  shown  experimentally  by 

bringing  a  convex  surface  of  glass  of  large  radius  of  curvature  into 
contact  with  the  surface  at  which  total  reflection  is  taking  place. 
The  light  will  be  found  to  enter  the  lens  in  an  annular  region  sur- 

rounding the  point  of  contact.  This  is  due  to  the  fact  that  the  two 
glass  surfaces  come  into  optical  contact,  i.e.  we  may  regard  the 
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air  film  as  completely  squeezed  out.  This  circular  patch  over  which 
total  reflection  fails,  and  complete  transmission  obtains,  is  sur- 

rounded by  a  ring  which  transmits  light  of  a  reddish,  and  reflects 
light  of  a  bluish,  tinge.  The  glass  surfaces  are  not  in  contact  here, 
but  the  air  fihn  is  too  thin  for  total  reflection  to  take  place.  Trans- 

mission will  obviously  occur  for  red  light  first,  since  the  thickness 
of  the  film  necessary  to  reflect  light  is  measured  in  comparison  with 
the  wave-length.  This  experiment  dates  back  to  the  time  of 
Newton  and  Fresnel,  and  shows  us  that  if  the  rarer  medium  is  of 

extreme  thinness,  total  reflection  no  longer 
occurs.  Voigt^  has  described  an  experiment 
designed  to  Siow  the  possibility  of  separating 
this  surface  wave  from  the  incident  and  re- 

flected waves,  and  allowing  it  to  spread  out 
into  space.  A  prism  of  the  form  shown  in 
Fig.  264  was  constructed,  and  light  passed 
into  it  in  the  direction  indicated  by  the  arrows. 
The  angle  of  incidence  exceeded  the  critical 
angle  at  both  of  the  surfaces,  and  must  there- 

fore have  exceeded  it  along  the  edge  a,  which 
can  be  regarded  as  a  cylinder  of  very  minute  radius  of  curvature. 
Voigt  observed  that  the  edge  a  was  luminous,  and  that  the  intensity 
was  greatest  when  viewed  from  a  point  b,  decreasing  steadily  as  the 
eye  was  moved  towards  c.  He  regarded  this  emission  of  light  by 
the  edge  as  due  to  the  breaking  away  of  the  surface  wave  from 
the  wave  disturbances  in  the  glass. 

Ketteler*  criticised  this  experiment,  and  claimed  that  it  was  a 
physical  impossibility  to  obtain  a  separation  of  the  two  wave  dis- 

turbances in  the  manner  imagined  by  Voigt.  An  attempt  was  made 

by  the  author  some  years  ago  to  repeat  Voigt's  experiment  with  a 
prism  of  very  nearly  identical  form,  but  no  distinct  evidence  of  the 
phenomenon  was  observed,  and  it  seems  possible  that  the  effect 
observed  might  have  been  due  to  the  fact  that  the  edge  was  not 
in  fact  a  perfectly  polished  cylinder.  It  is  diflScult,  however,  if  not 
impossible,  to  pass  judgment  on  an  experiment  of  this  nature  with- 

out actually  witnessing  it. 
Another  method  of  showing  the  presence  of  a  luminous  disturb- 

ance in  the  rarer  medium,  which  is  to  be  recommended  on  account  of 
its  simplicity,  is  to  scatter  minute  particles  on  the  reflecting  surface ; 
for  example,  smoke  the  hypothenuse  surface  of  a  right-angled  prism 
very  lightly  with  a  flame.  On  sending  a  strong  beam  of  light  into 
the  prism  the  smoked  patch  will  be  illuminated,  and  if  viewed  under 
a  powerful  microscope,  each  individual  carbon  particle  will  be  seen 
to  scatter  light  in  all  directions.  This  method  was  used  by  the 
author  in  establishing  the  granular  nature  of  certain  metallic  films, 
which  will  be  described  in  the  Chapter  on  The  Scattering  of  Light. 
The  method  was  subsequently  and  independently  originated  by 
Cotton  as  a  means  of  rendering  visible  ultra-microscopic  particles. 

>  Wicd.  Ann.,  67,  page  185,  1899. ^Wied.  Ann.,  67,  page  879. 



CHAPTER  XIV 

THE  THEORY  OF  DISPERSION 

Pbevious  to  the  discovery  of  anomalous  dispersion,  all  that  was 
required  of  a  dispersion  theory  was  a  satisfactory  explanation  of  a 
steiady  increase  in  the  refractive  index  with  decreasing  wave-length, 
and  ike  development  of  a  mathematical  relation  between  the  two 
which  should  conform  to  the  dispersion  curves  determined  by  ex- 

periment.   The  ̂ expression  for  the  velocity  of  transverse  waves 

^^^-v/l*  where  c  is  the  elasticity  and  d  the  density  of  the  medium, 

is  developed  on  the  assumption  that  the  wave-length  is  large  in  com-  \ 
parison  to  the  distance  between  the  vibrating  particles.  If  this  is 
not  the  case,  the  velocity  of  propagation  is  a  fimction  of  the  wave- 

length, as  was  shown  by  Cauchy,  who  assumed  that  in  refracting 
media  it  was  not  allowable  to  assume  the  wave-length  large  in  com- 

parison to  the  distance  between  the  particles,  on  account  of  the 
shortening  of  the  waves  by  retardation.  Cauchy  deduced  the 
expression 

which  giv^  the  refractive  index  in  terms  of  the  wave-length  and 
three  constants,  for  the  determination  of  which  we  require  deter- 

minations of  n  for  three  different  wave-lengths. 
This  formula  was  foimd  to  represent  the  dispersion  of  many  trans- 

parent substances  with  considerable  accuracy,  and  the  fact  that  the 
dispersion  increases  as  we  pass  down  the  spectnmi  into  the  region 
of  the  short  waves,  makes  it  appear  at  first  sight  as  if  his  assumption 
was  justifiable.  It  was  pointed  out  by  Biot,  however,  that  the 
shortening  of  the  waves  was  not  sufficient  to  account  for  the  phenom- 

enon, since  if,  in  dispersing  media,  the  wave-length  has  a  value 
comparable  to  the  distance  between  the  particles,  the  same  must 
be  true  in  free  ether,  which  should,  therefore,  show  evidences  of  dis- 

persion ;  in  other  words,  there  is  not  sufficient  change  in  the  wave- 
length. It  is  evident  that  this  must  be  the  case,  for  the  wave- 

length of  red  light  in  glass  is  greater  than  that  of  violet  light  in  free 
ether.  That  the  formula  expresses  the  relation  between  n  and  X 
in  certain  cases  is  purely  accidental,  and,  as  we  shall  see  presently, 
it  18  a  special  case  of  a  much  more  elaborate  formula,  developed 
from  quite  different  fundamental  assumptions. 

The  discovery  of  anomalous  dispersion,  and  the  relation  existing 
between  absorption  and  dispersion,  put  the  matter  in  a  new  light. 
The  r^ractive  index  of  a  mediunv  which  exercised  strong  selective 
abscHption,  was  found  to  increase  rapidly  as  the  absorption  band 

375 
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was  approached  from  the  r^on  of  longer  wave-lengths.  This  made 
it  seem  extremely  probable  that  the  dispersion  of  so-called  trans- 

parent media  was  due  to  absorption  bands  in  the  ultra-violet ;  in 
other  words,  that  there  was  no  essential  difference  between  normal 
and  anomalous  dispersion,  the  former  being  only  a  special  case  of 
the  latter,  the  observations  being  restricted  to. a  range  of  wave- 

lengths too  narrow  to  show  any  anomalies. 
As  has  been  recently  pointed  out  by  Lord  Rayleigh,  the  founda- 

tion of  the  modem  theory  of  dispersion  was  in  reality  laid  by  Max- 
well in  the  form  of  a*  question  propounded  in  an  examination  paper 

(Camb,  Calendar y  1869,  Math.  Tripos  Exam.).  The  same  idea 
subsequently  occurred  to  Sellmeier,  who  has  always  been  regarded  as 
the  founder  of  the  theory.  Sellmeier  sought  for  the  cause  of  dis- 

persion in  the  vibrations  of  the  atoms  of  the  molecule  caused  by  the 
repeated  impacts  of  the  light-waves.  These  atoms  would  naturally 
have  free-periods  of  vibrations  of  their  own,  and  would  be  set  in 
motion  by  the  light-waves  exactly  as  a  tuning-fork  is  set  in  vibra- 

tion by  waves  of  sound. 
Sellmeier  deduced  a  formula  which  is  practically  identical  with 

a  special  case  of  the  more  recent  electro-magnetic  dispersion  for- 
mula, and  which  represents  the  dispersion  for  those  wave-lengths 

for  which  the  mediiun  is  comparatively  transparent,  i.e.  on  both 
sides  of  the  absorption  band.  Within  the  region  of  absorption  it 

breaks  down,  for  reasons  which  will  appear  presently.  SeUmeier's formula  is  as  follows: 

^  =1  +  7;;;; — T^rz* 

where  n  is  the  refractive  index  for  light  of  periodic  time  T,  and  Tm 
is  the  periodic  time  of  the  vibrating  atom.  Substituting  wave- 

lengths for  periodic  times,  the  formula  becomes 

where  X  is  the  wave-length  in  ether  of  light  of  the  same  vibration 
frequency  as  the  absorbing  atom.  If  more  than  one  absorption 
band  exists,  the  formula  takes  the  form 

the  simmiation  being  taken  for  as  many  terms  as  there  are  atoms 
of  different  periods.  We  will  now  compare  this  formula  with  the 
Cauchy  formula: 

n=A  +  -  +  -. 

As  the  wave-length  increases,  the  refractive  index,  as  expressed  by 
this  formula,  becomes  less,  approaching  asymptotically  the  limiting 
value  A,  This  was  formerly  supposed  to  agree  with  experiment, 
but  more  recent  investigations  in  the  infra-red  have  shown  that  the 
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dispersion  curve  after  running  nearly  horizontal  for  a  certain  dis- 
tance may  again  descend. 

In  Fig.  265  XABC  is  an  experimentally  determined  curve.    The 
portion  AB  follows  the  Cauchy  formula,  which,  if  applied  to  values 

/7 

iot- 

Xm' 

Fio.  265. 

of  X  greater  than  the  value  at  A  would  give  the  dotted  curve  Ab 
instead  of  the  actual  curve  AX,  For  infinitely  short  waves  the 
refractive  index  would  be  infinite. 

Let  us  now  examine  the  formula  of  Sellmeier, 

n«  =  l-h- 

Z)X2 

2 

For  very  long  waves  the  denominator  becomes  approximately  equal 
to  X*,  and  we  have    

which,  if  D  is  small,  as  is  sometimes  the  case,  does  not  differ  much 

from  unity.    As  X  decreases  the  value  of  the  fraction  —    in- X2-X^2 

creaseSy  becoming  infinite  when  X^X..  For  values  of  X  less  than  X« 
the  sign  of  the  term  changes,  and  we  have  values  of  n,  which  are 
less  than  unity,  the  lowest  values  being  for  wave-lengths  close  to 
the  absorption  band;  as  X  decreases  n  increases,  becoming  unity 
for  infinitely  short  waves.  The  form  of  the  curve  is  shown  in  Fig. 
266.  As  we  shall  see  later  on,  the  Sellmeier  formula  represents 
most  perfectly  the  dispersion  of  sodium  vapor,  in  which  the  re- 

fraction and  dispersion  are  due  almost  entirely  to  the  influence  of 
a  single  absorption  band  (in  reality  a  close  double  band). 

If  we  confine  our  attention  to  the  region  AB  of  the  curve,  we  see 
that  the  dispersion  here  is  normal,  the  refractive  index  increasing 
with  decreasing  X,  and  the  curve  convex  towards  the  axis  of  abscissae, 
as  is  the  case  with  all  ordinary  transparent  media  for  visible 
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radiations.  The  decrease  in  refractive  index  occurs  when  we  pass 
across  the  absorption  band,  in  the  above  case  the  drop  being  very 
sudden.    A  further  decrease  in  the  value  of  X  causes  an  increase  in 

n 

/7-/ A 

Aiir Fio.  266. 

n,  the  curve  now  being  concaoe  towards  the  axis  of  abscissse.  The 
dispersion  here  is  normal  in  that  n  increases  as  X  decreases,  but  it 
differs  from  the  dispersion  along  the  branch  AB  in  that  the  rate 
of  change  of  n  with  X  becomes  less  as  X  becomes  less,  while  along  AB 
the  rate  of  change  of  n  with  X  increases  as  X  decreases.  This  is  due 
to  the  fact  that  in  the  former  case  we  are  receding  from  the  absorp- 

tion band,  while  in  the  latter  we  are  approaching  it. 
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The  dispersion  of  glass  or  water,  for  example,  is  represented  by  a 
curve  of  form  similar  to  AB,  consequently  we  may  infer  that  an 
absorption  band  in  the  ultra-violet  is  responsible  for  the  dispersion. 
Curves  of  the  form  CD  are  never  found  for  ordinary  transparent 
media  in  the  visible  spectrum.     If,  however,  the  investigations  are 
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carried  into  the  infra-red  region,  we  frequently  find  that  the  curve, 
which  in  the  visible  region  of  the  spectrum  was  convex  towards  the 
axis  of  abscissae,  eventually  becomes  concave  in  this  direction,  indi- 

cating that  an  absorption  band  is  being  approached.  The  curve  for 
fluorite  (Fig.  267)  is  an  example. 

If  we  apply  Sellmeier's  formula  to  the  dispersion  of  some  sub- 
stance such  as  glass,  where  the  refractive  index  appears  to  approach 

a  limiting  value  of  say  1.5  in  the  extreme  red,  instead  of  unity  as  in 
the  first  case  considered,  we  find  that  the  only  difference  lies  in 
the  larger  value  of  the  constant  Z>,  which  must  be  equal  to  1.25  if 
n  =  Vl+Z)=1.5. 

A  fuller  discussion  of  the  matter  can  be  undertaken  to  better  ad- 
vantage after  we  have  actually  developed  the  dispersion  formula, 

for  we  are  then  in  a  position  to  recognize  the  physical  significance 
of  the  constants. 

Thus  far  all  that  has  been  attempted  is  to  show  that  normal  dis- 
persion is  only  a  special  case  of  the  so-called  anomalous  dispersion, 

and  that  the  general  form  of  the  curve  can  be  represented  by 
a  formula,  in  which  the  difference  between  the  squares  of  the 
observed  wave-length,  and  the  wave-length  at  the  centre  of  the 
absorption  band  occurs  in  the  denominator. 

Schuster  has  proposed  the  term  "  Selective  Dispersion"  for  the 
phenomenon  which  we  observe  in  the  vicinity  of  an  absorption  band, 
as  there  is  in  reality  nothing  anomalous  about  it,  and  the  suggestion 
is  an  excellent  one,  and  wiU  be  followed  from  now  on. 

The  formula  of  SeUmeier  was  incomplete  in  that  it  was  inappU- 
cable  to  values  of  X  very  near  the  value  of  A^.  The  curve  which  the 
formula  represents  runs  to  infinity  on  one  side  of  the  centre  of  the 
absorption  band,  and  to  zero  on  the  other.  On  the  fundamental 
assumptions  made  by  Sellmeier  there  would  in  fact  be  no  absorption, 
for  he  introduced  no  term  which  provided  for  a  transformation  of 
the  radiant  energy  into  energy  of  some  other  form,  which  must 
occur  if  Ught  is  actually  absorbed  by  the  medimn. 

The  conception  of  something  akin  to  friction  accompanying  the 
vibration  of  the  atom  was  introduced  by  Helmholtz,  who  formed 
separate  differential  equations  for  the  vibration  of  the  ether  and  that 
of  the  ponderable  atom,  introducing  a  term  representing  a  frictional 
loss  into  the  latter.  Tlie  absorption  of  the  light  is  here  accounted 
for  as  a  frictional  transformation  of  the  radiant  energy  into  heat, 
and  the  final  formula  which  expresses  the  variation  of  n  with  X  shows 
that  the  dispersion  curve  is  continuous  through  the  absorption 
band.  The  factor  expressing  friction  enters  into  the  formula  in 
such  a  way  that  its  tendency  is  to  decrease  the  value  of  n  as  the 
absorption  band  is  approached  from  the  region  of  longer  waves. 
This  factor  becomes  larger  as  we  near  the  centre  of  the  band,  con- 

sequently the  curve,  instead  of  running  off  to  infinity,  turns  as  we 
enter  the  band,  and  running  down  through  it  meets  the  other  branch, 
the  whole  curve  being  continuous. 

We  will  now  proceed  with  the  development  of  the  complete  dis- 
persion formula,  first  on  the  mechanical  theory  and  then  on  the 

electro-magnetic  theory.    The  former  treatment  will  be  made  in- 
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dependent  of  complex  quantities,  and  though  longer,  is  perhaps 
easier  to  follow ;  the  latter  will  involve  the  use  of  imaginaries,  and 
though  the  final  equation  is  not  very  dififerent  from  the  other,  it 
will  help  us  to  understand  the  physical  significaiice  of  the  constants, 
and  the  relations  existing  between  the  optical  and  electrical  proper- 

ties of  various  media. 

Helmholtz's  Mechanical  Theory  of  Dispersion.  —  In  the  follow- 
ing treatment  we  shall  regard  the  ether  in  the  nature  of  an  elastic 

soUd,  i.e.  made  up  of  small  particles,  which  when  displaced  are 
urged  back  into  their  original  position  by  forces  of  restitution.  The 
refracting  mediimi  we  assimie  to  be  made  up  of  molecules,  between 
which  the  ether  penetrates  freely.  The  atoms  of  these  molecules 
are  capable  of  vibrating  in  periods  of  their  own  like  pendulums, 
and  any  displacement  of  an  ether  particle  is  assimied  to  cause  a 
displacement  of  one  or  more  atoms ;  in  other  words,  forces  exist 
between  the  ether  particles  and  atoms,  similar  to  those  exbting 
between  the  ether  particles  themselves.  When  a  wave  enters  the 
mediiun,  we  consider  it  propagated  through  the  agency  of  the 
ether  alone;  that  is,  there  is  no  direct  propagation  of  a  disturb- 

ance from  molecule  to  molecule  or  from  atom  to  atom.  Helm- 
holtz  considered  that  the  molecule  remained  at  rest,  but  that  the 
atom  could  be  displaced  from  its  position  of  equilibrium  by  the 
vibration  of  the  ether,  and  when  so  displaced  was  drawn  back  by 
a  force  of  restitution  proportional  to  the  displacement.  Though 
the  atoms  are  independent  of  each  other,  and  each  is  free  to  vibrate 
by  itself,  they  will,  when  disturbed  in  succession  by  a  passing  wave, 
have  displacements  which  collectively  form  a  wave  curve,  just  as 
chips  floating  on  water-waves,  though  not  transmitting  the  waves, 
will  be  arranged  in  the  form  of  the  wave-curve,  the  difference  in  this 
cavse  being  an  absence  of  any  force  of  restitution  tending  to  draw 
back  the  displaced  chips. 

Thus  far  the  conception  is  not  very  different  from  that  of  Soll- 
meier.  Helmholtz  next  assumes  the  vibration  of  the  atom  to  be 

accompanied  by  friction,  for  if  this  were  not  the  case  the  energ\^ 
taken  from  the  ether  would  be  given  back  to  the  ether  by  the  vi- 

brating atom  and  no  absorption  would  take  place.  The  velocity 
with  which  waves  are  propagated  through  a  medium  can  be  deter- 

mined in  terms  of  the  elasticity  and  density  of  the  medium.  The 
measure  of  the  elasticity  is  the  force  of  restitution  exerted  uix)n 
a  displaced  particle  by  the  neighboring  particle.  In  the  case  which 
we  are  about  to  coasider,  the  displaced  ether  particle  is  urged  back 
into  its  position  of  equilibrium  not  only  by  the  forces  exerted  by 
neighboring  ether  particles,  but  also  by  the  forces  existing  between 
the  ether  and  the  atoms.  The  atoms  are,  however,  not  stationary, 
but  are  set  in  motion  to  a  greater  or  less  degree  by  the  waves.  If 
the  waves  have  the  same  period  as  the  atom,  the  latter  will  be 
violently  agitated,  in  a  manner  analogous  to  that  of  a  tuning-fork 
when  subjected  to  sound-waves  of  the  same  period  as  its  own.  If 
the  period  of  the  light-waves  be  different  from  the  free  period  of 
the  atom,  the  latter  will  be  forced  to  vibrate  with  a  period  different 

■Tod,  and  the  amplitude  of  the  vibration  will  be 
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less  than  before.  We  have  to  determine  the  velocity  of  waves 
of  different  length,  as  influenced  by  the  reaction  upon  the  ether  of 
the  vibrating  atoms,  taking  into  accoimt  the  damping  which  they 
experience  as  the  result  of  friction. 

Let  fi  =  the  mass  of  the  ether  particle  and  17  its  displacement  at 
time  t  (Fig.  268).     Let  m  =  the  mass  of  the  atom  and  y  its  dis- 

placement at  time  L     If  c  is  the  elasticity  of  the 

Ov  ̂ Aep    ̂ ^h^^i  ̂ ^^  equation  of  motion  of  the  ether  alone,  the 
atom  considered  absent,  would  be 

^^  d^         A*dx« 
  .      To  this  acceleration  must  be  added  that  due  to  the 
Fio.  26&        force  exerted  on  the  ether  particle  by  the  atom.    If 

fi  is  the  force  for  unit  displacement,  the  force  in  this 
case  is  ̂ Piv—y),  the  negative  sign  being  given  since  the  force  acts 
in  a  direction  opposite  to  the  displacement.    The  expression  for  the 
acceleration  of  the  ether  particle  now  becomes 

(w*        mcLxr 

This  expression  is  not  sufficient  to  determine  the  motion  of  the  ether 
particle ;  we  require  in  addition  an  expression  for  the  motion  of  the 
atom. 

The  ether  particle  exerts  on  the  atom,  in  the  direction  of  the  dis- 
placement of  the  force  Piv—y).  The  atom  is  drawn  in  the  other 

direction  by  a  force  —  yy,  where  y  is  the  force  exerted  when  the 
displacement  is  unity. 

From  this  is  to  be  subtracted  a  term  representing  the  effect  of 
friction,  which  is  proportional  to  the  velocity.  The  equation  for 
the  motion  of  the  atom  of  mass  m  is 

(2)  t=£(''-^>-^-£f' cur     m  m     m  at 

where  8  is  the  frictional  resistance  for  unit  velocity. 
These  two  equations  are  sufficient  to  determine  the  motion  of  the 

ether  and  the  atom. 

We  shall  now  get  values  for  ̂   and  -7^  by  twice  differentiating 
or  ox' 

the  usual  expression  for  the  displacement  in  the  case  of  wave- 
motion,  and  substituting  the  values  thus  found  in  the  above 
equations. 

Let  t  be  the  time  which  has  elapsed  since  the  disturbance  reached 
the  boundary  of  the  medium,  T  the  period  of  the  vibration  of  the 
wave,  X,  the  distance  of  the  particle  in  question  from  the  boundary, 
{  the  wave-length  in  the  medium,  and  a  the  amplitude  of  the 
particle. 

Then  17= a  sin  2  ̂ ^^-|j, 
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in  which  17  is  the  displacement  of  a  particle  at  distance  x  from  the 
boimdary  at  time  t 

As  we  are  dealing  with  a  medium  in  which  absorption  may  take 
place,  we  must  modify  this  expression  somewhat.  The  amplitude 
will  decrease  as  the  disturbance  penetrates  into  the  medium,  owing 
to  the  friction  of  the  vibrating  atoms,  and  it  will  decrease  by  the 
same  fractional  amount  for  equal  increments  of  x. 

Let  A  be  the  ampUtude  at  the  boimdary.  At  distance  x  from  the 
boundary  the  amplitude  a  will  be 

a=Ae~^f  where  fc  is  a  constant. 
Substituting  this  in  our  last  equation  we  have 

(3)  r,=Ae-^An2n(i-?\ 

In  the  same  way,  if  B  is  the  amplitude  of  the  atom  at  the  bound- 
ary, we  have 

(4)  y^Be-^8xn2^(i-^-A, 
where  A  is  a  possible  difference  of  phase  between  the  ether  particle 
and  the  atom. 

We  now  twice  differentiate  1;  and  y  with  respect  to  i,  regarding  x 
as  constant,  and  twice  with  respect  to  x,  regarding  t  as  constant, 
and  substitute  these  values  in  equations  (1)  and  (2). 

^  =  _4^Be-sin2.f^-f-A\ 

^=ifc2Ae-*'sin*+^fc(Ae-*'cos^)+fc^Ae-*-cos* dx^  I  I 

—  -j^-Ae  *^8in*, 

in  which  ^  = 
'Hf-i) 

The  expression  for  -^  is  substituted  as  it  stands,  while  in  the  case 

of  the  expression  for  --^  we  group  the  sin  *  terms  and  cos  *  terms 
thus: 

(A;Ue-*'-4^Ae-*'^sin^=(jfc«-^^Ae-*'sin*, 

which,  when  multiplied  by  a*,  ̂ ves u 

-  a  -  (^  -  A;*')  Ae-"  sin  *. 
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Grouping  the  cos  ̂   terms  in  the  same  way  gives 

2a-(^^-A;Ai4e-*'sin* 
We  require  also  an  expression  for  (17— y), 

^(,,-y)  =  ̂rie-*'sin^-Be-*"sin(^-*)l 

=  ̂i4e-*'sin*- tMii  (*-♦) 

fi  A 

in  which  ♦=2irA. 

Substituting  in  equation  (1)  for  -^,  -~^  and  (1;— y)  the  values <Ur     cur 

obtained  from  the  equations  (3)  and  (4)  we  have 

-^ile-'"sin*=-o-('^-fc«V«'*'sin*+2a-?/ifcA6-*'cos* 

-^Ae-*'rsia4»-^8in  (*-♦)! 
If  n  is  the  refractive  index  of  the  mediiun  for  a  disturbance  of 

period  T,  the  wave-length  of  which  in  free  ether  is  X,  then  i=  -  ;  we n 

next  introduce  a  new  constant  k  such  that  fc  =  #c  — ^ ,  and  put  {* = a  -  • A  ,1 

We  have  seen  that  a  -  is  the  square  of  the  velocity  of  propagation 

of  the  disturbance ;  .*.{  =  —• 

Dividing  each  term  in  the  expression  by  Ae~*'i^  or  its  equivalent, we  get 

— -r-sm*=— ( — i   *r — )sm*H — :   cos*   --sm* 
X«  \   X2  \  J  k       \  ^  \ 

-4;r«i'^*-?8in(*-*)1---^(n2-ic«)sin* 

+  ̂2niccos*--4;f8in*-v8in(*-4')\ 

Writing  now  for  sin*(— ♦)  the  equivalent  sin*  cos  ♦—cos* 
sin  ♦,  we  get 

(n*-ic«-l)i^  +  -^^l-|cos*)|sin* I 
^2  nic  i^  -  4,  ?  sin  ♦^  cos  * = 0. 
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This  equation  must  hold  for  every  value  of  O,  which  is  only- 
possible  when  the  coefficients  of  sin  ̂   and  cos  ̂   both  equal  zero ; 
otherwise,  with  increasing  ̂   in  the  first  quadrant,  the  first  member 
would  increase  and  the  second  diminish  and  the  equation  no  longer 
hold.  A  ̂ 

The  equation  therefore  falls  into  two,  and  dividing  through  by  ~f A 

weget(5)        nW.l  =  -^-^4-j^fcos^, 

and  (6)  2nic=-^f  sin*. 

These  equations  give  us  the  refractive  index  and  extinction  coef- 
ficient K  in  terms  of  the  ratio  of  the  vibration  amplitudes  of  the  atom 

and  ether,  and  the  phase  between  them.  We  have  next  to  deter- 
mine these  two  quantities.  Substituting  in  equation  (2)  the  values 

found  for  the  first  and  second  derivatives,  and  for  (17— y)  and  y, 
gives 

-  ̂Be-*- sin  (♦-♦)  =  ̂ fieV- sin *-sin  (O-*)^ 

-^fie-*- sin  (*-♦)-  -  Be-*-^cos  (♦-♦). m  m  T 

Divide  through  by  Be"*",  and  writing  as  before  for  sin  (*— ♦)  its 
equivalent,  we  find  that  this  equation  also  breaks  up  into  two : 

i^  m  £>        m  m  T 

^-—  sin  4^=  tLJLL  Qin  4r_  __ 
w 

and  "=-  sin  ♦=  - — ^  sin  ♦    cos  ♦, 
T^  m  mT  ' 

which  gives  us  the  amplitude  ratio  and  the  phase-difference  in  terms 
of  the  constants  of  equation  (2). 

Multiply  the  first  equation  by  cos  ̂ ,  and  the  second  by  sin  ̂ ,  and 
substract  the  first  from  the  second,  and  we  have 

jP  mB  m 

Multiply  the  first  by  sin  ̂   and  the  second  by  cos  ♦  and  add,  and 
we  have 

0=  — —  sm^   —. mB  m  T 
^cos^ 

-__     ̂                 .         .        B        w 
The  first  equation  gives  -j  =  ̂ -r   7— j- 

m  "Ir^ 
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The  second 

0     •       w 

A       S2 w 
m   T 

The  quantity  fi +y  m  the  first  of  these  two  equations  is  the  sum 
of  the  forces  acting  on  the  atom  when  displaced  unit  distance,  the 
ether  being  regarded  as  at  rest  (or  17=0).    The  equation  of  motion 

of  the  atom  under  this  condition  is,  disregarding  friction,  -j^ 

^     /84-y y,  and  its  period  of  oscillation  we  will  designate  by  T,. m 

- — ^  =  jzr-z  —  —r-7- ,  where  X«  is  the  wave-length  in  ether  of  a 

disturbance  of  periodic  time  r«,  C  being  the  velocity  of  propagation. 
(See  last  equations  in  section  on  Periodic  Motion,  chap,  i.) 

Substituting  this  value  in  the  equations  for  the  amplitude  ratio 
gives  us 

(O)  B_      fi       cos^    ̂       ̂        ̂ '^'   cocT 

(10) B_^p^    sin^ 

A     4ir2{«m_8       1' 2vmi  A 

Ji^ 
2 

in  which  we  recognize  the  term      "^      ,  which  we  have  seen  accounts 
for  anomalous  dispersion. 

We  will  now  write  a  for    r  A.*  (all  the  quantities  being  con- 
2irmC 

stants),  and  (10)  becomes^  =  ,   f^    ̂=— sm^,  and  dividmg  this A     4  IT vm   a 

by  (9)  we  have  -1-  =  ̂ .^^'. tan  ♦        a       A^*A2 

(11)  tan*=      "^ A2-A^« 

an  expression  for  the  phase-difference  between  the  ether  and  the 
atom  in  terms  of  the  constants  and  the  wave-length  of  the  light. 

We  shall  presently  require  an  expression  for  sin**  and  cos'*, 
which  we  can  get  from 

tan«*=?yi-^  and  sin2*  =  l-cos«*; 

cos** .    1  — cos**  a*A* 

cos**        (A*-A^*)* 

a*A*  cos*  *  =  (A*  -  A,*)*  -  (X*  -  A,*)*  cos*  *. 2o 
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(13)  8in**=— -^^^-^^^^ 
expressions  which  we  shall  presently  substitute  in  (9).  We  now 
multiply  equation  (9)  by  cos  ♦  and  (10)  by  sin  ♦,  and  substitute  for 
the  008^  ♦  and  sin*  ♦  the  expressions  given  by  (12)  and  (13), 

—  sin  V  =  — — —  •   ^^   

A  4ir«{»ni  (\»-\,«)»+«»X*" 
Substitute  these  values  in  equations  (5)  and  (6), 

4^^/*           (4ir«r)Vm*(X«-X««)*-fa*A»' 

2  nic  =   ^'^^   
(4ir2{«)Vm  (A«-X,«)2+a«X« 

4^iV  (4^«r)*Wfi' 
Let  P= — ^  "-'^  '^^ — ^^ 

which  we  may  do  since  only  constants  are  involved,  and  we  have  the 
final  equations. 

In  these  equations  n  is  the  refractive  index  of  the  medium  for 
wave-length  A,  2  wx  is  the  fraction  of  the  Ught  lost  by  absorption  in 

distance  A  within  the  medium  f  since  *^  =  *  "]~ )  •     (See  eq.  (2a) .) 
The  dispersion  formula  gives  us  not  only  the  relation  between  the 

refractive  index  and  the  wave-length,  but  also  the  relation  between 
the  absorption  and  the  wave-length.  If  we  have  atoms  with  dif- 

ferent free  periods,  we  must  place  a  summation  sign  before  each  of 
the  terms  in  the  right-hand  member  of  the  equation.  They  are 
then  appUcable  to  media  with  more  than  one  absorption  band. 

y^i-,K«-l  =  -SPA«  +  SQ     ̂ *(^'-V) 

2n#c=SQ 
(A»-A.«)24-a»A« 

aA« 

(A«-A«2)2  4.^2X2 

We  will  now  proceed  to  examine  the  equations  in  some  detail, 
applying  them  to  transparent  and  then  to  absorbing  media. 

Application  to  Transparent  Media.  —  As  we  have  seen,  we  must 
define  transparent  media  as  media  with  absorption  bands  outside  of 
the  visible  spectrum.     For  such  media,  if  we  confine  our  attention  to 
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values  of  A  in  the  freely  transparent  region,  we  can  put  #c=0  in  the 
equation,  since  there  is  no  absorption.    If  ̂ =0,  then  «  must  also 
equal  zero,  since  if  there  is  no  absorption  there  is  no  friction. 

The  first  equation  now  reduces  to 

This  expression  differs  somewhat  from  the  SeUmeier  formukti 

n«=l+Z) 
A^-V 

and  from  the  electro-magnetic  dispersion  formula,  which  we  shall 
presently  develop,  and  which,  for  transparent  media,  reduces  to  a 
form  identical  with  the  SeUmeier  equation.  The  term  —  P  reminds 
us  of  a  similar  t^rm  in  the  complete  dispersion  formula  of  Ketteler 
which  we  shall  take  up  presently,  which  represents  the  effect  of  an 
absorption  band  in  the  infra-red.  There  is,  however,  no  connection 
between  the  two,  as  is  at  once  evident  when  we  remember  that  the 

expression  was  developed  for  a  single  absorption  band.  The  A* 
in  the  numerator  makes  it  seem  at  first  sight  as  if  the  two  formuke 
must  be  quite  different.  This  apparent  difference  disappears  as 
soon  as  we  calculate  the  values  of  the  constants  P  and  Q. 

These  constants  cannot  be  determined  from  theory,  but  they  can 
be  calculated  if  we  determine  three  values  of  the  refractive  index 

ni,  fifl,  ns  for  wave-lengths  Ai,  At,  A,. 

Writing  the  equation  n*— 1  =  —  PA*-f  Qr^ — —  in  the  form 

andletting       ̂ =r,    ̂   =  s,   and  ̂ =<, 
we  have  three  equations, 

(r+P)(l-^)-Q=0,   (8+P)^l-^\-Q=0, 

('+pi'-ii)-Q-^' 
from  which  the  three  constants  P,  Q,  and  A,  are  determined. 

The  constants  of  the  Cauchy  formula  can  be  determined  from  two 
observed  values  of  n  and  A ;  thus 

IZX'  TTT" A,*     A,»  V     Ai« 
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For  water  at  19**.5  C.  the  constants  are  as  follows : 
Helmholtz  formula  Cauohy  formula 

V  =  . 87979  A  =1.324137 
P=. 865895  fi=   .30531 
Q  =  . 865767 

These  constants  once  determined,  we  can  test  the  formula  by- 
calculating  the  values  of  n  for  other  wave-lengths,  and  compare 
them  with  observed  values.  In  the  following  table  are  given  the 
values  for  water  obtained  by  Wiillner,  the  values  of  A  being  des- 

ignated by  the  Fraunhofer  lines.  The  diflferences  between  the 
observed  and  calculated  values  are  given  in  the  last  two  colunms : 

Calculated  values  differ  by 

X  n  observed  (Helmholtz)  JCauchy) 
B  1.33048  .00000  +.00012 
C  1.33122  -.00005  -.00001 
D  1.33307  .00000  -.00012 
E  1.33527  +.00005  -.00015 
F  1.33720  -.00000  -.00003 
G  1.34063  +.00001  -.00002 
H  1.34350  +.00004  +.00014 

This  shows  the  accuracy  with  which  the  two  formulae  represent  the 
dispersion. 

The  constants  P  and  Q  of  the  Helmholtz  formula  are  seen  to  be 
very  nearly  equal,  a  fact  which  is  true  for  other  substances  than 
water. 

If  we  put  P=Qy  the  formula  n^=l  — PA*+Q— — —  reduces  at 

once  to  n'  =  l+Q   ̂         ̂ ,  which  is  identical  with  the  formula  of 

Sellmeier  if  we  write  D  for  QA«.     We  can,  moreover,  by  a  different 
transformation  cause  the  Helmholtz  formula  to  take  the  form  of  the 
Cauchy  series. 

If  A»<A,  which  must  be  the  case,  otherwise  we  should  have  values 
A*  0\^ 

of  n  less  than  1,  we  can  write  Q  -- — —  =  v  ox ' 

1  A«*     KJ^ 
By  the  binomial  theorem,   ri~^"^  ij^'^TT'^  •••  ' 

A2 
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or  n*=l+QK?-(P-Q)X*+QK,*^+Q\J^- A'  A* 
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Since  P==Qf  the  term  ̂ {P-'Q)>^^  falls  out,  and  we  have  the 
Cauchy  formula,  writing  A  —  l+Qiw?,  B^QKm*,  etc.  This  explains 
why  the  Cauchy  formula  is  capable  of  representing  a  dispersion 
curve  as  well  as  it  does,  its  agreement  with  the  Helmholtz  formula 
being  accidental,  of  course. 

Calculation  of  the  Position  of  the  Absorption  Bands  of  Trans- 
parent Media. — The  Helmholtz  equation  was  modified  by  Ketteler, 

who  obtained  a  formula  containing  a  term,  the  square  root  of  which 
represented  the  refractive  index  of  the  medium  for  infinitely  long 
waves.  This  formula,  being  essentially  identical  with  the  electro- 

magnetic dispersion  formula  which  we  shall  develop  later  on,  will 
for  the  present  be  assimied.  It  enables  us  to  push  our  investiga- 

tions over  a  wider  range  of  wave-lengths  than  was  possible  with  the 
other  equation,  and  is  commonly  spoken  of  as  the  Ketteler-Helm- 
holtz  dispersion  formula. 

The  two  equations  are 

2nK  = -wrx2- 

Mji 

This  formula  has  been  verified  over  a  wide  range  by  the  investiga- 
tions  of  Paschen,  Rubens,  and  others,  who  have  measured  the 
dispersion  of  various  substances  in  the  infra-red,  visible,  and  ultra- 

violet r^ons,  and  compared  the  observed  values  with  those  cal- 
culated from  the  formula,  finding  most  perfect  agreement. 

By  measuring  the  dispersion  in  the  visible  spectrum  and  deter- 
mining the  constants,  it  is  possible  to  calculate  the  positions  of  the 

absorption  bands  in  the  infra-red  and  ultra-violet,  even  if  we  can- 
not observe  them. 

In  this  way  bands  of  absorption  have  been  definitely  located  in 
the  infra-red  r^on  of  various  media,  and  subsequently  found  by 
experiment. 

We  will  now  examine  in  some  detail  the  application  of  the  Kette- 
ler-Helmholtz  formula  to  the  study  of  the  optical  properties  of 
quartz. 

For  transparent  media  the  equation  becomes 
n'-nJ^Xx^ 

M. 

This  formula  must  hold  over  the  entire  spectrum  with  the  exception 
of  the  small  gaps  where  the  absorption  bands  lie. 

It  was  found  sufficient  to  take  but  two  terms  of  the  member 

2  7^ — 7^  In  all  cases  where  in  one  term  K?  was  considerably 

smaller  than  A*,  and  in  the  other  considerably  larger ;  in  other  words, 
to  consider  but  two  absorption  bands,  one  in  the  ultra-violet,  the 
other  in  the  infra-red. 



390  PHYSICAL  OPTICS 

Ultra-violet     Infra-red 

The  expression  "*="-*+i^irb  +  ̂ ^h 
can  be  written  in  the  form 

the  expansion  being  made  by  change  of  sign  and  division.  The 
members  in  the  parenthesis  form  a  rapidly  convergent  series,  and 
for  very  diathermous  substances,  in  which  the  absorption  band  is 
far  out  in  the  infra-red  (i,e,  X2  very  large  in  comparison  to  X),  a  suflS- 
ciently  good  approximation  is  obtain^  when  we  write 

A  —  Aj  Aj  A4 

If'  the  diathermancy  is  less,  or  if  we  are  working  nearer  to  the 
absorption  band,  we  add  a  second  member  of  the  series  and  get 

A*— Ai' 

Now  4=  -"Y  and  h  =  -ri''  •  •  u  ~  ̂*»  ̂ ^^  ̂ y  determining  the  con- Ag  Aj  Ki 

stants  k  and  h,  we  have  at  once  determined  the  position  of  the 
infra-red  absorption  band. 

/         Quartz  is  a  substance  exceedingly  transparent  to  the  ultra-violet, 
visible,  and  infra-red,  and  is  consequently  well  adapted  for  a  verifi- 

cation of  the  dispersion  formula  over  a  wide  range  of  wave-lengths. 
The  dispersion  is  measured  in  the  visible  spectrum  with  the 

spectrometer,  in  the  ultra-violet  by  means  of  photography,  and  in 
the  infra-red  either  with  the  thermopile,  bolometer,  or  radiometer. 
In  these  instruments  the  heating  effect  of  the  rays  is  the  means  by 
which  they  are  detected,  the  thermopile  furnishing  a  current,  and 
deflecting  a  galvanometer  needle  when  the  rays  strike  it,  while  the 
bolometer  gives  evidence  of  the  rays  by  the  change  in  the  resistance 
of  a  fine  strip  of  blackened  platinum  due  to  the  heating.  The 
radiometer,  which  was  brought  to  a  high  degree  of  perfection  by 
E.  F.  Nichols,  has  the  advantage  of  being  iminfluenced  by  magnetic 
disturbances,  but  is  not  quite  as  convenient  to  work  with.  It 
consists  of  a  double  vane  of  mica  suspended  in  a  vacuum  by  a  quartz 
fibre.  The  rays,  falling  upon  one  of  the  vanes,  cause  a  deflection, 
which  is  measured  by  a  mirror  and  scale.  A  fuller  description  of 
this  instrument  will  be  found  in  the  chapter  on  Radiation. 

Rubens  employed  the  bolometer  in  his  earlier  investigations. 
The  arrangement  of  his  apparatus  is  shown  in  Fig.  269.  The  radia- 

tion from  a  zirconia  burner  Z  was  concentrated  by  a  rock-salt  lens, 
which  is  very  transparent  to  the  long  waves,  on  the  slit  of  a  re- 

flecting spectrometer,  dispersed  by  a  wire  diffraction  grating,  and 
focussSi  on  the  slit  of  a  second  reflecting  spectrometer,  on  the  table 
of  which  the  quartz  prism  was  mounted.     By  means  of  the  grating 

/ 
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spectrometer,  heat  radiation  of  approximately  a  single  wave* 
length  was  thrown  on  the  slit  of  the  spectrometer,  and  the  deviation 
of  these  rays  by  the  quartz  prism  was  determined  by  means  of  the 
bolometer,  which  took  the  place  of  the  cross-hairs  in  the  eye-piece 
of  the  ordinary  spectrometer.  With  this  apparatus  Rubens  in- 

vestigated the  dispersion  of  fluorite  to  8.9  /*,  and  of  quartz  to  4.26  /*. 
Taking  Sarasin's  measurements  in  the  ultra-violet  and  visible 
spectrum,  and  his  own  in  the  infra-red,  Rubens  compiled  the  follow- 

ing table.  The  differences  between  the  observed  and  calculated 
values  are  given  in  the  S  columns.  The  values  in  column  1  were 
calculated  from  the  formula,  making  use  of  one  member  of  the  con- 

vergent series.  The  calculated  values  agree  with  the  observed, 
from  the  extreme  ultra-violet  up  to  nearly  2  ft,  beyond  which  a 
rapidly  increasing  difference  is  found,  due  to  the  fact  that  we  are 
getting  so  near  the  absorption  band  that  it  is  no  longer  sufficient 
to  take  two  members  of  the  series.  Three  members  of  the  series 
were  used  in  compiling  the  values  of  column  2,  and  it  is  seen  that 
the  agreement  is  perfect  out  to  4.26  /i,  which  was  as  far  as  it  was 
possible  to  obtain  measurements  at  the  time.  The  constants  of 
the  equation  were  determined  as  follows : 

0*= 
2.35681,     *= .01113,  A;,  = .0001023 

1 

*> 

Jlf,= .010664,   X,'= 
=  .010627. 

• 

X m.  obs. 
I 

m.  caL <I 
n 

m.  cftl. 
<II 

.198 1.65070 1.65077 
+  .7 

1.65077 

+.7 .274 1.5875 1.58757 

+  .7 

1.68757 

+  .7 [.358 
1.56400 1.56395 

-.5 

1.56395 

-.5 

Visible .434 1.553869 1.5539 

+  .3 

1.5539 
+  .3 

Spectrum .534 1.54663 1.5466 
+  .3 

1.5466 
+  .3 1.656 1.541807 1.5419 +  ;9 1.5419 +  .9 1.160 1.5329 1.5330 

+  .1 
1.5329 0 

1.617 1.5271 1.5271 0 1.5269 

-2 

1.969 1.5216 1.5221 

+  5 

1.5216 0 
2.32 1.5156 1.5162 

+  6 
1.5152 

-4 

2.60 1.5099 1.5111 
+  12 

1.5096 

-3 

2.86 1.5039 1.5057 
+  18 

1..5034 

-  5 

3.06 1.4985 1.5013 
+  28 

1.4983 

-2 

3.21 1.4942 1.4980 38 1.4944 

+  2 
3.42 

1.4877 1.4926 
49 

1.4879 

+  2 3.67 1.4790 1.4861 63 1.4799 

+  1 3.84 1.4739 1.4812 73 1.4738 

-  1 

4.01 1.4678 1.4761 83 1.4683 
+  5 4.15 1.4619 1.4717 98 1.4616 

-  3 

L 1.26 1.4567 1.4682 115 1.4570 

+  3 Calculation  of  the  position  of  the  infra-red  absorption  band  from 
A;  and  h\  showed  it  to  be  at  10.4 /a. 

TTie  approximate  position  of  the  ultra-violet  band  is  at  .103  ft,  the 
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two  being  &i  octaves  apart.  Of  this  region  4^  octaves  could  be 
measured,  and  the  agreement  between  the  observed  and  calculated 
values  within  this  range  was  found  to  be  perfect. 

Radiometric  Observations  on  Quartz.  —  The  behavior  of  quartz 
with  respect  to  very  long  heat  waves  was  investigated  by  Nichols 
with  a  radiometer. 

Fio.  269. 

He  found  a  strong  absorption  band  between  8  and  9  ft  which  agreed 
fairly  well  with  the  position  predicted  by  Rubens  from  the  constants 
of  the  formula.  If,  however,  we  use  this  experimentally  deter- 

mined value  of  km  for  calculating  the  refractive  indices,  we  no  longer 
find  agreement  between  the  two  sets. 

The  reason  of  this  appeared  upon  the  completion  of  a  subsequent 
piece  of  experimental  work  by  Rubens  and  Nichols. 

Nichols  had  found  that  for  the  wave-length  corresponding  to  the 
centre  of  the  absorption  band  (8.5 /i),  quartz  reflected  almost  as 
powerfully  as  a  metal.  This,  as  we  shall  see  in  the  chapter  on 
Absorption,  is  universally  true  of  substances  showing  powerful 
selective  absorption.  •  The  phenomenon  is  commonly  spoken  of  as 
"  Surface  color/*  the  aniline  dyes  exhibiting  it  to  a  very  marked 
degree.  Quartz  was  found  to  reflect  about  80%  of  the  incident 
radiation  of  wave-length  8.5 /i,  and  only  about  2%  of  the  radiation 
at  4  ft.   The  transmission  and  reflection  curves  are  shown  in  Fig.  270. 

On  this  property  of  quartz  Rubens  and  Nichols  based  the  very 
beautiful  method  of  isolating  heat  waves  of  great  wave-length.  In 
brief,  the  method  consisted  in  reflecting  the  radiant  energy,  coming 
from  a  zirconia  button  heated  in  the  oxyhydrogen  flame,  in  suc- 

cession from  several  polished  surfaces  of  quartz.  It  is  apparent 
that,  if  the  quartz  reflects  like  a  metal  for  wave-length  8.5  ft  and 
like  a  transparent  medium  for  all  other  wave-lengths,  the  radiant 
energy  after  a  sufficient  number  of  reflections  will  contain  practically 
nothing  but  the  metallically  reflected  waves.  The  energy  after 
five  reflections  was  examined  with  a  wire  diffraction  grating,  and 
found  to  consist  principally  of  waves  of  length  8.5  ft.  In  addition 
to  these  waves,  the  grating  showed  that  wave-length  20  ft  was  also 
present  in  the  reflected  energy,  conclusive  proof  that  there  was  a 
second  absorption  band  at  20  ft.     Taking  8.5  /*  and  20  ft  as  values 



THEORY  OF  DISPERSION 393 

for  Xt  and  A«  in  the  formula,  adding  a  term 

M, 

for  the  new  ab- 

sorption  band,  it  was  found  that  perfect  agreement  was  again 
obtained  between  the  observed  and  calculated  values. 

The  error  in  the  calculated  position  of  the  hsaid  (10.4  against  8.5  /a) 
was  due  to  the  fact  that  the  second  band  had  been  neglected.  This 
shows  us  how  the  presence  of  an  absorption  band  beyond  the  reach 
of  observation  may  be  detected.  More  will  be  said  of  this  method 
further  on  in  the  chapter. 

A  further  remarkable  verification  of  the  formula  has  been  found 
by  Rubens  and  Aschkinass  {Ann,  der  Physiky  67,  p.  459, 1899),  who 
have  measured  the  refractive  index  of  quartz  for  heat-waves  of 
length  56 /A.  These  waves  are  isolated  by  means  of  repeated  re- 

flections from  surfaces  of  fluorite.  Inasmuch  as  they  lie  on  the  side 
of  the  infra-red  bands  towards  the  region  of  longer  wave-length,  we 
should  expect  a  higher  value  of  the  refractive  index  than  in  the 
visible  spectrum.  Calculating  the  refractive  index  from  the  dis- 

persion formula,  we  find  the  extraordinary  value  2.20,  higher  even 
than  for  the  ultra-violet.  The  value  found  experimentally  by 
Rubens  was  2.18,  a  remarkably  close  agreement. 

Dispersion  and  Absorption  of  Various  Substances  in  the  Infra- 
red.—  A  knowledge  of  the  dispersion  and  absorption  of  trans- 

parent substances  in  the  infra-red  region  is  of  the  greatest  im- 
portance in  the  design  of  apparatus  for  investigations  in  this  region. 
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Figure  271  represents  according  to  Rubens  and  Trowbridge  the 
behavior  of  fluorite,  rock-salt,  and  sylvite,  the  substances  chiefly 
used  for  the  manufacture  of  prisms  and  plates.  I  have  added  the 
quartz  dispersion  curve  for  the  sake  of  comparison,  but  have 
omitted  the  transmission  curve.    This  curve  has  been  determined 

Dispersion 

^  Transmission 
•>  Plate  icfpihck. 

^H^Tsr.!   

T 
H 
Cr 
^^ 

.5 

W 

/3 

Fio.  271. 

by  the  prism  method  only  as  far  as  4.5/*.  The  rest  of  the  curve  is 
calculated  from  the  reflecting  powers  measured  by  Nichols.  The 
steepness  of  the  curve  is  due  to  the  presence  of  the  band  of  metallic 
absorption  at  8.5  /*,  which  is  indicated  in  the  figure.  Trowbridge 
observed  that  powdered  quartz  showed  a  minimum  of  reflecting 
power  at  4.5 /i,  indicating  a  weak  absorption  at  this  point,  which 
makes  itself  manifest  as  a  "  body-color  *'  effect  (see  ne^  chapter). 
This  band  is  not  strong  enough  to  have  Any  influence  on  the  dis- 

persion.   There  is  probably  a  partial  though  slight  return  of  trans- 
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parency  between  5fi  and  8.5 /a,  though  it  has  never  been  detected 
in  the  case  of  thin  plates. 

It  is  very  instructive  to  compare  these  dispersion  curves  with 
the  transmission  curves  and  note  the  change  of  curvature  as  the 
region  of  strong  absorption  is  approached.  As  can  be  seen  from 
the  figure,  fiuorite  makes  much  the  best  material  for  prisms,  if  we 
only  wish  to  work  out  as  far  as  10 1^,  on  account  of  its  greater  dis- 

persing power.  Rock-salt  comes  next,  and  sylvite  last,  though  with 
it  we  can  go  out  a  little  further. 

<£ ^ 

a- 
^^     ̂ 2^zz:^ 

A- 

Doon 

Fig.  272. 

Application  to  Absorbing  Media  and  Selective  Dispersion.  — 
Pfliiger  Glnn.  der  Phys.,  65,  p.  113,  1898)  was  the  first  to  imdertake 
a  carefiV  series  of  observations  of  n  and  k  in  the  case  of  strongly 
absorbing  substances,  with  a  view  of  testing  the  dispersion  formula 
near  to  and  within  the  absorption  band.  He  employed  solid  bi- 
prisms  of  small  angle,  obtained  by  evaporating  an  alcoholic  solution 
of  an  aniline  dye  between  a  glass  plate  and  a  curved  segment  of 
a  glass  tube,  as  shown  in  Fig.  272a.  On  removing  the  segment 
of  the  tube,  two  prisms  of  small  angle  remained  on  the  plate,  the 
refracting  edges  being  turned  towards  the  centre,  as  shown  at  b. 
The  refractive  indices  could  be  obtained  by  means  of  these  prisms 
even  at  the  centre  of  the  absorption  band,  though  in  this  case  the 
image  of  the  slit  of  the  spectrometer  was  greatly  broadened  by 
diffraction,  since  only  the  extreme  edges  of  the  prism  transmitted 
the  light.  The  values  of  the  constant  k  for  the  different  values 
of  A  were  determined  by  means  of  the  spectro-photometer,  thin 
films  of  different  thicknesses  being  used.  The  general  form  of  the 
curves  foimd  in  the  case  of  cyanine  is  shown  in  Fig.  273. 

In  determining  the  deviations  produced  by  these  prisms  of  small 
angle,  it  was  necessary  to  take  certain  precautions,  brief  mention 
of  which  will  be  of  use  to  any  engaged  in  similar  observations.  The 
glass  plate,  with  its  bi-prism,  was  covered  by  a  black  paper  screen 
provided  with  four  apertures,  Fi  and  Fj  exposing  clear  glass.  Pi  and 
Pi  the  two  opposed  prisms,  Fig.  272c.     In  measuring  the  deviations, 
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the  plate  is  mounted  on  the  table  of  a  spectrometer  and  the  slit 
illuminated  with  intense  monochromatic  light,  furnished  by  a 
spectroscope.  The  windows  F\F%  and  Pi  are  covered,  and  the 

broadened  image  of  the  slit  brought  into  coincidence  with  the  cross- 
hair. It  is  first  necessary,  however,  to  be  sure  that  the  eye-piece  is 

focussed  exactly,  otherwise  false  readings  will  be  obtained,  as  can  be 

Fig.  273. 

seen  by  referring  to  Fig.  272d.  Suppose  the  eye-piece  to  be  focussed 
on  the  plane  a-b  instead  of  on  the  focal  point.  On  account  of  the 
narrowness  of  the  beams  coming  through  F\  and  Ft  the  images 
will  be  about  as  sharp  here  as  at  the  true  focus,  but  we  shall  see 
two  of  them,  since  the  ray  bundles  are  separated,  and  if  we  screened 
the  windows  in  succession,  we  should  obtain  two  positions  of  the 
image,  though  no  deviation  has  resulted  from  passage  of  the  rays 
through  the  windows.  It  is  clear  that  the  same  error  will  be  in- 

troduced, though  in  a  less  degree,  for  the  windows  Pi  and  Pj,  which 

cover  the  prisms.  We  should  therefore  place  the  eye-piece  in  such 
a  position  that  no  change  in  the  position  of  the  image  can  be  de- 

tected when  the  apertures  Pi  and  F2  are  covered  in  succession. 
This  will  only  be  the  case  when  it  is  correctly  focussed. 

The  prism  angles  are  determined  by  reflecting  the  light  from 
their  surfaces. 

To  determine  the  extinction  coefficient,  two  films  of  different 
thickness  are  deposited  on  glass,  and  the  difference  in  thickness 

determined  by  laying  a  second  glass  plate  over  them,  and  determin- 
ing the  thicloiess  of  the  air  films  above  them  by  an  interference 

method.  The  absorption  of  each  film  for  light  of  different  wave- 
lengths is  then  determined  with  a  spectro-photometer.  The 

difference  of  absorption  obtained  in  this  way  is  the  true  absorption 
of  a  film  of  thickness  equal  to  the  difference  of  thickness :  the  loss 
by  reflection,  being  the  same  in  each  case,  falls  out.  If  we  are 
working  with  absorbing  liquids  or  solutions,  the  difference  in 
thickness  can  be  obtained  by  putting  a  small  plat^  of  clear  glass  in 
the  cell  containing  the  liquid. 

The  dispersion  and  absorption  were  found  to  be  well  represented 
by  the  Ketteler-Hclmholtz  formulae  in  the  forms 

----2,i"' 
DX'(\2-X„2) 

(X»-X.»)»+3U2 

2-=:S7iiz 

DgX= 

{X^-XJY+g-^K* 
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The  dispersion  of  cyanine  was  also  investigated  by  Wood  and 
Magnusson  {PhU.  Mag.,  January,  1901)  by  means  of  cyanine  prisms 
of  larger  angles  than  the  ones  employed  by  Pfliiger,  as  well  as  by 
means  of  observations  of  the  shift  of  the  fringes  formed  by  the 
Michelson  interferometer,  caused  by  the  introduction  of  a  thin 
film  of  solid  cyanine  into  one  of  the  optical  paths.  The  continuity 
of  the  dispersion  curve  through  the  absorption  band  was  well 
brought  out  in  the  photographs  obtained  with  the  interferometer. 

The  most  complete  investigation  of  the  dispersion  and  absorption 
of  solutions  of  aniline  dyes  is  that  made  by  Stockl.^  The  refractive 
indices  were  determined  by  measuring  with  the  spectrometer  the 
deviations  produced  by  fluid  prisms  of  small  angle.  In  work  of 
this  kind,  when  observations  are  required  near  and  within  the  ab- 

sorption band,  prisms  of  extremely  small  angle  are  necessary,  and 
even  then  light  is  only  transmitted  by  a  narrow  strip  along  the  re- 

fracting edge.  This  limitation  of  the  transmitted  beam  interferes 
seriously  with  the  resolving  power  of  the  instrument,  the  image  of 
the  slit  being  broadened  by  diffraction.  Stockl  used  a  prism  made 
of  a  pair  of  glass  plates,  the  angle  between  which  could  be  varied 
to  suit  the  conditions.  When  observing  at  a  distance  from  the 
absorption  band,  larger  angles  can  be  iised  which  naturally  give 
more  accurate  results. 

Determination  of  the  Extinction  Coefficient.  —  The  determina- 
tion of  K  is  not  as  easy  as  the  determination  of  n.  By  our  definition 

of  the  constant,  the  amplitude  of  the  light-wave  of  length  A  decreases 
in  the  ratio  l:e-"*  in  traversing  a  layer  of  thickness  X.  If  the 
thickness  of  the  layer  is  d,  the  ratio  expressing  the  decrease  of  am- -Sirxd 

plitude  is  1 :  e       a  . 
Now  the  intensity  of  the  light  is  measured  by  the  square  of  the  am- 

— 4VIC  d 

plitude,  and  the  intensity  therefore  decreases  in  the  ratio  lie  a . 
To  avoid  the  error  due  to  reflection  from  the  surfaces  of  the  layer,  or 
the  glass  plates  between  which  it  is  held,  it  is  customary  to  employ 
layers  of  different  thicknesses.  Let  these  thicknesses  be  di  and  dt, 
and  the  intensity  of  the  incident  Ught  be  Jo-    The  intensities  after 

traversing  the  two  layers  will  be  Ji= Jo^       T  and  Jj  =  Jo«       a  . 

log  Ji  =  iQg  Jo-  4  iTK  -*  log  e, 

log  Ji  =  log  Jo-  ̂ ^'^T^  log  «> 

log  Ji  -  log  Jj  =  -^  log  e(di  -  di) . 

Jf         A 

From  this  equation  we  can  calculate  the  extinction  coefficient  #c, 
by  measuring  the  intensities  of  the  transmitted  beams  with  a 

>  StAckU  DisaerUtion.  Munich,  1900. 
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spectro-photometer.  The  layers  of  different  thickness  are  best 
obtained  by  pouring  the  liquid  into  a  glass  cell  containing  a  glass 
plate  which  reduces  the  thickness  of  the  layer  along  the  bottom 
of  the  cell.  The  spectro-photometer  best  adapted  to  the  purpose 
is  the  instrument  designed  by  Vierordt.  It  is  provided  with  a 
double  slit,  before  which  the  cell  is  placed  in  such  a  position  that 
the  dividing  line  between  the  two  layers  coincides  with  the  junction 
of  the  two  slits.  The  intensities  of  the  two  spectra,  which  lie  one 
above  the  other,  can  be  made  equal  for  any  value  of  A  by  altering 
the  widths  of  the  slits.  Equal  illumination  is  obtained  when  the 
slit  widths  &i  and  bs  are  inversely  proportional  to  the  intensities  of 
the  illuminating  beams,  that  is,  when 

Our  equation  now  takes  the  form 

I0g^  =  ̂(4-d|)l0g6, 
Oi  A 

K  == 

  ^   A  log-^ 
4ir(d2— di)loge  61 

The  absorption  coefficient  which  we  have  called  k  is  given  by 

k  ̂   loc       since  k  ̂   — , 

2(^2— di)  log  e        61'  2ir' 
Further  particulars  regarding  the  measurements  will  be  foimd  in 

Stockl's  paper.  His  measurements  were  made  with  solutions  of 
varying  concentrations,  and  the  results  plotted  as  curves.     The 
       curve  for  cyanine  in  alcohol 

is  shown  in  Fig.  274.  The 
dispersion  curve  for  pure 
alcohol  is  represented  by  an 
unbroken  line,  the  solution 
dispersion  curves  by  dotted 
lines.  It  will  be  seen  that  on 

the  red  side  of  the  absorption 
band,  the  cyanine  increases 
the  ref ractivity  of  the  alcohol, 
while  on  the  blue  side  it  de- 

creases it  up  to  a  certain 
point,  and  then  increases  it 
again.  The  family  of  curves 
pass  through  two  common 

points,  which  are  the  intersections  of  the  curve  for  alcohol  \^'ith  that 
of  solid  cyanine,  the  refractive  indices  of  which  have  been  measured 
by  Pflliger  and  by  Wood. 

The  curves  for  k  are  given  below  the  dispersion  curves.  The  wave- 
length for  which  the  maximimi  absorption  occurs  lies  further  tow- 

ards the  red  end  of  the  spectrum  than  in  Jhe  case  of  the  solid  dye. 

U^KC 

tbionptioit 
£§na Msd. 

Fio.  274. 
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Stockl  calculated  the  position  of  the  maximum  of  the  curve  for 
solid  cyanine  from  these  observations  of  n  and  k  by  emplo}dng  the 
formula  for  2  nx,  and  obtained  a  value  which  agreed  closely  with  the 
value  observed  by  Pfliiger. 

Dispersion  of  Nitroso-dimethyl  Aniline.  —  The  remarkable  optical 
properties  of  this  substance  have  been  investigated  by  the  author 
{Phil.  Mag.y  1903).  It  is  of  especial  interest  in  that,  while  fairly, 
transparent  for  wave-lengths  comprised  between  the  red  and  blue, 
it  has  its  band  of  metallic  absorption  in  the  violet.  This  circum- 

stance gives  it  an  enormous  dispersive  power  in  the  yellow  and 
green,  a  prism  of  the  substance  yielding  a  spectrum  about  fifteen 
times  as  long  as  the  spectrum  given  by  a  glass  prism  of  the  same 
angle. 

The  substance  melts  at  85°  C.  and  can  be  formed  into  prisms 
between  small  strips  of  thin  plate  glass.  The  strips  should  be  about 
two  centimeters  long,  and  are  b^t  fastened  together  with  one  of 
the  small  clamps  used  with  rubber  tubing.  It  is  best  to  melt  the 
material  on  the  end  of  one  of  the  strips,  the  other  being  warmed  over 
the  same  flame,  and  then  clamp  the  two  together  with  a  piece  of 
a  match  between  the  ends,  to  give  the  required  prismatic  form. 
A  candle  flame  viewed  through  the  prism  is  spread  out  into  a  most 
remarkable  spectrum.  It  is  instructive  to  have  a  prism  of  the  same 
angle  made  of  Canada  balsam  or  some  such  substance  pressed  out 
between  two  similar  glass  strips. 

The  refractive  indices  were  measured  with  a  spectrometer,  the 
sUt  of  which  was  illuminated  with  approximately  monochromatic 
light  obtained  from  a  spectroscope  furnished  with  a  narrow  slit  in 
place  of  the  eye-piece.  In  the  more  transparent  region  a  prism 
of  8°  7'  was  used,  while  in  the  vicinity  of  the  absorption  band  it 
was  necessary  to  employ  one  of  less  than  one  degree,  on  accoimt  of 
the  opacity  of  the  substance.  The  values  found  are  given  in  the 
following  table : 

Prism  Augk 

!8°7' Prism  Angle  63' X n X n X n 

508 2.025 636 1.647 497 2.140 
516 1.985 647 1.758 500 2.114 
525 1.945 659 1.750 506 

2.074 
536 1.909 669 1.743 513 2.020 
546 1.879 

577 
1.826 

567 1.857 647 1.754 
569 1.834 669 1.743 
584 1.815 696 1.723 
602 1.796 713 1.718 
611 1.783 730 1.713 
620 1.778 749 1.709 

'    627         1.769  763         1.697 

The  ciu^e  for  carbon  bisulphide,  which  has  the  strongest  dis- 
persion of  any  transparent  substance  in  common  use,  is  given  for 

the  sake  of  comparison  (Fig.  275).    The  extraordinary  dispersion 
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of  the  nitraao  in  the  viable  Tepxxa  is  at  once  appenaA.  Carbon  ̂ A~ 
sulphide  Absorbs  strongly  below  wave-length  36,  and  ita  dispeinoa 
can  only  be  measured  in  the  ultrarviolet  by  employing  veiy  acute 

The  eubetanoe  was  found  to  become  transparent  again  on  the 
ultra-violet  side  of  the  absorption  band,  and  measuremokts  were 
made  in  this  re^on  by  means  of  photogr^hy.  A  small  quarta 
spectrograph  was  used,  the  nitroeo  prigm  b^ng  mounted  witib  its 
refracting  edge  liorizontal,  immediately  behind  the  quarti  prism 
of  the  instrument.  This  device  will  be  at  once  reoogiUTCd  as  tiie 
method  of  crossed  prisms. 

The  undeviated  spectnim  was  photogrqihed  by  the  raya  irtiich 
passed  below  the  edge  of  the  small  prism,  and  by  measuring  the 
distances  between  it  and  the  deviated  portion,  it  was  possible  to 

calculate  the  refractive  index.  One  of  these  photc^gn^is  is  re- 
produced in  Vig.  275.  It  will  beseen  that  the  deviatiui  is  a  maxi- 

mum in  the  green  at  tiie  edge  of  the  abeorption  band,  while  on  the 
other  side  of  the  band  the  deviation  is  xero,  i.e.  the  refractive  index 
equals  unity  for  this  wave-length.  The  continuity  of  the  dispersion 
curve  can  be  traced  throu^  the  absorption  band,  though  the 
deviated  spectrum  is  so  broadened  by  diffraction  that  accurate 
measurements  cannot  be  made  in  this  region.  The  vertical  lines 
are  the  bright  spectrum  lines  of  the  cadmium  spark  which  served  - 
as  a  source  of  light.  The  complete  dispersion  curve  is  shown 
graphically  in  Fig.  276,  the  position  of  the  absorption  bands  being 
recorded  as  well. 

Optical  Properties  of  Stibaite.  —  Stibnite,  or  natural  sulphide 
of  antimony,  is  a  substance  which  exhibits  very  remarkable  optical 
properties.  It  has  a  metaUic  lustre  resembling  that  of  freshly 
cut  lead,  and  is  opaque  to  visible  light.  Nevertheless,  as  Coblenti 
has  shown,  it  is  extremely  transparent  to  the  infra-red  radiations, 
a  slab  0.4  mm.  in  thickness  transmitting  46  %  of  the  energy  out 
to  12  fi,  while  one  4.9  mm.  thick  allowed  43  9t  to  pass.  This  shows 
us  that  the  absorption  is  very  nearly  nil,  and  that  the  rest  of  the 

energy  is  reflected  at  the  siu-faces.  The  reflecting  power  of  the 
substance  is  about  37%,  and  results  from  the  very  high  value  of 
the  refractive  index,  which  ie  5.53  for  blue  light  and  4.69  for  red, 
according  to  the  calculations  of  E.  C.  MtiUer,  made  from  observa- 

tions of  the  Constanta  of  elliptical  polarization. 
Measurements  made  by  the  author  with  a  Michelson  interfe- 

rometer, said  by  observing  Newton's  rings,  with  a  fihn  of  stitniite 
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obtfuned  by  cathode  depoeition,  give  the  value  3  for  yellow  light, 
the  lower  value  doubtless  resulting  from  a  slightly  spongy  con- 

dition of  the  deposit,  which  exhibit^  a  lower  refiecting  power  than 
the  cleavage  surfaces  of  the  mineral. 
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Slectro-iiugnstic  Theory  of  Diip«nion.  —  In  the  previous  treat- 
nent  we  have  considered  the  aXotaa  set  in  motion  by  waves  in. «. 
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medium  having  the  properties  of  an  elastic  solid.  We  will  now 
take  up  the  development  of  the  electro-magnetic  dispersion  formula, 

which  is  not  unlike  the  one  which' we  have  already  examined.  In- stead of  assuming  the  atoms  to  be  the  oscillating  particles,  we  will 
consider  that  the  medium  contains  charged  electrons.  These  may 
or  may  not  be  identical  with  the  electrons  which  we  consider  as 
the  carriers  of  electricity  in  metallic  conduction.  They  are  at  all 
events  not  the  same  as  the  ions  of  electrolysis.  It  is  necessary  to 
consider  them  charged  either  positively  or  negatively,  if  they  are 
to  be  set  in  motion  by  the  rapidly  reversing  electric  force  which 
constitutes  light.  We  must  also  think  of  them  as  having  fixed 
positions  of  equilibrium  with  reference  to  the  atoms  to  which  they 
belong.  The  application  of  a  steady  electric  force  will  displace 
them,  but  this  displacement  once  produced,  there  will  be  no  further 
movement  until  the  force  ceases,  when  they  will  resume  their  former 
positions.  It  is  clear  that  these  electrons  are  incapable  of  con- 

duction, i.e,  there  will  be  no  current  produced  by  the  application 
of  a  constant  difference  of  potential,  for  they  are  bound  to  the 
atoms,  and  their  displacement  by  an  electric  force  is  accompanied 
with  something  that  corresponds  to  a  force  of  restitution,  which 
we  shall  consider  as  proportional  to  the  displacement,  as  in  the 
Helmholtz  treatment. 

As  an  introduction  to  the  present  treatment,  the  reader  is  ̂ vised 
to  glance  over  the  derivation  of  the  expression  for  the  dielectric 
constant  in  absorbing  media,  in  the  chapter  on  the  Optical 
Properties  of  Metals.  The  electrons  behave  differently,  of  course, 
in  the  case  of  metals,  but  we  shall  require  one  or  two  of  the  expres- 

sions representing  their  effects  in  the  present  chapter. 
If  the  electron  is  displaced  by  a  force  which  instantly  ceases,  it 

will  be  drawn  back  by  the  elastic  force  of  restitution,  and  vibrate 
with  a  definite  period,  depending  on  its  mass,  charge,  and  the  force 
of  restitution.  Forces  akin  to  friction  may  damp  this  vibration  and 
eventually  bring  the  electron  to  rest.  A  damping  due  to  radiation 
may  also  occur ;  though  this  is  comparatively  small,  and  will  not  be 
considered  in  the  present  chapter.  The  electron  is  analogous  in 
every  respect  to  the  Sellmeier  vibrator,  and,  as  we  shall  see,  will 
cause  the  medium  to  absorb  radiant  energy  of  a  period  similar  to 
its  own.  This  period  depends  on  the  chemical  constitution  of  the 
medium ;  in  other  words,  upon  the  arrangement  of  the  atoms,  which 
makes  it  appear  doubtful  if  we  can  consider  the  ion,  at  least  in  some 
cases,  as  a  minute  part  of  the  atom.  For  example,  the  aniline  dyes, 
complicated  organic  compounds,  with  powerful  selective  absorption, 
ai'e  made  up  of  atoms  which,  when  existing  as  elements,  or  when 
entering  into  the  composition  of  other  compounds,  do  not  show 
this  absorption  at  all.  A  certain  knowledge  of  the  nature  of  the 
electron  is  not  necessary  for  the  construction  of  a  satisfactory  theory 
of  dispersion.  We  have  merely  to  assume  that  an  electrical  vibra- 

tion of  some  sort  can  be  set  up  within  the  molecule,  it  being  quite 
immaterial  whether  this  consists  of  the  to  and  fro  excursion  of  a 
group  of  electrons,  or  of  a  single  electron  within  an  atom. 

Calling  m  the  mass  of  the  electron,  e  its  charge,  and  i  its  displace- 
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ment  along  the  x  axis,  we  have  its  motion  represented  by  an  equa- 
tion similar  to  the  fundamental  equation  of  the  Helmholtz  treatment, 

m-— =eA   7-^-^^^^   ^^) op  6  at 

In  this  equation  eX  is  the  force  applied  by  the  wave,  0  may  be 
defined  as  the  reciprocal  of  the  elastic  force  which  urges  the  electron 
back,  when  displaced  unit  distance.     If  the  electron  were  in  equilib- 

rium  under  the  action  of  steady  force  X,  we  should  have  e^=*  —  X. 

In  the  case  of  metals,  where  the  electrons  are  free  to  move  con- 
tinuously under  the  action  of  a  steady  force,  we  have  ̂ =oo. 

The  last  term  of  the  equation  represents  the  action  of  some 
damping  factor  analogous  to  friction,  which  is  proportional  to  the 

velocity  --  and  a  constant  r.     In  the  two  last  terms  e*  is  written  to 
ot 

show  that  the  direction  of  the  force  is  independent  of  the  sign  of 
the  charge. 

The  current  along  the  x  axis  will  consist  of  two  parts,  a  displace- 
ment current  in  the  ether 

,.x       \   dX 

and  a  convection  current  due  to  the  motion  of  the  electrons,  pro- 
portional to  the  number  in  unit  volume  and  their  velocity, 

in  which  N  is  the  number  of  electrons  in  unit  volume  and  -^  their 

ot 

velocity.    The  total  current  will  be 

i.=(i.).+(iO.=  ,^'j^4-|(eM)   (2) 

For  periodic  disturbances  we  have  i=Ae^''i^^  which  ̂ =2^'  ̂  
being  the  periodic  time  of  the  disturbance  which  enters  the  medium, 
andi  the  real  part  of  the  complex  quantity  to  which  it  is  equated. 
The  calculations  can  be  much  simplified  by  the  introduction  of 
complex  quantities,  and  we  can  return  at  the  end  to  the  physical 
conception,  t.€.  the  real  part  of  the  complex.  Differentiating  we 
have 

dt      t'        dt^  r^^' 

Multiplying  (1)  through  by  — -,  and  substituting  the  above 

64ir 
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■derivatives,  gives 

T  4  ir       e4wT*       4  IT 

Writing  o=-— >     6= 

gives  us 

4ir  4ire* 

ef=  1  X   ^   (3) 

T  T* 
If  we  have  a  number  of  ions  with  different  values  of  r  and  0,  the 

expression  for  the  current  (eq.  (2))  takes  the  form,  by  substituting 

for  —  its  equivalent  -r-  (see  Chapter  on  Optics  of  Metals),  eq.  (2), T  ot 

.     1  az/     ̂      $N     \ 
(4) 

T  T« an  equation  similar  to  the  one  which  we  derived  for  an  insulator 
except  that  the  dielectric  constant  c  is,  in  this  case,  represented 
by  the  complex  quantity  in  the  parenthesis. 

It  will  be  se^i  that  the  complex  dielectric  constant  is  dependent 
on  the  period  r=2wT  of  the  Ught.  The  relation  which  thus  value 
of  the  dielectric  constant  bears  to  the  value  c,  determined  dectricidly, 
can  be  found  as  follows. 

In  the  electrical  determinations  we  make  use  either  of  very  long 
periods  (method  of  electrical  waves)  or  static  charges,  for  either 
of  which  we  can  write  t=oo.  Substituting  this  value  of  t  in  the 
expression  for  the  complex  dielectric  constant,  which  we  may  call 

the  optical  dielectric  constant  c',  gives  us 

We  can  define  ON  as  the  dielectric  constant  of  one  of  the  groups 
of  electrons. 

The  constant  b  is  identified  with  the  natural  free-period  of  the 
electron,  the  friction  coeflBicient  a  being  neglected.  For  this  case 
X=0  and  a=r=0,  under  which  conditions  equation  (1)  becomes 

mJd ^^=-f,  since ?^  =  -M 

T 
6  =  T«»and  T«=:r^i 

T»  being  the  period  of  the  electron. 
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In  the  Chapter  on  the  Optical  Properties  of  Metals  we  shall  see  that 
a  complex  dielectric  constant  means  absorption,  and  if  we  substitute 

the  value  which  we  have  obtained  for  c',  namely,  1+5!   r^ — ; 

T  T* 

we  obtain  an  expression  connecting  the  refractive  index,  and  the 
index  of  absorption,  with  the  period  of  the  light  vibration  and  the 
natural  free  period. 

The  equation  of  wave-motion  can  be  applied  here  if  we  substitute 
for  €  the  complex  value  c', 

1!^  =  ?!^   (5) 

To  intq^te  this,  we  write 

X=.4e'*r''"""^   (6) 

X  has  here  the  significance  of  the  real  part  of  the  imaginary. 
The  equation  gives  us  the  value  of  the  electric  force  parallel  to  the 
X  axis  of  a  plfme-polarized  disturbance  travelling  along  the  z  axis, 
at  any  time  <,  and  at  any  point  on  z,  m  being  of  course  the  reciprocal 
of  the  velocity  with  which  the  disturbance  travels  in  the  medium. 

Dififerentiatmg  (6),  —  =  — ^-X,  —  =   —X, 

and  substituting  in  (5), 

Since  ̂   is  complex,  m  must  also  be  complex,  and  we  can  write 

tn«  ~^,  in  which  V  is  the  velocity  (rf  propagation  and  k  a  con- 
stant. 

Substituting  this  value  in  (6), 

TT         TV I 

in  which  TV-'X, 

X=Ae-*"ie"'<'-*>   (7) 

In  this  expression  Ac^^'i,  which  represents  the  maximum  value 
which  X  has  during  a  complete  reversal,  is  seen  to  diminish  as  z 
increases.  This  means  that  the  intensity  falls  off  as  we  proceed 
along  the  z  axis,  or  that  absorption  takes  place. 

The  light,  after  traversing  a  thickness  equal  to  the  wave-length  X, 
is  decreased  in  ampUtude  by  an  amount  e -*'*.  The  constant  #c  is  the 
measure  <A  absorption,  and  is  called  the  absorption  index. 
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We  are  now  in  a  position  to  get  the  equations  which  connect  the 
refractive  index  n  and  the  absorption  index  #c,  with  the  constants  of 
the  medium. 

-  =  (—y^j  y  and,  since  n=  -,  c'=  —  (l-ic2-2iK); 
.-.  €'=n2(l-K2-2iK)   (8) 

By  equations  (4)  and  (8)  we  have 

nHl-i'^y-l+X        f^,>   (9) 

By  separating  the  real  and  imaginary  parts  of  this  equation  we 
can  derive  two  relations,  from  which  n  and  k  can  be  determined. 

Normal  Dispersion.  —  In  the  case  of  normal  dispersion  we  are 
deaUng  with  a  range  of  frequencies  which  does  not  include  the  free- • 

period  of  the  electron.    The  term  -  a  can  in  this  case  be  neglected, T 

since  it  represents  friction,  and  friction  is  not  brought  into  play, 
since  the  electron  is  not  thrown  into  vibration.  This  makes  the 

right-hand  member  of  the  equation  real,  and  #c=0.  The  expres- 
sion for  the  refractive  index  reduces  to 

in  which  «»'=tfAr.  \7) 
For  a  mediiun  with  two  absorption  bands,  one  in  the  infra-red, 

the  other  in  the  ultra-violet,  the  formula  may  be  written 

1-  '-^ -(?)■  -(?)' in  which  0/  is  the  value  of  ̂ iV  for  the  electrons  vibrating  with  ultra- 
violet periods,  and  ̂ r,  the  value  of  ON  for  the  infra-red  electrons, 
T  T 

Tp=  — ^,  Tr=~y  T,  and  Tr  being  the  free-periods  of  the  two  sets  of 
electrons. 

This  formula  can  be  shown  to  be  the  equivalent  of  a  Cauchy 
series,  with  four  constants, 

in  which  T  is  the  period  of  the  light. 
If  T  differs  considerably  from  T„  and  Tr,  as  is  the  case  when  the 

radiations  belong  to  the  visible  spectrum,  and  the  medium  is  trans- 

parent,  —  will  be  a  small  fraction,  and  we  have,  by  division, 

-^.-.(?)V(^')'---
- 
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For  the  infra-red  electrons  —  is  a  small  fraction,  and 

1        ̂      ̂     _  ̂'      1      _      T«       1 

Developing  the  fraction  into  a  series  as  before,  the  expression 
becomes 

-^-$i-©"H9*i +  . 
The  dispersion  formula  now  takes  the  form  (writing  in  place  of  r 

the  actual  period  T) 

which  is  identical  with  the  four-constant  Cauchy  formula  just  given. 
The  term  A  of  this  formula,  which  is  independent  of  T,  has  the 
physical  significance 

4=14-*;. 

The  dielectric  constant       c=l  +Stf';  /.  c— A  — d„ 
or  the  difference  between  the  dielectric  constant  and  the  term  of  the 
dispersion  formula  which  is  free  from  T,  represents  the  dielectric 
constant  of  the  group  of  electrons  with  periods  corresponding  to 
those  of  infra-red  radiations. 

The  coefficient  A'  in  the  formula  represents  the  effect  of  the  elec- 
trons with  infra-red  periods,  and  in  the  case  of  substances  with  dis- 

persions  represented  by  the  three-constant  formula  n* = il  +  —  +  ̂» 

though  we  cannot  be  sure  that  there  are  no  absorption  bands  in 
the  mfra-red  region,  we  know  that  the  dielectric  constant  of  the 
electrons  is  small.  For  such  substances  A  should  represent  the 
dielectric  constant.  Drude  has  applied  his  treatment  to  the  dis- 

persion of  water. 

The  coefficient  A'  has  a  larger  value  for  water  than  for  any  other 
transparent  substance,  which  is  what  we  should  expect  from  the 
circumstance  that  water  is  the  least  diathermanous  of  all  the 
transparent  media.  If  we  assume  that  but  one  absorption  band 
exists  in  the  infra-red,  we  can  calculate  its  position  from  the  ex- 

perimentally determined  value  of  the  constants  A'  and  t—A.    Re- 
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c — A  =  ̂',  from  which  we  have  for  the  period  of  the  infra-red  electron 7',=  ̂  

-A 

A'
 

A'  and  A  are  calculated  from  observations  of  the  dispersion,  while 
c  is  the  electrically  determined  dielectric  constant. 
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The  absorption  band  determined  in  this  way  is  situated  at  a  point 
in  the  spectrum  corresponding  to  wave-length  .078  nmx.  Rubens  and 
Aschkinass  found  (Wied.  Ann.,  page  65,  252,  1898)  that  the  long 
heat-waves  obtained  by  multiple  reflections  from  sylvite  (A =61/*) 
were  more  strongly  absorbed  by  water-vapor  than  the  rays  from 
rock-salt  (X = 51  /i) .  This  makes  it  seem  probable  that  the  infra-red 
band  is  somewhere  beyond  61  fi,  which  would  be  in  agreement  with 
the  value  78 /i  calculated  by  Drude. 

Recent  work  by  Rubens  with  rays  reflected  from  bromide  of 
potassium  (X=80/i)  has  shown,  however,  that  water  only  reflects 
9  %  of  the  incident  energy  in  this  region,  and  has  calculated  that 
the  refractive  index  is  only  1.41.  Moreover,  a  column  (rf  water- 
vapor  at  a  temperature  of  150^  and  atmospheric  pressure  40  cms. 
in  length,  transmitted  33  %  of  the  energy. 

Still  more  recently  the  reflecting  power  of  ice  was  very  care- 
fully investigated  in  a  room  at  a  low  temperature  by  A.  Trow- 

bridge, in  a  search  for  possible  selective  reflection,  but  no  trace 
of  the  phenomenon  was  found.  These  results  vitiate  the  cal- 

culations made  by  Drude  completely.  The  dispersion  of  water 
does  not  appear  to  be  well  represented  by  any  formula  at  present 
at  our  disposal. 

Equation  (10)  can  be  written 

or  n*^J^+Xj^,'   (11) 
in  which  6*  represents  the  dielectric  constant.  In  this  expression  we 
have  substituted  wave-lengths  for  periods,  as  they  are  more  con- 

venient to  work  with,  A*  being  the  wave-length  in  ether  of  a  disturb- 
ance of  the  same  peroid  as  that  of  the  electron  and  M*  =  ̂^'A**.  The 

dispersion  of  the  ordinary  ray  in  quartz  is  well  represented  if  we 
take  the  summation  for  three  terms,  i,e.  for  three  absorption  bands. 

The  constants  have  been  determined  as  follows : 

Mi=   .0106,        Xi2=.0106, 
M,= 44.224,         Aj2  =  78.22,  fc*  =  4.58. 
M,= 713.55,        A82  =  430.56. 

From  equation  (11)  we  see  that  these  constants  must  fulfil  the 
relation 

X,«  ̂  A2»  ̂  A3« 

The  simi  of  the  fractions  is  3.2,  while  6^—1  =3.58. 
The  discrepancy  can  be  accounted  for  by  assuming  the  existence 

of  one  or  more  other  absorption  bands  in  the  remote  ultra-violet. 
The  wave-lengths  corresponding  to  the  positions  of  these  bands  are 
so  small  that  we  can  consider  them  equal  to  zero. 

If  the  sum  of  the  dielectric  constants  of  these  groups  of  electrons 
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is  e:,  we  have  6*=l+«/+Stf,',  J»f.=«.V, 

In  the  present  case  0/ =  .38. 
The  dielectric  constant  for  quartz  has  been  found  to  be  in  the 

nei^borhood  of  4.6|  which  agrees  well  with  the  value  of  V  deter- 
mined optically. 

Selective  Reflection  in  Absorption  Region :    Residual  Rays.  —     v 
The  metiiod  of  ''  Rc»t^trahlen  "  or  Residual  Rays,  originated  by 
Rubens  and  Nichols,  has  been  extensively  used  by  other  investi- 
gators. 

Not  all  absorption  bands  exhibit  the  phenomenon  of  quasi- 
metallic  reflection,  and  it  is  of  interest  to  inquire  into  the  conditions 
governing  its  appearance.  Absorption  results  from  resonance 
vibration  of  the  electrons,  but  in  some  cases  they  throw  practically 
all  of  the  energy  back,  and  there  is  little  or  no  true  absorption. 
When  we  come  to  the  Chapter  on  the  Optical  Properties  of  Metals, 
we  shall  see  that  there  is  a  type  of  absorption  resulting  from  the 
presence  of  free  electrons  which  have  no  definite  period  of  vibration. 
If  these  electrons  are  free  to  move  without  friction  under  the  peri- 

odic forces  of  the  light-waves,  the  electric  intensity  within  the  medium 
will  be  neutralized  within  the  medium  and  we  shall  have  complete 
reflection.  This  would  be  the  case  for  a  perfect  conductor.  If 
the  electrons  experience  a  resistance  to  their  motion,  the  neutrali- 

zation will  not  be  complete  and  a  portion  of  the  energy  will  enter 
the  medium  and  be  absorbed  or  transformed  into  heat  (ohmic 
heating).  It  is  the  siuface  layer  only  which  contributes  to  the 
reflecting  power;  in  other  words,  the  resonators  must  be  so  densely 
packed  that  the  wave  is  practically  stopped  within  less  than  a  wave- 

length of  the  surface.  That  this  is  so  follows  from  the  principle  of 
interference.  Suppose  each  layer  of  resonators  to  reflect  a  small 
percentage  of  the  incident  energy.  The  phases  of  the  disturbances 
would  not  be  in  agreement,  and  they  would  destroy  each  other. 
Now  we  find  that  ultra-violet  absorption  bands,  say  those  of  glass 
or  quartz,  do  not  give  rise  to  selective  reflection.  From  this  we 
should  infer  that  the  disturbance  penetrates  a  short  distance  into 
the  medium  and  is  absorbed.  Thin  films  of  glass,  only  a  few  wave- 

lengths in  thickness,  are  quite  transparent,  even  to  the  extreme 
ultra-violet.  They  would,  without  doubt,  be  found  to  be  absolutely 
opaque  to  the  infra-red  at  8.5  /i.  It  is  possible  to  obtain  scales  of 
mica  less  than  a  wave-length  thick,  and  it  would  be  interesting  to 
compare  their  transmission  at  8.5  ft  and  in  the  remote  ultra-violet, 
say  at  0.2  /i.  The  absorption  bands  of  many  substances,  both  in 
the  infra-red  and  visible  region,  are  of  the  same  nature  as  these  ultra- 

violet bands,  and  cannot  therefore  be  located  by  the  method  of 
residual  rays.  Selemite  and  alum  belong  to  this  class,  as  was  found 
by  Aschkinass.  In  some  cases  traces  of  selective  reflection  can  be 
found  by  employing  only  a  single  surface.  The  residual  rays  are 
in  this  case  much  diluted  with  continuous  spectrum,  but  they  can 
be  located  if  due  precautions  are  taken.    This  method  was  adopted 
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by  Ck)blentz,  who  investigated  the  reflecting  power  of  a  large  num- 
ber of  substances. 

Curves  showing  the  percentage  reflected  by  a  single  surface  of  a 
number  of  substances  examined  by  Coblentz  are  reproduced  in  Fie. 
277.  Obviously  in  cases  where  the  reflecting  power  is  below  70  9»i 
most  of  the  energy  would  be  lost  after  four  or  five  reflections.  For 
50  %  reflecting  power,  four  surfaces  would  only  give  us  ̂   of  the  total 
intensity  of  a  band  of  residual  rays. 

Fig.  277. 

The  double  maximum  of  quartz  at  8.4-9.8  ft  has  recently  been  in- 
vestigated by  A.  Trowbridge  and  R.  W.  Wood,  with  the  echelette 

gratings  described  previously.  Its  true  form  is  shown  in  the  smaller 
figure.  The  minimum  is  very  much  deeper  than  it  is  usually 
figured,  and  the  maxima  are  of  nearly  equal  height.  A  curve  of 
this  type,  obtained  from  observations  made  with  too  small  resolv- 

ing powers,  would  come  out  as  figured  by  previous  investigators. 
Interesting  observations  have  been  made  by  Pfund  on  the  rays 

reflected  from  solutions.  Especially  interesting  are  mixtures  of 
fuming  sulphuric  acid  and  water.  The  pure  acid  gives  bands  at 
7.2,  10.3,  and  8.6  /a.  The  addition  of  water  causes  the  first  two  to 
disappear  and  a  fourth  band  at  9.6  fi  to  appear,  which  are  ascribed 
to  ionization  produced  by  the  water.  ^ 

Residual  Rays  from  Powders.  —  The  selective  reflection  of 
powdered  quartz  in  the  infra-red  has  been  investigated  by  A. 
Trowbridge.     He  found  a  minimum  of  reflecting  power  in  a  region 



THEORY  OF  DISPERSION  411 

of  the  spectrum  corresponding  to  the  absorption  band  at  2.95  ti.y 
and  a  mommurn  at  the  absorption  band  at  8.5  /i.  This  is  very  in- 

teresting, and  shows  ns  the  difference  in  the  behavior  of  the  two 
types  of  absorption  bands.  The  one  at  2,95  ft  is  weak,  and  only 
manifests  itself  when  a  considerable  thickness  is  traversed.  The 

quartz  therefore  shows  "  Body  color  "  by  reflection,  i.e.  a  color 
resulting  from  absorption,  the  energy  penetrating  deeply  into  the 
powdered  mass,  and  finally  emerging  as  the  result  of  repeated  re- 

flection and  refractions  among  the  particles,  robbed  of  energy  of 
wave-length  2.95  /i.  The  band  at  8.5  /i  is  metallic  in  character,  and 
the  energy  is  selectively  reflected  from  the  upper  siufaces  of  the 
particles.  If  the  particles  were  very  small  and  the  surface  flat, 

specular  or*  regular  reflection  would  appear.  Trowbridge  used 
a  rather  coarse  powder,  and  studied  the  diffuse  reflection.  The 
distinction  between  the  two  types  of  bands  must  be  taken  into 
account  in  all  investigations  made  with  surfaces  which  permit  of 

the  formation  of  *'  Body  color,"  otherwise  the  results  will  appear  to 
be  very  anomalous  in  character. 

Interferometer  Investigation  of  Long  Heat- Waves.  —  An  investi- 
gation of  remarkable  interest  has  been  made  recently  by  Rubens 

and  Hollnagel  ̂   with   an   interferometer   designed  especially  for 
work  in  the  infra-red.    This  investigation  has  resulted  in  the  dis- 

covery of  heat-waves  96fi  in  length,  the  longest  Rest-Strahlen 
observed.     The   arrangement  of   the   apparatus  was  as  follows. 
Light  from  a  Welsbach  lamp,  without  a  chimney,  rendered  par- 

allel by  a  mirror,  was  passed  through  the  interferometer.    The 
plates  of  this  instrument  were  of  quartz,  cut  perpendicular   to 
the  axis,  .6  mm.  in  thickness.     Thin  plates  of  quartz  are  fairly 
transparent  for  the  very  long  waves,  and  on  account  of  the  high 
value  of  the  refractive  index  in  this  region,  possess  a  very  high  re- 

flecting power.     Previous  investigations  by  Rubens  and  Aschkinass 
had  shown  that  the  refractive  index  for  the  waves  reflected  from 

sylvite  (X  =  56/i)  is  as  high  as  2.18,  which  gives  a  reflecting  power 
of  nearly  14%.     After  passage  through  the  interferometer  the  rays 
suffer  a  fourfold   reflection   from    the    reflecting  surfaces   (which 
are  made  of  crystal  plates,  or  slabs  of  fused  salts),  and  are  then 
focussed  upon    the    radiomicrometer.      The  quartz  plates  were 
first  placed  in  contact,  and  the  scale  deflection  observed.    They 
were  then  separated  by  constantly  increasing  amounts,  readings 
being  taken  for  each  position.     With   properly  adjusted  plates, 
an  interference  maximum  or  minimum  could  be  made  to  cover 
completely  the  sensitive  surface  of  the  recording  instrument,  and 
by  plotting  the  scale  deflections  against  the  readings  of  the  inter- 

ferometer wheel  an  intensity  curve  was  obtained  precisely  similar 
in  every  respect  to  the  visibility  curves  obtained  by  Michel^on  with 
his    instrument.     The    substances    investigated    were    rock-salt, 
sylvite,  and  the  bromide  and  iodide  of  potassium.     The  curves 
obtained  from  some  of  these  substances  are  shown  in  Fig.  278. 
From  the  similarity  to  the  visibility  curves  obtained  with  sodium 
light  we  recognize  the  presence  of  two  wave-lengths. 

«  5tte.  Ber  der  Preu9.  Akad.,  Jan.  20,  1910. 
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From  the  known  separation  of  the  quartz  plates  for  each  maxi- 
mum and  minimum,  the  intensity  curve  of  the  radiation  can  be 

calculated.  The  longest  waves  were  obtained  from  plates  of  fused 
iodide  of  potassium,  which  gives  us  Rest-Strahlen  95.6 /i  in  length. 
The  wave-length  of  the  selectively  reflected  bands  from  the  sub- 

stances select^  are  given  in  the  following  table: 

Rock-salt    53.6fiand46.9fi 
Sylvite    69.9  61.6 
Bromide  of  potassium    86.8 
Iodide  of  potassium    96.5  fi 

Intensity  curves  of  the  radiation  reflected  from  rocknsalt,  sylvite, 
and  potassium  bromide  are  reproduced  in  Fig.  279. 

An  investigation  also  made  of  the  absorption  and  reflection  of 
the  rays  from  potassium  bromide  and  iodide  is  recorded  in  the 
following  table : 

Matbbial 

Quartz  .  . 
Quartz  .  . 
Quartz  .  . 
Quartz  .  . 
Paraffine  .  . 
Mica  .  .  . 
Hard  rubber . 
Water .  .  . 
Fluorite  .  . 
Rock-salt .  . 
Glass  .  .  . 
Sylvite  .  . 
Water-vapor 
Carbonic  acid 

Thickness 

znin. 
.60 

2.00 

3.03 
4.03 
2.90 

.02 .40 

.0026 
3.48 3.00 
2.2 
4.1 

400 400    . 

PkBCBNTAOII  TBUmitlTTBD 
ro* 

KBrRays 

64.9 
47.6 

39.2 
31.4 47.6 

51.7 
30.3 
77.3 
0 
0 
0 
0 

38.7 100 

KIRays 

59.2 

50.4 
54.5 25 
43 

0 
0 
0 
0 

33 

As  will  be  seen,  quartz,  paraffine,  and  hard  rubber  are  the  only 
substances  which  show  any  considerable  transparency  to  the  ra- 

diation. Mica,  however,  can  be  spUt  into  such  thin  sheets  that 
they  exercise  no  appreciable  influence  either  by  absorption  or  re- 

flection. The  water-fllm  investigated  was  a  soap-bubble  film  con- 
taining 10  %  of  glycerine  and  1  %  of  oleate  of  soda.  The  water- 

vapor  was  contained  in  a  tube  40  cms.  long  and  9  cms.  in  diameter, 

with  open  ends  kept  at  a  temperature  of  150°  by  electrical  heating. 
Steam  at  a  temperature  of  100°  and  atmospheric  pressure  was  blown 
into  this  tube  from  the  side,  the  powerful  superheating  preventing 

kK«L. 
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oondoisaUon  at  the  open  ends  of  the  tube.    It  was  found  that  the 
rays  from  rock-ealt  and  sylvite  were  completely  absorbed  by  the 

zzmtzm)\% \         \}                      Syl«tt.«n'  T 

U"
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ift^II^A-^w'^^ 
^^    '^        ̂^          P.tis!l,«B.mil. 

■■       ■^^'^    /^V^/^r^V- 
0    v^^t^SJ^S'^^ DitUue*  bMwean  intaftmiiMer  piMM. 

Fro.  278. 

wato^vapor,  while  the  radiations  from  bromide  and  iodide  of 
potaaaium  were  partially  transmitted.    The  tranamissions  of  quarts 

for  these  rays  is  of  eepecial  interest,  ̂ ce  the  interferometer  pi 
are  made  of  this  mat^ial,  and  ai^  selective  absorption  by  t 
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will  exercise  a  marked  influence  upon  the  wave-length  (determina- 
tion.   The  results  are  recorded  in  the  following  table : 

Thickness 
OP  Plate 

I>EBCBKTAOE  AbsOBPTION  OF  QUABTZ  FOB  "  RKST-'StBAHLXM  " FBOM 

Rock-salt Sylvite 
KBr 

KI 

mm. 
.60 

2.00 
3.03 
4.03 

35.8 
67.7 
76.9 
82.6 

14.8 
46. 

54.9 
69.4 

12.2 
35.5 46.8 

57.6 

20 

32 

In  calculating  the  percentage  of  absorption,  the  loss  by  reflection 
at  the  two  surfaces  of  the  plate  (26%)  has  been  taken  into  account. 
It  is  clear  from  the  table  that  the  absorption  of  quartz  decreases 
gradually  with  increasing  wave-length.  Strong  selective  absorp- 

tion only  occurs  for  the  rays  of  rock-salt.  The  reflecting  power  of 
a  jiumber  of  substances  for  the  rays  from  bromide  of  potassium 
are  given  in  the  following  table : 

Substances Reflection  % 

KBr   82.6 

KI   29.6 

Sylvite   
36 

Rock-salt   
25.8 

Fluorite   19.7 
Glass   

14 Water   9.6 
\ 

As  is  to  be  expected,  the  reflection  of  bromide  of  potassium  is  very 
high  for  its  own  residual  rays.  The  most  important  points  estab- 

lished by  this  investigation,  apart  from  the  discovery  of  these  very 
long  waves,  which  has  extended  the  known  spectrum  over  a  half 
octave,  are  that  the  mean  wave-length  of  the  reflected  light  in- 

creases with  the  molecular  weight,  more  slowly,  however,  than 
the  molecular  weight,  but  more  rapidly  than  its  square  root,  and 
that  the  refractive  index  of  water  for  heat-waves  82.6 /x  in  length, 
is  of  the  same  order  of  magnitude  as  in  the  visible  spectrum.  The 
known  range  of  the  spectrum  now  embraces  ten  full  octaves,  two 
of  which  are  in  the  ultra-violet,  one  in  the  visible,  and  seven  in  the 
infra-red. 

The  Longest  Heat-Waves  :  Focal  Isolation.  —  The  longest  heat- 
waves of  all  have  very  recently  been  found  by  H.  Rubens  and 

R.  W.  Wood,  by  means  of  the  very  simple  device  shown  in  Fig. 
279  a.  It  depends  upon  the  transparency  of  quartz  for  these  very 
long  waves  combined  with  its  very  high  refractive  index.   The  radia- 
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tions  from  a  Welsbach  light  A  (without  chimney)  pass  through  a 
hole  1  cm.  in  diameter  in  a  screen  B  made  of  two  sheets  of  tin, 
and  is  received  by  the  quartz  lens  C.    For  the  longest  heat-waves 

Fig.  279  a. 

previously  measured,  Rubens  found  that  the  refractive  index  of 
quartz  was  about  2.2,  and  the  screen  E,  also  perforated  with  a  1  cm. 
hole,  was  accordingly  mounted  at  such  a  distance  from  the  lens 
that  the  two  screens  were  at  conjugate  foci,  for  radiations  for  which 
the  refractive  index  of  the  lens  had  this  value. 

Owing  to  the  much  smaller  value  of  the  refractive  index  for  the 
shorter  heat  and  light  waves,  these  actually  diverge  after  leaving 
the  quartz  lens.  Tlie  paths  of  the  two  types  of  rays  are  indicated 
in  the  figure,  the  long  heat  rays  being  represented  by  wavy  lines, 
the  short-wave  rays  by  dotted  lines.  The  aperture  E  is  screened 
from  the  central  portion  of  the  short-wave  ray-bundle  by  a  small 
coin  D  fastened  to  the  surface  of  the  lens  with  wax.  A  single  lens 
arranged  in  this  way  enables  us  to  obtain  at  once  the  longest  heat- 

waves of  all,  but  to  make  matters  sure,  the  second  lens  F,  arranged 
in  the  same  way,  was  used  to  focus  the  radiation  upon  the  thermo- 

element of  the  radio-micrometer  G.  This  still  further  purified  the 
radiation,  though  its  use  was  not  imperative.  To  test  whether 
the  radiation  is  pure,  i.e.  whether  we  have  completely  eliminated 
the  short  waves,  we  have  only  to  introduce  a  plate  of  rock-salt  in 
front  of  the  screen  JE,  which  should  completely  absorb  everything. 

By  introducing  the  interferometer  in  the  place  of  the  screen 
-B,  it  was  found  possible  to  measure  the  wave-length  of  the  radia- 

tion isolated  by  the  quartz  lenses.  The  maxima  and  minima 
obtained  as  the  distance  between  the  quartz  plates  was  increased 
were  very  pronounced,  but  only  three  could  be  recorded,  owing  to 
the  wide  spectral  range  of  the  transmitted  radiation.  The  curve 
obtained  is  shown  in  Fig.  279  6,  and  its  analogy  to  the  intensity 
curve  obtained  in  all  interference  experiments  with  white  hght  is 
at  once  apparent.  The  mean  wave-length  of  the  radiation  can  be 
determined  from  the  distance  between  the  maxima,  and  was  found 
to  be  107  ft  or  more  than  one-tenth  of  a  millimeter.  There  are  still 
longer  waves  present,  as  we  know  from  the  damping  of  the  intensity 
curve;  in  other  words  107  fi  is  merely  the  centre  of  a  rather  broad 
epectni  region  isolated  by  the  quartz  lenses.  We  thus  have  experi- 

mental evidence  of  waves  probably  as  long  as  130 /a  or  possibly 
150  ft  in  the  radiation  from  the  Welsbach  lamp. 
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The  shortest  electro-magnetic  waves  have  been  recently  obttuoed 
by  V.  Baeyer  with  a  new  type  of  electric  oscillator;  their  wave- 

length was  found  to  be 
in  the  neighborhood  of 
2  mms.,  so  that  the  gap 

remaining  between  the 
electric  and  the  optical 
spectrum  is  no  longer 
very  laige.  Theee  very 
long  heat-waves  have 
some  very  curious 
properties.  They  pan 
throi^h  thin  black 
paper  almost  without 
absorption.  It  was  in. 
fact  found  posaibte  to 
isolate  them  by  means 
of  a  concave  mirrw 
combined  with  two  or 
three  sheets  of  black 

paper.  The  spectrum 
range  obtained  in  this 
way  was,  howevw, 

very  much  wider  than  the  range  obtained  with  quarts  lenses. 
Tliick  fihns  of  smoke  absolutely  opaque  to  light  were  also  trans- 

parent to  them. 
The  absorbing  powers  of  quartz  and  water  for  these  radiations 

are  shown  in  the  following  table,  g  being  the  absorption  coefficient 

in  the  formula  ~  =  e'**. 

i 

DISTANCE  BETWEEN  PLATES 

FiQ.  279  h. 

* ,„. Watbb 

Tliickneiaof  PJato AbBorptioQ 
%     , 

ThiotneMofFilm    AbeoiptioB  % I 

.6    mm. 
5.4 

.105 
.0147  mm.           58 .05D 

2.00     " 
18.7 .103 

.0294     "                77.5 .l»l 

3.03     " 
27. .104 .0442    "                88.2 .04* 

4.03     " 
33.6 

.102 

7.26     " 
51.7 .100 

Extinction  coef^  «  =  ?^ 

4« 

12. 67.6 .094 .420 

14.66     " 69.4 .081 

The  absorption  of  water  was  determined  by  separating  the  inter- 
ferometer plates  a  known  distance,  measured  by  sodium  fringes, 

and  then  allowing  a  drop  of  water  to  creep  in  between  them, 
watching  the  fringes  to  make  sure  that  no  change  in  the  distance 
resulted  from  capillary  attraction.  The  extinction  coefficient  of 
water  for  the  rays  from  KBr  (A.  =  87  ji)  is  « •=  .66,  while  for  tlie 
new  rays  (A  =  107  /a)  it  is  only  .42. 
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For  his  shortest  electro-magnetic  waves,  v.  Baeyer  found  that 
even  the  thinnest  water  fibns  were  absolutely  opaque,  so  that  the 
absorption,  which  decreases  rapidly  in  passing  from  87  m  to  107  fi 
must  begin  to  increase  again  somewhere  between  A  =  .1  mm.  and 
A  =  2  mm.  The  investigations  with  these  very  long  waves  is  in 
progress  at  the  time  of  writing.  They  can  be  obtained  with  an 
intensity  about  five  times  as  great  as  the  intensity  of  the  97  /t 
waves  reflected  from  the  plates  of  potassium  iodide,  which  makes 
their  study  comparatively  easy. 

Selective  Reflection  in  the  Ultra- Violet.  —  Very  little  work  has 
been'  done  in  this  direction.  In  general  the  phenomenon  of  metalUc 
reflection  does  not  occur  at  the  ultra-violet  absorption  bands. 
Some  investigations,  made  by  Martens,  of  the  ultra-violet  dis- 

persion of  certain  organic  compounds,  indicate  that  traces  of  se- 
lective reflection  exist  in  certain  cases.  Cassia  oil,  for  example, 

which  in  the  thinnest  possible  films,  pressed  between  fluorite  plates, 
is  opaque  to  everything  below  wave-length  3360,  exhibits  the  phe- 

nomenon, light  from  the  cadmium  spark,  reflected  a  number  of 
times  from  its  surface,  is  shown  by  the  spectroscope  to  consist 
chiefly  of  the  2748  line,  no  trace  of  the  equally  strong  lines  2573  and 
2321  appearing  on  the  photograph.  Fourfold  reflection  from  a  sur- 

face of  moiio4)romnaphthalin  showed  the  lines  2321  and  2288  only. 
Bisulphide  of  carbon,  investigated  by  Flatow,  showed  a  reflection 
maximum  at  2310.  This  is  a  subject  which  requires  further  in- 

vestigation, and  the  work  already  done  should  be  repeated.  In 
worUng  with  ultra-violet  rays,  we  are  completely  in  the  dark,  and 
the  hi^  dispersion  of  all  transparent  substances  in  this  region  means 
wide  angular  separation  of  the  ra3rs  at  any  refracting  surfaces  used. 
Great  care  must  be  taken  to  make  sure  that  the  rays  of  all  wave- 

lengths have  a  chance  to  reach  the  spectroscope.  Quantitative 
measurements  of  the  reflecting  power  for  different  wave-lengths 
should  be  made  at  the  same  time,  and  the  transmission  of  the 
thinnest  possible  films  examined.  If  the  substance  is  in  contact 
with  glass,  quartz,  or  some  other  transparent  substance,  we  may 
have  a  selective  reflection  resulting  from  the  difference  between 
the  values  of  the  refractive  index.  This  will  modify  the  color 
of  the  reflected  light  in  any  case.  In  many  cases  the  color 
of  the  light  reflected  is  totally  different  from  that  most  strongly 
absorbed.  For  example,  the  surface  color  of  cyanine  is  purple, 
and  tlie  absorption  band  is  in  the  yellow.  Its  purple  color 
is  due  to  its  failure  to  reflect  a  region  of  the  spectrum  bordering 
the  absorption  band  on  the  green  side,  resulting  from  the 
very  k>w  value  of  the  refractive  index.  In  contact  with  glass, 
viewed  from  the  glass  side,  it  reflects  yellowish  green  light.  Nitroso- 
dimetliyl  aniline,  which  has  an  absorption  band  in  the  violet,  ex- 

hibits a  brilliant  blue  reflection  when  in  contact  with  glass  (from 
the  glass  side),  but  practically  no  trace  of  color  from  the  surface 
in  contact  with  air.  Selective  reflection  of  this  nature  is  chiefly 
the  result  of  the  high  value  of  the  refractive  index,  and  cannot  be 
used  as  a  method  of  locating  the  position  of  the  absorption  band. 
Such  experiments  show  us  the  care  we  should  use  in  interpreting 

8s 
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results  found  in  the  ultra-violet,  where  effects  due  to  refractive 
index  may  be  even  greater. 

Selective  Dispersion  of  an  Absorbing  Gas.  — We  will  begin  by 
considering  the  remarkably  interesting  case  presented  by  the  vapor 
of  metallic  sodium.  This  vapor  has  two  very  strong  absorption  bands 
(the  D  lines)  which  profoundly  affect  the  velocity  with  which  light- 

waves traverse  the  vapor.  The  selective  dispersion  of  the  vapor  was 
first  observed  by  Kundt,  who  noticed,  when  projecting  a  continuous 
spectrum  upon  a  screen,  a  sodium  flame  having  been  placed  in  front 
of  the  lens  to  exhibit  the  reversal  of  the  lines,  that  the  edges  of  the 
spectrum  immediately  adjacent  to  the  dark  absorption  Uneswere 
slightly  curved  in  opposite  directions,  indicating  abnormally  high 
and  low  refracting  power  of  the  prismatic  absorbing  flame.  The 
phenomenon  has  been  subsequently  studied  by  Becquerel,  Julius, 
Ebert,  and  Wood. 

An  application  of  the  Sellmeier  formula,  which  is  identical  with 
the  electro-magnetic  formula  which  we  have  just  developed,  was 
made  by  Lord  Kelvin  {Phil.  Mag.^  47,  1899),  which  will  be  given 
presently. 

If  we  write  the  formula  in  the  form  n^—\  +  — — ^,  in  which 

A„=5893,  the  mean  wave-length  of  >the  D  lines,  it  will  represent 
fairly  well  the  dispersion  of  the  vapor,  the  two  absorption  lines 
being  so  close  together  that  they  can  be  considered  as  one,  at  least 
when  the  vapor  is  very  dense.  If  we  give  to  A  values  slightly  larger 
and  slightly  smaller  than  X^,  we  shall  find  that  the  denominator 
grows  less  as  we  approach  the  absorption  band  from  the  red  side, 
resulting  in  a  rapid  increase  of  n.  When  A=A„,  the  denominator 
becomes  0  and  n  =  oo.  If,  however,  we  approach  the  absorption 
band  from  the  side  of  the  shorter  wave-lengths,  the  denominator 
of  the  fraction  becomes  negative,  which  gives  us  values  of  n  which 
are  less  than  unity.  The  value  of  the  fraction  will  obviously  be- 

come greater  than  one  eventually,  which  will  ̂ ve  us  for  n  the  square 
root  of  a  negative  quantity.  Such  a  value  of  the  refractive  index 
has  no  meaning,  however,  though  we  may  interpret  it,  as  Lord 
Kelvin  does  in  his  paper,  by  saying  that  it  indicates  that  no  light 
of  such  wave-lengths  as  give  an  imaginary  value  to  the  refractive 
index  can  enter  the  medium  :  they  are  selectively  reflected.  It  is 
perhaps  questionable  whether  this  interpretation  is  allowable,  since 
the  formula,  as  we  are  using  it,  has  been  simplified  on  the  assump- 

tion that  it  is  only  to  be  applied  to  regions  of  the  spectnun  for  which 
the  substance  is  transparent,  a  region  which  obviously  does  not  con- 

tain the  wave-lengths  in  question,  owing  to  the  finite  width  of  the 
absorption  bands. 

The  conception  is  useful,  however,  in  that  it  shows  us  that  the 
failure  of  light  to  penetrate  a  medium  may  result  from  other  causes 
than  the  stirring  up  of  vibrations  within  the  medium  which  are 
accompanied  by  friction.  In  the  latter  case  the  energy  is  used  up 
in  heating  the  medium ;  in  the  former  it  is  thrown  back  or  reflected. 
It  is  clear  that  as  the  density  of  the  sodium  vapor  is  increased  the 
numerator  of  the  fraction  increases.     For  a  very  dense  vapor  the 
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range  of  wave-lengths  which  give  to  n  an  imaginary  value  stretch* farther  away  from  the  center  of  the  absorption  line  towards  the 
more  refrangible  end  of  the  spectrum.  We  ̂ ould  therefore  expect 
that  the  dark  band  eeen  in  the  spectrum  of  the  transmitted  light 
would  widen  out  on  this  side  as  the  density  of  the  vapor  increased. 
As  a  matter  of  fact  it  widens  out  on  both  sides.  Moreover,  it 
widens  in  a  similar  way  if  we  increase  the  length  of  the  absorbing 
column,  holding  the  density  constant,  which  makes  it  seem  prob- 

able that  the  broad  band  is  caused  by  true  absorption,  and  not  by 
selective  reflection. 

A  study  of  the  dispersion  of  the  vapor  of  metallic  sodium  has 
been  made  by  the  author,  with  a  view  of  testing  the  simplest  form 
of  the  dispersion  formula  which  we  have,  namely  the  one  given 

above.^ 
As  the  phenomena  exhibited  by  this  vapor  are  among  the  most 

beautiful  in  physical  optics,  it  may  be  well  to  consider  them  in  some 
detail. 

The  apparatus  for  showing  the  selective  dispersion  of  the  vapor 
is  very  easily  prepared.  Though  glass  tubes  have  sometimes  been 
used  in  these  experiments,  their  use  is  discouraged,  as  they  are  very 
liable  to  crack.  n 

Procure  a  piece  of  thin  steel  tube  25  mms.  in  diameter  and  30  cms. 
long,  drill  a  small  hole  near  one  end  and  braze  in  a  short  piece  of 
brass  tubing.  This  can  be  done  at  any  bicycle  repair  shop.  The 
wall  of  the  steel  tube  should  be  as  thin  as  possible,  to  prevent  heat 
conduction,  a  millimetre  or  less  if  possible. 

Close  one  end  of  the  tube  with  a  piece  of  thin  plate  glass  cemented 
with  sealing  wax.  To  make  an  air-tight  joint,  the  steel  tube  should 
be  heated  until  the  wax  will  melt  when  brought  in  contact  with  it. 
Spread  a  layer  of  the  wax  around  the  end  of  the  tube,  warm  the 
glass  plate,  and  press  it  firmly  against  the  wax  ring,  first  softening 
the  latter  with  ttie  Bunsen  flame.  Now  go  over  the  joint  with  a 
minute  pointed  gas  flame  burning  at  the  tip  of  a  glass  tube  drawn 
down  to  a  point,  until  the  wax  runs  into  close  contact  with  the 
glass.  A  joint  properly  made  in  this  way  will  hold  a  cathode  ray 
vacuum  for  hours. 

Mount  the  tube  in  a  horizontal  position  in  a  clamp  stand  at  the 
height  of  the  slit  of  the  spectroscope,  which  is  to  be  used  for  viewing 
the  phenomenon,  and  introduce  eight  or  ten  small  pieces  of  clean 
sodium,  pushing  them  down  ̂ he  tube  one  by  one,  so  that  they  may 
lie  side  by  side  along  the  middle  portion  of  the  tube.  Now  close 
the  other  end  with  a  piece  of  plate  glass,  in  the  same  way.  The 
tube  should  next  be  placed  in  communication  with  an  air  pump  and 
exhausted.  If  the  pump  leaks,  it  is  a  good  plan  to  introduce  a  stop- 

cock, which  can  be  closed  after  the  exhaustion.  A  pressure  of  from 
one  to  three  cms.  of  mercury  can  be  used,  which  can  be  obtained 
with  a  water  pump.  Strips  of  wet  cotton  should  be  wrapped 
arouiid  the  tube  near  the  ends,  to  prevent  the  sealing  wax  from 
softening,  and  water  should  be  poured  on  them  from  time  to  time. 

>  Wood,  "A  Quantitative  Determinatioo  of  the  Anomalous  Disperaion  of  Sodium 
Vapor,**  PhU.  Mag.,  September  1904. 
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The  under  side  of  the  tube  is  heated  by  a  row  of  small  flames, 
furnished  by  a  burner,  as  shown  in  Fig.  280.  The  ends  are  kept  cool 
by  wet  cotton.  The  burner  is  made  by  drilling  a  dozen  or  more 
minute  holes  in  a  piece  of  brass  tubing,  closing  tlie  ends,  and 
mounting  it  on  a  Bunsen  burner.  On  heating  the  tube  the  sodium 
vaporizes,  and  diffuses  gradually  to  the  cooler  parts  of  the  tube. 
The  metal  usually  contains  a  large  amount  of  hydrogen,  and  if 
this  is  given  ofif  in  too  great  quantities  it  should  be  removed  by  the 

Fio.  280. 

pump.  A  high  vacuum  should  not  be  used,  for  it  is  the  prannoe 
of  hydrogen  or  nitrogen  at  low  pressiure  that  makes  the  aodniln 
vapor  distribute  itself  in  a  non-homogeneous  manner.  The  rvpot  is 
given  off  along  the  heated  floor  of  the  tube,  but  its  diffusion  towwds 
the  cooler  top  is  interfered  with  by  the  residual  gas  in  the  tube. 
The  vapor  will  be  found  to  be  very  dense  along  the  floor  and  h^^y 
attenuated  along  the  top.  This  condition  can  only  obtain  wbai 
some  other  gas  is  present  to  keep  the  pressure  balanced.  It  is  easy 
to  see  how  this  condition  comes  about.  Suppose  our  residual  pus 
is  at  a  pressure  of  1  cm.  and  we  heat  the  floor  of  the  tube  to  a  taan- 
perature  such  that  the  vapor  pressure  of  sodium  is  also  1  cm.  If 
the  vapor  is  given  off  from  the  molten  metal  more  rapidly  thin  it 

Fi(3.  281. 

can  diffuse  to  the  cooler  parts  of  the  tube,  it  will  accumulate  over 
the  surface  of  the  metal,  and  may  even  be  thought  of  as  displacing 
the  residual  gas  entirely  in  this  region.  Along  the  cooler  top,  where 
condensation  is  taking  place,  the  density  of  the  vapor  can  only  be 
as  great  as  that  determined  by  the  temperature  here.  Here  we 
may  have  a  pressure  of  9  mms.  of  residual  gas  and  1  mm.  of  sodium 
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[j    —vapor.     Halfway  l>etween  the   top   and   bottom  we  may  have  a mixture  of  equal  parts  of  gaa  and  vapor,  each  at  5  mms.  pressure. 
TTje  sodium  vapor  is  therefore  the  optical  equivalent  of  a  prism, 

for  the  amount  of  it  traversed  by  the  Ught  iniTejises  as  we  pass 
from  the  top  to  the  bottom  of  the  tulje :   the  sodium  tube  is  thus 

sC^ ita-. 
-.■.3-D«= 

^C-";:-efi--'Jl 

^  the  equivalent  of  a  prism  with  its  refracting  edge  horizontal,  resting 
upon  its  base.  The  deviation  of  the  rays  will  be  gradual,  however, 

as  in  the  non-homogeneous  media  described  in  the  C'haptcr  on  Re- 
fraction. Observations  on  the  deviation  produced  by  the  non- 

homogeneous  cylinder  show  that  th*  equivalent  prism  has  a  form 

that  shown  in  Fig.  281 ,  Ihe  density  gradient  being  steeper 
bottom  of  the  tube.     To  secure  good  definition  it  is  there- 

necessary  to  place  in  front  of  the  tube  an  opaque  screen  per- 
'       '  a  wide  horizontal  slit. 
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The  arrangement  of  the  apparatus  is  shown  m  Fig.  282, 
zontal  slit  is  illuminated  by  focussing  the  sun  or  arc  upon  it,  aad 
the  emergent  rays,  rendered  parallel  by  a  lens,  passed  down  the 
sodium  tube.  A  second  lens  forms  an  image  of  the  horizontal 
slit  across  the  vertical  slit  of  the  spectroscope.  This  image  should 
be  carefully  focussed,  so  that  the  spectnun  appears  as  a  brilliant 
narrow  band  with  sharp  edges. 

On  heating  the  tube,  the  sodium  prism  deviates  the  rays  of  differ- 
ent wave-length  up  or  down  by  different  amounts,  curvii^  the 

spectnim  inta  two  oppositely  (lirecteil  branches.  The  spectrum 
on  the  green  side  of  the  D  lines  will  be  found  to  bend  down  ia  the 
spectroscope,  which  means  that  the  rays  are  deviated  upwards  in 
passing  through  the  sodium  tube,  since  the  spectroscope  inverts 
the  image  of  its  slit.  This  means  that  these  rays  travel  faster  in 
the  sodium  vapor  than  in  vacuo,  or  the  prism  acta  for  these  rays 
like  an  air  prism  immersed  in  water.  The  red  and  orange  region 
is  deviated  in  tlie  opposite  direction;  these  rays  are  therefore  re- 

tarded by  the  vapor. 
Photographs  of  the  anomalously  dispersed  spectrum  are  shown 

in  Fig.  283.  the  upper  for  dense,  the  lower  for  rare  sodium  vapor. 
Its  appearance  is  also  shown  on  the  colored  Frontispiece,  Figs.  2a 
and  2b. 

It  may  be  found  that  the  |>erformance  of  the  tube  is  impra 
by  laying  a  long  pad  of  wet  cotton  along  the  top.     This  makes  Ibe 
temperature   grailient   steeper   and   facilitates   the   formation  of 
the  non-homogeneous  vapor  cylinder.     A  tube  of  the  dimei 

M proveA     I 
kes  ibe 
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ffven  should  show  the  phenomenon  on  as  great  a  scale  as  the  photo- 
graph reproduced  in  Fig.  284.  In  this  case  the  position  of  the 

D  lines  was  recorded  on  the  plate  by  holding  a  sodium  flame  in  front 
of  the  slit,  after  the  exposure  was  over. 

If  we  remove  the  spectroscope  and  place  an  eye-piece  in  the 
position  previously  occupied  by  the  slit,  we  shall  see  the  anomalous 
spectrum  produced  by  Uie  sodium  prism,  as  shown  in  the  colored 
Frontispiece,  Fig.  1. 

The  development  of  this  spectrum  from  the  horizontal  image 
of  the  slit,  seen  when  the  tube  is  cold,  is  most  instructive  to  watch, 
and  shows  us  at  once  that  the  sodium  prism  deviates  some  of  the 
rays  up  and  others  down. 

If  the  electric  arc  is  employed  as  the  source  of  light,  the  extreme 
violet  will  be  found  to  occupy  the  position  of  the  undeviated  image 
of  the  slit.  Then  comes  the  blue,  sometimes  in  contact  with  the 
violet  and  sometimes  slightly  separated  by  a  fine  dark  Une,  owing 
to  the  fact  that  the  violet  light  comes  from  the  fluted  carbon  band 
of  the  arc,  which  is  separated  from  the  blue  by  a  comparatively  dark 
region.  Then  comes  a  wide  gap  corresponding  to  light  absorbed 
by  the  sodium  vapor  in  the  blue-green  re^on  (the  channelled 
spectrum),  and  above  this  a  beautiful  flare  of  color  ranging  from 
blue-green  through  grass-green  to  yellow.  The  red  and  orange 
portion  of  the  spectrum  is  on  the  other  side  of  or  below  the  un- 

deviated image,  forming  another  briUiant  flare  of  color.  It  is 
separated  from  the  violet  by  a  wide  dark  band,  due  to  the  absorp- 

tion in  the  vicinity  of  the  D  lines.  If  the  density  of  the  vapor  is 
increased  by  heating  the  tube  to  a  higher  temperature,  the  red  flare 
extends  lower  down,  grows  fainter,  and  finally  fades  away,  owing 
to  the  presence  of  the  fluted  absorption  bands  in  red.  The  green 
and  blue  persist,  however,  becoming  more  widely  separated,  but 
finally  the  green  disappears  almost  entirely.  It  is  best  to  arrange 
the  gas  cock  so  that  the  height  of  the  flames  can  be  controlled  with- 

out leaving  the  eye-piece,  for  it  is  surprising  how  sUght  a*  change 
is  necessary  to  completely  alter  the  general  appearance  of  the 
spectrum. 

To  obtain  this  i^)ectrum  in  its  greatest  splendor,  it  is  best  to  use 
a  tube  of  hard  glass  about  50  cms.  long  heated  in  the  same  way, 
containing  fifteen  or  twenty  small  pieces  of  sodium.  The  tem- 

perature gradient  is  much  steeper  in  a  glass  tube  and  the  dispersion 
much  more  powerful.  The  flames  may  be  turned  up  and  down 
during  the  experiment,  but  they  should  never  be  turned  quite  out, 
for  the  tube  will  almost  invariably  crack  on  reheating  after  it  has 
once  cooled  down. 

By  employing  a  Quartz  spectrograph  photographs  have  been 
made  of  the  anomw>us  dispersion  at  the  ultra-violet  lines  3303 
and  2852,  as  shown  in  Fig.  285. 

It  is  much  less  strong  at  3303  and  barely  noticeable  at  2852. 
These  absorption  lines  afi  belong  to  the  principal  series  of  sodium, 
and  they  are  spaced  along  the  spectrum  according  to  a  definite  law. 
Thou^  we  can  measure  the  relative  indices  of  the  vapor  by  this 

method,  we  have  no  means  of  determining  the  absolute  values,  for 
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we  hare  no  means  of  knowing  the  angle  of   the  prism  oT*^^ 
which  is  the  equivalent  of  the  non-homogeneous  cyUnder. 

Absolute  values  have,  however,  been  obtained  by  means  of  tlie 
interferometer,  by  comparing  and  measuring  the  shifts  of  the  fringes 
obtained  by  introducing  a  given  amount  of  sodium  vapor  into  the 
path  of  one  of  the  interferif^  beams.  A  full  description  of  the 
methods  and  apparatus  employed  will  be  found  in  the  paper 
referred  to.  In  brief,  it  consisted  in  placing  a  sodium  tube,  eleo- 
trically  heated,  between  two  of  the  mirrors  of  a  Michelson  interfe- 

rometer. Uniform  heating  was  necessary  in  this  case,  as  no  pris- 
matic action  was  desired.  The  instrument  was  illuminated  with 

two  sources  of  light,  one  a  helium  spectrum  tube  which  gives  us 
a  bright  yellow  light,  Ds,  very  near  the  sodium  absorption  band, 
the  other  a  spectroscope  arranged  to  furnish  a  beam  of  approxi- 

mately monochromatic  tight  in  any  desired  part  of  the  spectrum- 
Two  sets  of  fringes  were  thus  formed,  and  the  drifts  of  the  systems 
were  recorded  hy  two  observers  as  sodium  vapor  was  formed  in  the 
tube.  To  obtain  the  dispersion  very  near  the  absorption  band, 
the  helium  tube  was  placed  in  a  powerful  magnetic  fi^,  irtiidi 
causes  the  line  to  become  double  (with  suitable  arrangement  of  the 
apparatus).  The  two  components  were  of  very  nearly  the  same 
wave-length,  the  distance  between  them  b^ng  i^xMit  ̂   <tf  the  cb- 
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tance  between  the  D  lines,  yet  the  dispersion  of  the  vapor  was  so 
powerful  that  the  two  sets  of  fringes  were  displaced  at  rates  so 
different  that  the  fringes  disappeared  entirely  at  regular  intervals, 
owing  to  their  "  out-of-step ''  superposition. 

By  employing  the  method  of  "  crossed  prisms,"  relative  deter- minations were  made  still  closer  to  the  D  lines  than  the  hehum  line. 
To  see  the  efifect  close  to  and  between  the  D  lines,  the  tube  should 
only  be  slightly  heated,  and  a  grating  spectroscope  employed.  As 
the  vapor  prism  forms,  we  see  presently  the  portions  of  the  spectrum 
adjacent  to  the  absorption  lines  curve  away  in  opposite  directions, 
as  shown  in  Fig.  286.  As  the  vapor  becomes  denser,  the  light  dis- 

appears between  the  D  lines,  and  we  have  the  stage  previously 
described. 

Absolute  values  of  the  refractive  index  were  obtained  by  heating 
the  tube  to  a  known  temperature,  measuring  the  length  of  the  vapor 
column,  and  counting  the  fringe  shift  produced  when  monochromatic 
light  of  known  wave-length  was  used  to  illuminate  the  instrument. 

The  Refraction  and  Dispersion  of  Sodium  Vapor  of  Great  Density. 
—  A  knowledge  of  the  absolute  value  of  the  refractive  index  of  the 
vapor,  and  its  dispersion,  enables  us  to  compile  a  table  of  the  re- 

fractive indices  for  all  wave-lengths,  for  vapors  of  varying  density. 
This  has  been  done  for  the  very  dense  vapor  obtained  by  heating 

a  vacuum  tube  containing  the  metal  to  the  temperature  of  644°  C. 
A  column  of  the  vapor  at  this  temperature  8  cms.  in  length  ex- 

amined by  transmitted  light  has  a  distinct  blue  color,  as  a  result 
of  the  channelled  absorption  spectrum.  The  values  are  given  in 

the  following  table,  and  will  be  spoken  of  in  future  as  "observed 
values,"  to  distinguish  them  from  values  calculated  from  the  dis- 

persion formula.  It  must  be  remembered  that  sodium  vapor  as 
dense  as  that  with  which  we  are  deaUng  in  the  present  case  has  an 
absorption  band  at  the  D  lines  broad  enough  to  completely  cut 
out  everything  down  to  and  even  below  the  hehum  Une,  at  least  for 
all  thiclmesses  with  which  it  is  possible  to  work.  On  this  account 
we  are  obliged  to  calculate  the  refractive  indices  within  this  re^on 
from  observations  made  with  a  less  dense  vapor,  a  method  which 
in  the  present  case  is  probably  allowable  within  certain  limits. 
A  thin  enough  sheet  of  the  vapor  would  probably  transmit  Ught 
within  this  region  with  a  velocity  indicated  by  the  calculated  indices. 
The  question  of  selective  reflection  at  the  surface  and  refusal  to 
transmit  the  radiation  will  be  considered  presently. 

In  tlie  following  table  the  wave-lengths  are  given  in  the  first 
column,  the  fringe  displacements  in  comparison  with  helium  light 
in  the  second  column.  These  values,  with  the  exception  of  those  in 
the  extreme  red,  blue-violet,  and  ultra-violet,  were  obtained  with 
the  interferometer. 

In  the  third  column  are  given  the  actual  fringe  shifts  which  would 
befound  fora  layer  of  vapor  8cms.  thick  (effective  thickness  16  cms.), 
and  in  the  fourth  column  the  refractive  indices.  The  indices  calcu- 

lated from  the  dispersion  formula  are  ̂ ven  in  the  fifth  column,  for 
the  sake  of  comparison  with  the  observed  values.  More  will  be  said 
of  them  in  the  next  section. 

\ 
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For  X=cx>  the  value  of  n  is  calculated  to  be  1.000075,  while  for 
A  ="4167  it  is  0.999975,  the  deviations  being  the  same  in  both  cases, 
but  in  opposite  directions. 

For  wave-lengths  immediately  adjoining  the  D  lines  the  refractive 
index  has  been  found  to  have  a  value  as  high  as  1 .38,  as  great  as  that  of 
some  liquids,  while  the  dispersion  is  so  great,  even  at  the  position  of 
the  Da  line  of  heUum,  that,  could  we  form  a  prism  of  the  vapor  giving 

the  same  deviation  as  a  60^  glass  prism,  we  could  by  its  aid  separate 
a  double  Une  in  the  spectrum,  with  components  twenty  times  as 
close  as  the  sodimn  Unes  by  an  amoimt  as  great  as  the  distance  be- 

tween the  red  and  blue  of  the  spectrum  formed  by  the  glass  prism. 
The  vapor  is  remarkable  in  that  all  waves  on  the  blue  side  of  the  D 

hnes  travel  in  it  with  a  higher  velocity  than  in  a  vacuum.  In  other 
words,  they  are  accelerated.  All  Ught  of  wave-length  greater  than 
the  D  lines  is  retarded  as  in  ordinary  media.  This  is  seen  at  once 
from  our  first  experiment,  the  sodium  prism  deviating  one-half  of  the 
spectrum  in  one  direction,  the  other  in  the  opposite. 

X Relative Total Ref.  Index Ref.  Index 
A Shift Shift Obs. 

Catcul. 

7600 2 25 1.000117 
6310 4 50 1.000197 
6200 6 75 1.000291 1.000285 
6137 7 88 1.000335 
6055 11 138 1.000523 1.00052 
6013 14 175 1.000658 
5977 20 250 1.000934 
5960 25 

313 1.001164 
5942 33 413 1.001532 
5916 60 750 1.002972 
5875 100 1250 0.995410 0.9958 
5867 67 

834 
0.996929 0.99692 

5858 50 625 0.997711 
5850 40 500 0.998172 0.99815 
5843 33 413 0.998492 
5827 25 313 0.998862 
5807 20 250 0.999093 
5750 11 138 0.999505 
5700 9 113 0.999599 
5650 7.4 92 

0.999650 
5460 4 50 0.9998294 0.999829 
5400 3.6 

45 
0.9998481 

5300 2.9 36 0.9998807 0.999885 
4500 1.4 17.5 0.9999508 0.999965 
3610 1.09 

13.6 0.9999698 
3270 0.9 11.4 0.9999768 0.999987 
2260 0.7 8.7 

0.9999877 0.999995 

I 
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Rbfbactivb  Indicbs  in  the  Vicinity  of  thb  D  Linbs 
X nCal. nObs. 

6875 0.9958 0.9954 
5882 0.9890 0.9908 
5885 0.9830 0.9870 

58866 0.9750 0.9740 
58884 0.9450 0.9443 
58896 0.697 0.614 

5991 1.0046 
5904 1.0092 
5901 1.0138 
58994 1.0184 
58976 1.0557 

5897 1.094 
58964 

1.386 

Application  of  the  Results  to  the  Dispersion  Formula.  —  The 
simplest  form  of  the  dispersion  formula,  developed  from  electro- 

magnetic considerations  for  a  medium  with  a  single  absorption 
band,  is 

.i_^  .     mX* 

n"=l  + 

X«-A«5 

in  which  m  is  a  constant,  X  the  wave-length  of  the  light  employed, 
and  A«  the  wave-length  at  the  centre  of  the  absorption  band. 

The  vapor  of  sodium  has,  of  course,  a  pair  of  very  close  absorption 
bands  (the  D  lines),  which  are  chiefly  effective  in  modifying  the 
refractivity  of  the  medium.  The  ultra-violet  bands  affect  the  dis- 

persion in  their  immediate  vicinity,  but  their  effect  can  be  neglected 
in  comparison  with  the  stronger  band,  except  for  wave-lengths  very 
close  to  them. 

The  first  question  to  consider  is  whether  we  are  justified  in  con- 
sidering the  D  lines  as  a  single  absorption  band  in  the  case  of  the 

very  dense  vapor.  If  we  consider  the  medium  as  having  a  single 
band,  and  assign  to  Km  the  value  5893  (a  point  midway  between  the 
D  lines),  we  shall  find  that  the  observed  and  calculated  values  of 
the  refractive  index  agree  very  closely,  up  to  within  a  distance  of 
the  band  about  equal  to  the  distance  of  the  Ds  line  of  heUum.  If  we 
attempt  to  go  closer  than  this,  we  immediately  find  discrepancies, 
which  become  larger  as  we  approach  the  D  Unes. 

The  constant  m  in  the  above  formula  can  be  determined  from  a 
single  observation  of  the  refractivity.  It  was  determined  from  two 
values,  namely,  the  refractivity  for  the  green  line  of  mercury  (X  = 
5460)  and  that  for  X  =  5850,  the  latter  wave-length  being  quite  close 
to  the  D  lines.  Since  the  refractivity  has  widely  different  values 
for  these  two  wave-lengths,  we  should  expect  the  difference  between 
the  two  calculated  values  to  be  a  maximum  in  this  case,  in  the  event 
of  the  dispersion  being  incorrectly  represented  by  the  formula. 
The  values  for  m  foimd  in  the  two  cases  were  0.000056  and  0.000054, 
a  surprisingly  close   agreement.    The   mean  value  m  =  0.00055 
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was  taken,  and  the  indices  for  a  number  of  wave-lengths  calculated. 
Some  of  these  values  are  given  in  the  table  of  refractive  indices,  and 
they  will  be  foimd  to  agree  very  closely  with  the  observed  values. 
The  values  calculated  between  the  helium  line  and  the  D  lines  are 
given  in  the  second  part  of  the  table. 

An  inspection  of  the  formula  shows  us  that,  according  as  we  are 
on  the  red  or  blue  side  of  the  absorption  band,  the  refractive  index 
(squared)  is  given  by  adding  to  (or  subtracting  from)  unity  the  value 

of  the  constant  w= 0.000055  multiplied  by  the  fraction  — — —.    In 
A       An, 

the  case  of  all  other  substances  showing  anomalous  dispersion,  aniline 
dyes  for  example,  to  the  dispersion  of  which  a  formula  has  been 
applied,  the  vfiJue  of  this  fraction  never  exceeds  3  or  4,  owing  to  the 
impossibility  of  applying  it  to  wave-lengths  very  close  to  the  centre 
of  the  band.  For  example,  in  the  case  of  the  dispersion  of  nitroso- 
dimethyl  aniline,  with  its  strong  absorption  band  at  X=4300,  we 
cannot  obtain  accurate  data  nearer  than  X==5000.    In  this  case 

In  the  case  of  sodium  vapor  the  value  of  the  fraction  may  be 
several  hundred  or  even  thousand.  In  the  case  of  X=5882  the 
fraction  is  367,  and  yet  the  observed  and  calculated  values  agree 
closely.  For  X= 58884  the  fraction  is  1940;  and  for  A =5889.6 
we  have  a  value  as  high  as  3944.  The  product  of  these  very  large 
numbers  and  the  sms^  fraction  0.000055  give,  however,  values  of 
the  index  which  are  in  close  agreement  with  the  observed  values. 

Discrepancies  occur  in  the  immediate  vicinity  of  the  D  lines 
which  can  be  explained  in  the  following  way:  To  get  values  in  any 
way  consistent  with  the  observed  values  it  was  necessary  to  assign 
to  Ki  the  value  of  the  D%  line,  the  mean  value  5893  being  too  far 
removed  from  the  wave-lengths  in  question  to  give  the  requisite 
steepness  to  the  curve.  The  calculated  values,  therefore,  apply 
to  a  medium  with  a  single  band  at  D%  and  with  a  constimt  m= 
0.000055.  This  gives  us  a  pretty  good  approximation  to  the  ob- 

served curve,  but  the  latter  is  due  to  the  combined  effects  of  the 
bands  Di  and  D2,  the  presence  of  the  A  band  tending  to  make  the 
observed  curve  flatter  than  the  calculated.  A  more  correct  ap- 

proximation could  be  obtained  by  assigning  to  A^  a  value  inter- 
mediate between  Dj  and  5893.  The  proper  method  of  procedure 

would,  of  course,  be  to  make  use  of  two  members  in  the  dispersion 
formula,  one  for  D\  and  the  other  for  D2,  thus: 

If  m  and  m'  were  each  assigned  the  same  value  obtained  by  divid- 
ing our  original  value  by  2,  in  all  probability  a  very  close  approxima- 
tion would  be  obtained  in  the  region  in  question.  This  has  not  been 

done  for  two  reasons.  In  the  first  place  it  does  not  appear  as  if 
much  would  be  learned  by  the  procedure,  and  in  the  seeond  place  m 

and  m'  are  not  equal,  as  is  shown  by  the  stronger  dispersion  near Da,  and  until  the  relative  values  have  been  determined  we  are  not 
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in  a  poflition  to  write  the  two-member  formula  accurately.  It  is 
doubtful  whether  anything  new  would  oome  out  of  such  a  deter- 

mination, and  it  was  on  that  account  not  attempted. 
Another  matter  of  considerable  interest  is  the  question  of  the 

indices  represented  by  the  square  root  of  a  negative  quantity  in  the 
immediate  vicinity  of  the  absorption  band  on  the  blue  side.  Lord 
Kelvin  interprets  this  as  indicating  that  no  light  of  such  wave- 

lengths enters  the  medium;  in  other  words,  it  is  metallically 
reflected. 

It  is  in  this  way  that  he  has  explained  the  apparent  greater 
broadening  of  the  D  lines  on  the  more  refrangible  side  in  some  of 
Becqucrers  photographs.  In  the  case  with  which  we  are  dealing 
the  second  term  of  our  original  formula  does  not  become  less  than 
unity  until  we  reach  wave-length  58898,  which  we  get  by  equating 

-J   J  to  unity  and  solving  for  X. 
This  shows  us  that,  even  with  a  vapor  so  dense  that  both  D  lines 

run  together  and  broaden  out  into  a  wide  band,  we  do  not  get  values 
of  the  index  which  are  imaginary  until  we  are  within  .2  of  an 
Angstrdm  unit  of  the  D  line,  or,  in  other  words,  until  we  are  within 
a  distance  of  D  equal  to  Vv  of  the  distance  between  Di  and  Df. 

In  the  case  of  the  comparatively  rare  vapor  employed  by  Beoque- 
rel  we  should  have  to  approach  much  closer  than  this  to  get  the 
imaginary  values.  This  makes  it  appear  certain  that  the  greater 
broiMlening  on  the  more  refrangible  side,  if  it  exists,  must  be  assigned 
to  some  other  cause  than  imaginary  values  of  the  refractive  imlex. 

The  medium  is  exceptionally  interesting  in  that  its  dii^)er8ion  can 
be  represented  throu|^ut  the  entire  range  of  wave-lengths  without 
taking  the  extinction  ooeflicient  into  account,  as  is  always  necessary 
in  the  case  of  solids  and  liquids  when  in  the  vicinity  of  the  absorp>- 
tion  band. 

Selective  Reflection  by  an  Absorbing  Gas.  —  Planck's  theory 
of  absorption  b  based  upon  the  sup]306ition  that  the  energy,  taken 
from  the  oncoming  waves,  is  re-emitted  laterally  by  the  resonators. 
Thou^  this  re-emission  only  occurs  in  exceptional  cases,  we  do  find 
it  in  some  instances.  As  will  be  shown  farther  on,  sodium  vapor, 
when  illuminated  with  sodium  light,  emits  the  absorbed  wave- 

lengths without  change.  The  emission  is  difTuse,  however,  that  is, 
it  is  scattered  in  all  directions.  Radiation  of  this  nature  I  have 
called  resonance  radiation,  to  distinguish  it  from  fluorescence,  in 
wliich  case  there  is  a  change  of  wave-length. 

It  appeared  highly  probable  that  if  the  molecular  resonators 
were  packed  closely  enough  together,  the  8econ(lar>'  wavelet**  which 
they  emit,  having  a  definite  phase  relation,  would  unite  into  a 
single  wave,  and  the  scattered  light  would  disappear,  n^gular  re- 

flection of  the  light  taking  its  place.  Repeateil  efforts  to  discover 
the  phenomenon  with  socliuin  vapor  >^elded  m*gative  n^ults,  since 
it  was  impossible  to  obtain  the  vapor  at  great  density  ̂ ith  a  sharply 
defined  surface,  on  account  of  its  corrosive  action  upon  the  trans- 

parent waUs  of  the  containing  vi^ssel. 
The  phenomenon  was  finally  discovered  by  heating  mercur>'  to 
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a  high  temperature  in  a  bulb  of  fused  quartz.     The  vapor  has  & 
very  strong  abt^orptioD  line  at  A,  =  2536  in  the  ultra-violet. 

To  separate  the  images  formed  by  re6ection  from  the  imier  and 
outer  surfaeea  of  the  bulb,  the  necks  were  made  of  very  tbick- 

walled  tubing,  ao  that  the  walls  of  the  bulb  were  prisniat' 

shown  in  Fig.  287.     These  bulba  were  made  especially  for  tbj 
by  Heracu.s  of  Hanau,  and  were  found  nioat  satisfactory. 

A  good-sized  globule  of  mercury  was  placed  in  a  bulb  whtfll 
then  highly  exhausted  and  sealed. 

It  seemed  best  to  begin  by  using  light  of  exactly  the  right  fre- 
quency, that  is,  of  a  wave-let^h  identical  with  that  of  the  absorp- 

tion line.  The  light  from  the  mercury  arc  in  a  quartz  tul)e  shows 
a  strong  line  of  exactly  the  r^t  frequency.     The  bulb  was  mounted 

in  a  small  tube  of  thin  steel  provided  with  an  oval  aperture  in  the 
eide :  the  ends  were  closed  with  disks  of  asbestos  board,  one  of 
which  supported  the  neck  of  the  bulb,  as  shown  in  Fig.  287.  The 
steel  tube  was  heated  by  two  Bunsen  burners,  usually  to  a  full  r«i 
heat,  and  the  mercury  arc  placed  as  close  as  possible  to  the  aperture 
and  a  little  to  one  side,  so  that  its  image  appeared  reflect*^  in  the 
tapering  neck  of  the  bulb,  as  shown  in  the  figure.  The  &ame 
of  the  burner  must  play  over  the  aperture  to  prevent  condensation 
of  mercury  drops  at  the  point  where  reflection  occur?!. 

By  properly  choosing  the  direction  in  which  the  bulb  was  viewed, 
the  reflection  from  the  outer  surface  disappeared,  and  the  slit  of 
a  small  quartz  spectrograph  was  directed  towards  the  bright  image 
of  the  arc  reflected  from  the  inner  surface  of  the  wall. 

A  numljer  of  photographs  of  the  si>ectrum  of  the  reflected  light 
were  taken,  the  first  with  the  bulb  cold,  the  succeeding  ones  at 
gradually  increasing  temperatures.  It  was  found  that  the  relativi- 
intensity  of  the  2536.7  line  in  the  spectrum  of  the  reflecteii  light 
increased  rapidly  as  the  temperature  of  the  bulb  increased.  A 
series  of  these  photographs  is  reproduced  in  Fig.  288.     The  time  «( 
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exposure  was  less  in  the  case  of  the  red-hot  bulb,  in  spite  of  which 
the  line  2536  is  very  strong  while  the  other  lines  do  not  appear  at  all. 

Previous  work  having  shown,  however,  that  mercury  vapor  emits 
scattered  resonance  radiation,  when  stimulated  by  the  light  of  the 
2536  line,  it  was  next  necessary  to  prove  that  it  was  not  a  diffuse 
radiation  which  had  caused  the  increased  intensity  of  the  line. 
A  veiy  nice  method  was  found  of  proving  this.  If  our  eyes  were 
sensitive  to  the  ultra-violet  Ught,  we  should  see,  in  the  case  of 
the  diffuse  emission,  the  entire  surface  of  the  bulb  glowing  ̂ ^^th 
light,  while  if  the  radiation  was  regularly  (i:e,  specularly)  reflected 
by  the  vapor,  we  should  see  merely  the  small  image  of  the  arc  in- 

crease in  brilliancy. 
The  steel  tube  was  mounted  vertically  in  such  a  position  that 

the  two  images  due  to  reflection  from  the  inner  and  outer  surfaces 
of  the  front  wall  of  the  bulb  appeared  one  above  the  other.  Inas- 

much as  the  mercury  arc  consisted  of  a  narrow  vertical  column  of 
light,  these  images  appeared  as  narrow  vertical  lines  of  light,  and 
could  be  used  in  place  of  the  slit  of  the  spectrograph.  The  arc  in 
this  case  was  placed  at  a  distance  of  about  a  metre  from  the  bulb. 

The  slit  tube  of  the  spectrograph  was  removed,  and  the  instru- 
ment placed  in  such  a  position  that  the  two  reflected  images  occupied 

the  position  previously  occupied  by  the  slit.  On  exposing  a  plate 
we  obtain  two  spectra  one  above  the  other,  the  one  that  of  the  light 
reflected  from  the  outer  surface,  the  other  that  of  the  light  reflected 
from  the  inner  surface. 

Two  photographs  were  taken,  one  with  the  bulb  cold,  the  other 
with  the  bulb  red-hot.  The  latter  showed  that  the  image  of  the 
arc  as  seen  in  the  2536  light  had  been  increased  tremendously  in 
brilliancy  by  the  presence  of  the  mercury  vapor.  The  two  photo- 

graphs are  reproduced  in  Fig.  289,  the  spectrum  image  formed  by 
the  light  of  wave-length  2536  being  indicated.  The  light  reflected 
from  the  inner  surface  is  not  as  intense  as  that  reflected  from  the 
outer,  consequently  one  of  the  spectra  is  weaker  than  the  other  in 
each  case.  The  2536  line  is,  however,  many  times  brighter  in  the 
spectrum  of  the  image  formed  by  the  inner  surface  of  the  bulb 
when  hot. 

This  experiment  shows  that  the  mercury  vapor  reflects  light 
of  this  particular  wave-length  in  much  the  same  way  as  would  a 
coating  of  silver  on  the  inside  of  the  bulb. 

Experiments  were  next  undertaken  to  ascertain  how  nearly 
the  frequency  of  the  light  must  agree  with  that  of  the  absorption 
band  in  order  that  metallic  reflection  should  take  place. 

It  was  found  that  the  spectrum  of  the  iron  arc  showeil  a  group 
of  closely  packed  lines  exactly  in  the  region  require^l,  and  it  wa.s 
accordingly  put  in  place  of  the  mercury  arc.  The  slit  was  replactnl 
on  the  quartz  spectrograph,  and  photographs  of  the  reflected  image* 
of  the  arc  were  taken  with  the  bulb  cold  and  heated  to  different 
temperatures.  A  very  remarkable  discovery  was  at  once  made, 
for  it  turned  out  that  the  jron  line  which  was  metallically  reflects  1 
(2535.67)  was  about  one  Angstrom  unit  on  the  short  wave-length 
side  of  the  absorption  line.     As  the  temperature  and  vapor  density 
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increased,  a  second  iron  line  was  strongly  reflected,  this  one 
ing  abnost  exactly  with  the  absorption  line.     It  is  in  reality  a  double 
line,  with  wave-lengths  2536.90  and  2537.21. 

To  make  absolutely  sure  that  no  error  had  occurred,  I  photor 
graphed  the  spectrum  of  the  iron  arc,  passing  the  light  through 
mercury  vapor  at  different  densities. 

The  iron  line  which  first  disappeared  was  the  double  one,  which 
was  not  reflected  until  the  mercury  vapor  was  at  its  greatest  density. 
The  line  which  was  metallically  reflected  by  the  vapor  at  a 
density  was  not  absorbed  by  the  vapor,  even  when  its  density 
so  great  that  four  or  five  Unes  on  the  long-wave-length  side  of  the 
line  first  absorbed  were  completely  blotted  out.  This  can  be  better 
understood  by  reference  to  Fig.  290.  In  the  upper  line  we  have 
the  group  of  iron  lines  in  question.  The  next  line  shows  tiie  ab- 

sorption by  Hg  vapor  when  its  density  is  small,  the  fourth  iron  line 
(double,  mean  X  2537)  having  disappeared.  Just  below  is  the  ab- 

sorption by  dense  vapor,  the  absorption  having  extended  towaxda 
the  visible  re^on  of  the  spectrum  (much  farther  than  can  be  in- 

dicated in  the  figure),  the  third  iron  line  being  still  transmitted^ 
however.    Below  this  is  the  reflection  from  Hg  vapor  at  about  tea 
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atmospheres,  the  third  iron  line  being  strongly  reflected.  In  the 
lower  line  we  have  the  reflection  by  vapor  at  25  atmospheres,  the 
third  and  fourth  (double)  iron  lines  appearing  strongly  reflected. 

The  explanation  of  the  more  powerful  reflection  of  the  shorter 
iron  line  is  probably  as  follows  : 

The  2536.7  line  shows  powerful  anomalous  dispersion.  The  re- 
fractive index,  in  its  imme<liate  vicinity,  on  the  short-wave-length 

side  is  much  below  unity,  probably  as  low  as  .5  or  even  less  close 
to  the  line.  In  the  case  of  Hght  going  from  a  rare  to  a  dense  mediimii 
a  high  value  of  the  index  for  the  latter  is  accompanied  by  strong 
reflection.  When,  however,  the  ray  goes  from  dense  to  rare  (quarts 
to  mercury  vajwr),  as  in  the  prest^nt  case,  it  is  a  low  value  of  the 
index  for  the  latter  which  is  accompanied  by  strong  reflection. 
Now  the  index  for  men^ury  vapor  is  not  far  from  unity  for  the 
entire  spectrum  with  th(^  exception  of  very  narrow  regions  bordering 
the  2536  line.    On  the  long-wave-length  side  the  index  may  be  about 



THEORY  OF  DISPERSION  433 

that  of  quartz,  consequently  there  is  no  reflection  at  all  here,  at 
least  none  depending  upon  the  relative  values  of  n.  On  the  other 
side,  where  ̂ he  index  is  considerably  below  unity,  the  reflection  will 
be  much  more  powerful  than  when  the  bulb  is  filled  with  air.  This 
means  that  the  band  of  metallic  reflection  will  be  shifted  slightly 
towards  the  region  of  shorter  wave-length  with  respect  to  the  true 
position  of  the  absorption  line,  as  was  found  to  be  the  case. 

An  attempt  will  be  made  to  get  rid  of  this  effect  by  using  polar- 
ized light,  reflected  from  the  quartz-mercury  vapor  surface  at  the 

proper  angle.  This  should  give  us  rest-strahlen  of  the  same  wave- 
length as  that  of  the  absorption  line. 

One  very  important  point  in  connection  with  the  specular  reflec- 
tion from  an  absorbing  vapor  is  the  very  great  density  necessary 

before  the  phenomenon  is  exhibited.  In  a  gas  at  atmospheric 
pressure  the  molecules  are  in  such  close  proximity  that  there  are 
about  80  to  the  wave-length,  i.e.  6400  in  a  square  the  sides  of  which 
are  equal  to  a  light-wave  in  length.  This  would  appear  to  be  more 
than  sufficient  for  the  application  of  Huygens's  principle :  experi- 

ment shows,  however,  that  the  reflection  does  not  occur  until  we 
mcrease  this  density  tenfold.  It  is  probably  a  question  of  the 
suddenness  with  which  the  wave  is  stopp>ed,  rather  than  of  packing 
the  resonators  close  enough  together  to  make  the  appUcation  of 

Huygens's  principle  possible.  It  appears  probable  that  if  the 
wave-train  can  penetrate  to  a  depth  of  several  wave-lengths  into 
the  medium,  there  will  be  no  regular  reflection,  regardless  of  the 
proximity  of  the  resonators.  Aja  analogous  case  is  that  of  two 
media  of  very[different  refractive  indices,  between  which  the  transi- 

tion is  gradual  instead  of  abrupt.  It  has  been  held  by  some  au- 
thorities that  reflection  will  occur  in  this  case  since  we  can  divide 

the  transition  layer  into  a  large  number  of  planes,  each  one  of 
which  will  reflect  a  small  amount.  Even  if  this  were  the  case» 
we  should  have  complete  destructive  interference,  for  the  wave- 
trains  reflected  from  the  h3rpotheticaI  planes  would  be  gradually 
and  progressively  displaced  with  reference  to  each  other  and  give 
us  zero  for  a  resultant.  The  same  thing  may  be  considered  as  tak- 

ing place  in  the  case  of  the  resonators.  A  rigorous  theoretical 
treatment  of  the  resultant  effect  of  the  radiations  from  a  system  of 
closely  packed  resonators,  excited  by  plane-waves,  considering  sev- 

eral different  depths  of  penetration,  is  much  to  be  desired. 
Absorption  and  Selective  Dispersion  of  Hydrogen.  —  Hydrogen 

gas,  under  ordinary  conditions,  can  be  regarded  as  the  most  trans- 
parent substance  known.  Even  the  very  short  waves  discovered  by 

Schumann,  which  are  powerfully  absorbed  by  other  gases,  are  freely 
transmitted  by  pure  hydrogen.  Hydrogen  gas  in  the  sun  and  stars 
shows  strong  absorption  lines,  coincident  with  the  emission  Unes  seen 
when  the  gas  is  excited  by  electrical  discharges  in  vacuum  tubes. 
Many  attempts  have  been  made  to  determine  the  conditions  nec- 

essary for  the  exhibition  of  absorption  in  the  laboratory. 
Various  observers  have  recorded  seeing  the  red  hydrogen  line 

reversed  in  the  spectrum  of  hydrogen  tubes,  but  it  is  only  within 
the  last  year  or  two  that  the  exact  conditions  necessary  for  the 
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cxliibitiou  of  the  phenomenon  have  tieen  determmed  and  a  quwiti 
tative  investigation  made.  The  absorption  only  takes  place  while 
the  gas  is  in  a  condition  of  lununescence,  i.e.  while  it  is  excited  by 
the  discharge.  Pfliigcr  {Ann.  der  Phys.,  24,  515,  1907)  used  as 

a  source  of  light  a  capillar^'  tube  filled  with  hydrogen  at  low  prea^ 
lire,  excit«i  by  powerful  discharges  from  an  induction  coil  with 
Leyden  jars  in  the  secondary  circuit.  The  light  from  this  lube, 
which  allowed  the  hydrogen  tines  much  widened  hut  not  reversed, 
was  pasfied  through  a  wider  tube,  alao  containing  hydrogen  at  low 
pressure  and  placed  in  the  same  electrical  circuit.  By  this  arrange- 

ment the  emission  of  light  by  the  source  was  confined  to  the  momenta 
during  which  the  ga--i  in  the  wider  tube  was  in  a  condition  to  al»orl>. 
The  red  line  was  seen  distinctly  reversed.  Soon  after,  Ladeii)>urg 
and  Loria  (Verh.  der  deiUsciieti  phuK.  Gex.,  10.  858.  1908),  using 
a  similar  arrangement,  reversed  botli  the  red  and  green  lines,  and 

i 

obtained  phot<^raphs  shon'ing  the  selective  dispersion  and  mag- 
netic  rotation  in  the  \-iciiiity  of  the  red  line. 

The  apparatus,  as  arranged  for  shoning  the  dispersion  of  the  gas, 
is  shown  in  Fig.  291.  Light  from  a  capillar^'  hydrogen  tube  E, 
excited  by  the  discharge  of  a  coil  with  Leyden  jars  in  circuit,  is 

rendered  parallel  by  a  lens  L,  and  di^-ided  into  two  beams  by  the 
mirror  of  a  Jamin  (or  other)  interferometer  P,.  One  beam  passes 
down  the  second  (absorption)  hydrt^n  tube  A,  the  other  along 
its  side,  traversing,  however,  the  projecting  parts  of  the  glass  plates 
used  for  closing  the  tulie.  The  beams  are  united  by  the  aecond 

Jamin   plat«  P"  and  the  horizontal  interference  fringes  focussed 
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upon  the  slit  of  a  spectroscope  C  by  the  lens  L2.  On  account  of  its 
small-bore,  the  tube|-B  emits,  in  addition  to  the  hydrogen  lines,  a 
good  deal  of  continuous  spectrum;  consequently  we  see  in  the 
spectroscope  a  spectrum  traversed  by  horizontal  interference  bands. 
If  now  the  absorption  tube  Ay  which  has  a  wide  bore,  and  contains 
hydrogen  at  3  or  4  mms.  pressure,  is  excited  by  being  included  in 
the  same  electrical  circuit  with  E^  the  interference  bands  are  bent 
away  in  opposite  directions,  to  the  right  and  left  of  the  red  hydro- 

gen line  Httf  as  shown  in  the  figure.  A  bright  line  runs  down  the 
centre,  since  only  one  of  the  interfering  beams  passes  down  the 
absorption  tube.  This  experiment  shows  us  that  the  passage  of 
an  electrical  discharge  through  hydrogen  gives  rise  to  the  forma- 

tion of  dispersion  electrons,  which  are  not  present  in  the  gas 
normally. 

Hydrogen,  then,  when  ionized,  or  brought  into  a  state  of  lu- 
minescence by  the  electrical  discharge,  has  quite  different  optical 

properties  from  ordinary  hydrogen.  Sodium  vapor  possesses  these 
properties  normally,  in  the  absence  of  any  electrical  stimulus,  and 
j)rchably  in  the  absence  of  any  excitation  coming  from  without, 
though  it  is  possible  that  an  ionization  necessary  for  selective 
absorption  and  dispersion  results  from  the  passage  through  the 
vapor  of  the  light  ne<5essary  for  observing  the  phenomena.  The 
dispersion  does  not,  however,  depend  upon  the  intensity  of  the 
transmitted  light,  which  shows  that  the  effect  is  very  small,  if  it 
exists  at  all. 

From  the  magnitude  of  the  effect  in  hydrogen,  Ladenburg  and 
Loria  calculated  that  the  number  of  dispersion  electrons  per  cubic 
centimetre  was  roughly  4-10^^,  while  the  number  of  molecules  was 
2-ltf^;  in  other  words  only  one  dispersion  electron  was  formed  for 
every  50,000  molecules.  In  the  case  of  sodium  vapor,  Hallo  and 
Geiger  found  a  ratio  of  200: 1.  It  would  be  extremely  interesting  to 
ascertain  how  long  the  dispersion  electrons  persist  after  the  discharge 
ceases.  This  oould  probably  be  accomplished  by  arranging  matters 
so  that  a  very  small  time  interval  could  be  introduced  between 
the  excitations  of  the  two  tubes.  If  the  duration  of  the  discharges 
could  be  made  brief  enough,  i.e,  of  the  order  of  magnitude  of  the 
duration  of  a  single  oscillation  of  a  condenser  of  small  capacity,  the 
necessary  time  interval  might  be  introduced  by  putting  the  source 
£  at  a  cUstance,  and  rendering  its  light  parallel  by  a  lens.  If  the 
discharges  occured  simultaneously,  the  light  from  E  would  reach  A 
a  very  small  fraction  of  a  second  later,  owing  to  the  finite  time  re- 

quired by  the  light  in  travelling  from  E  Xo  A.  An  experiment 
analogous  to  this  was  made  by  Abraham  and  Lemoine,  and  ̂ ^nll  be 
described  in  the  Chapter  on  Electro-Optics. 



CHAPTER  XV 

ABSORPTION  OF  LIGHT 

The  transmission  of  light  through  a  material  medium  is  always 
accompanied  by  a  certain  amount  of  absorption,  r^ardless  ci  the 
color  or  wave-length  of  the  light.  Media  which  we  commonly 
speak  of  as  transparent,  if  not  employed  in  too  great  thickneflB, 
transmit  without  appreciable  absorption  the  range  of  wave-lengUiB 
comprised  within  the  region  of  the  visible  spectrum. 

In  general,  however,  they  exercise  powerful  abfiorptikm  i]l'lli9 
infra-red  and  ultra-violet  regions,  and  if  a  sufficiently  great  tfaiflk- 
ness  is  employed,  absorption  will  be  found  present  even  in  the 
of  visible  radiations.  Pure  water,  which  is  one  of  the  moat 
parent  substances  which  we  have,  in  long  columns  appears  distiiiclly 
blue,  showing  that  it  absorbs  more  or  less  completely  the  red  fiod.Oi 
the  spectrum.  The  same  is  true  of  most  varieties  of  glass.  The  l||A- 

nition  '^  transparent ''  is  thus  seen  to  be  purely  arbitraiy^  tlvM being  no  such  thing  in  nature  as  a  perfectly  transparent  substnoe. 
The  character  of  the  absorption  exerted  by  any  substaitoe  oan  be 

best  observed  by  receiving  the  transmitted  light  on  the.  s&t  of-  • 
spectroscope,  when  dark  regions  will  be  observed  in  the  qieoliisb» 
corresponding  in  position  to  the  wave-lengths  absorbed.  If  the 
absorbing  medium  is  moulded  into  the  form  of  a  wedge,  whioh  ii 
placed  in  contact  with  the  slit  of  the  instrument,  we  can  observe 
at  once  the  effect  of  increased  thickness,  the  form  of  the  absorptioii 
curve  being  pictured  in  the  spectrum.  In  general,  it  will  be  found 
that  as  the  thickness  increases,  the  absorption  band  widens  out. 
One  edge  of  the  spectrum  shows  us  the  absorption  of  a  thin  layer, 
the  other  edge  that  of  a  thick  layer,  intervening  portions  corre- 

sponding to  intermediate  thicknesses.  The  resultant  curve  is  some- 
times symmetrical,  but  more  often  not  so,  and  we  shall  see,  when 

we  come  to  consider  the  theory  of  absorption,  that  the  form  of  this 
curve  depends  upon  a  number  of  different  factors.  The  absorption 
spectra  of  about  150  aniline  dyes  have  been  photographed  and 
published  in  the  form  of  an  atlas  by  Uhler  and  Wood.  A  wedge- 
shaped  layer  of  the  liquid  was  used,  contained  in  a  quartz  cell  which 
was  placed  in  contact  with  the  slit  of  a  large  grating  spectroscope. 
Photographs  were  in  this  way  obtained  showing  the  position  and 
forms  of  all  absorption  bands,  both  in  the  visible  and  ultra-violet 
regions.  These  photographs  are  extremely  useful  in  the  prepara- 

tion of  screens  for  absorbing  particular  regions  of  the  spectrum. 
Three  of  these  pictures  are  reproduced  in  Fig.  292,  and  show  the 
absorption  of  nitroso-dimethyl-aniline,  auramine,  and  potassiimi 
permanganate.  We  shall  first  examine  the  phenomenon  of  absorp- 

tion in  a  general  way,  and  then  in  its  relation  to  other  closely  re- 436 
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lated  pheoomena,  such  as  disptirsion,  emission,  and  the  transforma- 
tion of  the  absorbed  radiations  into  other  types  of  energy. 

At  the  banning  of  the  subject  we  shall  find  it  convenient  to 
distinguish  between  two  types  of  absorption :  general,  in  which  the 
absorbing  power  is  very  nearly  the  same  for  all  wave-lengths,  at 
least  over  a  fairly  wide  range;  and  selective,  when  the  absorbed 
region  is  more  or  less  hmited  in  extent.  The  absorption  of  metal 
films  and  lamp-black  represents  the  first  type  fairly  well.     The 

I Jight  transmitted  through  thin  laj-ers  differs  but  slightly  in  its  com- 
position from  the  original  light,  and  exiubits  therefore  but  little 

«)lor.  Of  course  there  are  exceptions,  for,  as  is  well  known,  thin 
iihns  of  gold  transmit  an  excess  of  Rreen  light,  while  silver  is  fairly 
transparent  to  the  ultra-violet.  .Aniline  dyes,  and,  in  fact,  all 
colored  me<lia,  represent  the  second  type,  cert^n  colors  being 
freely  transmitted,  while  others  are  strongly  ai)sorl)e<I.  When  we 
d>n»-  to  ooiwider  the  theory  of  the  phenomena,  we  shall  sec  that  the 
cwwes  of  the  absorfition  are  radically  different  in  the  two  cases, 
■though  in  many  cases  Iwth  conditions  may  occur  simultaneously 
in  one  and  the  same  medium. 

Laws  of  Absorption:    Lambert's  and   Beer's. — Lamtjert's  biw 
latCH  that  each  layer  of  equal  thickness  absorbs  an  equal  fniclion 

[«f  the  l^t  which  traverses  it.     If  we  itinaider  layers  of  the  ttiick- 
of  a  single  molecule,  we  can  say  that  ein'h  molecule  alworbs 

equal  fraction  of  the  Ught  which  pasaeff  by  it. 
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In  a  solution,  then,  the  absorption  depends  upon  the  concentration 
ami  thickness  of  the  layer  traversed.  Unit  layer  and  unit  concen- 

tration absorb  in  the  same  degree  as  a  layer  of  thickness  2  with 
half  the  concentration. 

Calling  the  absorption  coefficient  of  unit  concentration  a,  the 
thickness  J,  and  the  concentration  c,  we  have,  if  J%  is  the  original 
intensity, 

J^J^  (Beer's  law). 

No  exceptions  have  ever  been  found  to  Lambert's  law  which  could 
not  be  attributed  to  experimental  error.  Beer's  law  holds,  however, 
only  when  the  absorbing  power  of  a  molecule  is  not  influenced  by 
the  proximity  of  its  nei^bors,  which  is  not  always  the  case,  espe- 

cially for  gases,  as  \iiie  shall  see  presently. 
Coefficient  of  Transmission :  Dichromatism.  —  If  the  absorbing 

medium  is  homogeneous,  the  quantity  of  light  of  a  ̂ ven  wave- 
length which  is  absorbed  will  be  proportional  to  the  thickness  of 

the  medium  traversed.  If  we  represent  the  intensity  of  the  li^t 
that  enters  the  front  surface  of  the  medium  by  /,  the  intensity 
after  transmission  through  unit  thickness  can  be  represented  by  /a, 
in  which  a  is  a  fraction  depending  on  the  nature  of  the  medium 
and  the  wave-length  of  the  light.  If  the  same  fraction  is  absorbed 
by  each  successive  layer,  it  is  clear  that  the  intensity,  after  travers- 

ing a  thickness  c  of  the  medium,  will  be  /a',  the  quantity  a  being called  the  coefficient  of  transmission. 
The  coefficient  of  transmission  varies  with  the  color,  and  the 

emergent  light  is  therefore  colored.  In  the  case  of  most  absorbing 
media  the  color  of  the  transmitted  light  does  not  depend  to  any 
great  degree  on  the  thickness,  the  depth  or  saturation  merely  in- 

creasing. In  some  cases,  however,  the  color  depends  on  the  thick- 
ness, thin  layers,  for  example,  appearing  green,  and  thick  layers  red. 

Such  substances  are  said  to  exhibit  dichromatism.  Some  of  the 
aniline  dyes,  or  mixtures  of  them,  show  the  phenomenon.  Thin 
layers  of  a  solution  of  cyanine  appear  blue,  thick  layers  red.  The 
addition  of  a  little  nitroso-dimethyl  aniline  to  the  solution  gives  us 
a  gn'cen-red  dichromatic  liquid,  as  has  been  shown  by  Pfliiger.  The 
explanation  of  the  change  of  tint  is  very  simple.  Suppose  we  have 
a  substance  which  absorbs  the  yellow  and  blue.  The  transmitted 
lif!;ht  then  consists  of  a  mixture  of  red  and  green.  Let  us  assume, 
as  is  usually  the  case,  that  the  intensity  of  the  green  is  greater  than 
that  of  the  red.  Writing  for  these  intensities  Ig>In  and  assuming 
that  the  coefficient  of  transmission  of  the  green  is  less  than  that  of 
the  red,  a^Kar,  it  follows  thai  for  small  thicknesses  //i/  ̂ vill  be 
greater  than  ////,  while  the  reverse  will  he  true  for  thick  layers. 
This  is  at  once  apparent  if  we  call  the  original  intensities  of  the 
green  and  red  100  and  50,  and  the  coefficients  of  transmission  .5 
and  .8,  and  calculate  the  intensities  of  the  transmitted  colors  for 
several  dififerent  thicknesses.  They  will  be  equal  for  a  thickness  c 
given  by  the  equation 

IgG^'  =  I  At  J 



ABSORPTION  OF  LIGHT  439 

or  taking  the  logarithms  of  both  sides, 

,- log /.-log/. log  Or- log  a^ 

For  this  thickness  the  intensities  of  the  red  and  green  will  be  equal, 
and  the  color  of  the  transmitted  light  will  appear  to  be  yellow,  for  a 
mixtiu^  of  red  and  green  light  produces  the  sensation  of  yellow  when 
mixed  in  proper  proportions.  An  excellent  mixture  for  illustrating 

this  can  be  formed  by  dissolving  "brilliant  green"  and  "naphtha- 
line yellow ''  in  hot  Canada  balsam  and  pressing  the  mixture  be- 

tween two  glass  plates  in  the  form  of  an  acute  prism.  The  balsam 
should  be  previously  boiled  down  until  a  drop  solidifies  on  cooling, 
and  the  dyes  should  not  be  added  until  the  fluid  has  cooled  some- 

what, otherwise  they  are  apt  to  decompose.  The  thin  edge  of  the 
wedge  will  appear  green,  the  thick  edge  red,  and  the  intermediate 
portions,  where  we  have  equaUty  of  transmission,  yellow. 

If  some  of  the  same  mixture  is  moulded  into  a  prism  of  20  or 
30  degrees  angle,  the  mechanism  of  dichromatism  can  be  beauti- 

fully shown  by  observing  a  lamp  flame  through  it.  The  prism  will 
show  the  red  image  weU  separated  from  the  green,  and  the  latter 
will  be  found  to  be  extinguished  more  rapidly  than  the  former  as 
the  prism  is  moved  latersJly  before  the  eye. 

Our  equations  for  color  show  us  as  well  that  the  color  of  the  trans- 
mitted light,  for  a  given  thickness,  will  vary  with  the  composition  of 

the  original  light.  If  the  plate  of  stainea  balsam  is  examined  by 
gas-light  and  then  by  daylight,  it  will  be  found  that  parts  of  it  will 
appear  red  in  the  former  and  green  in  the  latter  case.  A  solution  of 
cyanine  and  nitroso-dimethyl  aniline  in  alcohol,  appears  red  by 
lamplight  and  bottle-green  by  daylight.  The  same  phenomenon 
is  exhibited  by  the  gem  Alexandrite,  found  in  the  Urals. 

Body  Color  and  Surface  Color.  —  The  colors  of  most  natural 
objects  result  from  absorption.  The  light  penetrates  their  surfaces 
and  then  suffers  internal  reflections  or  refractions  and  emerges 
robbed  of  the  rays  which  are  most  strongly  absorbed.  If  this  is  to 
happen,  it  is  clear  that  the  substance  must  not  be  homogeneous, 
otherwise  the  reflections  and  refractions,  which  return  the  unal)- 
sorbed  light,  will  not  occur.  It  is  thus  incorrect  to  say  that  colored 
pigments  reflect  certain  colors  more  strongly  than  others.  If  the 
pigment  particles  formed  a  continuous  and  homogeneous  medium, 
no  color  whatever  would  appear  in  the  reflected  light,  which  would 
be  white.  If  any  color  appeared,  as  it  might  if  the  pigment  were 
a  very  powerful  absorbent,  it  would  be  the  tint  complementary  to 
the  one  exhibited  by  the  powder.  Cases  of  this  nature  we  shall 
consider  presently. 

Since  pigment*  pro<luce  color  by  absorption,  it  is  at  once  apparent 
why  a  mixture  of  two  pigments  does  not  exhibit  the  color  which  we 
should  obtain  if  we  actually  mixed  the  colored  lights  which  they 
appear  to  reflect.  The  light  reflected  from  the  mixture  is  the 
residual  color  which  remains  after  the  dual  absorption  has  taken 
place.     For  example,  if  we  mix  yellow  light  and  blue  light,  we  get 



440  PHYSICAL  OPTICS 

white,  while  a  mixture  of  a  blue  and  yellow  pigment  appears  green. 
The  reason  of  this  is,  that  the  yellow  pigment  absorbs  the  blue  and 
violet,  the  blue  pigment  the  red  and  yellow,  the  mixtm^  absorbing 
everything  except  the  green. 

The  nature  of  pigments  can  be  well  studied  by  preparing  a  num- 
ber of  beads  of  fused  borax,  colored  with  varying  amounts  of  cobalt. 

If  we  powder  a  bead  which  appeared  bright  blue  by  transmitted 
light,  we  shall  find  that  the  powder  is  white,  the  reason  being  that 
the  light  in  this  case  does  not  penetrate  a  sufficient  thickness  of  the 
absorbing  medium.  A  bead  colored  so  dense  as  to  appear  black 
will,  however,  furnish  us  with  a  blue  pigment  when  it  is  reduced 
to  powder.  Pigments,  then,  are  very  powerful  absorbing  media, 
and,  if  they  could  be  obtained  in  homogeneous  masses,  would  be 
intensely  opaque,  even  in  fairly  thin  sheets. 

If  we  go  on  increasing  the  absorbing  power,  we  shall  finally  observe 
a  phenomenon  of  a  different  nature.  The  color,  instead  of  being 
absorbed,  is  selectively  reflected.  Substances  which  possess  this 
property  are  said  to  exhibit  surface  color.  The  aniUne  dyes  are 
excellent  examples.  A  dye  which  in  solution  absorbs  green  light, 
appearing  purple  by  transmitted  light,  in  the  solid  state  reflects 
green  light  selectively.  Absorption  is,  however,  not  the  only  factor 
which  determines  this  selective  reflection,  and  we  often  find  mis- 

leading statements  in  text-books  on  optics,  it  being  frequently 
stated  that  the  wave-lengths  most  copiously  reflected  are  the  ones 
most  strongly  absorbed.  This  is  by  no  means  the  case.  Cyanine, 
for  example,  has  a  strong  absorption  band  in  the  yellow,  while  the 
color  of  the  selectively  reflected  light  is  purple,  not  so  very  different 
in  hue  from  that  of  the  transmitted  light.  If  we  examine  the  spec- 

trum of  the  reflected  light,  we  find  a  very  dark  band  in  the  green, 
the  centre  being  not  far  from  wave-length  .0005.  The  distribution 
of  intensity  in  the  rest  of  the  spectrum  is  not  very  different  from 
what  it  would  be  in  the  case  of  reflection  from  glass,  which  shows 
that  the  peculiar  color  of  the  dye  is  not  so  much  due  to  a  very  power- 

ful reflection  of  certain  waves  as  it  is  to  its  almost  complete  refusal 
to  reflect  a  certain  region  of  the  spectrum. 

In  the  last  chapter  we  have  seen  that,  in  the  case  of  absorbing 
media,  the  reflecting  power  depends  both  upon  the  refractive  index 
and  the  coefficient  of  absorption.  Now,  absorbing  media  have  a 
high  refractive  index  on  the  red  side  of  the  absorption  band  and  a 
low  index  on  the  blue  side,  consequently  the  spectrum  of  the  re- 

flected light  will  be  brightest  on  the  red  side  of  the  absorption  band, 
since  for  these  wave-lengths  we  have  a  large  coefficient  of  absorp- 

tion and  a  high  refractive  index.  On  the  blue  side,  however,  the 
low  value  of  the  index  diminishes  the  reflecting  power  more  than 
the  augmentation  due  to  the  powerful  absorption.  The  hue  of  the 
surface  color  thus  depends  on  the  refractive  index  of  the  medium 
in  which  the  substance  is  immersed,  for  it  is  the  relative  and  not 
the  absolute  refractive  index  with  which  we  are  concerned.  Cyanine 
in  contact  with  glass  exhibits  a  yellowish  green  surface  color,  much 
more  nearly  resembling  the  hue  of  the  absorbed  light.  If  the  dye 
could  be  brought  in  contact  with  a  transparent  substance  ha\nng 
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the  same  dispersion,  the  wave-lengths  selectively  reflected  would 
be  identical  with  those  absorbed,  since  in  this  case  the  relative 
refractive  index  would  be  unity  for  all  wave-lengths. 

An  excellent  way  of  showing  the  variable  reflecting  power  of  a 
film  of  cyanine  is  to  compare  it  with  glass  in  different  parts  of  the 
spectrum.  A  little  of  the  melted  dye  is  pressed  between  two  plates 
of  hot  glass,  which  are  separated  when  cold.  A  spot  is  selected 
where  tibe  film  has  a  good  optical  surface,  and  this  spot  is  left  on 
the  glass,  the  rest  being  cleaned  off.  By  holding  the  plate  in  the 
spectrum  formed  by  a  prism  or  grating,  the  reflecting  power  of  the 
two  surfaces  can  be  studied.  In  some  parts  of  the  spectrum 
the  cyanine  reflects  more  strongly  than  glass;  in  other  regions  the 
reverse  is  true,  while  at  wave-length  .0005  the  cyanine  refuses  to 
reflect  to  such  a  degree  that  the  film  appears  as  a  black  spot  on  the 
blue  field  reflected  by  the  glass. 

It  is  interesting  to  note  the  difference  in  the  surface  color  of  the 
dye  when  the  reflection  takes  place  at  the  surface  in  contact  with 
the  glass.  A  very  convenient  way  of  showing  the  yellowish  green 
color  in  this  case  is  to  press  out  a  film  of  the  molten  dye  on  one  sur- 

face of  a  prism  of  8  or  10  degrees  angle.^  In  this  way  the  light  re- 
flected from  the  dye  can  be  obtained  uncontaminated  with  the  light 

reflected  from  the  first  glass  surface.  The  method  is  analogous  to 
that  employed  by  Lippmann  in  mounting  his  color  photographs. 
The  calculation  of  the  curve  of  reflected  intensities  under  these  con- 

ditions makes  a  good  exercise  for  the  student. 
Influence  of  Temperature  on  Absorption  Bands.  —  As  early  as 

1831  Brewster  found  that  the  colors  of  absorbing  media  were  often 
changed  by  an  elevation  of  temperatiu^.  The  observations  of 
Schonbein  in  1852  that  many  substances  such  as  mennige  man- 

ganese oxide  and  mercury  oxide  became  more  strongly  colored  at 
high  temperatures  and  less  so  at  low  temperatures. 

He  found  that  sulphur  loses  its  color  at  —50°  and  bromine  at -70^ 

Still  more  recently  (1903)  Dewar  observed  that  solid  fluorine, 

which  is  at  first  yellow,  becomes  white  at  a  temperature  of  —253°. 
Chlorine,  bromine,  and  iodine  behave  in  the  same  way. 

A  study  was  made  by  Pulf rich  *  in  1892  of  the  effects  of  increased 
temperature  on  the  optical  properties  of  various  kinds  of  glass  as 
influenced  by  temperature  changes.  The  expansion  of  the  glass 
resulting  from  increased  temperature  was  the  only  factor  recognized 
in  changing  its  refractive  index,  previous  to  this  work. 

Pulfrich  found,  however,  that  the  migration  of  the  ultra-violet 
absorption  band  towards  the  visible  spectrum,  with  increasing 
temperature,  exerted  a  great  influence,  increasing  the  refractive 
index  and  dispersion.  The  two  factors  oppose  each  other,  and 
the  one  or  the  other  can  preponderate. 

*  A  suitable  prism  can  be  made  in  half  an  hour  by  grinding  down  a  piece  of  thick 
plate  window  ̂ aas.  A  strip  of  thick  glass  cemented  along  one  edge  will  be  all  that 
IB  necmsmy  to  make  the  glass  take  the  required  form.  Orind  on  a  piece  of  glass 
with  very  coarse  emery  at  first,  then  use  finer  grades,  polishing  with  rouge  at  the 
end.    Small  ■eiatches  do  no  harm,  and  a  high  polish  is  not  necessary. 

'  WimL  Ann,,  45,  p.  609. 
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It  would  seem  as  if  this  circumstance  might  furnish  us  a  means 
of  making  a  glass  free  from  temperature  effects,  which  would  be 
most  useful  for  the  construction  of  prisms. 

The  usual  effect  of  an  increase  of  temperature  is  a  shift  of  the 
absorption  band  towards  the  red.  A  very  good  way  of  showing 
this  is  to  place  a  small  piece  of  metallic  thallium  in  a  glass  tube  and 
heat  it  strongly  in  a  blast  lamp.  The  metal  oxidizes  and  unites 
with  the  glass,  forming  a  glass  which  is  blood-red  while  hot,  and 
pale  lemon-yellow  when  cold.  Oxide  of  cerium  is  deep  yellow  when 
hot,  and  white  when  cold.  This  can  be  shown  with  a  Welsbach 
mantle,  illuminated  with  sun  or  arclight,  and  heated  by  brushing 
it  lightly  with  a  Bunsen  flame.  Some  very  interesting  results  have 
recently  been  obtained  by  Jean  Becquerel,  who  examined  the  effects 
of  very  low  temperatures  on  the  narrow  absorption  bands  of  the 
minerals  tysonite  and  xenotime,  which  contain  didymium  and 
erbium. 

Some  of  the  absorption  bands,  which  at  ordinary  temperatures 
are  forty  Angstrom  units  in  width,  at  the  temperature  of  liquid  air 
break  up  into  separate  bands,  wWch  are  sometimes  not  over  two 
or  three  units  wide,  i.e,  half  the  distance  between  the  D  lines  of 
sodium.  There  was  usually  a  slight  shift  towards  the  region  of 
shorter  wave-lengths,  though  in  some  instances  the  shift  was  in  the 
opposite  direction. 

Influence  of  Solvent  on  Position  of  Absorption  Bands.  —  Kundt 
{Pogg.  Ann.y  Jubelband,  page  615,  1874)  made  an  extensive  study 
of  the  influence  of  the  nature  of  the  solvent  upon  the  position  of  the 
absorption  bands  of  the  dissolved  substance,  and  established  the 

following  law,  which  has  been  known  as  Kundt's  law. 
If  one  transparent  solvent  has  a  higher  refractive  and  greater 

dispersive  index  than  another,  the  absorption  bands  of  a  dissolved 
substance  lie  nearer  the  red  end  of  the  spectrum  when  it  is  dissolved 
in  the  former  than  when  it  is  dissolved  in  the  latter. 

Kundt  endeavored  to  determine  whether  the  shift  of  the  absorp- 
tion band  towards  the  red  was  due  to  the  increased  refractive  index 

of  the  solvent  or  its  greater  dispersive  power,  but  as  dispersion  and 
refractivity  go  hand-in-hand,  so  to  speak,  he  was  unable  to  arrive 
at  any  definite  conclusion. 

There  appears  to  be  evidence,  also,  that  the  position  of  an  absorp- 
tion band  depends  upon  the  concentration  of  the  solution.  The 

salts  of  didymium  exhibit  very  sharp  and  intense  bands,  and 
Becquerel  {Compt.  Rend.,  102,  page  106,  1886)  found  that  one  of 
tlie  bands  occurred  at  A  =  5790  when  the  refractive  index  of  the 
solution  was  1.439  and  at  5745  when  the  index  was  1.346. 

A  similar  result  was  found  by  Stock!  in  the  case  of  potassium 
permanganate,  except  that  the  hands  were  shifted  towards  the  blue 
in  the  dilute  solution. 

The  very  marked  effect  of  the  solvent  upon  the  position  of  the 
absorption  bands  is  well  brought  out  in  Fig.  7,  page  15,  in  the  case 
of  the  salts  of  cobalt.  Very  extensive  observations  have  been 
published  by  H.  C.  Jones  in  the  Carnegie  Institute  bulletins,  one 
of  especial  interest  being  the  remarkable  advance  up  the  spectrum 
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of  the  ultra-violet  band  of  a  solution  of  copper  chloride  caused  by 
the  addition  of  calcium  chloride.  The  edge  of  the  band  is  very 
sharp  and  it  can  be  moved  up  gradually  from  A  =  35  to  A  =  52 
(see  Fig.  7). 

Very  little  is  known  about  the  subject  from  a  theoretical  point 
of  view.  An  excellent  r&um6  of  the  whole  subject  will  be  found 

in  the  3d  volimie  of  Kayser's  Spectroscopy^  and  the  work  just  re- 
ferred to  has  yielded  a  great  deal  of  new  material. 

Absorptioii  of  Light  by  Gases  and  Vapors.  —  The  absorption 
bands  of  solids  and  liquids,  with  the  one  or  two  exceptions  men- 

tioned, are  broad  and  more  or  less  ill  defined.  Gases  and  vapors, 
on  the  contrary,  usually  exhibit  absorption  lines  of  extremely  small 
width,  the  spectrum  of  the  transmitted  light  being  crossed  with 
fine  black  lines.  This  type  of  absorption  was  first  observed  by 
Brewster  (Pogg.  Ann.,  xxviii.)  in  the  case  of  nitric  oxide  (NO2), 
in  the  absorption  spectrum  of  which  he  found  over  2000  dark  lines, 
resembling  the  Fraunhofer  lines  in  the  solar  spectrum.  Similar 
Hnes  are  shown  by  many  other  vapors,  bromine  and  iodine,  for  ex- 

ample. The  vapor  of  sodium  shows  a  pair  of  lines  in  the  yellow, 
corresponding  in  position  to  the  D  lines  of  the  solar  spectrum: 
if  the  vapor  is  denser,  as  when  evolved  by  heating  the  metal  in  an 
iron  or  glass  tube,  a  host  of  other  lines  appear  in  the  red  and  green 
portions  of  the  spectrum,  while  at  a  full  red  heat  practically  all  of 
the  red,  yellow,  and  green  is  absorbed,  the  color  of  the  transmitted 
light  being  deep  violet.  Vapors  also  exhibit  broad  bands  re- 

sembling those  shown  by  liquids  and  solids.  The  yellow  vapor  of 
nitroso-dimethyl  aniline  has  a  broad  absorption  band  in  the  violet, 
and  shows  no  trace  of  any  fine  lines.  Other  gases  show  both  types 
of  bands  simultaneously,  chlorine,  for  example,  which  has  a  broa<i 
band  in  the  violet  and  a  large  number  of  fine  lines  in  the  blue,  green, 
and  yellow  regions. 

Many  vapors,  which  under  ordinary  circumstances  show  no  trace  of 
absorption,  and  appear  colorless,  exhibit  the  lines  when  great  thick- 

nesses are  used.  Jannsen  observed  them  in  the  spectrum  of  light 
transmitted  through  a  tube  37  metres  long  filled  with  dry  steam. 

Absorption  by  Sodium  Vapor.  —  A  verj'  complete  study  of  the 
absorption  of  this  substance  has  been  made  by  the  author.  The 
absorption  is  of  two  types.  A  Balmer  series,  which  is  character! ze<l 
by  a  continuously  decreasing  distance  between  the  lines,  the  spacing 
being  represented  by  an  empirical  formula  due  to  Balmer.  The 
D  lines  form  the  first  member  of  this  series,  the  others  being  found 
in  the  ultra-violet.  But  seven  members  were  known  pre\'iously, 
these  having  been  observed  in  the  emission  spectrum  of  the  sodium 
arc,  for  in  many  cases  substances  which  have  absorption  lines  have 
corresponding  emission  lines.  By  studying  the  absorption  of  the 
vapor  of  the  metal  in  a  long  steel  tube  filled  with  hydrogen,  and 
heated  to  a  high  temperature,  the  number  of  lines  in  the  series 
was  raised  to  48,  the  largest  number  ever  found  for  any  substance 
exceeding  even  that  shown  by  hydrogen  in  the  sun  and  certain 
stars,  wluch  shows  about  30  lines. 

The  sodium  series  is  sho\^Ti  in  the  Chapter  on  Magneto-Optics,  sec- 
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tion  on  **  Zeeman  Effect  and  Spectral  Series/'  Fig.  1,  an  enlargement, 
and  Fig.  2,  a  contact  print.  Only  the  lower  end  of  the  series  is 
shown  in  these  two  figures.  The  complete  absorption  spectrmn  of 
the  vapor  at  different  densities  is  shown  in  Fig.  3,  the  D  lines  falling 
at  the  right-hand  edge.  The  series  terminates  in  a  head  in  which 
the  lines  are  no  longer  resolvable.  The  last  22  lines,  or  nearly  one- 
half  of  the  entire  series,  fall  within  a  region  narrower  than  the 
distance  betwee  the  D  lines.  These  absorption  lines  affect  the 
optical  properties  of  the  v^por,  and  selective  dispersion  probably 
occurs  at  all  of  them,  though  it  has  been  observed  only  at  the  first 
three  or  four. 

In  addition  to  the  Balmer  series  of  lines  there  are  a  number  of 
very  complicated  channelled  absorption  bands,  which  appear  to  be 
without  influence  upon  the  dispersion.  One  is  located  in  the  red 
and  the  other  in  the  blue-green  region,  though  with  dense  vapor  they 
practically  meet  in  the  yellow.  There  are,  in  roimd  numbers, 
about  6000  absorption  lines  in  these  bands  in  the  visible  spectrum. 
In  the  ultra-violet,  each  Balmer  line,  at  least  the  first  five  or  six,  are 
accompanied  by  similar  channelled  absorption  bands,  the  one  sur- 

rounding the  first  ultra-violet  line  being  shown  in  Plate  VI.,  Fig. 
6.  In  the  visible  spectrum  the  regions  transmitted  between  the 
absorption  lines  are  as  narrow  apparently  as  the  emission  lines  of 
the  iron  arc  which  was  photographed  on  the  same  plate. 

This  shows  us  that  an  absorbing  mechanism  may  sift  out  from 
white  light  radiations,  nearly,  if  not  quite,  as  homogeneous  as  those 
emitted  by  glowing  vapors  in  the  arc  or  in  vacuum  tubes. 
When  we  come  to  the  subject  of  fluorescence  we  shall  discover 

that  it  is  possible  to  analyze  this  complicated  spectrum  by  exciting 
certain  groups  of  lines  at  a  time,  and  we  shall  see  further  that  there 
is  some  mechanical  or  electrical  connection  between  the  mechanism 
producing  the  Balmer  lines,  and  the  one  which  gives  rise  to  the 
channelled  spectra. 

Effect  of  Density  on  Absorption  Bands.  —  It  has  usually  been 
assumed  that  the  absorption  produced  by  a  given  quantity  of  gas 
is  independent  of  its  density  —  in  other  words,  that  the  absorption 
is  a  function  only  of  the  number  of  molecules  lying  in  the  path  of 
the  light.  The  important  discovery  was  made  by  Angstrom  that 
the  compression  of  a  gas  increased  the  intensity  of  its  absorption, 
the  mass  of  the  gas  traversed  remaining  the  same.  The  experi- 

ment was  made  with  carbonic  acid,  which  has  two  strong  absorp- 
tion bands  in  the  infra-red  at  wave-lengths  2.8  /&  and  4.3  f*.  The 

apparatus  consisted  of  a  long  glass  tube  divided  by  a  rock-salt  plate 
into  two  compartments,  3  and  30  cms.  in  length  respectively. 
The  two  compartments  could  be  placed  in  communication  by  a 
glass  tube  furnished  with  a  stopcock.  The  investigation  was 
carried  on  in  the  following  way : 

(a)  The  two  compartments  were  exhausted  and  the  spectrum  of 
the  transmitted  light  investigated  with  a  thermo-element. 

(6)  The  small  compartment  was  filled  with  carbonic  acid  at  a 
pressure  pi  and  the  absorption  Oi  determined,  the  other  compart- 

ment remaining  vacuous. 
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(c)  The  stopcock  between  the  two  compartments  was  now 
opened,  and  the  gas  was  allowed  to  fill  the  entire  tube.  The  pres- 

sure is  now  Pi*pi  A-  The  absorption  (h  was  now  determined  and 
found  to  be  less  than  ai. 

(d)  A  non-absorbing  gas  was  now  introduced  into  the  tube  until 
the  total  pressure  of  the  gas  mixture  had  the  same  value  pi,  as  that 
of  the  carbonic  acid  in  experiment  a.  The  absorption  in  this  case 
Oz  was  found  to  be  equal  to  ai,  from  which  the  following  law  was 
deduced :  As  the  pressure  decreases,  the  product  of  pressure  and 

FiQ.  293. 

length  of  column  remaining  constant,  the  absorption  decreases, 
returning,  however,  to  its  original  value  when  an  amoimt  of  a  non« 
absorbing  gas  is  added  sufficient  to  give  to  the  mixture  a  pressure 
equal  to  the  original  pressure.  The  absorption  curves  obtained 
in  this  way  are  shown  in  Fig.  293,  in  which  the  letters  a,  6,  c,  and  d 
refer  to  the  cases  mentioned.  Similar  results  were  obtained  with 
carbon  monoxide.  The  presence  of  the  COi  bands  in  the  curve  a 
are  due  to  the  gas  normally  present  in  the  air  of  the  room.  Some 
experiments  made  by  the  author  have  shown  that  similar  effects 
can  be  observed  in  the  visible  and  ultra-violet  regions  with  metallic 
vapors.  In  the  experiments  upon  sodium  vapor  which  were  com- 

menced in  1900,  it  was  frequently  observed  that  when  the  vapor 
was  formed  in  a  high  vacuum,  the  admission  of  hydrogen  gas 
caused  a  very  marked  widening  of  the  D  lines.  No  very  definite 
conclusions  could  be  drawn  from  this,  however,  since  under  the 
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conditions  of  the  experiment  it  seemed  probable  that  the  presence 
of  the  hy(ht)gen  increased  the  actual  amount  of  sodium  vapor 
present  in  the  tube  by  preventing  its  distillation  to  the  cooler  parts 

of  the  tube.  Shortly  after  the  publication  of  Angstrdm's  pspetf 
results  of  which  there  could  be  no  doubt  were  obtained  with  mer- 

cury vapor.  A  small  amount  of  mercury  was  introduced  into  a 
steel  tube  3  metres  long,  the  ends  of  which  were  closed  with  quarts 
plates.  The  tube  was  highly  exhausted,  and  the  light  from  a 
cadmium  spark,  rendered  parallel  by  a  quartz  lens,  was  passed 
through  the  tube  and  focussed  on  the  slit  of  a  small  quartz  spectro- 

graph. Even  at  room  temperature  the  absorption  line  at  wave- 
length 2536  could  be  photographed  without  difficulty.  On  ad- 

mitting air  to  the  tube,  the  absorption  band  became  much  heavier 
and  wider.  This  experiment  is  not  open  to  the  objections  which 
can  be  raised  in  the  case  of  the  experiment  with  sodium  vapor, 
where  only  the  central  portion  of  the  tube  was  heated,  and  there 
appears  to  be  no  question  but  what  the  same  amount  of  mercury 
vapor  is  present  in  each  case,  the  widening  of  the  absorption  band 
resulting  from  the  increased  pressure  due  to  the  admission  of  air. 

Angstrom's  work  on  carbonic  acid,  which  has  been  verified  by  the 
author's  work  on  sodium  and  mercury  vapor,  enables  us  to  lay 
down  the  following  facts  regarding  gas  al)sorption: 

1.  Beer's  law  does  not  hold  in  general  for  gases. 
2.  If  to  a  gas  at  a  definite  volume  we  add  a  foreign  gas  which 

does  not  act  upon  it  chemically,  its  absorption  is  increai»ed. 
3.  The  absorption  of  a  gas  mixture  is  greater  than  the  sum  of 

the  absorptions  of  its  separate  constituents,  each  one  taken  under 
its  partial  pressure. 

4.  The  absorption  of  a  gas  mixture  is,  on  the  contrary,  equal  to 
the  sum  of  the  absorptions  of  its  constituent  parts,  if  each  part  is 
taken  at  a  pressure  equal  to  the  total  pressure  of  the  mixture. 

The  absorption  spectra  investigated  by  Angstrom  were  all  band 
spectra,  and  he  left  the  question  open  as  to  whether  similar  lavrfi 
held  for  line  spectra.  The  results  obtained  with  sodium  and 
mercury  vapor  appear  to  indicate  that  this  is  the  case. 

Absorption  by  Hydrogen  Gas.  —  Reference  has  already-  !)een 
made  in  a  preceding  chapter  to  the  work  of  Pfliiger  and  of  Laden- 
burg  and  Loria.  An  observation  recorded  !)y  the  author  several 
years  ago  enables  us  to  show  the  absorbing  power  of  the  gas  for 
light  of  a  wave-length  corresponding  to  that  of  the  red  line 
without  the  aid  of  any  special  apparatus.  A  vacuum  tul)e  is 
arranged  for  end-on  observation  having  a  bore  of  al)Out  3  mnis. 
The  pressiu-e  of  the  hydrogen  in  the  tube  should  be  6  or  7  nmis.. 
and  it  should  be  excited  by  a  large  induction  coil  with  a  spark  gap 
in  the  circuit.  It  will  be  noticed  that  the  color  of  the  discharge, 
seen  through  the  side  of  the  tu!)e,  is  rose-red,  but  is  bluish  white 
when  viewed  end-on.  This  is  due  to  the  fact  that  the  long  column 
of  glowing  gas  exercises  a  powerful  absorjjtion  for  the  light  of  the 
red  line,  and  little  or  no  absorption  for  the  other  rays.  That  the 
dependence  of  color  upon  the  direction  in  which  the  ol)servation 
is  made  is  not  a  result  of  the  difference  of  total  intensity  can  \ye 
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shown  by  viewing  the  end-on  discharge  through  &  pair  of  Nicol 
prisms,  by  which  the  intensity  can  Ije  reduced  until  it  is  equal  to 
that  of  the  dischai^e,  seen  through  the  Bide  of  the  tube.     The 

apparatus  used  by  Ladenbui^  and  Loria  is  represented  in  Fig.  294 
which  will  be  readily  understood  from  what  has  been  said  in  the 
previous  chapter.  The  intensity  of  the  hght  from  the  source  K 
can  be  regulated 
at  will  by  turning 
the  Nicol  prism 
JV|.  Starting  with 
the  two  Nicob 
crossed,  by  which 
the  light  from  the 
source  is  cut  out, 
one  sees  in  the 
BpectroBCope  only 

the  bright  emis- 
sion  lines  from  the 
discharge  in  the 
absorption     tube  fio.  »s. 
A,  which  contains 

hydrt^en  at  one  mm.  pressure.  On  turning  the  Nicol,  one  observed 

the  spectrum  of  the  source  K.  which  is  nearly  continuous  on  ac- 
count of  the  high  pressure  of  the  gas  and  tlie  small  diameter  of  the 

tube.     Two  dark  Unes  appear  at  the  edges  of  the  bright  hnes  H, 
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and  Hg  where  they  cut  across  the  continuous  spectrum,  as  shown 
in  Iilg.295.  By  further  turning  of  the  Nicol,  these  lines  widen 
and  finally  obUterate  the  bright  line  lying  between  them.  In  the 
second  case,  with  the  absorbing  layer  at  a  pressure  of  25  mms.  and 55  nuns,  in  length, 

the  dark  line  ap- 

peared in  the  mid- dle of  the  bri^t 
line  and  gradually 
widened  until  the 

bright  tine  was 

completely  extin- 
guished (Fig. 296). 

Form  of  Absorp- 
tion   Bands :    In- 

fluenco  of    Other 

Fio.  296.  Media— Absorp- tion bands  are 

often  very  unsjmimetrical  in  form,  one  of  the  most  remarkable  ex- 
amples being  found  in  the  case  of  mercury  vapor,  which  has  been 

studied  by  the  author  (Phil.  Mag.,  August  1909). 
The  absorption  spectrum  of  the  vapor  is  shown  on  Plat«  VI., 

Fig.  1.  A  small  globule  of  mercury  was  placed  in  a  quartz  bulb 
3  cms.  in  diameter,  which  was  thoroughly  exhausted  and  sealed. 
The  spectrograms  were  taken  in  succession,  the  temperature  of 
the  bulb  beii^  gradually  r^sed.  There  are  three  distinct  absorp- 

tion bands,  all  in  the  ultra-violet  re^on.  The  one  at  wave-length 
2536  appears  first  as  a  pair  of  fine  lines,  not  unlike  the  D  lines  in 
appearance,  one  of  thtm  (X  =  2539.4)  relatively  much  weaker 
than  the  other  (A  =  2o36,7).  As  the  densityof  the  vapor  increases, 
they  fuse  together,  forming  a  single  band  which  then  widens  in  a 
remarkable  manner  towards  the  region  of  longer  wave-length,  its 
boundary  on  the  other  side  remaining  almost  fixed  in  position. 

If  the  bulb  contains  air  or  any  other  chemically  inert  gas  at 
atmospheric  pressure,  the  band  (2536)  widens  symmetrically  at 
first,  attaining  a  width  of  about  8  Angstrom  units.  Beyond  this 
point  a  further  increase  in  the  density  of  the  mercury  vapor  causes 
a  widening  in  one  direction  only,  as  is  the  case  when  the  vapor  is 
in  r actio. 

It,  instead  of  sealing  the  mercury  up  in  a  bulb  filled  with  air,  we 
place  it  in  a  quartz  flask  provided  with  a  long  neck  and  gradually 
raise  the  flame  below  the  flask,  we  get  a  remarkable  series  of 
spectrograms  shown  in  Fig.  2.  The  lower  spectrum  was  taken 
first,  the  upper  last.  The  hand  widens  and  then  appears  to  drift 
towards  the  longer  wavt^lengths,  without  further  increase  in  width. 
This  apparent  drift  is  due  to  the  expulsion  of  the  air  by  the 
lx)iling  mercury,  the  band  contracting  on  the  short  wave-length 
side,  as  it  widens  on  the  other. 

This  action  of  the  air  iti  modifj-ing  the  appearance,  and  in  some 
cases  the  apparent  position  of  the  absorption  band,  cannot  be 
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attributed  to  chemical  action,  for  the  same  effect  was  found  with 
hydrogen,  nitrogen,  and  heliiun.  As  we  shall  see  presently,  the 
vapor  is  deprived  of  its  power  of  fluorescing  when  it  is  mixed  with 
another  gas. 

It  was  found,  by  making  a  more  careful  study,  that  the  effect  of 
air  upon  the  band  at  2536  was  a  little  more  compUcated  than  was 
at  first  supposed.  In  vacuo  the  broadening  is  almost  entirely  in 
the  direction  of  longer  wave-lengths.  If  air  is  present,  a  hazy  band 
appears  on  the  short  wave-length  side  of  the  line,  and  if  the  time 
of  exposure  and  vapor  density  are  just  right,  the  band  and  line 
are  separated  by  a  narrow  strip  slightly  Ughter  than  the  band. 
Photographs  of  the  band  obtained  with  the  mercury  vapor  in  vacuo 
and  in  air  are  shown  in  Fig.  3,  Plate  VI.  The  selective  dispersion 
of  the  vapor  at  the  2536  line  is  shown  in  Fig.  4,  and  the  magnetic 
rotation  in  Fig.  5.  The  reader  is  referred  to  the  original  paper 
for  a  fuller  discussion. 

Absorption  by  Porous  Surfaces.  —  The  absorption  of  light  at 
surfaces  formed  of  lampblack  or  finely  divided  metds  such  as 
platinum  black  is  accompanied  by  very  httle  reflection.  The  ques- 

tion naturally  arises  as  to  why  a  metal  with  a  high  reflecting  power 
can,  under  certain  conditions,  appear  nearly  dead  black.  The 
roughness  of  the  surface  will  not  accoimt  for  the  fact,  for  matt 
surfaces  of  electrolytically  deposited  silver  appear  as  white  as 
Elaster.    Chemically  precipitated  silver,  on  the  other  hand,  appears 
lack.     • 
The  phenomenon  is  to  be  referred  to  the  condition  of  the  surface. 

Consider  a  bimch  of  polished  steel  needles,  turned  with  their  points 
towards  the  light.  Rays  falling  upon  the  surface  formed  by  the 
points  will  be  reflected  down  into  the  interstices  between  the  needles, 
and  practically  none  of  it  wiU  escape  or  be  reflected  back.  A 
portion  is  absorbed  at  each  reflection,  and  the  large  number  of 
reflections  reduce  the  intensity  rapidly  to  zero.  Surfaces  of  lamp- 

black (soot)  and  platinum  black  can  be  considered  as  porous,  the 

pores  acting  as  light  "  traps."  The  energy  penetrates  into  the 
spongy  mass  by  multiple  reflection,  and  is  speedily  transformed 
into  heat  by  absorption.  If  the  pores  are  closed  up  by  compress- 

ing the  mass,  its  reflecting  power  is  increased  or  wholly  restored. 
If,  too,  the  angle  of  incidence  is  too  large  to  admit  of  downward 
reflection  into  the  mass,  the  light  is  more  or  less  completely  reflected. 
A  surface  of  smoked  glass  reflects  very  perfectly  at  large  angles  of 
incidence,  and  at  the  same  time  yields  a  sharply  defined  image  of 

the  source  of  light,  as  we  have  seen  in  the  Chapter  on  Huygens's Principle. 
Absorption  by  Metals.  —  While  metals  possess  in  general  a  high 

reflecting  power,  a  considerable  portion  of  the  incident  energy  pene- 
trates the  surface  and  is  absorbeil.  In  the  case  of  steel,  for  example, 

nearly  one-half  of  the  light  is  lost  by  absorption,  while  even  silver 
absorbs  5%.  In  the  majority  of  cases  the  absorption  is  general, 
that  is,  it  is  not  confined  to  a  narrow  range  of  wave-lengths,  as  is 
the  case  with  the  substances  which  we  have  examined  thus  far. 
It  is  to  a  certain  extent  selective,  however,  as  is  best  illustrated  by 2a 
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gold-leaf,  which  appears  green  by  transmitted  light,  and  thin  GlmB 
of  chemically  deposited  silver,  which  appear  blue.  Theee  silver 
films  are  fairly  transparent  to  a  limited  range  of  ultra-violet  radiar 
ttona,  which  lies  just  beyond  the  limit  of  the  visible  spectrum.  It 
is  probable  that  the  absorption  of  metals  is  due  to  the  presence  of 
two  types  of  electrons  —  conducting  ones  which  are  free  to  move  in- 

definitely under  the  influence  of  a  steady  electric  force,  and  non- 
conducting ones,  which  are  similar  to  those  which  we  have  con- 

sidered in  the  Chapter  on  Dispersion.  We  shall  examine  the  effects 
of  these  two  t)i)es  more  in  detail  in  the  Chapter  on  the  Optical 
Properties  of  Metals. 

Absorption  Spectra  of  the  Rare  Earths.  —  While  the  absorption 
spectra  of  solids  and  liquids  show  in  general  only  broad  diffuse 
bands,  some  marked  exceptions  occur  in  the  case  of  salte  of  the  rare 

earths,  erbium,  praeseodymium  and 
neodymium,  europium,  holmium,  etc. 
These  show  both  ia  solution  and  in 
the  solid  state  very  narrow  bands  or 
even  sharp  lines.  Most  remarkable  is 
the  absorption  spectrum  of  a  solution 
of  europium,  which  is  shown  in  I^lg. 

361  400  455  s2*     297.      The   chloride  of  this  element 
Fio.  297.  has  finally  been  obtained  in  the  pure 

state  by  Urbain,  after  6000  fractional 
crystallizations,  a  labor  of  10  years.  Two  of  the  absorption  lines 
in  the  green  are  as  sharp  and  narrow  as  the  Fraunhofer  lines  in  the 
solar  spectrum.  Neodynuum  has  an  equally  fine  line  in  the  ultra- 
violet.  The  bands  of  erbium  are  broader.  They  appear  not  only 
in  the  absorption  sfjectra  of  solutions,  but  even  in  the  spectrum  of 
the  oxide  when  illuminated  by  sunlight.  Dip  a  platinum  wire 
into  a  concentrated  solution  of  ebrium  chloride,  and  heat  it  in  a 
Bunsen  burner.  Hold  the  oxide  bead  in  the  sunlight  and  examine 
it  with  a  spectroscope.  If  the  bead  is  heated  white-hot  in  the  flame, 
bright  bands  appear  in  place  of  the  dark  ones.  These  substances 
will  be  more  fully  discussed  in  the  Chapter  on  Radiation. 

Theories  of  Absorption.  —  In  the  Chapter  on  Dispersion  we  have 
seen  that  the  presence  of  electrons  of  definite  periods  of  vibration, 
gives  to  a  medium  the  property  of  absorbing  radiations,  the  fre- 

quencies of  which  agree  with  those  of  the  electrons. 
The  introduction  of  a  term  which  expressed  the  vibration  of  the 

electron  as  accompanied  by  friction  was  sufficient  to  explain  the 
al)sorption  of  energy.  Such  a  treatment  is  rather  loose,  however. 

If  the  energy  is  tranHforme<i  into  heat  by  this  assumed  "  friction." 
we  must  explain  how  the  average  molecular  velocity  (which  is  our 
definition  of  temperature)  is  raised.  Clearly,  friction,  as  we  ordi- 

narily understand  it,  occurring  within  the  molecule  cannot  affect  the 
velocity  of  the  molecule.  Moreover,  a  vibration  of  the  electron  ex- 

cited by  the  light -waves  can  l»e  considered  a.s  affecting  the  molecular 
velocity  only,  in  virtue  of  some  action  occurring  at  the  moment  when 
two  molecules  are  in  collision.  It  is  conceivable  that,  at  the  moment 
of  impact,  the  energ}'  stored  in  the  molecule  in  the  form  of  vibrational 
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energy  of  the  electron  may  be  consumed  in  increasing  the  velocity 
of  reboimd  of  the  molecules.  Practically  nothing  is  really  known 
about  the  exact  nature  of  the  transformation  of  absorbed  radia- 

tions. It  can  be  shown,  however,  that  a  damping  of  the  vibration  of 
the  electron  may  result  from  molecule  impacts,  the  result  being  simi- 

lar to  that  which  would  follow  if  its  vibrations  were  accompanied  by 
friction.  The  introduction  of  the  friction  term  into  the  equations 
is  thus  not  wholly  unwarranted.  The  absorbed  energy  may  be 
spent  in  effecting  chemical  changes  within  the  substance,  as  we 
shall  see  in  the  Chapter  on  the  Transformation  of  Absorbed  Radia- 

tions. There  is,  however,  another  action  which  may  well  be  ex- 
pected to  happen,  namely,  a  remission  of  energy  by  the  vibrating 

electron  in  the  form  of  ether  waves  of  the  same  period  as  those 
absorbed. 

Unfortunately,  experimental  confirmation  of  such  re-emission  is 
very  meagre.  Fluorescence  is  a  totally  different  phenomenon,  for 
in  this  case  the  lengths  of  the  emitted  waves  are  different  from  those 
of  the  exciting  ones.  The  vapor  of  sodium,  however,  appears  to 
exhibit  the  phenomena,  for  when  iUuminated  by  a  powerful  beam 
of  sodium  light,  it  scatters  in  all  directions  a  feeble  Ught  of  ap- 

parently the  same  wave-length.  Mercury  vapor  behaves  in  the 
same  way  when  illuminated  with  the  light  of  the  2536  line.  These 
cases  will  be  further  considered  imder  "  Fluorescence." 

If  the  electrons  become  centres  of  radiation,  ̂   ving  back  their  energy 
to  the  ether,  it  would  appear  at  first  sight  as  if  no  absorption  would 

result,  for  by  Huygens's  principle  the  secondary  waves  originating 
from  their  vibration  would  reconstitute  a  wave  of  a  type  similar 
to  the  exciting  wave.  We  are  obliged  to  assume,  however,  that  the 
electrons  would  send  out  energy  in  all  directions,  however;  conse- 

quently this  case  would  differ  from  that  in  which  we  determined  the 
resultant  of  the  secondary  disturbances  on  a  wave-front,  in  that 
we  should  have  a  back-wave  traveUing  in  the  reversed  direction, 
as  well  as  a  forward  wave.  A  theoretical  treatment  of  absorption 
and  dispersion  has  been  given  by  Planck,^  based  solely  on  this 
assumed  radiation  of  the  electrons.  The  reduction  in  the  intensity 
of  the  advancing  wave  can  be  explained  perfectly  by  it,  but  there 
is  no  true  absorption  as  ordinarily  imderstood,  the  energy  being  sent 
back  in  the  opposite  direction.  This  lateral  radiation  is  assumed 
by  Planck  to  be  the  only  cause  of  the  damping  of  the  vibration  of 
the  electrons,  an  assumption  which  is  hardly  justifiable  if  we  re- 

quire a  complete  explanation  of  all  of  the  phenomena  of  absorption, 
but  which  is  perfectly  allowable  if  we  wish  merely  to  find  out  how 
far  such  a  radiation  can  accoimt  for  the  observed  effects. 

One  great  advantage  of  this  conception  is,  that  it  neither  involves 
the  introduction  of  any  new  constant  into  the  equations,  nor  ascribes 
the  damping  to  some  action  of  which  the  physical  significance  is 
obsciu^. 

There  are,  however,  strong  objections  which  can  be  brought  up 
against  the  theory.  In  the  first  place,  as  has  already  been  said, 
this  lateral  emission  is  only  found  in  one  or  two  rare  instances.     If 

1  Berlin  Acad.,  Berlin.  1903-04. 
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the  electrons  lie  close  enough  together,  we  might  explain  this  by 
applying  the  principle  of  Huygens  to  their  radiations,  a  lateral 
emission  failing  to  take  place  for  the  same  reason  that  a  beam  of 
light  radiates  no  lateral  disturbance.  In  this  case  there  must  be 
a  return  of  a  wave  of  the  same  type  as  the  exciting  wave,  t.e.  se- 

lective reflection.  This  occurs,  as  we  have  seen,  in  the  case  of 
solid  films  of  strongly  absorbing  media,  giving  rise  to  surface  color. 
If  the  molecules  are  too  far  apart  for  the  application  of  the  above 
principle,  then  the  light  should  be  scattered  in  all  directions.  Yet 
solutions  of  strongly  absorbing  media  show  absolutely  no  trace  of 
such  a  lateral  emission. 

Planck's  treatment  is  instructive,  however,  in  that  it  gives  us 
a  clear  idea  of  the  effect  of  such  secondary  radiations  ariang  from 
the  electrons,  upon  the  propagation  of  the  exciting  wave. 

It  might  at  firat  sight  appear  as  if  such  a  treatment  would  lead  us 
to  the  conclusion  that  the  resultant  of  all  the  wavelets  coming  from 
the  electrons  would  be  identical  with  the  original  wave,  which  is  the 
same  thing  as  saying  that  there  is  no  absorption.  Planck  has, 
however,  taken  into  accoimt  the  fact  that  the  phase  of  a  resonator 
lags  a  quarter  of  a  period  behind  that  of  the  exciting  waves,  and  that 
there  is  in  addition  a  quarter-period  difference  between  the  phase  of 
the  resonator  and  that  of  the  wave  which  it  emits.  The  resultant 
wave  emitted  by  the  collection  of  resonators  will  thus  be  half  a  wave- 

length behind  the  exciting  wave,  which  will  gradually  be  reduced 
in  intensity  by  interference  with  the  wave  originating  in  the  reso- 

nator system.  The  resonators,  however,  emit  spherical  disturb- 
ances; consequently  there  wiU  be  an  envelope  propagated  in  the 

backward  direction,  and  since  there  is  no  primary  wave  travelling  in 
this  direction  there  will  be  nothing  to  interfere  with  its  propagation. 
The  medium  thus  sends  back  towards  the  source  of  light  a  fre- 

quency corresponding  to  the  frequency  of  the  vibrating  electrons. 
This  is  nothing  more  than  selective  reflection. 

In  the  opinion  of  the  author  this  holds,  however,  only  for  a  single 
layer  of  resonators.  When  we  have  a  large  niunber  uniformly  (fis- 
tributed  in  space,  the  propagation  of  a  wave  in  the  backward  direc- 

tion, originating  in  the  mass  taken  as  a  whole,  appears  to  be  out  of 
the  question,  the  case  being  analogous  to  the  absence  of  reflection 
at  a  boundary  when  the  transition  in  refractive  index  is  gradual. 
(See  selective  reflection  by  a  gas,  in  the  Chapter  on  Dispersion 
Theory.) 

While  Planck's  treatment  of  the  subject  cannot  very  well  be 
given  in  full,  we  can  study  to  advantage  some  of  the  results  to  which 
it  leads.  His  final  equations,  expressing  n  the  refractive  index,  and 
K  the  extinction  coefficient,  are 

n^  = 

2  («»-!->) 

in  which         «=  ̂ '-^^7f^'  and  ̂ =  ̂ . 3  gf  A.*  3  vgK 
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X  is  the  wave-length  of  the  incident  light,  Ao  the  wave-length  in 
vacuum  which  the  resonators  would  emit  if  thrown  into  vibration, 

<r  the  logarithmic  decrement  of  the  resonators,  and  g=^   ̂   ̂  N 

4ir* 

being  the  number  of  resonators  in  unit  voliune. 
Since  the  last  quantity  depends  on  the  distribution  of  the  res- 

onators in  space,  we  are  able  to  trace  the  relation  existing  between 
the  refraction  and  absorption  and  the  density  of  the  mediiun. 
Planck's  equation  has  shown  that  the  form  of  the  extinction  curve 
depends  on  iV,  i.e,  on  the  proximity  of  the  resonators,  and  that  its 
maximum  lies  on  the  longer  wave-length  side  of  Aj.  The  equation 
calls  for  three  different  types  of  curves,  accorcUng  to  the  values  as- 

signed to  ̂.    Consider  first  the  case  where  ̂   has  a  large  value, 

which  will  occur  when  N  is  large.    The  curve  found  in  this  case 
shows  that  the  extinction  coefficient  rises  gradually  with  increasing 

Ail*  — 

A,  attains  the  value  1  for  A*  =  — - ,  the  value  V2  for  A» = A^*,  reaching 
1  + 

g 

its  maximum  just  before  X'=~-^;  beyond  this  point  it  descends 

much  more  rapidly  than  it  rose,  the  curve  being  unsymmetrical 
(Rg.  298). 

Planck  defines  the  region  of 
metallic  absorption  as  the  region 
within  which  k>1.   It  extends  from 

A«=r-^  to  A2=:;^.     Its  width 

is  seen  to  depend  only  upon  g,  while 
the  value  of  the  maximum  absorp- 

tion depends  upon  a  as  well.  Con- 
sidering Ad  and  a  as  constant,  and 

increasing  g  by  bringing  the  reso- 
nators closer  together,  we  obviously 

increase  the  width  of  the  band  of  metallic  absorption,  the  band 
widening  unsymmetrically,  however.    It  spreads  towards  the  region 
of  shorter  wave-lengths,  but  cannot  pass  the  point  determined  by 

2 
A*=  -  Ao*,  while  in  the  other  direction  there  is  no  limit.   At  the  same 2 
time  the  point  of  maximum  extinction  is  shifted  towards  the  region 
of  longer  wave-lengths,  and  the  marimum  value  of  k  is  increased. 

The  interesting  question  now  arises  as  to  whether  the  shift  of  the 
maximiun  point  may  bring  it  about  that  the  curve  for  a  large  value 
of  N,  instead  of  completely  enclosing  the  curve  for  a  small  value  of 
N,  may  cut  the  latter  at  two  points,  as  shown  in  Fig.  298.  If 
this  were  the  case,  we  should  have  the  value  of  the  extinction  coeffi- 

cient decreased  for  a  certain  value  of  A  to  the  left  of  A©,  by  increasing 
the  density  of  the  medium,  a  circumstance  which  would  be  in  viola- 

Fio.  298. 
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tion  of  Beer's  law  of  the  proportionality  between  extinction  and 
density.  Planck  finds  this  to  be  the  case,  for  k=  V2  for  X  =  A<|  re- 

gardless of  the  value  of  g.  The  family  of  curves  obtained  by 
assigning  to  N  different  values  thus  pass  through  a  common  point 
situated  at  Ao.  For  any  two  curves  there  is  a  second  point  of  inter- 

section, and  between  these  two  points  an  increase  of  density  is 
accompanied  by  a  decrease  in  the  value  of  the  extinction  coefficient. 

If  ̂  has  a  small  value,  as  will  be  the  case  when  N  is  small,  the 

or curve  is  found  to  be  symmetrical,  with  its  maximimi  at  V  Metallic 
reflection  does  not  occur,  k  being  less  than  unity  for  all  values  of  A., 
and  if  g  is  gradually  increased,  k  increases  proportionally  for  all 

wave-lengths,  and  Beer's  law  of  absorption  is  followed.  The  ab- 
sorption band  is  narrow,  and  no  shift  is  produced  by  increasing  the 

density.    A  third  type  of  curve,  intermediate  between  the  other 

two,  is  found  for  intermediate  values  of  ?  • <r 

Planck's  treatment  differs  from  that  of  Drude  and  Lorentz  in  that 
the  damping  is  referred  solely  to  radiation.  Drude's  formula  c-alls 
for  a  maximum  value  of  tc  for  wave-length  A©,  and  an  increase  in 
the  width  of  the  band  of  metallic  reflection  towards  the  region  of 
shorter  wave-lengths  only. 

Sufficient  experimental  observations  are  not  yet  availalbe  to  make 
a  choice  between  the  different  treatments  possible.  An  experi- 

mental proof  of  Planck's  theory  would  be  difficult,  since  he  assumes 
at  the  outset  that  the  resonators  are  at  rest  and  separated  by  dis- 

tances which  are  large  in  comparison  to  their  dimensions.' A  mathematical  discussion  of  absorption  by  Lamb  (Camb,  Phil 
Soc.  Trans.f  vol.  xviii.,  Stokes  Commemoration,  1900)  is  extremely 
interesting  as  showing  the  enormous  checking  power  which  a  single 
resonator  (gas  molecule)  can  exert  upon  advancing  radiation  of 
a  frequency  very  nearly,  but  not  quite,  that  of  its  own  free  period. 
Lamb  draws  attention  also  to  the  fact  that  it  has  not  been  possible 
to  represent  the  dissipation  of  radiant  energy  by  an  absorbing 
medium  except  vaguely  by  means  of  a  frictional  coefficient.  He 
considers,  as  does  Planck,  that  the  energy  is  scattered,  i.e,  remitted 
by  the  resonator,  which  he  assumes  to  be  a  spherical  molecule  of 
enormous  specific  inductive  capacity,  with  one  or  more  free  periods 
of  vibration. 

The  main  result  of  his  investigation  is  stated  as  follows :  '*  For 
every  free  period  of  vibration  (with  a  wave-length  sufficiently  large 
in  comparison  with  the  diameter  of  a  molecule)  there  is  a  correspond- 

ing period  (almost  exactly  but  not  quite  coincident  with  it)  of 
maximum  dissipation  for  incident  waves.  When  the  incident 
waves  have  precisely  this  latter  period,  the  rate  at  which  energy 
is  carried  outwards  by  the  scattered  waves  is,  in  terms  of  the  energy- 
flux  in  primary  waves, 

^x«,   (1) 

where  X  is  the  wave-length  and  n  is  the  order  of  the  spherical  har- 
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monic  component  of  the  incident  waves  which  is  effective.  In  the 
particular  case  of  n=  1,  this  is  equal  to  .477  X*.  Hence  in  the  case 
of  exact  synchronism,  each  molecule  of  a  gas  would,  if  it  acted  in- 

dependently, divert  per  unit  time  nearly  half  as  much  energy  as 
in  the  primary  waves  crosses  a  square  whose  side  is  equal  to  the 
wave-length.  Since  imder  ordinary  atmospheric  conditions  a  cube 
whose  side  is  equal  to  the  wave-length  of  sodium  Ught  would  con- 

tain something  like  5  X 10*  molecules,  it  is  evident  that  a  gaseous 
medium  of  the  constitution  here  postulated  would  be  practically 

impenetrable  to  radiations  of  the  particular  wave-length." 
**  It  is  found,  moreover,  on  examination  that  the  region  of  ab- 

normal absorption  in  the  spectrum  is  very  narrowly  defined,  and 
that  an  exceedingly  minute  change  in  the  wave-length  enormously 
reduces  the  scattering." 

It  may  be  remark^  that  the  law  expressed  by  the  formula  (1) 
is  of  very  general  character,  and  is  independent  of  the  special 
natiu«  of  the  conditions  to  be  satisfied  at  the  surface  of  the  sphere. 
It  presents  itself  in  the  elastic-solid  theory ;  and  again  in  the  much 
simpler  acoustical  prol51em,  where  there  is  s3mchronism  between 
plane-waves  of  sound  and  a  vibrating  sphere  on  which  they  im- 
pinge. 



CHAPTER  XVI 

OPTICAL  PROPERTIES  OF  METALS 

The  laws  which  govern  the  optical  behavior  of  metals  are  very 
different  from  those  which  hold  in  the  case  of  transparent  sub- 

stances and  substances  showing  strong  selective  absorption.  Metals 
exhibit  in  general  a  very  high  reflecting  power,  and  in  some 
cases,  also,  a  powerful  absorbing  action.  We  must  distinguish  care- 

fully between  absorption  and  reflection.  If  we  examine  a  thin  film 
of  silver  deposited  on  glass,  we  find  that  it  transmits  little  or  no 
light,  and  we  might  therefore  come  to  the  conclusion  that,  the  metal 
absorbs  strongly.  A  little  further  investigation  will  show,  ho¥rever, 
that  over  90  %  of  the  light  has  been  reflected,  the  remaining  10  ̂  
having  been  absorbed.  Platinum,  however,  has  a  much  lower  re- 

flecting power,  combined  with  equally  great  opacity;  consequently 
we  may  regard  platinum  as  possessing  a  stronger  absorbing  power 
than  silver.  Gold  is,  however,  as  compared  to  silver  and  platinum, 
extremely  transparent,  ordinary  gold-leaf  transmitting  no  incon- 

siderable amount  of  green  light. 
While  metallic  absorption  is  not  in  general  characterized  by  such 

marked  selective  action  as  is  the  case  with  the  colored  media  which 
we  have  studied,  the  phenomenon  of  selective  absorption  is  by  no 
means  absent,  as  the  strong  coloration  of  the  light  transmitted 
by  gold-leaf  proves :  silver,  too,  while  it  appears  to  favor  equally 
all  wave-lengths  in  the  visible  spectrum,  is  fairly  transparent  to 
ultra-violet  radiation  comprised  within  the  range  .305-.320:  its 
reflecting  power  is  correspondingly  low  for  these  same  wave-lengths. 

The  colors  which  metals  exhibit  are  due  to  a  selective  reflecting 
power,  which  is  especially  marked  in  the  case  of  gold  and  copper. 
If  two  gilded  glass  plates  are  mounted  parallel  at  a  distance  of  a  cen- 

timetre or  so,  with  the  reflecting  surfaces  opposed  and  a  beam  of 
light  caused  to  travel  back  and  forth  between  them,  suffering  a 
number  of  reflections,  the  surface  color  is  still  more  marked,  the 
filament  of  an  incandescent  appearing  as  red  as  if  seen  througji 
ruby  glass.  This  method  of  bringing  out  the  surface  color  is  anal- 

ogous to  the  method  of  Rubens  and  Nichols  for  isolating  long 
heat-waves  by  multiple  reflections  from  surfaces  of  quartz  and 
rock-salt.  The  same  phenomenon  can  be  seen  in  a  less  marked 
degree  by  looking  into  the  interior  of  a  gilded  goblet,  the  bottom 
of  which  appears  of  a  fairly  deep-red  color. 

Glass  plates  can  be  easily  gilded  by  exposing  them  to  the  dis- 
charge from  a  gold  cathode  in  a  vacuum  tube;  plates  gilded  by 

the  application  of  gold-leaf,  in  the  manner  employed  for  lettering 
on  windows,  would  doubtless  answer  as  well,  and  can  be  readily 
obtained  from  a  sign-painter. 

456 



OPTICAL  PROPERTIES  OF  METAM  457 

The  phenomenon  of  elliptical  polarization  is  exhibited  in  a  high 

degree  when  light  polarized  in  an  azimuth  of  45^  is  reflected 
obliquely  from  a  metal  surface. 

In  the  case  of  transparent  substances,  we  have  seen  that  this 
result  can  occur  if  the  surface  is  contaminated  with  a  film,  but  in  the 
case  of  metallic  reflection  the  presence  of  a  surface  film  is  not  neces- 

sary. The  first  attempt  to  establish  equations  for  the  reflection 
of  light  by  metallic  surfaces  was  made  by  MacCuUagh,  who  assumed 
that  the  reflection  was  of  a  nature  similar  to  that  of  total  reflection 
in  the  case  of  transparent  substances,  and  assigned  therefore  to 
the  metals  an  ima^nary  refractive  index.  Cauchy  also  developed 
an  equation  practicaUy  identical  with  MacCullagh's,  and  more 
elaborate  treatments  were  subsequently  given  by  Beer,  Eisenlohr, 
and  Lundquist  {Pogg.  Ann,^  xcii.,  page  402 ;  civ.,  page  368 ;  cUi., 
page  398). 

Against  the  methods  employed  by  these  investigators,  Ketteler 
raised  the  objection  that  the  development  of  the  equation  for  the 
reflected  wave  necessitated  the  existence  of  a  longitudinal  disturb- 

ance in  the  ether,  against  the  existence  of  which  there  exists  the 
strongest  experimental  evidence.  Ketteler  (Wied.  Ann.,  B.  i.  and 
iii.)  developed  an  equation  along  different  hnes,  and  by  adopting 
different  boundary  conditions  avoided  the  necessity  of  a  longitudi- 

nal wave.  These  earlier  treatments,  based  upon  the  elastic-solid 
theory,  have  been  completely  supplanted  by  the  methods  of  the 
electro-magnetic  theory,  which  are  much  more  intelligible  for  the 
reason  that  the  physical  actions  which  are  going  on  are  definitely 
specified.  According  to  our  present  views,  we  regard  metals  as 
substances  in  which  electrons  exist,  which  are  capable  of  continuous 
movement  under  the  action  of  a  steady  electro-motive  force.  Here- 

tofore we  have  regarded  the  electrons  as  bound  to  positions  of 
equilibrium  by  forces  of  restitution,  experiencing  only  a  slight 
change  of  position  imder  the  action  of  a  steady  electric  force. 
Upon  the  removal  of  the  force,  the  electron  returns  to  its  original 
position. 

We  will  now  investigate  the  behavior  of  free  electrons  under  the 
action  of  the  rapidly  alternating  electrical  forces  of  light  waves. 

Slectro-Magnetic  Theory  of  Absorption.  —  We  have  already 
discussed  the  propagation  of  waves  in  a  medium  which  is  a  perfect 

QIC 

insulator,  in  which  the  current  is  proportional  to  -r- .     In  such  a 

oi 

medium  the  current  may  consist  of  two  parts,  a  displacement  current 
1   Qir 

in  the  ether  represented  by  - — r-,  and  a  convection  current  due  to 
4  IT  at 

the  motions  of  the  electrons  inside  the  atoms.  It  is  clear  that  the 
current  will  cease  as  soon  as  the  electric  force  ceases  to  vary ;  for 
example,  if  the  electric  force  rises  from  0  to  X,  the  electron  will  be 
displaced  a  certain  amoimt,  the  motion  constituting  a  convection 
current,  but  if. the  force  then  remain  steady,  there  will  be  no  further 
motion  of  the  electron,  and  the  current  will  cease. 

We  will  now  investigate  the  propagation  of  waves  in  a  medium 
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which  is  not  a  perfect  insulator.  In  such  a  medium  a  current  will 
be  set  up  imder  the  influence  of  a  steady  electric  force,  which  will  be 
proportional  to  the  force  X  instead  of  to  the  rate  of  change  of  X. 
We  may  think  of  this  current  as  due  to  the  motion  of  free  electrons, 
which  will  drift  along  under  the  influence  of  the  force,  giving  rise  to  a 

conduction  current  represented  by  o-Jf ,  in  which  a  represents  the 
absolute  conductivity  measured  electro-statically.  The  current  in 
an  imperfect  insulator  will  then  be  made  up  of  two  parts,  one  pro- 

QIC 

portional  to  -r-  and  the  other  proportional  to  X,  the  former  vanish- 

at 

ing  under  the  influence  of  a  steady  field. 
If  we  have  a  periodic  electric  force,  as  in  light-waves,  both  currents 

will  be  present,  and  we  may  have  absorption  or  a  transformation 
of  energy  from  two  distinct  causes.  If  the  vibration  of  the  electrons 
which  are  not  free  is  accompanied  with  something  akin  to  friction, 
there  will  be  a  heating  similar  to  the  heating  of  the  dielectric  of  a 
condenser  when  it  is  rapidly  charged  and  discharged.  This  type  of 
absorption  has  been  discussed  in  the  Chapter  on  Dispersion.  There 
may  in  addition  be  an  ohmic  heating,  similar  to  the  heating  of  wires 
by  steady  currents.  This  we  may  think  of  as  due  perhaps  to  the 
impacts  of  the  free  electrons  or  changes  in  the  potential  energy,  as 
electrons  are  torn-off  atoms  under  the  influence  of  the  electric 
force. 

If  we  limit  oiu^elves  to  plane-polarized  plane-waves,  we  may  write 
for  the  current  parallel  to  the  x  axis 

The  current  is  thus  seen  to  be  made  up  of  two  parts :  a  displace- 
ment current  in  the  ether,  resulting  only  from  an  electrical  force 

which  changes  with  the  time,  and  a  conduction  current  proportional 
to  X  which  does  not  depend  for  its  existence  upon  fluctuations  of  X, 
It  will  be  remembered  that  the  modern  theory  of  metallic  con- 

duction regards  the  electrical  current  as  a  streaming  motion  of 
negatively  charged  electrons,  which  are  free  to  move  in  the  metallic 
conductor  under  the  action  of  a  steady  electro-motive  force. 

No  further  modifications  than  the  one  introduced  into  equation  (1) 

are  needed,  and  the  fundamental  Maxwell  equations  — ^  =  V^'-  ̂ r c         oz       dy 

etc.,  and  -^  =  -z   7—1  etc.,  still  hold,  if  we  write  the  permea- 
C  dt       dz      dy'         '  '  ^ 

bility  fi=l. 
This  we  are  justified  in  doing,  even  in  the  case  of  the  strongly 

magnetic  metals  such  as  iron,  nickel,  and  cobalt,  for  experiments 
indicate  that  the  magnetic  molecules  are  unable  to  follow  the  very 
rapid  changes  involved  in  the  case  of  light-waves. 

The  boundary  conditions  may  be  written  as  before,  Xj^Xi^ 

For  the  present  we  shall  concern  ourselves  only  with  the  absorp- 
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tion  due  to  ohmic  heating,  i.e.  resulting  from  the  term  <rX,  which 
represents  the  conduction  current. 

dt       4inr  dz^  ' Prom  (1)  we  then  have 

€d^X      AiradX  ̂ d^X 

When  applied  to  harmonic  motion,  this  equation  has  for  its  solu- 
tion 

i^-^  (I— ««) 

X^Ae  ''         ,  in  which  m  is  complex.  (2) 

Differentiating  (2),    —  =i-^X,  and  substituting  in  (1), 

-"    4»  9t  ̂    dt  i2n     \iwi2irj  dt  ' 
MuItiplyiAg  the  numerator  and  denominator  of  the  second  term 

in  the  parenthesis  by  2 1  gives  us  j,  =  (  -^   ^—] -5- 1 \4 IT       iw  J  dt 

._€-2i<rTBX 
•'•        in       dt  • 

For  perfect  insulators  j,=  -^-r-,  the  only  difference  being  that 4ir  o< 

in  the  case  of  absorbing  media  the  real  constant  c  of  the  equation 

for  insulators  is  replaced  by  the  complex  constant  c'  =  e— 2i<rr. 
Substituting  this  complex  dielectric  constant  in  equation  (12),  page 

359,  gives  us 

Differentiatmg  (2),    -^  =  - ^^,  a^ " " "tT"-^' 

and  substituting  in  (3),    ̂  ̂'  X  =  ̂ ^ X, 

^=m«,  (4) 
cr 

and  since  c'  is  complex,  m  is  also  complex. 
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Now  m  has  the  dimension  of  a  reciprocal  velocity,  and  we  may 

write  m  =  ̂-^  >  ̂̂   which  V  is  the  velocity  of  propagation  of  the 
wave  in  the  absorbing  medium. 

Substituting  this  value  in  (2), 
Sir*/       (1-te)    \  >ir</       jr-to«\  inU     fyte     ly«> 

in  which  rF=X. 

Z=^c  ̂   *e     '''  ̂ \  .  (5) 

-2»it' In  this  expression  Ae  ^  represents  the  amplitude,  which  clearly 
decreases  as  z  increases. 

After  traversing  a  thickness  equal  to  the  wave-length  X,  the  ampli- 
tude has  decreased  by  the  amount  e"*"*.  The  constant  *c  is  the 

measure  of  the  absorption,  and  is  called  the  absorption  index. 

If  we  call  ̂ =n  the  refractive  index  of  the  medium,  we  have 
from  equation  (4) 

<?    \  V  J' 

.-.  €'=n2(l-ic2-2iK);  (5) 

and  since  €'  =  c— i2<rr=n*— n^#c*— 2n*tic, 

we  get  by  equating  the  real  and  imaginary  parts, 

(5a)  n*(l-#c2)  =  c,  n^K^aT. 

This  last  relation  is  not  in  agreement  with  facts,  however,  as  we 
shall  see  presently.  The  reason  of  this  is  that,  in  the  present  treat- 

ment, we  have  not  taken  into  account  the  influence  which  the 
vibrating  electrons  have  upon  the  propagation  of  the  disturbance. 
We  have  shown  that  in  the  case  of  imperfect  insulators  we  have  a 
complex  dielectric  constant,  due  to  the  conduction  term  a-X,  In 
the  treatment  of  dispersion  we  have  seen  that  a  complex  dielectric 
constant  results  from  the  presence  of  vibrating  electrons,  even  when 
the  term  <tX  is  absent,  i.e.  when  no  conducting  electrons  are  present, 
and  absorption  will  occur  if  the  vibration  of  the  electron  is  accom- 

panied with  friction.  There  are  thus  two  distinct  types  of  absorp- 
tion—  one  caused  by  conducting  electrons,  the  other  by  vibrating 

electrons,  the  motion  of  which  is  accompanied  by  friction. 
Metallic  Reflection.  —  Consider  now  the  case  in  which  plane- 

polarized  light  is  incident  on  a  polished  metal  surface,  the  plane 
of  polarization  making  an  angle  of  45°  with  the  plane  of  incidence. 
Referring  to  the  treatment  of  reflection  given  previously,  and 
making  use  of  the  same  symbols,  we  have  in  the  present  case 
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E,^E,y  and 
sin  *  //5v 

8inx=— pf.  (6) 

Ve' 

This  is  simply  the  previous  equation  with  the  complex  dielectric 
constant  c'  substituted  for  c. 

By  equation  (24),  Chap,  on  Refl.  ̂   =  -  |gC08(»+x) 

we  have,  since  E,=E.,  §  =  -  ?58i*±2L) , 
R,         cos  (*— x) 

in  which  R,  and  R»  are  complex  quantities. 

Let  R,^R^  and  ft.=fl.6'**,  then 

-Js=p6^,  in  which  8,— 8,  =  A  and  p=  ̂ ; 

.•.f=pe-=-55^+«)  (7) it,  cos(*— x) 

Since  the  right-hand  member  of  the  above  equation  is  complex, 
A  must  diflfer  from  zero,  and  there  is  a  phase-difference  between  the 
two  components  of  the  reflected  light,  which  produces  elliptical 
polarization. 

We  will  now  determine  how  this  phase-difference  and  the  accom- 
panying elliptical  polarization  vary  with  the  angle  of  incidence. 

<A__  cos ^ cos X " sin  ̂  sin X . 

cos  *  cos  x+sin  *  sin  x ' 
multiplying  this  equation  by  the  denominator  and  transposing  the 
terms  gives  us 

1+pe^^^  sin^sinx^^^^^^sinx 
1— p€'^       COS*  COS  X  COSX 

sin  *        tan  *  sin  *  —    tan  *  sin  * =tan* 

Ve'cosx        Ve'cos^X 

•  1  +pg*^  _  sin  ̂   tan  ̂  V<-"^*) 
(8) 

At  normal  incidence  *=0,  p€'^=— 1,  i,e.  A  =  0  and  p=— 1,  or 
the  wave  is  reflected  with  a  change  of  sign,  but  with  no  phase- 
difference  between  the  components;  the  light  therefore  remains 
plane-polarized.  The  reflected  waves  form,  by  interference  with 
the  incident  waves,  a  system  of  stationary  waves,  and  since  the  re- 

flection is  accompanied  by  a  change  of  sign,  we  shall  have  a  node  at 
the  reflecting  smf  ace. 

At  grazing  incidence  *=90,  p€^=l,  i.e.  A  =  0  and  p=l,  or  re- 
flection occurs  without  change  of  sign  and  without  elliptical  polar- 

ization. 
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The  ellipticity  will  be  greatest  for  the  angle  of  incidence  for  ifdiicfa 

A  =  - .    At  this  angle  we  have  6*^ = i,  since  e*^ = cos  A+i  sin  A = 0+i. 

This  angle  is  termed  the  angle  of  principal  incidence,  and  we  will 
designate  it  by  *. 

1+^p  _  sin$  tan^  ^^v 
\      ̂   ~    /   -'  W 1-ip     Vc'-sin** 

Multiplying  this  equation  by  its  complex  conjugate 

1— tp  __  sin  $  tan  ̂  
l+ip-^  Vc"-sm*<P 

in  which  e"  is  the  complex  conjugate  of  c'. 
The  left-hand  member  thus  becomes  r-^  =  l,  and  we  have 

1+P* 
sin*  $  tan*  *=  (c'— sin*  $)  (e"— sin*  *), 

or,  substituting  the  value  which  we  have  found  for  e', 

(10)        sm*  *  •  tan*  * = n*  (1  +««)« -  2  n^  (1  -  #c*)  sin*  $+sin*  *. 

In  the  case  of  metals,  n^(l  +«*)  has  a  value  much  greater  than  unity 
(from  8  to  30),  consequently  it  is  sufficient  if  we  take  only  the  first 
term  of  the  right-hand  member; 

(11)  /.  sin*tan*=nVl+ic*. 

We  can  derive  this  expression  from  eq.  (8)  if  we  disregard  sin*  ♦  in 
comparison  to  e, 

1+ip  _  sin  ̂   tan  ̂  

1-ip  Vc"'       ' 

in  which  Ve'  =  n  (1 — i#c),  see  eq.  (5). 
Multiplying  this  by  its  complex  conjugate, 

j__       sin'<>tan*$       _  sin^  ̂   tan*  $ 
(n'-mK){7i'\-niK)         n*+n*#c* 

sin*  $  tan*  *  =  n*+n*#c*  =  n*  (1  +#c*)  ; 

.*.  sin*tan*  =  nVl+<c*. 

If  by  means  of  a  Babinet  compensator,  which  annuls  the  phase- 
difference  introduced  by  the  metallic  reflection  at  any  angle  of 
incidence,  we  convert  the  elliptical  vibration  into  a  plane-polarized 
one,  the  plane  of  polarization  will  make  an  angle  ̂   with  the  plane  of 
incidence,  and  we  have  the  relation  p  =  tan  ̂ . 

If  we  can  establish  equations  connecting  n  and  k  with  *,  A  and  ̂ ,  it 
is  clear  that  we  can  determine  the  refractive  index  n  and  the  ex- 

tinction coefficient  of  a  metal  by  observations  made  on  the  state  of 
polarization  of  the  reflected  light.     Such  methods  are  called  katop- 
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trie  methods  in  contrast  to  the  dioptric  methods  employed  in,  the 
case  of  transparent  substances.  They  have  been  largely  used  in 
the  determination  of  the  optical  properties  of  intensely  opaque 
matter.  They  are  obviously  not  as  reliable  as  the  dioptric  methods, 
for,  as  we  have  seen,  the  ellipticity  of  the  reflected  light  is  pro- 

foundly a£fected  by  the  presence  of  surface  films,  and  we  can  seldom 
be  certain  that  such  films  are  not  present  in  the  case  of  metallic 
surfaces. 

We  will  now  estabUsh  relations  between  n  and  #c,  and  *,  A,  and  ♦. 

We  require  first  an  expression  for  — ^^,  in  terms  of  ̂   and  A, 

which  expression  we  shall  substitute  in  eq.  (8). 

sin  ̂  
Since  p  =  tan^  =   ,  we  may  write  the  above  expression, 

cos^ 

1  —  tan  ̂   (cos  A+i  sin  A)  _  cos  ̂  — sin  ̂   (cos  A,  etc.) 

1  +tan  ♦  (cos  A+i  sin  A)     cos  ̂ +sin  ♦  (cos  A,  etc.) ' 
Writing  cos^=a,  cos  A  sin  ♦= 6,  sinAsin^=c,  the  above  ex- 

pression is  of  the  form 
g— 6— tc 

a+h+ic' Multiplying
  

the  numerator  and  denominator
  

by  a +6— ic  gives  us 

in  which  we  substitute  the  values  for  a,  b,  and  c,  and  find  (writing  for 
cos*^  —  sin*^  its  equivalent  cos  2^),  since  cos'A+8in*A  =  l  and 
neglecting  sin'  ̂ , 

l-pe^^co82^-tsin2^sinA^   njl-JK)  ..v 

l+pe^        I  +8in24fcosA  sin*tan*'        ̂ *  ̂   ̂' 
/.equating  the  real  and  ima^nary  parts, 

njc  sin  A  sin  2  ♦  n  cos2* 

sin4»tan<fr     l+cosA8in2*'    sin*tan*     l+cosAsin2*' 
and,  dividing  the  first  by  the  second, 

n*c     sin  A  sin  2  ̂  

n  cos  2  ♦ 

cos24f «»sinAtan2^,  n=sin*tan* 

n«(l+ic«)  =  sin«*tan«* 

1 +COS  A  sin  2  ♦ 
1  —  cos  A  sin  2  ̂  

l+cosAsin2^ 
If  the  light  is  incident  at  the  angle  of  principal  incidence  ̂ ,  the 

corresponding  angle  $  is  called  the  principal  azimuth.    In  this  case 

«  =  tan2^  (since  sinA=sl). 
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Detenoinatioa  of  PrincipftI  Incideiice  and  Aztmutb.  —  Since  re- 
flection at  the  angle  of  principal  incidence  converta  circularly 

polarized  into  plane-polarized  light,  we  can  easily  determine  the 
angle  by  reflecting  a  circular  vibration,  obtained  by  means  of  a 
quarter-wave  plate  or  Freanel  rhomb,  from  the  metallic  surface, 
and  determining  the  angle  of  incidence  at  which  the  reflected  li^t 
can  be  quenched  by  a  Nicol  prism.  The  principal  azimuth  is  the 
angle  which  the  direction  of  the  plane  vibration  (short  diagonal 
of  the  Nicol)  makes  with  the  plane  of  incidence.  Or  we  may 
start  with  plane-polarized  light  and  employ  a  Babinet  com- 

pensator (with  its  wedges  set  so  as  to  displace  the  central  fringe 
through  a  distance  corresponding  to  a  phase-difference  of  a  qtiarter 
of  a  period)  to  analyze  the  reflected  light,  observing  the  angle  of 
incidence  at  which  the  central  fringe  returns  to  the  central  poa- 
tion.  The  principal  azimuth  is  determined  by  observing  the  angje 
through  which  the  second  Nicol  has  to  be  rotated  to  make  the  central 
fringe  black.  Colored  light,  obtained  by  passing  sunlit  through 
colored  glasses  or  solutions,  should  be  employed,  as  the  optical  con- 

stants are  a  function  of  the  wave-length. 
Determination  of  the  Change  of  Phase  by  Reflection.  —  Hie 

change  of  phase  produced  by  perpendicular  reflection  at  a  silver 
surface  is  best  determined  by  means  of  the  Michelson  interfe- 

rometer, one  of  the  back  mirrors  being  coat«d  over  half  its  surface 
with  a  fllm  of  silver.  The  shift  between  the  fringes  on  oppc^te 
sides  of  the  dividing  line  gives  us  the  measure  of  the  phase-difference 
between  disturbances  reflected  from  glass  and  silver,  if  we  take  into 
account  the  slight  shift  due  to  the  shortening  of  one  optical  path  by 

the  material  thickness  of  the  film.     The  thick- 

"    ''    nesscan  be  determined  by  silvering  the  plate  in the  manner  shown  in  Fig.  299.  The  upper  half 
a,  b  is  first  heavily  silvered,  the  lower  portion  be- 

ing covered  with  a  glass  plate.  The  left-hand 
portion  a,  c  is  then  treated  in  a  similar  man- 

ner. The  phase-change  due  to  reflection  will  be 
c  Fio.  289.  d  the  same  at  the  surfaces  a  and  b,  the  shift  of 

the  fringes  at  the  boundary  being  due  to  the 
difference  in  thickness,  which  is  obviously  the  thickness  of  c.  The 
shift  at  the  boundary  between  c  and  d  is  next  observed,  attention 
being  paid  to  the  direction  of  shift  in  each  case.  From  these  data 
it  is  easy  to  calculate  the  phase-change  produced  by  reflection,  if 
we  remember  that  reflection  at  a  glass  surface  produces  a  change 
of  half  a  period.     (See  Mann's  Manual  of  Advanced  Optics.) 

Absorption  and  Reflection  by  Metals.  —  The  ratio  of  the  re- 
flected to  the  incident  intensity  at  normal  incidence  is  called  the 

coefficient  of  reflection.  For  the  ratio  of  the  amplitude  we  have  in 
the  ease  of  transparent  media  (see  page  368), 

•  In  the  present  case  we  write^for  n,  the  square  root  of  thecomples 
dielectric  constant «',  since  V('  =  n(l  — /k). 

w 
'WB, 

• 
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In  the  present  case,  then,  we  have 

R,^JZ^y^n(l-tic)-l 

E,       Ep       n(l-iic)+l* 
Multiplymg  this  equation  by  its  complex  conjugate,  we  obtain  for 

the  coefficient 

P^n»(l+ic')+l-2n 

n*(l+'c*)+l+2n' 

In  the  case  of  metals  2  n  is  small  in  comparison  to  n*(l +'c').  If  we 
neglect  it,  we  get  i2  =  1.  In  the  case  of  silver  95  %  of  the  incident 
li^t  is  reflectwi,  i.e.  R  =  .95.  The  reflecting  power  will  be  greatest 
for  the  wave-lengths  for  which  k  has  its  greatest  value;  thus  gold 
reflects  red  light  much  more  powerfully  than  green.  The  best  deter- 

minations of  the  reflecting  power  of  different  metals  are  those  made 
by  Rubens  and  Hagen  (Ann.  der  Physik,  \.  352, 1900;  8,  page  1, 1902). 
The  values  which  they  found  for  a  number  of  the  more  common 
metals  are  given  in  the  table  on  next  page,  which  will  be  found 
useful  for  reference  in  all  optical  work  involving  the  reflection  of 
light  from  metallic  surfaces. 

It  is  apparent  from  the  table  that  the  reflecting  power  of  silver 
in  contact  with  glass  is  somewhat  less  than  that  of  silver  in  con- 

tact with  air. 
The  same  is  true  for  mercury. 
An  easy  way  of  exhibiting  the  loss  of  hght  by  reflection  from  a 

metal  is  to  half  fiU  a  test-tube  with  mercury  and  plunge  it  in  a  jar  of 
clean  water;  the  hght  reflected  from  the  metal  will  appear  quite 
dull  in  comparison  with  the  light  totally  reflected  at  the  glass  air 
surface. 

In  the  above  table  there  will  be  found  in  the  last  column  the  values 
of  R  calculated  from  observations  by  katoptric  methods  (yellow 
light),  i.e.  calculated  from  *,  ♦,  and  A.  They  will  be  found  in  rough 
agreement  with  the  values  observed  by  Rubens. 

In  the  case  of  silver  the  minimum  at  A  =  316  is  very  remarkable, 
the  reflecting  power  of  the  metal  for  this  wave-length  being 
about  that  of  glass  for  yellow  light. 

The  highest  reflecting  power  appears  to  be  possessed  by  metallic 
sodium,  for  which  /2=99.7  according  to  Drude.  This  value  was 
calculated,  however. 

Effect  of  Thickness  of  Film.  —  The  most  recent  investigations 
of  the  reflecting  and  absorbing  power  of  metals  has  been  made  by 
Hagen  and  Rubens. 

TTie  films  were  deposited  upon  quartz  plates,  which  permitted 
of  investigations  in  the  ultra-violet  region,  and  their  thickness 
determined  by  two  different  methods,  weighing  the  film  both 
before  and  after  its  conversion  into  the  iodide  and  the  interference 
method  of  Wernicke. 

They  first  investigated  the  dependence  of  reflecting  power  upon 
the  thickness. 2b 
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The  rcBults  for  gold  are  shown  graphically  in  Fig.  300,  the  ordinates 
representing  reflecting  power  in  percentages  and  the  abscissffi  Uie 
thicknesses  of  the  film.  We  see  from 
the  curves  that  the  reflecting  power 
iDcreaseB  with  the  thickness,  reaching 
its  manmum  value  at  about  80^ 
or  .00008  mm.,  which  is  about  one- 
eighth  of  the  wave-length  of  red  light, 
after  which  it  remains  constant.  For 
red  light  this  mRTimiim  value  is 
90%;  for  green  light  it  is  less  than 
50  % .  This  explwns  the  yellow  color 
of  gold  and  the  green  color  of  gold-leaf 
by  transmitted  light.  In  the  ultra- 
%nolet  it  is  necessary  to  use  somewhat 
thicker  films  to  get  the  full  value  of  Fio-  soo- 

the reflecting  power. 
The  absorption  constant  a  we  may  define  as  the  reciprocal  of  the 

thickness  (measured  in  ft)  which  will  reduce  the  intensity  of  the 
entering  radiation  to  Vs  ̂^  i^  onginal  value.  If  d  is  the  thickness 
of  a  film,  J  the  intensity  of  the  entering  radiation,  and  i  the  intensity 
of  that  which  emerges,  we  have 

4  =  10— and  a=3log4- J  at 

The  extinction  coefficient  «  we  define  as  follows: 

4»Af 

in  which  M  is  the  modulus  of  the  natiual  system  of  logarithms. 
Wernicke  measured  a  and  k  by  using  two  films  of  different  thick- 

ness df  and  d^  deposited  on  the  same  plate.  If  the  loss  by  reflec- 
tion is  the  same  for  the  two  films,  and  the  ratio  of  the  two  trans- 

mitted intensities  is  b,  we  have 

1 

'di-dt 

log  ft. 

The  thickness  of  the  films  was  determined  by  transforming 
them  into  the  transparent  iodide  of  silver,  by  exposure  to  fumes  of 
iodine,  and  measuring  the  thickncBs  by  an  interference  method. 

To  determine  the  light  actually  absorbed,  wc  must  measure  the 
intensity  of  the  transmitted  light  and  compare  it,  not  with  the 
intensity  of  the  incident  light,  but  with  that  of  the  incident  minus 
the  reflected  light. 

Hagen  and  Rubens  measured  their  intensities  absolutely  with  the 
thermo-element  and  galvanometer.  If  p  is  the  ratio  of  the  inten- 

sities of  the  transmitted  and  incident  light,  log  p  must  be  a  linear 
function  of  the  thickness,  providing  that  it  is  in  every  case  capable 
of  giving  the  maximum  reflection. 
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Let 

then 

and  since 

it  follows  that 

Jo(l-fl)  = 

intensity  of  incident  light, 
intensity  of  light  which  enters  film, 
intensity  of  transmitted  light, 
reflecting  power, 

J. 

V 

V 

—  and  a=--log-' Jo  a       I 

\{l-R)  and  log p logj+log(l 

R) 

logp=-ad+log(l-fi). 
If  we  determine  p  for  vari  .us  thicknesses,  and  plot  the  values 

of  log  p  as  ordinates  with  the  values  of  d  as  abscissae,  the  points 
will  lie  in  a  straight  Une.  Moreover,  the  tangent  of  the  angle  which 
this  line  makes  with  the  axis  along  which  we  measure  d,  will  be 
the  value  of  the  absorption  constant  a. 

This  was  done  for  a  number  of  metals,  and  the  Unear  relation 
found  in  each  case,  which  proves  that  the  law  of  absorption  holds 
for  metals.  The  values  of  a  and  k  for  the  three  metals  silver,  gold, 
and  platinum  for  different  wave-lengths  are  given  in  the  following 
table : 

1 

SlLVEB Gold PlATINUM 

a K a K a « 

2.5  At 
37 

17 
28 13 

2 
42 

15 
30 11 

1.5 45 12 41 
11 32 

8.9 
1.2 47 10 

40 
8.8 

33 

7.3 
1.0 44 8 37 6.9 

35 6.5 

.8 42 
6.2 35 5.2 

36 

5.3 
.7 43 

5.5 32 

4.1 
37 

4.8 

.65 
40 4.8 30 3.6 38 

4.5 

.60 38 4.2 26 
2.9 

38 4.1 
.55 37 3.8 

23 
2.3 38 

3.8 

.50 35 3.2 

22 
2. 

38 

3.5 .45 31 
2.6 21 

1.7 

37 

3 
.42 30 2.3 22 1.7 39 3 
.385 25 1.8 25.8 1.8 39 

2.7 

.357 19 1.3 26.4 1.7 

39 
2.5 

.338 13 .86 

.332 9 .55 

.326 7.5 .45 
25 

1.5 39 
2.3 

.321 7.2 .42 

.316 7.8 
.45 

.310 11 .62 

.305 14 .79 

.288 19 1.00 

.251 22 1.00 

.221 16 .68 
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Optical  Constants  of  the  Metals.  —  These  may  be  determined  by 
various  methods,  n  and  k  may  be  determined  directly  by  dioptric 
methods,  accurate  measurements  involving  great  difiBiculties,  how- 

ever, or  they  may  be  calculated  from  determinations  of  *  and  ♦, 
the  angles  of  principal  incidence  and  azimuth. 

Kundt  was  the  firat  to  determine  directly  the  refractive  indices  of 
the  metals.  He  employed  exceedingly  acute  prisms  deposited  on 
glass  by  means  of  the  cathode  discharge  or  chemical  means,  and 
actually  measured  the  deviation  of  h^t  produced  by  them.  In 
some  cases  n  was  found  to  be  less  than  unity ;  in  other  words,  the 
light  was  propagated  in  the  metal  at  a  higher  velocity  than  in  vacuo. 

Drude  gives  the  following  table  for  the  constants  of  a  number 
of  the  more  common  metals : 

Metal 

n* 

n « * R 

Silver   3.67 .18 

75° 

43° 

95% 

Gold   k               •  • 
2.82 .37 

72° 
41° 

85 
Platinum   4.26 2.06 

78° 

32°
 

70 

Copper   2.62 
.64 

71° 
39° 

73 

Steel   3.40 2.41 

77° 

28° 

58 
Sodium   2.61 .005 

71°
 4
5° 

99.7 
Mercury   4.96 1.73 

79°
 35° 

78.4 

If  we  compare  the  values  given  in  the  above  table  with  the  equa- 
tion €=n*(l— #c*),  we  find  that  e  is  negative  in  every  case,  since 

x  =  tan  2*,  and  2*  is  greater  than  45**  in  every  case,  i.e.  #c>l. 
A  negative  dielectric  constant  has  no  meaning,  however.  Neither 

does  the  relation  n^K  =  <rT  hold ;  for  example,  in  the  case  of  mercury 
<rT ^20  and  n'#c==8.6,  while  in  the  case  of  silver  (tT  is  larger  and 
n'#c  is  smaller  than  in  the  case  of  mercury.  As  we  shall  see  presently, 
these  discrepancies  are  due  to  the  fact  that  we  have  only  taken  the 
conducting  electrons  into  account.    The  trouble  is  similar  to  the 

one  which  we  experienced  when  we  established  the  relation  n  =  Ve 
before  taking  the  electrons  into  account  at  all. 

The  Dispersion  of  Metals.  —  We  will  now  extend  the  treatment 
by  considering  that  there  are  present  in  the  metal  two  types  of 
electrons,  conducting  and  non-conducting,  the  motion  of  the  latter 
being  resisted  by  forces  of  restitution,  as  in  the  case  of  transparent 
substances. 

For  the  conducting  electrons  we  can  put  the  constant  0  (eq.  (1), 

Elect.  Mag.  Dispersion  Theory)  equal  to  infinity,  since  -  is  pro- u 

portional  to  the  force  of  restitution. 
The  equation  of  motion  of  these  electrons  can  be  written 

fn:r^=eX'-re^^y df^  dl 

(1) 
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or  if  we  call  im^eN^^  the  current  due  to  them, 

at 

^f+^-'   <2) 
in  which  m  is  the  mass  of  the  electron,  e  the  charge,  and  N  the  nimi- 
ber  in  unit  volume. 

By  eq.  (2)  (this  chapter),  —  =  -X,  in  which  t=  —  ; 

XT  •  ̂ X  1 
.  X  =  —  tT-T-,  smce  T  =  —I. 

For  periodic  changes  we  can  write  j,=  —'^-^f  and  if  we  substitute 

ot 

„^.   ri^ 
these  values  in  eq.  (2),  we  obtain 

which  equation  can  be  easily  brought  into  the  form  of  eq.  (4),  (Elect. 
Mag.  Disp.  Theory),  by  transposing  the  terms 

.  ̂    1   dX(      re'NiHir] 

Air  Bt  \       im+eh'T  J  ' 
^'     4ir  dt 

rn 

Te« 

the  complex  quantity  in  the  brackets  corresponding  to  the  dielectric 
constant  e  of»the  earlier  formula. 

As  we  have  seen  in  the  Chapter  on  Dispersion,  the  dielectric  con- 
stant of  a  medium  containing  non-conducting  electrons  is  repre- 

sented by 

c'=i+y  — ^^. 

T  T^ 

The  dielectric  constant  e"  resulting  from  the  presence  of  both types  of  electrons  is  therefore 

."=i+y  — ?^+4.ry  ̂ +n\ 

T  t2 

in  which  m^=  —  Vl^ 

If  we  are  dealing  with  vibrations,  the  periods  of  which  are  far 
removed  from  the  free  periods  of  the  non-conducting  electrons,  so 
that  a»  =  0,  and  if  we  write  c"  =  n^  (1  -  k2- 2  U) ,  we  obtain  by  equat- 
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ing  the  real  and  imaginary  parts  of  the  above  equation, 

and  n*K=2irTV      ''^ 

r*+ 

m 
Consider  now  the  first  of  these  two  equations.  In  the  case  of 

transparent  substances,  where  we  neglect  Oa,  «=0,  and  we  have 

for  wave-lengths  far  removed  from  the  natural  period  of  the  electron. 
In  the  present  case  we  have  a  third  term  to  take  into  account,  so 

that  even  in  the  case  of  these  wave-lengths  we  may  have  «>1  (which 
means  very  heavy  absorption),  since  the  right-hand  member  can 
become  negative  as  a  result  of  the  third  term.  This  term  will  have 
large  negative  values  for  small  values  of  r.  Now  r  represents  some- 

thing which  opposes  the  motion  of  the  conducting  electrons,  which, 

in  the  Chapter  on  Dispersion,  we  called  for  convenience  "  friction." 
Small  values  of  r  consequently  represent  high  conductivity,  and 
the  most  opaque  metals  will  be  those  of  the  highest  electrical  con- 

ductivity. This  point  will  be  more  clearly  brought  out  in  the  sec- 
tion following. 

The  discrepancy  between  theory  and  experiment  as  represented 
by  the  equation  deducted  at  the  beginning  of  the  chapter,  n*ic=<rr, 
is  cleared  up  b«^  the  second  of  the  two  equations,  if  we  write  it  in 
the  form  which  i  t  will  take  when  we  have  infinitely  long  waves 
(r=:  00).    We  must  do  this  if  we  are  to  fit  our  optical  equations  to 
ordinary  electrical  measurements,  made  with  very  slow  periods,  or 
without  any  periodicity  whatever. 

N       N^ 
For  the  conductivity  we  can  write  <t  =   1   ,  since  it  is  pro- 

portional  to  the  number  of  conducting  electrons  and  inversely  as 
the  frictional  force  which  opposes  their  motion.  Substituting 
these  values,  we  get  at  once 

As  has  already  been  pointed  out,  n'f =8.6  in  the  case  of  mercury, 
while  crr=20. 

If  r  is  small,  as  in  this  case,  and  if  we  are  dealing  with  small 
values  of  r,  as  when  measuring  n^K  by  optical  methods,  we  cannot 

neglect  —  in  comparison  to  r:  our  second  member  will  then  be  smaller T 

than  in  the  previous  case,  since'^the  denominator  is  larger,  and  we shall  have  v?K<aT,    It  is  worthy  of  remark  that  the  conductivity 
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of  dectrolytes  is  not  suflScient  to  cause  appreciable  absorption  of 
light,  the  conducti\'ity  of  the  best  electrolytes  being  only  about 
TO  0^0  0  0  that  of  mercury.  For  these  <t  will  be  of  the  order  of  mag- 

nitude 7XW\  while  for  light-waves  7=2x10-^*,  therefore 
o-r=14  X 10"*  =  .0014.  By  our  formula  n^#c  is  never  greater  than 
a-T,  generally  much  smaller,  which  shows  us  that  k  must  be  very 
small  in  the  present  case. 

Relations  between  Optical  and  Electrical  Properties  of  Metals. 
—  Very  intimate  relations  have  been  established  between  the  optical 
and  electrical  properties  of  metals  by  the  recent  work  of  Rubens 
and  Hagen  (Ann.  der  Phydk,  11,  873,  1903).  Previous  to  this  im- 

portant investigation  many  discrepancies  existed  between  theory 
and  experiments.  The  optical  properties  of  metals  could  not  be 

represented  by  Maxwell's  theory  in  its  original  form.  One  of  the 
most  difiBicult  things  to  account  for  was  the  comparatively  great 
transparency  of  some  metals  for  light-waves.  Moreover,  the  re- 

flecting power  appeared  to  stand  in  no  definite  relationship  with 
the  electrical  conductivity.  Kundt,  moreover,  found  that  the  re- 

fractive indices  of  his  metal  prisms  for  red  light  arranged  themselves 
in  the  order  of  the  specific  resistances  of  the  metals,  whereas  on 

Maxwell's  theory  the  reverse  should  hold  true. 
The  work  of  Rubens  and  Hagen  has  shown  conclusively  that 

these  discrepancies  have  resulted  from  the  employment  of  too  short 
waves.  As  soon  as  the  optical  work  was  carried  on  in  the  remote 
infra-red  region  of  the  spectrum  between  wave-lengths  4  ft  and  12  fi, 
most  perfect  agreement  with  the  theory  was  found. 

They  found,  for  example,  that  platinum  and  bismuth,  which  have 
a  low  conductivity,  are  much  more  opaque  in  the  visible  spectrum 
than  gold  and  silver,  which  are  much  better  conductors.  This  is 

contrary  to  what  would  be  expected  on  Maxwell's  theory.  In  the 
infra-red,  however,  it  was  found  that  they  were  much  more  trans- 

parent. This  effect  is  not  difficult  to  show.  A  thin  quartz  plate 
is  lightly  silvered  chemically,  the  action  being  stopped  when  the 
film  appears  blue  by  transmitted  light.  On  a  similar  plate  a  per- 

fectly opaque  film  of  bismuth  is  deposited  by  the  cathode  discharge. 
If  the  rays  from  a  Welsbach  light,  without  its  chimney,  are  allowed 
to  fall  upon  a  sensitive  thermopile,  it  will  be  found  that  the  silver 
plate  practically  cuts  off  all  of  the  long  heat-waves,  while  the  bis- 

muth is  fairly  transparent  for  them. 

Maxwell's  theory  gives  for  the  reflecting  power  of  a  metal  of  con- 
ductivity <r,  for  electro-magnetic  waves  of  period  7,  the  formula 

72  =  100   =r^  (see  Drude's  Physik  des  AetherSy  p.  574).     Intro- 

ducing  in  place  of  theconductivityo-  (measured  in  electrostatic  units) 
the  conductivity  x,  i.e,  the  reciprocal  of  the  resistance,  measured  in 
ohms,  which  a  conductor  of  1  mm.  cross  section  and  1  metre  in  length 
would  have,  and  in  place  of  T  the  wave-length  X,  the  formula  takes 
the  form 

36.5 
ft=100- 

V^A 
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The  intensity  of  the  radiation  which  penetrates  the  surface  is given  by 

100-/2  = 
36.5 

^
.
 

A- 
I* 

•  \ 

I   \ 

•  \ 

^/.yrS!^-— ;:.-::.-- 

or  (100-iJ)Vi=^=CA. 
VA 

This  equation  shows  that 
the  product  of  (100-iJ)V5 
is  a  constant  for  a  given  wave- 

length and  is  independent  of 
the  nature  of  the  metal. 

The  reflecting  powers  were 
measured  by  means  of  the 
apparatus  shown  in  Fig.  301. 
A  Nemst  lamp  B  was  fixed 
on  a  turn-table  in  such  a 
position  that  its  image  A, 
formed  by  the  concave  mirror  D,  was  symmetrically  located  with 
respect  to  the  centre  of  tiie  turn-table.  By  turning  the  table  the 
filament  of  the  lamp  could  be  brought  into  the  position  previously 
occupied  by  its  image.    The  siurface  of  the  mirror  D  was  composed 

// 

e< 

SU 

Fig.  301. 
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of  the  metal  under  investigation.  The  rays  from  the  filament  or 
its  image  were  focussed  upon  the  slit  of  a  reflecting  spectrometer, 
furnished  with  a  fluorite  prism,  and  the  spectrum  thrown  upon  the 
thermopile  at  T,  It  is  clear  that  by  this  arrangement  we  have  a 
means  of  comparing  the  incident  with  the  reflected  energy,  since 
the  loss  by  reflections  from  the  surfaces  of  the  optical  parts  of  the 
instrument  is  the  same  in  each  case.  They  investigated  a  large 
number  of  metals  and  alloys  of  known  conductivity,  obtaining 
curves  of  the  type  shown  in  Fig.  302. 

It  is  worthy  of  note  that  magnalium,  the  most  brilliantly  reflecting 
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alloy  which  we  have,  is  surpassed  by  iron,  in  reflecting  power,  for 
wave-lengths  greater  than  4  p..  These  curves  indicate  that  for 
infinitely  long  waves  the  metals  would  reflect  100  %  of  the  incident 
intensity,  as  is  the  case  with  electro-magnetic  waves  of  slow  period. 

According  to  theory  the  product  (100  — AjV^  should  be  a  constant 
for  a  given  wave-length. 

This  relation  was  verified  in  a  remarkable  manner  as  is  shown 

by  the  following  table,  which  is  for  A  =  12 ft: 

Vx ■«,-« 
(lOO-^v^ 

1.15 
1.6 
2.16 

3..'i 

4.1 
4.9 

17.8 

7.56 12.1 
Gofr:  ;:::::::; 6.43 

3.04 
292 

Platinum   
Nickel                      .     . 

10.6 

12  0 

Bismuth   .916 16.3 

The  mean  value  of  the  product  (100—  R)  Vx  was  found  to  be  19.4 
for  X=4^,  13  for   X  =  8;i  and    11    for   A,  =  12/i.     The   theoretic^ 

values  given  by  c=  - — '—   for  these  same  wave-lengths  are   1S.25, Va 

12,9  and  10.54  respectively. 
These  results  show  that,  in  the  case  of  metals,  the  resonance  of 

electrons  {which  did  not  enter  into  Maxwell's  theory)  plays  no  part 
in  the  case  of  waves  of  length  greater  than  4  n,  and  that  the  discrep- 

ancies which  occur  when  visible  light  is  employed  are  in  all  prob- 
ability due  to  the  fact  that,  for  these  higher  frequencies,  the  vi- 

brations of  the  electrons  are  excited. 
In  the  hope  of  finding  still  better  agreement  Rubens  and  Hagea 

then  employed  the  "  Rest-strahlen  "  from  fluorite,  A  =  25.5ai,  but 
in  this  case  the  reflecting  power  was  so  nearly  100%  for  all  metals, 
that  it  was  not  expedient  to  determine  the  coefficient  of  penetration 
(100— ft)  from  observations  of  the  reflectii^  power. 

On  account  of  the  relation  between  emission  and  absorption,  ex- 
pressed by  KirchoPf's  law,  we  can  determine  (100— fl)  by  comparii^ 

the  emission  from  the  substance  of  waves  of  given  length,  with  the 
corresponding  emission  of  a  perfect  black  body.  Twenty  different 
metals  were  investigated  by  this  method.  The  radiations  from  the 
black  body  (see  Chapter  on  Laws  of  Radiation)  and  from  the  met^, 
both  heated  to  the  same  temperature,  were  allowed  to  fall  alternately 
upon  a  thermopile,  after  reflection  from  four  fluorite  surfaces,  which 
eliminated  all  wave-lengths  except  25.5  fi.  The  temperature  em- 

ployed was  170°,  maintained  by  an  electrically  heated  bath  of  aniline, 
and  the  conductivity  of  the  metal  used  in  the  calculations  was  of 
course  the  conductivity  for  this  temperature.  The  results  appear 
in  the  following  table : 
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Temperature  170 o 

-Ji 

Emission (ioo-iJ)Vi 

Silver   6.26 1.13 7.07 
Copper   5.70 1.17 6.67 
Gold   5.21 1.56 8.10 

Aluminium   4.52 1.97 8.91 
Zinc   3.19 2.27 

7.24 Cadmium   2.86 2.55 7.29 

Platinum   2.44 2.82 6.88 
Nickel   2.29 3.20 7.33 
Tin   2.24 3.27 

7.32 Palladium   2.11 3.58 
7.53 

Steel   1.81 3.66 6.62 
Mercury   .957 7.66 7.33 
Bismuth   .716 25.6 18.3 

It  is  at  once  clear  that  a  further  mcrease  in  the  length  of  the  wave 
has  improved  matters,  as  is  shown  by  the  more  nearly  constant  value 
of  the  products  in  the  last  column.    The  mean  value  is  7.34,  while 

that  calculated  is  c«m=  -^^  =7.23. V25.5 

These  results  show  that  it  is  possible  to  determine  the  specific 
electrical  conductivity  of  the  metals  by  purely  optical  means,  if  we 
limit  our  observations  to  waves  of  sufficient  length. 

Relation  between  the  Emission  Coefficients  of  Metals  and  the 

Temperature.  —  Inasmuch  as  the  optical  properties  of  metals,  at 
least  for  long  waves,  depend  upon  their  electrical  conductivity,  we 
should  expect  their  emission  and  reflection  coefficients  to  vary  with 

the  temperature,  except  perhaps  in  the  case  of  the  alloy  '^  constan- 
tan,"  the  electrical  resistance  of  which  is  nearly  independent  of 
temperature.  Hagen  and  Rubens  ̂   have  made  a  very  exhaustive 
investigation  of  the  subject  and  have  found  a  most  perfect  agree- 

ment with  theory.  Up  to  5  /a  there  was  very  little  change  in  the 
optical  properties  of  metals,  resulting  from  an  increase  of  tempera- 

ture. Beyond  this  point,  however,  t.e.  with  longer  waves,  the 
emission  coefficient  wp^  found  to  increase  with  the  temperature,  the 
effect  being  most  pronounced  in  the  case  of  metals  having  a  large 
temperature  coefficient  of  electrical  conductivity.  The  metals  were 
heated  to  known  temperatm^s,  and  their  emission  compared  with 
that  of  a  black  body  at  the  same  temperature.  Constantian  showed 
very  little  change  with  the  temperature,  as  was  to  be  expected. 

In  studying  the  corresponding  changes  in  the  reflecting  power, 
two  metal  plates  were  mounted  side  by  side  in  an  electrically  heated 
oven,  and  the  light  reflected  to  and  fro  from  one  to  the  other.  In 
this  way  the  very  slight  change  in  the  reflecting  power  with  the 
temperature  was  magnified.  The  reader  should  consult  the  original 
papers,  as  many  extremely  interesting  facts  were  ascertained. 

>  BiU.  Ber.  der  Preui.  Akad.,  XVI.  1909  ;  XXIII.  1910. 



CHAPTER  XVII 

ROTARY  POLARIZATION 

We  have  seen  that,  in  general,  when  a  ray  of  plane-polarized  light 
is  passed  through  a  crystal  in  the  direction  of  its  optic  axis,  there  is 
no  double  refraction,  and  the  light  emerges  with  its  plane  of  polariza- 

tion unchanged.  The  discovery  was  made  by  Arago  in  1811  that 
a  rotation  of  the  plane  occurs  when  Ught  is  transmitted  through 
quartz  in  a  direction  parallel  to  the  optic  axis.  If  twp  Nicol  prisms 
are  placed  in  front  of  a  sodium  flame  and  so  oriented  as  to  completely 
extinguish  the  light,  the  introduction  between  the  prisms  of  a  quartz 
plate,  cut  perpendicular  to  the  axis,  causes  the  field  to  become 
bright  again.  On  turning  the  analyzing  Nicol  through  a  certain 
an^e  the  light  can  be  completely  extinguished,  showing  that  it  is 
still  plane-polarized,  but  that  the  plane  of  polarization  has  been 
rotated  through  an  angle,  which  is  measured  by  the  angle  through 

which  the  Nicol  has  been  turned.  If  white  lij^t 
is  used  the  field  appears  colored,  the  colors 
changing  as  the  analyzing  Nicol  is  rotated,  the 
light  never  disappearing  entirely,  as  was  the 
case  with  the  monochromatic  sodium  fiame.  This 
is  due  to  the  fact  that  the  different  colors  are 
rotated  by  different  amoimts,  the  phenomenon 
being  termed  rotatory  dispersion. 

The  amoimt  of  rotation  was  foimd  to  be  propor- 
tional to  the  thickness  of  the  crystal  section, 

which  shows  that  the  action  occiu«  within  the 
medium  and  not  at  the  sm^aces.  Moreover, 
some  crystals  were  found  to  rotate  the  plane  to 
the  right,  while  others  turned  it  to  the  left.  The 
former  are  termed  right-handed  or  dextrogyrate, 
the  latter  left-handed  or  laevogyrate.  Simple 
inspection  of  the  crystals  is  suflScient  to  determine 
their  character.  One  can  usually  find  small  hemi- 
hedral  planes  which  cut  off  the  obtuse  angles  at 

the  base  of  the  hexagonal  pyramid.  The  character  of  the  crystal 
is  determined  by  the  relative  positions  of  the  surfaces  8  and  x.  If 
5  and  X  lie  to  the  right  of  /?,  the  surface  of  the  hexagonal  pyramid 
which  both  touch,  the  crystal  is  dextrogyrate,  if  to  the  left,  laevogy- 

rate, as  in  the  upper  figure.  The  surface  x  is  often  absent,  in  which 
case  we  can  determine  the  nature  of  the  crystal  by  the  striae  on  the 
surface  of  s,  which  always  run  towards  the  position  which  x  would 
occupy  if  present,  as  shown  in  the  figures  (303). 

The  direction  of  rotation  of  the  plane  is  not  affected  by  turning  the 
plate  around,  consequently  if  the  ray  is  reflected  back  through  the 
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crystal,  the  plane  of  polarization  is  turned  back  into  its  original 
position,  lliis  point  is  very  important  in  connection  with  the 
magnetic  rotation,  which  we  shall  discuss  in  a  subsequent  article, 
for  in  the  case  of  substances  which  acquire  rotatory  power  by  being 
placed  in  a  strong  magnetic  field,  the  direction  of  rotation  depends 
on  the  direction  of  the  magnetic  field,  and  reflection  back  through 
the  plate  doubles  the  rotation. 

It  was  subsequently  found  that  many  liquids  and  solutions 
possessed  like  qiutrtz  the  power  of  rotating  the  plane  of  polariza- 

tion, though  in  a  much  less  degree.  The  rotation  of  the  red  rays 

by  a  quartz  plate  1  mm.  thick  amounts  to  about  18^,  while  that 
due  to  a  layer  of  turpentine  of  equal  thickness  is  about  one  quarter 
of  a  degree. 

Rotatory  Dispersion.  —  The  phenomenon  of  rotatory  disper- 
sion was  investigated  by  Biot,  who  found  that  the  rotation  was 

nearly,  though  not  exactly,  proportional  to  the  inverse  square  of 
the  wave-length.  Still  more  accurate  measurements  were  made 
by  Brock,  who  obtained  the  following  values  for  a  plate  1  mm. 
thick,  for  wave-lengths  corresponding  to  those  of  the  principal 
Fraunhofer  lines : 

B  C  D  E  F  G 

P,       17^30'    17^*24'    21^67'   27^46'    32^50'    42**20' 
M^    7238       7249       7611       7596       7622       7841 

The  values  of  p>^  are  seen  to  increase  with  decreasing  wave- 
length, which  shows  that  Biot's  law  is  only  approximately  followed. 

Brock's  experiment,  which  is  well  worth  repeating,  consisted  in 
passing  sunlight  through  two  Nicols,  between  which  a  quartz  plate 
was  mounted,  and  then  analyzing  the  light  with  a  spectroscope. 
On  turning  the  analyzing  Nicol,  a  dark  band  entered  the  spectrum 
from  the  red  end,  and  passed  slowly  down  towards  the  violet  as 
the  Nicol  was  rotated.  By  setting  the  centre  of  the  band  on  a 
Fraunhofer  line  and  reading  the  position  of  the  Nicol,  the  rotation 
for  the  wave-length  of  the  Une  was  determined. 

Stefan  calculated  from  Brock's  measurements  the  following  em- 

pirical formula  ̂ =g— 1.581 -H   '         ,  of  which   the  first  member 
A  lU 

represents  the  departure  from  Biot's  law.  If  the  law  held  rigorously 
it  would  be  equal  to  zero.  Cauchy's  formula  for  ordinary  disper- sion is 

in  which,  however,  A  is  always  positive. 
The  rotatory  power  of  quartz  must  be  kept  in  mind  in  all  ex- 

periments with  polarized  ultra-violet  light.  If  quartz  plates  or 
lenses  are  used,  the  planes  of  polarization  of  the  different  Unes  in 
the  spectrum  will  be  in  every  conceivable  direction  owing  to  the 
enormous  rotatory  dispersion.  The  difficulty  can  be  overcome  by 
employing  equal  optical  paths  of  right  and  left-handed  quartz. 
Lenses  can  be  made  which  do  not  rotate  the  plane,  by  combining 
two  plano-convex  lenses,  one  of  right,  the  other  of  left-handed 
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auartz.  Optical  apparatus  is  frequently  designed  without  paying 
ue  reference  to  this  phenomenon.  The  following  table  will  be 

found  extremely  useful  in  all  polarization  work  involving  the  use 
of  quartz  plates  or  lenses : 

Rotation  of  tbb  Plane  op  Polarization  bt  a  Qttarte  Flats  1  mh. 
Thick.     For  FRAnNHOPBB  and  Caduidu  Lines. 

» ' » ■ « ■ 
A  7600 12°.668 h 47".481 P 74°.571 

a 14  .304 H SIKW 51  .193 Q 78.579 
B  6870 15  .746 K 3934 52  .155 Cd  12.  3252 80.459 
C  6563 17  .318 L 55  .625 B 84  .972 
0,5890 21  .684 M 58.894 Cd  17.  2748 121  .052 
a  5896 21  .727 Cd    9 3612 63  .628 Cd  18.  2.572 143  .286 
E  5270 27  .,543 N 64.459 Cd  23.  2314 190.426 
F  4861.5 32  .773 CdIO 3466 69.454 Cd  24.  2266 201  .824 
0  4340.6 42  .604 0 70.587 Cd  25.  2195 

220.731 

Cdll 3403 
72  .448 Cd  26.  2147 235.973 

If  we  employ  a  plate  a  centimeter  or  more  in  thickness  the 
spectrum  will  be  found  to  be  crossed  with  a  number  of  dark  bands 
which  are  very  nearly  equidistant,  and  wiiich  move  down  the 
spectrum  as  the  Nicol  is  turned.  The  angular  rotation  for  wave- 

lengths corresponding  to 
two  adjoining  bands  differs 

of  course  by  180°. We  can  represent  by  a 
geometrical  construction  the 
portion  in  the  spectrum  of 
the  maxima  and  minima  for 

any  position  of  the  analyz- 
ing Nicol.  Describe  around 

a  point  {Fig.  304),  which  we 
may  consider  as  the  source 
of  light  seen  throu^  the 
Nicols,  a  series  of  concentric 
circles  with  radii  propor- 

tional to  the  wave-lengths 
of  the  principal  Fraunhofer 
lines,  the  system  represent- 

""■  ""■  ing    a    circular   spectnun, 
such  as  would  be  seen  by 

viewing  the  source  of  light  through  a  diffraction  grating  revolving 
rapidly  in  its  own  plane.  We  will  now  represent  the  case  of  a  quartz 
plate  3.75  mm.  thick,  for  which  the  rotations  for  the  specified 
wave-lengths  are  as  follows,  if  *  is  the  rotation  for  a  1  mm.  plate : 

B  C  D  E  F  a  H 

3.75*,     58=1'    64°5'    81''7'     104=1'     123'"  9'     159°  6'     lOl'S' 
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Let  the  diameter  0**-180**  represent  the  direction  of  the  vibration 
of  the  light  after  it  has  passed  the  first  Nicol.  The  quartz  plate  will 

rotate  the  red  (B)  through  an  angle  of  58®  1';  consequently  we 
mark  two  points  on  the  B  circle  at  58°  and  238°,  this  diameter  rep- 

resenting the  position  of  the  vibration  plane  of  the  analyzing  Nicol 
when  the  red  is  most  copiously  transmitted.  Doing  the  same  for 
the  other  colors  and  connecting  each  set  of  points  by  a  Une,  we 
obtain  two  spirals,  which  represent  graphically  the  rotations  of 
the  different  colors.  The  loci  of  planes  perpendicular  to  these 

planes  are  given  by  joining  points  90°  away  from  the  first  point. 
We  obtain  in  this  way  two  other  spirals  (dotted  in  diagram)  rotated 

through  an  angle  of  90°  with  respect  to  the  first.  For  thinner  plates 
the  spirals  will  have  less  curvature  and  be  shorter,  while  for  very 
thick  plates  they  will  have  one  or  more  complete  convolutions. 

These  maximum  and  minimum  spirals  can  be  shown  experi- 
mentally by  means  of  a  very  ingenious  device  due  to  Mach.  A 

brilliant  point  source  of  light,  a  Nicol  and  the  quartz  plate,  are  set 
up  in  line,  followed  by  a  Nicol,  and  a  nearly  direct  vision  prism  or 
transmission  grating  moimted 
in  a  tube  which  can  be  set  in  Mca  (li4m  r-..---.-i^Ar., 

rapid  rotation  by  means  of  a     jNjjt       Ax./  |     |  *\^\  AAA  •' 
pulley   (Fig.   305).     The   re-        ̂   "AdfAnA^cAsr'  ' 
volving  prism  spreads  out  the  P,q  3Q5 
source  of  Ught  into  the  circular 
spectrum,  which  we  represented  in  our  geometrical  construction, 
from  which  the  colors  disappear  in  different  regions  as  the  Nicol 
rotates  with  the  prism.  The  circular  spectrum  is  seen  traversed 
by  a  pair  of  intensely  black  spirals,  the  direction  of  rotation  of 
which  depends  on  whether  we  use  a  plate  of  dextro  or  laevo- 
rotatory  quartz.  This  extremely  beautiful  experiment  can  be  pro- 

jected, though  the  colors  are  naturally  much  more  vivid  when 
viewed  subjectively. 

Fresners  Explanation  of  the  Rotation.  —  A  theory  was  formu- 
lated by  Fresnel  to  account  for  rotatory  polarization,  which  was 

based  upon  the  fact  that  a  ray  of  circularly  polar- 
A  ized  light  is  propagated  without  change  through  a 

quartz  crystal  in  a  direction  parallel  to  the  optic 
axis.  A  linear  vibration  can  be  regarded  as  the 
component  of  two  oppositely  polarized  circular 
vibrations,  and  Fresnel  made  the  assimiption  that 

jf'  the  plane-polarized  light,  upon  entering  the  crystal, was   decomposed    into    two  oppositely  polarized 
circular  vibrations,  which  were  propagated  with 
imequal  velocities.     This  inequality  in  the  velocity 

^fi*    of  propagation  will  produce  a  rotation  of  the  re- 
\s^^    y       sultant,  which  will  amount  to  90°  after  a  thickness ^*-"''  has  been  traversed  such  that  one  circular  dis- 

r  10. 306.         turbance  is  half  a  wave-length  ahe  d  of  the  other. 
Let  two  points    moving    in   opposite    directions 

around  a  circle  represent  the  two  circular  vibrations.     The  re- 
sultant linear  vibration  will  be  represented  by  the  line  joining  the 
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two  points  at  which  the  moving  points  pass  each  other.  Let  x  and 
y  be  the  disturbances  which  in  the  upper  diagram  have  the  result- 

ant AB  (Fig.  306).  In  the  lower  diagram  the  disturbance  y  is  half 

a  period  ahead  of  x,  and  the  resultant  is  A'B\ 
The  existence  of  these  two  circular  components  was  shown  experi- 

mentally by  Fresnel,  who  reasoned  that  if  there  existed  in  reality 
two  circularly  polarized  disturbances  which  travelled  with  different 
velocities,  they  should  be  refracted  by  different  amoimts  on  emerg- 

ing into  the  air  through  an  oblique  surface ;  in  other  words,  quarts 
ought  to  show  feeble  double  refraction  in  a  direction  parallel  to  tiie 
optic  axis,  and  the  two  images  produced  thereby  should  be  circularly 
polarized.  Fresnel  first  tried  a  single  siuf ace,  but  the  effect  was 
too  slight  to  be  noticed.  By  the  ingenious  device  of  building  up  a 
compound  prism  composed  of  alternate  prisms  of  right  and  left- 

handed  quartz  the  effect  was 
found  (Fig.  307).  This  method 
permitted  the  use  of  very  oblique 
refracting  surfaces,  since  only  the 
small  differences  in  the  velocities 
came  into  play,  while  in  the  case 

of  a  single  prism  we  have  the  refractive  index  with  respect  to  air 
to  consider,  and  if  the  prism  be  too  large,  light  cannot  be  made  to 

traverse  it,  owing  to  total  reflection.  By  Fresnel's  device  the 
separation  is  increased  at  each  siuf  ace,  as  wUl  be  seen  from  the  fol- 

lowing consideration.  The  difference  between  right  and  left-handed 
quartz  Ues  in  the  fact  that  the  right-handed  circular  component  is  the 
faster  in  the  former,  the  slower  in  the  latter,  that  is,  the  R  prisms 
in  Fig.  307  act  as  the  rarer,  the  L  prisms  as  the  denser  media  .with 
respect  to  this  component.  The  reverse  holds  true  for  the  left- 
handed  component,  the  R  prisms  being  the  denser  in  this  case. 
The  former  component  is  therefore  bent  down  and  the  latter  up, 
the  angular  separation  increasing  at  each  surface.  If  the  two 
images  of  the  source  seen  through  the  compound  prism  are  ex- 

amined with  a  Nicol,  they  are  seen  to  remain  unaltered  when  tiie 
Nicol  is  rotated.  This  means  that  the  compound  crystal  prism 
has  either  depK)larized  the  light  completely  or  transformed  it  into 
circularly  polarized  light. 

The  introduction  of  a  quarter-wave  plate  of  mica  causes  the 
images  to  disappear  in  succession  as  the  Nicol  is  rotated,  which 
proves  the  two  images  to  be  circularly  polarized,  and  in  opposite 
directions,  the  mica  plate  transforming  them  into  plane-polarized 
images,  the  planes  of  polarization  being  at  right  angles. 

Cornu  has  recently  shown  that  with  a  single  60°  prism  of  quartz 
the  separation  of  the  rays  can  be  shown,  the  angle  amounting  to  27" 
for  sodium  light.  This  means  that  even  a  quartz  prism 
so  cut  that  the  rays  travel  along  the  optic  axis  yields 
double  imager  To  remedy  this  defect  Cornu  devised  a 
prism  consisting  of  two  right-angled  prisms,  the  one  of 
right,  the  other  of  left-handed  quartz  (Fig.  308).  It  Fig.  308. 
is  apparent  that  the  optical  path  parallel  to  the  base  of 
the* prism  is  the  same  for  the  two  circular  components;    conse- 
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quently  the  double  refraction,  which  would  otherwise  cause  a 
doubling  of  the  spectrum  lines,  is  eliminated. 

Prisms  of  this  type  are  used  in  practically  all  of  the  quartz 
8p)ectrographs  constructed  at  the  present  time. 

Babinet's  Experiment.  —  The  difference  between  the  velocities 
of  right  and  left-handed  circularly  polarized  rays  in  quartz  was 
shown  in  a  different  way  by  Babinet,  who  made  use  of  the  fringe 
system  produced  by  a  pair  of  Fresnel  mirrors.  The  incident  light, 
which  was  monochromatic  and  plane-polarized,  passed,  before 
falling  on  the  mirror,  through  a  quartz  plate  which  was  covered 

with  two  7  plates  of  mica,  one  of  which  produced  right,  the  other 4 

left-handed  circular  polarization.  The  two  oppositely  polarized 
circular  disturbances  passed  through  the  same  quartz  plate  and 
fell,  the  one  upon  the  mirror,  the  other  upoa  its  neighbor.  Since, 
however,  a  path-difference  between  two  interfering  rays  which  are 
circularly  polarized  in  opposite  directions  does  not  affect  the  in- 

tensity of  the  illumination,  but  only  the  direction  of  the  resultant 
plane-polarized  vibration  into  which  they  unite,  no  maxima  and 
minima  fringes  are  produced ;  there  exists,  however,  a  fringe  system 
differentiated  not  by  intensity  but  by  the  position  of  the  plane  of 
polarization.     If  the  path-difference  is  zero  the  plane  coincides  with 

that  of  the  light  originally ;   if  there  is  a  path-difference  of  -  the 

plane  is  rotated  through  90°.  The  system  when  viewed  through  a 
Nicol  prism  becomes  visible,  owing  to  the  extinguishing  of  the  light 
in  those  regions  where  the  plane  of  vibration  is  crossed  with  the 

C*  le'of  vibration  of  the  analyzer.  If,  now,  the  beams  of  right- 
ded  and  left-handed  light  traverse  the  crystal  with  equal 

velocities,  the  fringes  should  occupy  the  same  position  as  in  the 
original  Fresnel  experiment.  If,  however,  one  travels  faster  than 
the  other  there  will  be  a  path-difference,  and  a  corresponding  shift 
of  the  fringes.  This  was  foimd  to  be  the  case,  for  when  the  plane 

of  the  incident  light  was  rotated  through  90°,  the  two  quarter-wave 
plates  exchanged  properties,  and  the  fringes  shifted  in  position. 
In  this  experiment  we  have  the  equivalent  of  two  circularly 
vibrating  sources,  of  the  same  period,  but  with  opposite  directions 

of  rotation.  Changing  the  plane  of  the  incident  light  by  90°  is 
equivalent  to  reversing  the  revolutions  of  the  sources. 

Unequal  Absorption  of  the  Circular  Components.  —  Hie  ex- 
istence of  the  two  circular  components  was  shown  in  another  way 

by  Dove,*  who  found  that  in  colored  crystals  of  quartz  (amethyst) 
the  two  disturbances  were  absorbed  in  different  amounts.  A 
similar  phenomenon  has  been  more  recently  observed  by  Cotton, 
who  found  that  the  strongly  colored  solutions  of  certain  tartrates 
absorb  right  and  left-handed  circular  vibrations  in  unequal  amounts. 
These  cases  will  be  referred  to  again  when  we  consider  the  theory 
of  rotatory  polarization. 

Other  Rotatory   Crystals.  —  Descloizeaux  found  that  crystals 

>  PoQQ.  Ann.^  ex.  ' 
2i 
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of  cinnabar  have  a  rotatory  power  similar  to  quartz,  but  fifteen 
times  stronger,  some  crystals  being  right-handed,  others  left. 
Sulphate  of  strychnia  and  sulphate  of  aethylendiamin  have  the  same 
property. 

The  curious  discovery  was  made  by  Marbach  that  crystals  of 
sodium  chlorate  show  the  phenomenon  of  rotatory  polarization  in 
all  directions,  sections  1  mm.  thick  turning  the  plane  (yellow 
light)  3.7  degrees,  no  matter  how  they  are  cut  from  the  cr3rstal. 

Sulphate  of  strychnia  has  the  power  of  rotating  both  in  the 
crystalline  state  and  in  solution.  As  we  shall  see  presently,  many 
solutions  exhibit  the  phenomenon  of  rotatory  polarization,  but  in 
general  the  substances  crystallize  with  two  optic  axes,  the  double 
refraction  which  occurs  in  all  directions  masking  any  rotatory 
power  which  may  be  present.  If,  however,  the  substance  can  be 
obtained  as  an  amorphous  solid  the  rotatory  power  is  preserved. 
Quartz  in  an  amorphous  condition  (fused,  for  example)  does  not 
have  the  rotatory  power,  neither  have  solutions  of  quartz  in  potash. 
This  makes  it  quite  certain  that  in  the  case  of  quartz  and  other 
active  crystals,  the  optical  activity  depends  on  the  arrangement 
of  the  molecules  in  the  crystal,  while  in  the  case  of  substances  which 
are  active  in  the  dissolved  state  the  property  depends  on  the  ar- 

rangement of  the  atoms  making  up  the  molecule. 
Rotatory  Polarization  in  Convergent  Light.  —  The  behavior  of 

quartz  plates  cut  perpendicular  to  the  optic  axis  was  investigated 
both  theoretically  and  experimentally  by  Airy  in  1831.^  Inasmuch 
as  only  circularly  polarized  rays  are  propagated  without  chimge 
parallel  to  the  axis,  and  plane-polarized  rays  perpendicular  to  tie 
axis.  Airy  made  the  hjrpothesis  that  in  any  other  direction  the  only 
form  of  vibration  capable  of  being  propagated  without  change  was 
an  elliptical  one,  assuming  that  a  plane-polarized  ray  incident  in  a 

direction  inclined  to  the  axis  was  decomposed  into 
two  oppositely  polarized  elliptical  vibrations  which 
traveUed  through  the  crystal  with  different  veloc- 

ities. Airy  further  assumed  that  the  ellipses 
were  similar,  and  that  the  path-difference  between 
the  two  elliptically  polarized  rays  was  the  same 
as  in  ordinary  non-rotatory  uniaxal  crystals,  in- 

creased by  an  amount  which  was  independent 
FiQ.  309.  of  direction,  and  inversely  proportional  to  the 

square  of  the  wave-length.  This  means  that  in 
active  crystals  the  two  wave-surfaces  are  completely  separated, 
the  very  small  distance  between  them  and  the  points  where  they 
intersect  the  optic  axis  being  the  increment  referred  to  above. 
The  wave-surfaces  are  shown  in  Fig.  309. 

Rotatory  Polarization  of  Liquids.  —  The  rotation  of  the  plane 
of  polarization  by  liquids  was  accidentally  discovered  by  Biot  in 
1815,  while  experimenting  upon  the  effect  of  the  surrounding 
medium  upon  the  colors  of  thin  crystalline  plates.  The  changes 
which  he  observed  in  the  colors  of  plates  immersed  in  oil  of  tur- 

»  Camb.  Trans.,  iv.,  part  i.,  pages  79-198. 
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pentine  led  him  to  try  the  effect  of  the  oil  alone  on  polarized  light. 
He  found  that  the  turpentine  behaved  in  a  manner  similar  to  a 
quartz  plate  cut  perpendicular  to  the  axis,  turning  the  polariza- 

tion plane  to  the  left  by  an  amount  proportional  to  the  thickness 
of  the  fluid  traversed,  and  approximately  inversely  proportional 
to  the  square  of  the  wave-length. 

On  examining  other  substances  for  this  property  he  found  that  a 
large  number  of  fluid  organic  compounds  behaved  in  a  similar  way, 
some  turning  the  plane  to  the  left,  others  to  the  right.  The  rota- 

tory power  was,  however,  very  much  less  than  that  of  quartz, 
a  column  of  turpentine  100  mm.  long  turning  the  plane  of  sodium 

light  37°.  An  equal  length  of  a  solution  of  santonid  or  parasan- 
tonid  in  a  mixture  of  chloroform  and  bisulphide  of  carbon,  which 
is  the  most  active  liquid  substance  known,  gives  a  rotation  of 

446°,  while  a  quartz  plate  of  equal  thickness  would  turn  the 
plane  2167°,  or  six  complete  revolutions. Biot  found  further  that  a  mixture  of  an  active  substance  with  an 

inactive  one,  chemically  inert  towards  it,  had  a  rotatory  power  pro- 
portional to  the  amount  of  active  substance  present ;  in  other  words^ 

the  rotation  was  simply  proportional  to  the  number  of  active 
molecules  in  the  path  of  the  Ught,  and  wholly  independent  of  the 
proximity  of  similar  or  different  molecules. 

The  neutral  effect  of  dilution  with  an  inactive  substance  made 
the  investigation  of  solid  substances  possible  by  bringing  them  into 
solution  in  some  optically  inactive  liquid. 

In  this  way  the  number  of  active  organic  substances  was 
enormously  increased,  many  sugars,  gums,  albumens,  alkaloids, 
fruit  acids,  etc.,  being  added  to  the  list.  We  shall  see  presently, 
however,  that  in  some  cases  the  solvent,  even  if  optically  inactive, 
is  not  without  influence  on  the  rotatory  power. 

Rotatory  Power  and  Change  of  State.  —  Biot  found  that  sub- 
stances were  which  active  in  solution  preserved  their  property  in 

the  soUd  state,  provided  they  were  prevented  from  crystaUizing. 
Sugar  and  tartaric  acid  can  be  obtained  as  amorphous  soUds,  and 
are  optically  active  in  this  state.  If  the  substance  crystaUizes,  the 
double  refraction  completely  masks  the  rotatory  polarization. 

Bringing  the  substance  into  the  vaporous  state  does  not  affect 
its  activity,  as  Biot  ascertained  in  1818  by  means  of  a  tube  15 
meters  long  filled  with  the  vapor  of  turpentine.  His  apparatus 
took  fire  before  the  completion  of  the  experiment  and  was  destroyed, 
and  it  remained  for  Gemey  to  make  careful  measurements  of  the 
rotatory  powers  of  vapors.  He  found  that  the  specific  activity 
was  the  same  in  the  vaporous  state  as  in  the  liquid,  i.e.  a  long  column 
of  vapor  has  the  same  rotatory  power  as  the  short  column  of  Uquid 
into  which  it  condenses  (the  cross  sections  being,  of  course,  equal). 

Rotatory  Dispersion  of  Liquids.  —  The  rotatory  dispersion 
of  liquids  was  found  by  Biot  to  be  similar  to  that  of  quartz. 
That  the  increase  in  rotation  is  not  strictly  proportional  to  the 
inverse  square  of  the  wave-length  he  showed  by  filling  a  tube  with 
a  mixture  of  dextro-rotatory  and  laevo-rotatory  liquids  in  such 
proportion  that  perfect  compensation  was  secured  for  a  single 
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color.  If  the  law  of  the  inverse  squares  of  A  was  strictly  fol- 
lowed, the  compensation  would  be  perfect  for  all  wave-lengths, 

which  was  found  not  to  be  the  case,  the  light  appearing  colored 
through  the  analyzer.  The  departure  from  the  law  is  different 
for  different  liquids,  being  very  small  for  the  oils  and  very  large  in 
the  case  of  a  solution  of  camphor  in  alcohol. 

Molecular  Rotation  and  the  Influence  of  the  Solvent  on  the 

Rotatory  Power.  —  The  fact  that  the  rotation  produced  by  a  given 
substance  appeared  to  be  proportional  to  the  number  of  molecules 
in  the  path  of  the  Ught,  gave  rise  to  the  opinion  that  the  rotatory 
power  was  inherent  in  the  molecule,  and  led  to  the  term  molecular 
rotatory  power.  This  we  may  define  as  the  amount  of  rotation 
produced  by  a  column  of  the  solution  1  dm.  in  length  containing 
1  gram  of  the  substance  per  cubic  centimeter.  If  we  dissolve  p 
grams  of  the  substance  in  q  grams  of  the  solvent,  the  density  being 

8,  then  -^—^  is  the  amount  of  the  substance  contained  in  unit 
p+q 

volume  of  the  solution,  and  if  we  fill  with  this  solution  a  tube  of 
length  I  and  observe  a  rotation  for  some  particular  wave-length, 
we  have 

P+Q 

in  which  [p]  is  a  constant  for  the  substance,  and  is  defined  as  the 
molecular  rotatory  power.  This  constant  may  also  be  defined 
as  the  rotation  produced  by  a  thickness  of  1  dm.  of  the  pure  sub- 

stance divided  by  the  density  of  the  substance.  Biot  found  that 
the  rotation  was  not  strictly  proportional  to  the  amount  of  dis- 

solved substance,  and  that  it  varied,  moreover,  with  the  nature  of 
the  solvent.  If  the  change  in  the  rotatory  power  with  changing 
concentration  is  continuous,  a  formula  may  be  deduced  by  which 
we  may  determine  the  molecular  rotatory  power  of  the  pure  sub- 

stance from  observations  of  solutions. 
This  matter  was  very  carefully  investigated  by  Landolt,  who 

worked  with  fluid  substances,  so  that  the  activity  of  the  pure  sub- 
stance could  be  directly  determined,  and  then  compared  these 

values  with  the  values  calculated  from  observations  made  with  the 
substance  dissolved  in  various  inactive  solvents. 

He  found  that  the  molecular  rotatory  power  could  be  expressed 
as  a  function  of  the  quantity  of  active  substance  contained  in 
solution.  If  q  represents  the  weight  of  the  solvent  in  100  parts 
by  weight  of  the  solution,  an  equation  of  the  following  form  could  be 
applied : 

(p)=A+Bq+cq'. 
The  constants  could  be  determined  by  making  observations  with 

solutions  of  various  concentration,  the  constant  A  being  the  molec- 
ular rotation  of  the  pure  substance  (g=0). 

In  this  way  both  the  effects  of  the  nature  of  the  solvent  and  the 
degree  of  concentration  are  eliminated. 

For  example,  the  value  obtained  with  sodium  light  for  pure  oil  of 
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turpentine  was  37^.01,  the  equations  obtained  with  alcohol,  benzol, 
and  acetic  acid  as  solvents  being 

1.  Alcohol. 

Ip]o=36°.974+.004816g+.000133g*. 
2.  Benzol. 

Ip]o=36^970+.02153  g+.00006673  g». 
3.  Acetic  Acid. 

Ip]o=36^894+.02455g+.0001369  g*. 

In  some  cases  concentrated  solutions  are  dextro-rotatory ;  dilute, 
laevo-rotatory.  Such  is  the  case  with  maUc  acid,  which  is  repre- 

sented by  the  equation 

[p]o=5^891-.08959g, 

right-handed  rotation  being  regarded  as  positive. 

For  g=  AQQA^^-'^  ̂ ®  hskve  an  optically  inactive  solution. 

Anomalous  Rotatory  Dispersion.  —  In  the  case  of  solutions  of 
tartaric  acid  in  water,  the  dispersion  at  first  increases  with  decreas- 

ing wave-length,  reaches  a  maximum,  and  then  decreases.  Measure- 
ments made  by  Amdtsen  ^  for  50  parts  of  crystallized  acid  in  50 

parts  of  water  gave  the  following  values :    * 
C         D  E  b  F  e 

11*^        13**        14°        13^7        13^3        10^3 

The  formula  for  this  substance  is  [p]  ~  A+Be,  in  which  e  is  the 
percentage  of  water,  the  value  for  A  and  B  for  the  various  colors 
being 

C  D  E  b  F  e 

il=+2^748      1^95      °0.153       -.832°       -3°.598      -9°.657 
fi=+9°.446     13°.03     17°.514     19M47  23°.977       31°.437 

From  this  it  is  apparent  that  the  pure  substance  in  an  amorphous 
state  is  dextro-rotatory  for  all  wave-lengths  on  the  red  side  of  a  point 
in  the  spectrum  a  Uttle  below  the  E  line,  and  laevo-rotatory  for 
wave-lengths  below  this  point,  a  circumstance  which  had  already 
been  noticed  by  Biot  in  the  case  of  amorphous  plates  of  the  acid, 
made  by  fusing  the  crystals  and  pouring  the  liquid  on  a  glass 
plate. 

In  the  case  of  active  substances  which  show  strong  selective  ab- 
sorption, we  may  have  true  anomalous  rotatory  dispersion  when  we 

cross  the  absorption  band.  Such  cases  are  not  to  be  confused  with 
the  one  just  mentioned,  which  in  all  probability  owes  its  peculiarity, 
as  we  shall  see  when  we  take  up  the  theory  of  the  rotation,  to  the 

1  Pogg,  Ann.t  Bd.  ov. 
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presence  of  both  a  dextro-  and  laevo-rotatory  system  within  the 
molecule.  We  have  a  somewhat  remote  analogy  in  the  achromatic 
prism.  Considered  as  a  single  dispersing  system  it  may  be  said  to 
show  anomalous  dispersion,  the  outstanding  colors  due  to  imperfect 
compensation  being  arranged  in  anomalous  order,  as  we  have  seen. 

Double  Refraction  of  Active  Liquids.  —  The  division  of  the 
plane-polarized  ray  into  two  oppositely  polarized  circular  disturb- 

ances was  shown  experimentally  by  F.  v.  Fleischl  *  by  a  method 
identical  with  the  one  employed  by  Fresnel  in  the  case  of  quartz. 

A  long  narrow  trough  was  divided  into  22  pris- 
.  ,  matic  compartments  by  means  of  obUque  par- 

[^^/\/\/\/\/\|  titions     of     plane-parallel     glass    (Fig.    310). 
■^  *   These    compartments    were    filled    alternately 

Fio.  310.  with  dextro-  and  laevo-rotatory  liquids  of  the 
same  refractive  index,  the  best  results  having 

been  obtained  with  oil  of  orange  and  a  inixture  of  the  oils  of  tur- 
pentine and  ricinus.  A  small  source  of  polarized-sodium  Ught 

appeared  doubled  when  viewed  through  the  compound-fluid  prism, 
and  examination  with  a  quarter-wave  plate  and  Nicol  prism  showed 
the  two  images  to  be  circulariy  polarized  in  opposite  directions. 

Theory  of  Rotatory  Polarization.  — The  first  attempt  to  bring  the 
phenomenon  of  rotatory  polarization  within  the  range  of  math- 

ematical analysis  was  made  by  M'Cullagh  in  1836.  Making 
no  assumptions  regarding  the  ultimate  ph3rsical  structure  of  media 
which  had  the  power  of  rotating  the  plane  of  polarization,  he  in- 

vestigated the  changes  which  were  required  in  the  equations  of 
wave-motion  in  doubly  refracting  sub^ances,  to  make  them  in- 

clude the  phenomenon  of  rotation.  His  treatment  would  be  out  of 
place  here,  as  it  is  purely  mathematical,  and  is  of  no  assistance  in 
forming  an  idea  of  the  possible  cause  of  the  rotation.  He  found, 
in  brief,  that  if  the  introduction  of  a  third  derivative  into  the  equa- 

tions of  wave-motion  was  made,  the  equations  broke  up  into  ex- 
pressions representing  circular  vibrations  which  were  propagated 

with  different  velocities. 

The  equations  of  wave-motion  in  doubly  refracting  media  are 

dp        dz^'    dp        dz^ 

for  polarized   vibrations  propagated  along  the  optic  axis,  which 
coincides  with  the  z  axis  of  coordinates. 

M'Cullagh  modified  these  equations  as  follows : 

dp        dz"       d^'    dp        dz^       dz^' 

the  introduction  of  the  third  derivations  being  purely  arbitrary. 
Solving  these  equations,  he  found  that  they  represented  right  and 

left-handed  circular  vibrations,  the  former  being  propagated  faster 
or  slower  according  as  the  constant  c  was  taken  positive  or  negative. 

«  Ber.  Wien.  Akad.,  1884. 
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The  resultant  plane-polarized  vibration  was  rotated  by  an  amount 

2ir2cy» 

P  = 

&*A2 
in  which  A  and  V  represent  wave-length  and  velocity  of  propaga- 

tion in  the  crystal.  If  we  disregard  dispersion,  i.e.  consider  V  in- 
dependent of  A,  the  expression  shows  that  the  rotation  varies  as 

the  inverse  square  of  the  wave-length,  as  Biot  originally  believed 
it  to  be.  M'Cullagh  introduced  the  same  arbitrary  modifications 
into  the  expressions  representing  rays  propagated  in  other  directions 
than  that  of  the  optic  axis,  and  showed  that  they  represented 
elliptical  vibrations,  as  had  been  imagined  by  Airy  in  his  treatment 
of  the  subject.  His  treatment  of  the  whole  subject  is  given  in 

Verdet's  Optics,  together  with  a  theoretical  investigation  of  the 
rotatory  power  of  liquids,  based  upon  the  somewhat  fanciful  sup- 

position that  they  are  made  up  of,  or  contain  molecules,  which, 
separately  considered,  act  like  crystal  films,  breaking  a  linear 
vibration  up  into  two  elliptical  vibrations. 

Physical  Explanation  of  the  Rotation.  —  In  the  case  of  rotation 
by  crystals  we  can  refer  the  phenomenon  to  the  crystalline  structure. 
Ewell  ̂   has  shown  that  twisted  gelatine  cylinders  show  rotatory 
polarization.  If  we  imagine  a  bar  of  elliptical  cross-section  which 
has  been  twisted  torsionally,  we  have  a  rough  analogy,  which  may 
help  us  to  imderstand  how  a  spiral  arrangement  of  the  axes  of  maxi- 

mum and  minimum  elasticity  may  accoimt  for  the  rotation  of  a 
plane-polarized  vibration. 

In  the  case  of  liquids  and  solutions,  however,  we  must  necessarily 
refer  the  rotatory  power  to  the  structure  of  the  molecule.  All  rota- 

tory liquids  contain  carbon,  and  their  power  has  been  ascribed  by 

Le  Bel  and  Van't  Hoff  to  the  quadrivalence  of  this  element. 
If  the  four  atoms  or  radicals,  which  are  in  combination  with  the 

carbon  atom,  form  the  comers  of  a  regular  tetrahedron,  we  can 
arrange  them  in  two  different  ways,  such  that  one  is  the  looking- 
glass  image  of  the  other,  and  yet  no  amount  of  turning  enables  them 
to  be  brought  into  coincidence.  One  of  these  we  may  consider 
dextro-,  the  other  laevo-rotatory.  Right  and  left-handed  spirals 
have  similar  geometrical  properties. 

The  earliest  attempts  to  explain  rotatory  polarization  were  based 
upon  an  experiment  made  by  Reusch,  who  found  that,  if  thin  mica 
plates  were  superposed,  each  plate  having  its  principal  section 
turned  through  a  definite  angle  either  to  the  right  or  left,  with  ref- 

erence to  the  principal  section  of  the  plate  below,  the  combination 
imitated  the  behavior  of  a  quartz  plate  cut  perpendicular  to  the  axis, 
rotating  plane-polarized  light  to  the  right  or  left  according  as  the 
pile  of  plates  were  built  up  clockwise  or  counter-clockwise.  The 
thinner  the  plates  and  the  greater  their  number,  the  more  nearly 
the  pile  imitated  a  rotatory  crystal.  It  was  quite  natural,  in  view 
of  this  very  suggestive  experiment,  to  ascribe  a  somewhat  similar 
structure  to  quartz,  but  the  efforts  to  explain  the  rotation  of  liquids 

*  American  Journal  of  Science,  8,  89,  1899. 
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on  the  assumption  of  molecules  having  a  laminated  structure  was 
pushing  the  analogy  too  far.  The  modern  ionic  theory  is  capable 
of  explaining  both  the  natural  rotation  of  liquids  and  solids,  and 
the  magnetic  rotation  discovered  by  Faraday. 
We  will  begin  with  the  case  of  rotatory  liquids,  following  the 

admirable  treatment  given  byDrude. 
We  assume  that  the  electrons,  which  are  set  in  vibration  by  the 

light-waves,  are  forced  to  move  back  and  forth  over  a  spiral  path 
instead  of  along  straight  Unes.  The  force  of  restitution  is  supposed 
to  act  along  the  axis  of  the  spiral,  and  to  vary  with  the  displacement, 
precisely  as  we  assumed  in  the  case  of  the  electrons  which  caused 
dispersion.     It  is  clear  that  the  electron  will  be  urged  along  its  spiral 

path,  the  axis  of  the  spiral  being  parallel  to  x, 
not  only  by  the  force  X,  but  also  by  the 
forces  Y  and  Z.  If  the  spiral  is  oriented  as  in 
Fig.  311,  a  positive  electric  force  X  will  dis- 

place the  electron  to  the  right,  regardless  of 
its  position.  The  y  component  will  aid  or 
oppose  the  x  component  according  as  the 

Fio.  311.  electron  is  on  the  lower  or  upper  side  of  the 
spiral.  If  it  is  at  fi,  a  positive  Y  will  carry 

it  to  the  right,  if  at  A  to  the  left.  If  Y  has  the  same  value  at  botL 
points,  there  will  be  compensation,  but  if  Y  varies  with  z,  there 
will  be  an  outstanding  effect  for  each  revolution  which  the  electron 

makes,  which  will  be  represented  by  — r— ,  if  Y  increases  with  z, 

oz 

In  the  same  way  the  z  component,  which  aids  X  when  the  electron 
is  at  D  and  opposes  X  when  it  is  at  C,  exerts  an  outstanding  effect 

represented  by  -r-.     The  necessary  modification  which  we  must 

make  in  our  previous  conception  of  the  electron's  motion  is  there- 
fore that  it  moves  not  only  as  the  result  of  the  force  X  at  the  point 

which  it  occupies,  but  also  as  the  result  of  the  values  which  the  y 
and  z  components  have  in  its  immediate  vicinity.  With  this  modi- 

fication our  equation  for  the  motion  of  the  electron  becomes 

MM%-t)]- 
m^=eU+/f^-^^|-ij^i-re*| 

For  the  condition  shown  in  Fig.  311,  /'  is  of  course  negative,  and 
its  value  depends  on  the  diameter  of  the  spiral  path  and  its  pitch. 
If  the  pitch  is  small,  the  electron  is  obliged  to  make  a  larger  number 
of  revolutions  in  travelling  a  given  distance  along  the  x  axis,  and  the 
resultant  effect  of  the  y  and  z  components  of  the  electric  force  is 
greater  than  when  the  pitch  is  large.  If  the  pitch  is  infinite,  the 

spiral  degenerates  into  a  straight  line  and/'  =  0. The  electric  convection  current  due  to  the  motion  of  the  electrons 
along  the  x  axis  we  will  designate,  as  before,  by 
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<-•
 

For  periodic  changes  we  have  $=Ae  ̂ ,  from  which  we  get,  as 
before, 

e,f  =  ̂X'   ii— -  ,  in  which  X'^X+fi^  - 1^\ 

r  T* 

This  gives  us     0-,)  =  -«/t-^i(x+/r^-|^l 

For  periodicities  not  too  near  the  free  period  of  the  electron 

we  n^ect  the  friction  term  -.     Adding   to   (j«)i  the  quantity T 

1    SIT 

(i«)o=i — rr,  which  represents  the  displacement  current  in  the 
ether,  we  get  for  the  total  current 

which,  if  we  consider  that  we  have  electrons  of  different  free  periods, 
and  write,  for  abbreviation, 

The  fundamental  Maxwell  equations  now  take  the  form, 

cdt\     ̂ ^\_dz      dyjJ     dy      dz' 
i^,Y+ff^-^l\  =  ̂ -^  I     ....     (2) 
cdtV^^^ldx       dzj)    dz      dx'l 

cdtV^^ldy      dx\j     dx     dy  . 
which,  if  we  differentiate  successively  with  respect  to  x,  y,  and  z  and 
add,  give 

dt\dx    dy    dzJ     • 
The  magnetic  equations  remain  unchanged: 

19a^dY_dZ     l§i^9Z_dX     l^t  ̂ dX_dY  /gx 

cdt'^  dz       dy'    cdt      dx       dz'    C  dy      dx' 
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By  elimination  of  a,  fi,  y  from  the  fundamental  equations  (2)  and 
(3)  we  get 

(10) (4) 

If  we  are  dealing  with  plane-waves  propagated  along  the  z  axis 
we  can  write 

(11) X=Me-r"-''\    Y=Nei"-^\  Z=0. 

in  which  p  represents  the  reciprocal  of  the  wave-velocity. 
Differentiating  and  multiplying  by  c  gives  us 

c—  =   -e^        ,  a  siimlar  expression  for  -^^  and  c  -^^-^=0, 

OZ  T 

dp df^ 

^A^r\     ̂ '  (^y\  =  Npi   '-(t-P') 

Substituting  in  the  first  of  equations  (4), 

Now 

e 

dy 

dz 

i  (t-pz) 

or 
T 
m 

Multiplying  the  first   equation  by  Nj  and  the  second  by  3/, 
and  subtracting,  gives  us 

-im  =  iM^  or  M^=-N^  or  M=iW,  M=  -iW. 

Substituting  these  values  in  €—p^c^=  —  -fp-z-  gives T      A^ 

^^p2^fjL^  c_p2c2=_/e^ 
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equations  which  show  us  that  we  have  two  different  values  of  p, 
i,e,  that  we  are  dealing  with  two  waves  of  different  velocities.  To 
find  these  velocities,  we  solve  the  two  quadratic  equations  by  com- 

pleting the  squares,  and  get  at  once 

The  nature  of  these  waves  we  find  from  the  equations  connecting 
N  and  Af,  the  amplitudes.  In  M=iN,  if  M  is  real,  N  must  be 
imaginary,  i,e,  if  the  wave  has  a  real  amplitude  along  the  x  axis,  it 
has  an  imaginary  amplitude  along  y.  The  physical  significance 
of  this  can  be  at  once  found,  if  we  remember  that,  as  before,  only 
the  real  part  of  equation  (11)  is  to  be  taken. 

Writing  now  equations  (11)  in  the  form 

X  =  M cos- {t—pz)+Mi sin    (t—pz), T  T 

Y=Ncos^(t-pz)-\-Nism-(t-pz), T  T 

M              M 
and  substituting  for  N  its  equivalents  —r  and   r ,  we  get,  if  we 

confine  ourselves  to  the  real  parts  only, 

X=Mcosi(^-p2),  F=Msin-(<-p2;)  (for  iN---M), 
T  T 

and      X^Mcos\(t-pz),  Y^ -M  sin- (t-pz)  (foriN^M), T  T 

which  represent  circularly  polarized  waves,  which  are  propagated 
with  the  velocities  given  by  the  expressions  which  we  have  already 

deduced  for  p'  and  p". 
The  amount  of  the  rotation  computed  from  the  above  equations  is 

T  2  2t2c2  X«    ' 

in  which  X  is  the  wave-length  of  the  light  (in  vacuum). 
This  expression  shows  us  in  the  first  place  that  the  amount  of 

'^^  ̂ f  'N 
rotation  is  proportional  to  /  which  we  have  written  for  2i,  —  , — T" 

The  sign  of  /  depends  on  whether  t  is  larger  or  smaller  than  t»,  conse- 
quently we  should  expect  the  rotation  to  have  its  largest  value  when 

T  is  very  nearly  equal  to  t»  and  to  change  its  sign  when  we  cross  the 
T 

region  of  the  spectrum  defined  by  t^^  =  — ^ ,  that  is  the  centre  of  the 

2'fr 

absorption  band  caused  by  the  electrons  in  question. 
This  is  in  perfect  agreement  with  the  experiments  of  Cotton,  who 
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found  anomalous  rotatory  dispersion  in  the  case  of  certain  strongly 
absorbing  active  substances. 

It  will  be  remembered  that  certain  cases  of  anomalous  rcM»tory 
dispersion  have  been  cited,  which  did  not  appear  to  be  due  to  the 
presence  of  an  absorption  band. 

We  are  now  in  a  position  to  explain  this  curious  phenomenon. 
Real  and  Spurious  Anomalous  Rotatory  Dispersion.  —  The  rota- 

tion of  the  plane   of  polariza- 
tion as  a  function  of  the  wave- 

length of  the  light  is  given  by  the 
formula 

vtsib/e/^ion 
j^Jk  ̂    ̂i.S^^%  _^_kk_ A»^ 

-&)' 

^x»=V 

the  summation  being  restricted 
to  the  electrons  which  produce 
optical  activity. 
Now  the  sign  of  fc»  depends  on 

whether  the  electron  for  which  it 
stands  isdextro  or  laevo-rotatory, 
consequently  if  we  have  an  infra- 

red dextro-rotatory  electron  and 
an  ultra-violet  laevo-rotatoryone, 
the  sign  of  the  rotation  for  all 
wave-lengths  comprised  between 
the  two  will  be  the  same,  since 
^^—K^  is  negative  if  X*>X  and 

positive  if  ̂ >K'  In  this  case  the  rotation  will  have  a  minimum 
value  somewhere  near  the  middle  of  the  visible  spectrum.  If  the 
sign  of  kk  is  the  same  for  both  electrons,  the  rotation  will  be  zero 
near  the  middle  of  the  visible  spectrum,  and  will  be  of  opposite 
sign  on  either  side  of  this  point,  increasing  as  the  absorption  bands 
are  approached.  This  is  the  condition  in  the  case  of  solid  tartaric 
acid,  as  we  have  seen.  The  rotatory  dispersion  curves  for  the  two 
cases  just  considered  are  shown  in  Fig.  312. 

Rotatory  Dispersion.  —  The  variation  of  the  rotation  with  the 
wave-length  is  given  by  the  formula 

Fio.  312. 

s=^ OJ.'N, 
A2A 

If  ( -*)'  is  small  in  comparison  to  1,  as  will  be  the  case  when  the 
period  of  the  electrons  is  small  in  comparison  to  that  of  the  waves 
(ultra-violet  electrons),  the  terms  summed  will  give  us  a  constant, 
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For  a  limited  range  of  the  spectrum  this  formula  often  represents 
the  dispersion  with  a  fair  degree  of  accuracy.  If,  however,  we  extend 
our  observations  over  a  wide  range  of  wave-lengths,  we  must  use  the 
complete  formula. 

If  we  apply  the  formula 
8=V h 

to  the  observations  which  have  been  made  with  quartz,  we  shall  find 
that  much  light  is  thrown  upon  the  nature  of  the  different  electrons 
which  give  rise  to  absorption  and  dispersion.  These  observations 
cover  a  range  extending  from  wave-length  2.14  /a  in  the  infra-red  to 
.219  ft  in  the  ultra-violet.  As  we  have  seen  in  the  Chapter  on  Dis- 

persion, we  have  three  absorption  bands  which  have  to  be  taken  into 
account,  two  in  the  infra-red  at  A4=8.5fi  and  A«=21fi,  and  one 
in  the  ultra-violet  at  \i  =  Afi,  There  are  in  addition  other  bands 
further  down  in  the  ultra-violet,  for  which  X^  is  small  in  comparison 
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A^-Ai*  '  A2-A,«  '  A»-A3«      A»* 

+ 
(Ultra-violet)    (Inf.-rod)        (Iiif.-i«d)      (Remote ult.-violet) 

If  now  we  calculate  the  constants  from  the  observations  of  the 
rotations  for  various  wave-lengths,  we  find  that  both  kt  and  kz  are 
equal  to  zero,  which  shows  us  that  the  infra-red  electrons  do  not 
contribute  to  the  rotatory  dispersion,  i.e.  they  are  inactive.  We 
can  therefore  write  the  formula 

""A»-Ai»'*"Ai' 

in  which  Jfei=12.2,  Jfe'=  -5.046. 
The  accuracy  with  which  this  formula  represents  the  rotatory 

dispersion  of  quartz  can  be  seen  from  the  following  talkie : 

A <  (OBS.) (  (calculated) 

2.14  m 1.60 1.57 
1.45 3.43 3.43 

Red       .67 16.54 16.56 
Green    .51 29.72 29.67 
Violet    .40 48.93 48.85 

.27 121.06 121.34 

.22 220.07 220.57 

Rotatory   Dispersion   of   Absorbing    Media.— In   the   case  of 
absorbing  media,  i.e.  media  which  have  absorption  bands  in  the 
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region  under  investigation,  we  cannot  neglect  the  friction  ooeflSci^it 
a»,  and  both  c  and  /  of  equations  (4)  become  complex : 

T  T^  T  T* 

In  the  Chapter  on  Absorption  (equation  (4))  we  have  seen  that 

if  c  is  complex,  then  p  in  the  equation  X  =  Mer  **  (eq.  (U), of  this  chapter),  must  be  complex  as  well,  which,  as  we  have  seen, 
means  absorption. 

Bearing  in  mind  that  p  is  the  reciprocal  of  the  velocity  in  the 

medium,  and  writing  as  before  p=  ,  it  becomes  at  once  evi- 

dent that,  since  we  have  two  different  values  for  p,  corresponding 
to  right  and  left-handed  circularly  polarized  rays,  we  must  also 
have  two  values  of  'c,  the  extinction  coefficient.  In  other  words, 
for  a  given  wave-length  of  circularly  polarized  light,  the  absorbing 
power  of  the  medium  will  depend  on  the  direction  of  revolution  of 
the  luminous  vibration. 

This  effect  has  been  observed  by  Cotton  (Camptes  Rendus,  120, 
pp.  989,  1044)  in  the  case  of  solutions  of  copper  tartrate  and  chro- 

mium tartrate  in  potash.  The  chromium  salt  has  an  absorption 
band  in  the  yellow,  transmitting  red  and  green.  Cotton  foimd  that 
if  circularly  polarized  sodium  light  of  unit  intensity  was  passed 
through  1  cm.  of  his  solution,  the  emergent  light  had  an  intensity 
of  .0077  if  the  vibration  was  left-handed,  while  in  the  case  of  a  ri^t- 
handed  vibration  it  was  .0059.  The  difference  is  very  marked, 
though  the  strong  absorption  indicates  that  the  original  light  must 
be  very  intense.  The  effect  can  be  very  easily  shown  by  preparing 
a  quarter  wave-plate  of  mica  and  cutting  it  in  two  along  one  of  the 
directions  of  vibration;  the  two  halves  are  to  be  mounted  with 
their  edges  in  contact,  one  plate  being  turned  through  an  angle  of 

90°  with  respect  to  the  other.  If  plane-polarized  light  is  passed 
through  this  plate  (the  plane  making  an  angle  of  45°  with  the  direc- 

tions of  vibration  in  the  mica),  we  shall  have  two  emergent  beams 
of  oppositely  polarized  circular  light.  The  polarizing  sjnstem  is 
illuminated  with  a  brilliant  sodium  flame,  and  the  field  examined 
through  the  absorbing  solution,  when  one  half  will  be  found  to  be 
much  darker  than  the  other.  If  white  light  is  employed  in  place 
of  the  sodium  flame  the  two  halves  of  the  field  appear  differently 
colored. 

This  difference  of  absorbing  power  for  oppositely  circularly 
polarized  vibrations  leads  us  to  a  somewhat  startling  conclusion, 
which  was  foreseen  by  Cotton  and  verified  by  experiment.  Or- 

dinary unpolarized  light  can  be  regarded  as  containing  equal 
amounts  of  oppositely  polarized  circular  vibrations.  (See  Chapter 
on  Natural  Light.)  It  ought  therefore  by  mere  passage  through 
the  solution  to  exhibit  traces  of  circular  polarization.  This  was 
found  to  be  the  case. 
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If  a  suitable  medium  could  be  found  it  might  be  possible  to  obtain 
in  this  way  circularly  polarized  light  just  as  plane-polarized  light  is 
obtained  by  means  of  a  tourmaline  plate.  The  plane  vibrations 
in  the  natural  light  would  give  no  trouble,  for,  as  we  know,  they 
are  decomposed  into  circular  vibrations,  which  traverse  the  medium 
with  different  velocities. 

Elliptical  Polarization  produced  by  Absorbing  Active  Media. — 
In  the  case  of  transparent  active  media,  the  plane-polarized  light 
remains  plane-poUrized  during  transmission,  emerging  with  its 
plane  rotated  through  a  certain  angle.  The  emergent  plane  vi- 

bration is  the  resultant  of  two  equcd  circular  vibrations.  As  we 
have  seen,  in  absorbing  media,  one  of  these  may  be  reduced  in  in- 

tensity more  than  the  other,  and  the  resultant  of  two  circular  vi- 
brations of  different  amplitude  is  not  a  plane  vibration  but  an 

elliptical  one.  Cotton  found  that  the  tartrate  solutions  above 
mentioned  transformed  plane  into  elliptically  polarized  light,  it 
being  impossible  to  completely  extinguish  the  emergent  light  with 
a  Nicol.  The  ellipticity  was  found  to  be  greatest  in  the  region  of 
the  spectrum  where  the  difference  of  absorbing  power  was  greatest. 

Possible  Production  of  an  Optically  Active  Substance  from  an 
Inactive,  by  Circularly  Polarized  Light.  —  Since  the  absorption 
of  li^t  is  often  accompanied  by  chemical  change,  it  is  possible 
that  a  solution  containing  equal  numbers  of  dextro-  and  laevo- 
rotatory  molecules,  and  consequently  inactive,  might  acquire  rota- 

tory power  by  the  action  of  circular  light.  If  the  molecules 
were  unstable  and  easily  decomposed  by  light,  the  effect  of  a  cir- 

cular vibration  would  be  to  break  down  one  set  of  molecules  and 
leave  the  others  unaffected.  Both  Le  Bel  and  Cotton  have  pointed 
out  the  possibility  of  effecting  unique  chemical  transformations  by 
the  action  of  circularly  polarized  light. 

Rotatory  Dispersion  in  Absorbing  Media.  —  One  formula  for 
the  rotatory  dispersion  shows  us  that  on  crossing  an  absorption 
hand  the  sign  of  the  rotation  may  change,  or  we  may  have  a  high 
positive  value  on  one  side  and  a  low  positive  value  on  the  other. 
This  amounts  to  sa3ring  that  anomalous  dispersion  of  the  rotation 
is  to  be  expected  in  absorbing  media.  Cotton  found  that  this  was 
the  case. 

In  the  case  of  the  chromium  tartrate  the  rotations  were  as 
follows: 
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CHAPTER  XVIII 

MAGNETO-OPTICS 

The  Faraday  Effect :  Magnetic  Rotation  of  the  Plane  of  Po- 
larization. —  The  discovery  was  made  by  Faraday  that  a  trans- 

parent isotropic  medium,  when  placed  in  a  powerful  magnetic  field, 
acquires  the  property  of  rotating  the  plane  of  polarization,  when 
the  light  traverses  the  mediiun  in  the  direction  of  the  lines  of  mag- 

netic force.  The  phenomenon  differs,  however,  from  natural 
rotation,  in  that  the  direction  in  which  the  plane  of  the  vibration 
turns  depends  upon  whether  the  light  rays  are  passing  through  the 
medium  from  the  north  pole  of  the  magnet  towards  the  south,  or  in 
the  reverse  direction.  The  rotation  is  therefore  doubled  if  the  light 
is  reflected  back  through  the  medium,  instead  of  being  annihilated 
as  in  the  case  of  quartz  and  other  active  substances.  The  effect  is 
most  pronounced  with  media  having  a  high  refractive  index,  such 
as  bisulphide  of  carbon  or  dense  flint  glass.  With  a  powerful 
Ruhmkorff  magnet,  the  poles  and  cores  of  which  are  bored  out  to 
allow  of  the  passage  of  light  rays  along  the  lines  of  force,  the  rotation 
can  be  easily  observed  with  a  thick  piece  of  ordinary  plate  ̂ ass. 
Sun  or  arc  light  is  passed  through  a  Nicol  prism,  the  hollow  magnet 
cores,  and  the  glass  block  between  the  poles.  A  second  Nicol  is 
placed  in  such  a  position  as  to  extinguish  the  emergent  beam.  On 
throwing  the  current  into  the  magnet,  the  field  immediately  be- 

comes brilliantly  illuminated,  and  by  turning  the  analyzing  Nicol 
until  darkness  is  again  produced  the  amount  and  direction  of  the 

rotation  can  be  determined. 
Owing  to  the  rotatory  disper- 

sion this  position  will  vary  with 
the  color,  and  the  field  will  appear 
blue,  purple,  and  red  in  succes- 

sion, as  will  be  readily  under- 
stood from  Fig.  313,  in  which  the 

dotted  arrow  represents  the  orig- 
^  ̂   inal  direction  of  the  vibration, 

^'°-  ̂ ^^*  and  the  arrows  the  rotated  red, 
green,  and  blue  vibrations.  The 

analyzing  Nicol  in  its  original  position  is  indicated  by  N.  The 
rotation  in  this  case  is  clockwise,  and  all  of  the  colors  are  trans- 

mitted with  more  or  less  freedom,  consequently  the  field  appears 
nearly  white.  On  turning  the  Nicol  in  the  same  direction  it  will 
extinguish  the  red  first,  leaving  an  outstanding  color  of  a  bluish 
green ;  the  green  goes  next,  leaving  a  purple  field  made  up  of  the 
transmitted  red  and  blue,  and  finally  the  blue  disappears,  leaving 
the  field  orange-red.     If  we  examine  the  light  throu^  a  'spectro- 496 
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scope,  as  we  turn  the  Nicol,  we  shall  see  a  dark  band  enter  the 
spectrum  on  the  red  side  and  leave  it  on  the  violet  side. 

Ezi^anation  of  the  Magnetic  Rotation.  —  The  explanation  of 
the  natural  rotation  in  active  substances  which  Fresnel  gave,  was 
that  the  plane  vibration  was  decomposed  into  two  oppositely 
polarized  circular  vibrations,  which  were  propagated  with  different 
velocities.  The  same  explanation  will  do  for  the  magnetic  rotation, 
provided  that  it  can  be  shown  that  the  refractive  index  of  a  medium 
in  a  magnetic  field  for  circularly  polarized  light  depends  upon  the 
direction  of  revolution.  The  matter  was  attacked  experimentally 
by  Righi  and  Becquerel  independently,  and  both  investigators  found 
that  tiie  interference  fringes,  formed  by  two  streams  of  circularly 
polarized  li^t,  one  of  which  had  traversed  a  block  of  glass  placed 
between  the  poles  of  a  magnet,  were  displaced  when  the  magnetic 
field  was  formed.  The  direction  of  the  displacement  depended  on 
whether  ri^t  or  left-handed  circular  light  was  used,  which  showed 
that  the  effect  of  the  field  was  to  increase  the  refractive  index  for 
one  type  of  vibration  and  diminish  it  for  the  other.  It  remained 
only  to  show  that  the  actual  decomposition  of  the  plane  vibrations 
into  circular  ones  actually  occurred  by  some  experiment  analogous 
to  the  one  which  Fresnel  made  with  his  battery  of  quartz  prisms 
built  of  ri^t  and  left-handed  crystals  in  alternation. 

Resolution  into  Circular  Components.  —  The  experimental  reso- 
lution of  the  light  into  its  two  circular  components  in  the  Faraday 

effect  is  a  much  more  difficult  problem  than  the  one  which  con- 
fronted Fresnel,  since  we  do  not  have  at  our  disposal  two  liquids  of 

the  same  index  of  refraction  and  of  opposite  magnetic  rotation, 
with  which  hollow  prisms  might  be  filled,  in  the  manner  adopted 
by  Fleischl  in  the  case  of  natural  rotation.  The  problem  has, 
however,  been  attacked  and  solved  in  a  very  beautiful  manner  by 

Braee.^ 
It  will  be  remembered  that  in  FresneFs  arrangement  of  right  and 

left-handed  quartz  prisms,  the  clockwise  circular  component  which 
travelled  at  me  hi^er  velocity  in  one  prism,  travelled  at  the  slower 
velocity  in  the  following  prism.  The  very  ingenious  idea  occurred 
to  Brace  to  reverse  the  direction  of  revolution  of  the  circular  vibra- 

tions at  the  boundary  surface  between  the  two  prisms,  which  can 
be  done  with  a  half-wave  plate  of  mica.  By  this  artifice  the  same 
thing  is  accomplished  as  by  employing  prisms  of  dextro-  and  laevo- 
rotatory  media  in  succession.  A  double  prism  of  extra  dense  flint 
^a»  was  employed  with  a  half-wave  plate  cemented  between  the 
two  components.  The  experimental  difficulties  were,  however, 
found  to  be  too  great  and  no  conclusive  results  were  obtained.  It 
subsequently  occurred  to  Brace  to  make  use  of  reflection  instead 
of  refraction,  and  look  for  evidences  of  a  division  of  the  ray  into 
two  circularly  polarized  rays.  This  at  first  sight  seems  to  antag- 

onise the  law  of  reflection,  but  it  must  be  remembered  that  the 
law  of  equality  between  the  angles  of  incidence  and  reflection  is 
based  upon  the  fact  that  the  velocity  is  the  same  l)efore  and  after 

Ann.,  zzvi.,  p.  576.  1885  ;  PhU.  Mag.  (6).  i..  p.  464.  1901. 
2k 
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reflection.  If  we  apply  the  Huygens  construction  for  reflection  to  a 
case  in  which  the  velocity  is  less  after  reflection  than  before,  we 
shall  find  that  the  angle  of  reflection  is  less  than  the  angle  of  incidence. 
Suppose  now  that  our  two  circular  components  in  the  magnetised 
medium  encounter  a  reflecting  surface  which  reverses  the  direction 
of  revolution  of  each.  The  fast  component  now  becomes  the  slow, 
and  vice  versa,  and  we  have  a  division  of  the  ray.  The  reversal 

of  the  cu-cular  vibrations  was  accompUshed  by  a  reflection  at  72**  at  a 
glassHsilver  surface,  but  the  separation  of  the  two  rays  was  too  small 
to  be  detected. 

Under  these  conditions  a  division  of  the  ray  into  three  rays  is  to  be 
expected,  for  the  silver-surface  transforms  the  circular  vibrationB 

into  plane  ones,  i.e.  it  acts  like  a  7  plate.   Each  of  the  resulting  plane 4 
vibrations  is  again  broken  up  into  two  circular  vibrations  by  the 
medium.  Of  these  one  pair  have  the  same  direction  of  revolution 
as  the  components  from  which  they  were  originally  derived,  and 
these  will  be  reflected  under  the  condition  t=r.  Of  the  other  two, 
one  is  a  right-handed  revolution  derived  from  the  original  left- 
handed  component,  which  we  will  assume  was  the  "  fast "  one, 
and  the  reflection  is  under  the  condition  t>r.  The  opposite  is  true 
for  the  other  component,  or  r>i.  For  the  block  of  ̂ass  used  the 
angular  separation  between  the  central  ray  and  one  of  the  deviated 

rays  was  calculated  to  be  less  than  3''  of  arc,  which  was  less  than 
the  instrument  was  capable  of  resolving. 

The  difficulty  was  finally  overcome  by  making  use  of  multiple 
reflections.  A  rectangular  block  of  glass  was  made  by  cementing 
two  right-angled  prisms  (n  =  1.903)  together,  with  a  half -wave  plate 

of  mica  between  them  to  reverse  the  direc- 
tion of  the  circular  vibrations  (Fig.  314). 

The  incident  light  enters  the  prism  nor- 

^^^Pi^id         mally  through  a  small  auxiliary  prism  A, 
traverses  the  -  plate,  which  turns  its  plane 

of  polarization  through  90^.  The  li^t  is 
^pi^  travelling  perpendicular  to  the  lines  of 

force,  consequently  the  magnetic  field  does 
not  affect  it.  As  soon,  however,  as  it 
suffers  tot^  reflection,  it  travels  along  the 
lines  of  force,  and  is  consequently  brdken 
up  into  circular  components,  one  of  which 

» *• <iJ  travels  faster,  the  other  slower,  than  the 
original  disturbance  before  reflection.    A 

Fio.  314.  division  therefore  results,  and  we  have  two 
reflected  rays.  Total  reflection  transforms 

a  plane  vibration  into  an  elliptical  one,  while  two  total  reflections 
give  approximately  a  circular  vibration.  This  makes  it  a  little 
harder  to  study  out  just  what  happens  than  in  the  previous  case. 
The  arrangement  figured  so  alters  the  vibrations  that  the  change  is 

always  from  fast  to  slow  and  from  slow  to  fast,  the  angular  separa- 

t'lon  increajsing  each  time  the  rays  are  reflected  along  the  lines  of 
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force.  The  light  travelled  around  the  prism  five  times,  undergoing 
twenty  internal  reflections,  and  emerged  through  a  second  auxiliary 
prism  B  at  the  top  of  the  block.  The  source  was  a  vertical  slit 
powerfully  illuminated  with  an  oxy-hydrogen  flame  fed  with  sodium. 
On  turning  on  the  magnetic  field  the  image  in  the  telescope  was  seen 
distinctly  doubled,  and  on  examination  with  a  Nicol  prism  the 
two  lines  were  found  to  be  nearly  plane-polarized,  due  to  the  fact 

that  the  last  reflection,  combined  with  passage  through  the  -  plate, 

introduced  a  phase-difference  of  f  A  between  the  components  of 
the  circular  vibrations,  by  which  they  were  changed  into  ellipses  of 
considerable  eccentricity.  The  positions  of  the  major  axes  of  these 

elliptical  vibrations  (they  were  at  90^  to  one  another)  showed  that 
the  circular  vibration,  in  which  the  direction  of  revolution  was  the 
same  as  that  of  the  Amperian  currents,  was  accelerated,  while  the 
other  was  retarded  by  the  magnetic  field. 

The  velocity  of  ri^t-  and  left-handed  circularly  polarized  light  in 
a  magnetized  medium  was  measured  by  Mills  (Phys.  Rev.,  Febru- 

ary 1904)  by  means  of  a  Michelson  interferometer.  By  means  of  a 
Brevais  double  plate,  one  half  of  the  field  was  illuminated  with  right- 
the  other  half  with  left-handed  circularly  polarized  light,  the  fringes 
crossing  the  field  in  a  direction  perpendicular  to  the  dividing  line 
between  the  two  halves  of  the  plate.  On  exciting  the  magnet  the 
fringes  on  one  side  moved  up,  while  those  on  the  other  side  moved 
down.  The  accelerated  ray  was  found  to  be  the  one  in  which  the 
direction  of  the  circular  vibration  was  the  same  as  that  of  the 
Amperian  currents. 

Direction  of  the  Magnetic  Rotation.  —  The  results  of  the  earlier 
experiments  upon  magnetic  rotation  appeared  to  indicate  that  all 
substances  rotated  the  plane  of  polarization  in  the  same  direction, 
when  placed  in  a  magnetic  field,  but  continued  investigations 
showed  that  this  was  not  the  case,  many  diamagnetic  substances 
being  found  which  gave  a  rotation  in  the  opposite  direction.  A 
generalization  cannot,  however,  be  made,  for  dextro-  and  laevo- 
rotation  are  to  be  found  in  both  paramagnetic  and  diamagnetic 
substances,  as  is  shown  by  the  following  table : 

DlAMAGMXTIC 

Rotation  Poative    Rotation  Negative 

Paramagnetic 

Ferrocyanideof  Pb-Giloride  of  Tita-Iron,   cobalt,  and  Ferro     and     ferri nickel.  salts  of  iron. taasium. 
Water. 
Jiead  Borate  (Fara- 
'  day  i^aas). 
Almost  all    other 

solids,     liquids, 
and  gases. 

Rotation  Positive       Rotation  Ni^utivc 

Oxygen.  Ferricyaiiide  of  po- 
Salts     of     cobalt,      tossiuni. 

nickel,  inangan-'Chroniato  and  bi- 
ese,  and  copjHT.      chromate  of  po- tassium. 

Salts    of    cerium . 
lantlianum,  and 
didvmium. 
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Relation    between   the    Field    Strength    and    Rotation.  —  The 
angular  rotation  increases  in  general  in  proportion  to  the  strength 
of  the  field,  but  this  rule  is  not  strictly  followed,  the  most  marked 
exceptions  being  shown  by  iron,  nickel,  and  cobalt.  In  the  case  of 
iron  the  relation  between  the  field  strength  H  and  the  rotation  2  is 
shown  in  the  following  table.  If  the  rotation  was  proportional  to 
H,  the  figures  of  the  last  column  would  be  approximately  the  same : 

H 8 

10*« 

H 

4420 

1.72<' 

39 
8060 

3.47^ 

43 

I4I00 

4.41<» 

31 
18500 

4.45^ 

24 
30100 

4.36« 

14 

If  instead  of  H  we  take  the  nuigndizaiion^  we  shall  find  tiiat  the 
rotation  is  proportional  to  this  quantity.  In  the  case  of  iron  the 
magnetization  increases  with  the  field  strength,  but  not  at  the  same 

rate,  finally  becoming  "  saturated,'*  beyond  which  point  a  further 
increase  of  field  produces  no  increase  in  the  magnetization.  The 
rotation  also  attains  a  maximum  value  at  the  same  point. 

Time  required  for  the  Faraday  Effect :  Rotation  by  OscilUtoiy 
Discharge.  —  An  experiment  was  performed  by  ViUaii  which  was 
interpreted  as  showing  that  a  certain  amount  of  time  was  required 
for  the  development  of  the  Faraday  effect.  A  block  of  heavy  glass 
was  spun  between  the  poles  of  an  electro-magnet,  and  the  rotation 
of  the  plane  of  polarization  was  observed  to  diminish  when  the 
speed  of  rotation  exceeded  100  turns  per  second,  becoming  prac- 

tically zero  at  200  revolutions.  Subsequent  experiments  made  by 
Bichat,  Blondlot,^  and  Lodge '  showed  that  some  other  cause  must 
be  found  for  the  effect  observed.  If  a  Leyden  jar  was  discharged 
through  a  helix  of  insulated  wire  surrounding  a  tube  filled  witli 
carbon  bisulphide,  the  plane  of  polarization  was  found  to.  turn  with 
each  impulsive  rush  of  the  oscillatory  discharge,  being  waved  to 
and  fro  at  the  rate  of  some  70,000  times  per  second. 

To  find  out  whether  any  time  was  required  for  the  development  of 
the  effect,  Bichat  and  Blondlot  illuminated  the  upper  portion  of  a 
slit  with  the  light  of  the  spark  and  the  lower  portion  with  the  light 
restored  by  the  CSg  tube,  and  examined  it  in  a  revolving  mirror. 
The  illuminated  slit  was  seen  spread  out  into  a  serrated  band,  but 
no  discontinuity  was  found  between  the  two  illuminated  halves, 
showing  that  the  effect  is  practically  instantaneous. 

A  tentative  explanation  of  the  effect  of  spinning  the  glass  block  in 
Villari's  experiment  is  given  by  Lodge  in  his  paper,  based  upon  the assumption  that  it  is  due  to  centrifugal  strains  induced  in  the  glass 
by  the  high  speed. 

Magnetic  Rotation  and  the  Second  Law  of  Thermodynamics.  — 
Lord  Rayleigh  has  called  attention  to  a  curious  disposition  of  ap- 

paratus which  permits  the  passage  of  light  in  one  direction,  while 

»  Comptes  Rendus,  xciv.,  p.  1590,  1882.  «  Phil.  Mag.,  April  1899. 
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refusing  absolutely  to  transmit  it  in  the  reverse  direction.  Two 
Nicol  prisms  are  mounted  with  their  directions  of  vibration  at  an 

angle  of  45^.  Between  them  consider  a  medium  in  a  magnetic 
field  of  strength  sufficient  to  produce  a  rotation  of  the  plane  of  po- 

larization of  45^.  The  polarized  light  passing  through  one  Nicol 
will  be  rotated  into  such  a  plane  that  the  second  Nicol  will  stop  it. 
If  we  reverse  the  direction  of  the  light  the  polarized  vibration  will 
be  brought  into  the  plane  of  vibration  of  the  second  Nicol  and  be 
freely  transmitted,  since  the  magnetized  medium  rotates  the  plane 
of  polarization  in  the  same  absolute  direction  (i.e.  considered  with- 

out regard  to  the  direction  of  propagation)  whichever  way  the  light 
be  travelling. 

It  is  thus  possible  to  construct  an  apparatus  through  which  we 
can  see  without  being  seen,  provided  we  limit  ourselves  to  mono- 

chromatic li^t.  It  might  be  supposed,  at  first  sight,  that,  by 
making  use  of  this  contrivance,  an  exception  to  the  second  law  of 
thermodynamics  mi^t  be  realized,  a  radiating  body  throwing  more 
energy  into  a  second  body  than  it  received  in  exchange  and  thus 
elevating  its  temperature.  Wien  considered  this  case  in  his  treat- 

ment of  the  theory  of  radiation  presented  at  the  International 
Congress  of  Physics,  held  in  Paris  (1900),  and  oflfered  certain  ways 
of  escape  out  of  the  difficulty.  Lord  Rayleigh  shows,  however 
(Naturey  bdv.),  that,  after  all,  no  difficulty  really  exists. 

The  Kerr  Effect.  —  The  important  discovery  was  made  by  Kerr  * 
that  plane-polarized  light  becomes  elliptically  polarized  when 
reflected  from  the  polish^  pole  of  an  electro-magnet.  The  incident 
li^t  must  be  polarized  either  in,  or  perpendicular  to,  the  plane  of 
incidence,  otherwise  elliptical  polarization  results  from  the  metallic 
reflection.  On  setting  a  Nicol  prism  in  such  a  position  as  to  com- 

pletely extinguish  the  reflected  li^t,  and  exciting  the  magnet,  the 
n^t  instantly  reappeared,  and  could  not  be  extinguished  by  further 
rotation  of  the  Nicol,  except  by  the  introduction  of  a  quarter-wave 
plate.  The  ellipticity  is  not  very  great,  and  we  can  regard  the  effect 
as  a  rotation  of  the  plane  of  polarization. 

Intimately  connected  with  the  Kerr  effect  is  the  rotation  of  the 
plane  of  polarization  by  thin  films  of  iron  in  a  magnetic  field,  which 
was  studied  by  Kundt.  Films  with  a  thickness  of  about  one-third  of 
the  wave-length  of  the  light  were  employed,  which  when  placed  in  a 
strong  magnetic  field  gave  a  rotation  of  over  4^.  An  iron  plate  1  mm. 
thick,  if  it  were  possible  to  get  any  light  through  it,  would  rotate 

the  plane  through  20,000^  or  66  complete  turns,  while  a  quartz 
plate  of  equal  thickness  gives  a  rotation  of  about  20^.  If  now  we 
consider  that  the  light  penetrates  the  surface  of  the  magnet  pole  in 
the  act  of  reflection,  the  rotation  is  at  once  accounted  for.  A  more 
complete  explanation  will  be  given  when  we  come  to  the  Theory  of 
Magnetic  Rotation,  and  the  simple  explanation  jast  given  is  quite 
inadequate,  for  it  has  l)een  shown  that  the  effects  are  considerably 
modified  by  surface-films. 

Magnetic  Rotatory  Dispersion.  —  The  angular  rotation  of  the 

1  Phil  Mag.,  May  1»77  and  March  1888. 
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plane  of  polarization  in  a  magnetic  field  of  given  strength  increases 
as  the  wave-length  decreases,  provided  we.  limit  ourselves  to  a  region 
of  the  spectrum  within  which  the  substance  shows  no  absorption 
bands.  In  the  case  of  absorbing  media  anomalous  rotatory  diisper- 
sion  may  occur  when  we  cross  the  absorption  band,  provided  that 
the  absorption  and  rotation  are  both  due  to  the  same  electron,  as 
in  the  case  of  substances  which  show  natural  rotation. 

The  behavior  of  alcohoUc  solutions  of  the  aniline  dyes  in  a  mag- 
netic field  has  been  studied  by  Schmauss,^  who  claimed  that  the 

effect  of  the  dye  was  to  increase  the  rotation  of  the  alcohol  on  the 
red  side  of  the  absorption  band  and  decrease  it  on  the  violet  side. 
If  this  is  the  case  we  should  expect  the  solid  dye  to  rotate  the  plane 
of  polarization  for  waves  on  opposite  sides  of  the  absorption  band 
in  opposite  directions.  The  author  has,  however,  been  unable  to 
detect  any  trace  whatever  of  rotary  polarization  in  a  film  of  solid 
cyanine  so  thick  that  nothing  but  red  light  was  transmitted.  Sat- 

urated solutions  of  cyanine  between  plates  of  very  thin  glass  also 
showed  no  trace  of  the  phenomenon,  and  it  seems  probable  that  the 
results  obtained  by  Schmauss  were  due  to  experimental  errors. 

Bates  (Ann.  der  Physik,  12,  page  1901  (1903)),  making  use  of  a 
much  more  sensitive  method,  failed  to  detect  any  anomalies,  and 
came  to  the  same  conclusion  as  just  stated. 

A  solution  of  a  didymium  salt,  which  has  a  strong  absorption 
band  in  the  yellow,  has  been  examined  by  the  author  (PhU.  Mag,, 
May  1904),  and  found  to  exhibit  apparent  evidences  of  anomalous 

rotary  dispersion  at  the 
edge  of  the  absorption 
band.  The  curve  ob- 

tained is  shown  in  Fig. 
315  a. 

       Contrary  results  have 
  been    obtained    in    the 

V r^ 
OUne  Mbs  Band 

p,Q  3J5  case  of  sodium  vapor,  m which  the  rotation  has  a 
high  value  on  both  sides  of  the  D  lines,  the  direction  of  rotation, 
however,  being  the  same,  as  shown  in  Fig.  315  5.  TTiese  cases  will 
be  more  fully  considered  in  the  section  on  the  Theory  of  Magnetic Rotation. 

The  question  of  the  manner  in  which  absorption  bands  affect 
the  magnetic  rotation  for  wave-lengths  in  their  vicinity  is  of  great 
importance  in  connection  with  the  theory  of  rotation,  as  we  shall 
see  presently.  A  study  of  the  rotation  in  the  infrarred  should  also 
add  valuable  data,  as  will  be  apparent  when  we  stop  to  consider 
the  part  played  by  the  infra-red  investigations  of  Rubens  and  his 
collal)orators  in  the  development  of  the  ordinary  dispersion  theory. 

Ingersoll  *  has  carried  out  a  difficult  and  important  investigation 
of  the  Faraday  and  Kerr  effects  in  the  infra-red  region  of  the  spec- 

»  Ann.  der  Phyaik,  1902-1903. 
«  L.  R.  Ingcreoll.  on  the  "  Faraday  and  Kerr  Efifecte  in  the  Infra-red  Spectrum." Phil.  Mag.,  Januaiy  1906. 
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Wave- 

Obsbbvbd 
Cait 

LBNOTH CULATBD 

M 

.589 1.00 1.00 

.700 .660 .670 

.945 .332 .348 
1.076 .272 .265 
1.126 .248 .242 
1.170 .231 .225 
1.419 .158 

.152 1.80 .099 .095 
2.00 .079 .078 
2.50 

.052 
.053 

3.00 .041 .041 
3.50 .036 .037 
4.00 .037 .038 

4.30 
.042 .041 

trum,  using  piles  of  very  thin  glass  plates  as  polarizer  and  analyzer, 
which  permitted  of  observations  as  far  as  4.3  fi.  The  values  which 
he  found  are  given  in  the  following  table,  observations  being  taken 
in  the  visible  spectrum  in  the  yellow  and  red.  They  are  for  a  tube 
of  carbon  bisulphide  4  cms.  in  length  in  a  magnetic  field  of  6000 
c.  g.  8.  units.  The  values  calculated 
from  the  Drude  formula  (Hall  effect 
hypothesis)  y  which  we  shall  take  up 
later,  are  given  in  the  third  column. 
The  curve  is  practically  flat  beyond 
3  /i.  The  dispersion  in  the  Kerr  dOfect 
was  found  to  be  quite  different.  In 
the  case  of  steel  it  rose  to  a  maximum 
at  1  fi,  and  then  fell  gradually  with 
increasing  wave-length.  Dubois  had 
shown  that  the  Kerr  effect  in  the  vis- 

ible spectrum  increases  with  increase 
of  wave-length. 

The  Zeeman  Effect.  —  A  search  for 
a  possible  effect  of  a  powerful  magnetic 
field  upon  a  source  of  monochromatic 
vibrations  was  first  made  by  Faraday. 
Placing  a  sodium  flame  between  the 
pole  pieces  of  a  large  electro-magnet,  he  examined  the  appearance 
of  the  D  lines  when  the  field  was  "  on  "  and  "  off."  He  was  unable, 
however,  to  convince  himself  that  any  change  resulted  in  the  appear- 

ance of  the  lines,  a  circumstance  which  we  now  know  resulted  from 
the  insufficient  power  of  his  spectroscope.  This  was  in  1862.  Twenty- 
three  years  later  the  same  experiment  was  tried  by  Fievez,  who 
observed  changes  which  appeared  to  be  the  result  of  the  magnetic 
field.  If  the  lines  were  single  before  the  current  was  turned  into  the 
magnet,  they  i^peared  with  dark  reversals  down  their  centres  as 
soon  as  the  magnet  was  excited.  These  observations  do  not  appear 
to  have  attracted  much  attention,  and  they  were  not  followed  up. 

It  is  questionable  even  whether  the  phenomenon  observed  by'  Fievez was  in  reality  the  effect  that  we  are  about  to  study. 
In  1896  the  fact  was  established  beyond  all  doubt  by  Zeeman, 

that  the  periodic  time  of  vibration  of  a  source  of  monochromatic 
radiations  is  altered  when  the  source  is  placed  in  a  magnetic  fiekl. 

In  his  first  announcement  he  (lesoril>ed  the  effect  as  a  simple 
broadening  of  the  lines,  but  his  knowledge  of  the  probable  cause  of 
the  effect  that  he  was  searching  for  led  him  to  believe  that  the  edges 
of  the  line  should  appear  circularly  polarized  when  the  light  was 
emitted  in  the  direction  of  the  lines  of  force.  To  t^t  this  he 
employed  a  magnet  with  perforated  pole  pieces,  and  passed  the 
lig^t  tiirou^  a  quarter-wave  plat^,  which  as  we  have  seen  trans- 

forms a  circular  vibration  into  a  plane  one.  He  found  that  the 
lines  now  diifted  their  position  in  the  spectrum  when  the  direction 
of  the  current  in  the  magnet  was  reversed,  which  indicated  that  the 
edges  of  the  line  were  circularly  polarized  in  opposite  directions, 
exactly  as  theory  showed  that  they  should  be. 
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When  the  light  was  examined  in  a  direction  perpendicular  to  the 
lines  of  force,  the  edges  were  found  to  be  plane-polarized,  from  which 
Zeeman  drew  the  conclusion  that,  with  a  sufficiently  strong  field,  the 
line  would  appear  triple,  a  prediction  which  was  speedily  verified  by 
experiment,  the  two  outer  components  being  polarized  with  their 
vibration  directions  perpendicular  to  the  lines  of  force,  while  the 
central  component  vibrated  along  the  lines  of  force. 

Soon  after  Zeeman's  announcement  Michelson  made  a  very  com- 
plete study  of  the  influence  of  magnetism  upon  radiations  by  means 

of  the  interferometer.  From  the  visibility  curves  obtained  with 
this  instnunent,  he  concluded  that  the  lines  were  doubled  when  the 
light  was  examined  in  a  direction  perpendicular  to  the  lines  of  force. 
This  was  subsequently  found  to  be  due  to  the  fact  that  the  light  of 
the  central  component  was  polarized  in  such  a  direction  that  the 
oblique  interferometer  plate  refused  to  reflect  it. 

The  phenomena  of  radiation  in  a  magnetic  field  are  easily  ex- 
plained on  the  electron  theory,  at  least  the  simple  cases  just  de- 

scribed. A  further  study  has  shown,  however,  that  many  lines  are 
broken  up  into  quadruplets  and  sextuplets,  the  D  lines  of  sodium 
belonging  to  this  class.  In  a  powerful  field  Di  is  seen  to  be  a  quad- 

ruple line,  the  inner  components  being  polarized  with  their  vibra- 
tions along  the  lines  of  force,  the  outer  components  perpendicular 

to  them.  Z>s  is  a  sextuplet,  with  its  four  outer  components  vibrat- 
ing perpendicular  to  the  field.  It  was  formerly  supposed  that 

certain  iron  lines  appeared  as  triplets  with  the  directions  of  polari- 
zation the  exact  reverse  of  the  usual  order  of  things.  Recent  work 

in  Zeeman's  laboratory  has  shown  however  that  this  is  probably not  the  case. 
No  simple  explanation  can  be  givlsn  for  these  more  complicated 

cases.  They  will  be  considered  in  the  section  on  the  Theory  of 
Magneto-Optical  Phenomena. 

We  will  now  consider  the  formation  of  the  circularly  polarized 
doublet  seen  in  the  direction  of  the  field,  and  the  plane-polarized 
triplet  seen  perpendicularly  to  it. 

Consider  the  source  of  monochromatic  vibrations  as  a  swarm  of 
atoms,  the  charged  electrons  of  which  rotate  in  circular  or  elliptical 
orbits,  or  vibrate  back  and  forth  along  straight  lines.  On  either 
hypothesis  we  can  account  for  the  altered  appearance  of  the  line  in  a 
magnetic  field,  by  considering  the  force  which  a  charged  particle  in 
rapid  motion  experiences  in  a  magnetic  field.  This  force  acts  in  a 
direction  perpendicular  both  to  the  direction  of  motion  of  the 
electron,  and  to  the  direction  of  the  Hnes  of  force,  and  is  equal  to 
zero  only  when  the  direction  of  motion  coincides  with  the  direction 
of  the  field. 

We  will  first  consider  electrons  revolving  in  circular  orbits,  the 
planes  of  which  are  oriented  in  all  possible  positions.  Those  elec- 

trons which  are  moving  in  orbits  perpendicular  to  the  Hnes  of  force 
arc  subjected  to  a  force  which  is  directed  towards  or  away  from  the 
centre  of  rotation,  according  to  the  direction  of  revolution.  The 
ones  which  are  revolving  in  such  a  direction  that  the  force  acts 
towards  the  centre  are  drawn  in  and  have  their  period  of  revolution 
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accelerated,  while  those  rotating  in  opposite  directions  have  their 
centripetal  force  diminished  and  their  periods  slowed  down.  The 
force  which  acts  on  the  electron  as  a  result  of  the  field,  either  in- 

or  diminishes    the 

© 

centripetal  force  which 
holds  the  electron  in  its 
orbit.  An  apple  whirled 
around  on  a  string  is  a  use- 

ful mechanical  analogy.  If 
we  increase  the  tension  on 
the  Ktring,  we  pull  in  the 
apple  and  decrease  the  time 
of  its  revolution.  If  we  re- 

lax the  string,  the  orbit 
opens  out  and  the  time  of 
revolution  becomes  greater. 

Consider  now  the  types  of  waves  sent  out  by  the  two  types  of 
revolving  electrons  which  we  have  considered.  In  a  direction  par- 

allel to  the  lines  of  force,  the  whirling  electrons  will  radiate  circu- 
larly polarised  rays,  one  ray  polarized  clockwise,  the  other  counter- 

clockwise. The  periodic  time  of  one  is  accelerated,  while  that  of 
the  other  is  retarded ;  consequently  we  get  two  lines  in  the  spectrum, 
circularly  polarised  in  opposite  directions. 

In  a  direction  perpendicular  to  the 
lines  of  force  the  two  electrons  give  off 
vibrations  plane-polarized  in  the  plane 
of  their  orbits  (Fig.  316),  of  periods 
identical  with  those  of  the  circular 
vibrations.  These  rays  give  us  the 
outer  components  of  the  normal 
Zeeman  triplet. 

^  In  the  case  of  an  electron  revolving 
in  an  orbit  the  plane  of  which  is  parallel 

to  the  lines  of  force,  the  force  exerted  on  the  electron  will  be  perpen- 
dicular to  the  plane  of  the  orbit.  The  circular  vibration  can  be 

resolved  into  two  rectilinear  vibrations  at  right  angles  to  one 
another.  Consider  two  orbits  oriented  as  shown  in  Fig.  317.  The 
component  parallel  to  field  will  be  unaffected,  and  we  shall  have 
plane-polarised  vibrations  of  unchanged  period  emitted  in  a  direc- 

tion perpendicular  to  the  field.  This  component  sends  out  no 
radiation  in  the  direction  of  the  lines  of  force,  however.  The  other 
component  must  be  regarded  as  affected  in  the  manner  about  to  l)e 
flescribed.  After  considering  the  effect  of  the  fiel<l  upon  an  electron 
moving  in  a  str^ght  line,  it  will  t)e  found  profitable  to  apply  the 
same  reasoning  to  the  present  cose.  It  will  then  appear  that  right- 
and  left-handed  circular  vibration-s  arc  given  out  alouf;  the  lines  of 
force,  and  plane-polarized  vibrations  of  lu-celerated  and  rotaril(>«l 
frequencies  perpendicular  to  them. 

We  will  now  examine  the  effect  of  a  magnetic  field  on  electrons 
which  normally  vibrato  hack  and  forth  iilong  straight  lines,  iiL-itrad 
of  moving  in  circular  orbits.    They  will  be  subjected  to  a  force 

/itffiMf 
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which  acts  in  a  direction  perpendicular  to  the  field  and  their  direc* 
tion  of  motion.  Let  AB  (Fig.  318)  represent  the  normal  path  of 
the  electron,  and  consider  the  Unes  of  force  as  perpendicular  to  the 
paper.  If  the  electron  is  at  0,  and  moving  down  at  the  moment 
when  the  field  is  thrown  on,  it  will  be  deflected  to  C,  moving  in 
a  curve,  the  convex  side  of  which  is  towards  the  ri^t.     On  its 

return  trip  it  will  move  along  a  curve,  the 
convex  side  of  which  is  to  the  left,  since  the 
force  acting  on  it  is  now  in  the  c^posite  di- 

rection, owing  to  the  reversal  of  its  direction 
of  motion.  It  will  thus  pass  in  succession 
through  the  points  Z),  E,  F,  G,  the  curve  re- 

minding us  of  the  type  of  vibration  resulting 
from  the  passage  of  a  plane-polarized  ray 
through  a  rapidly  revolving  Nicol  prism. 
(See  Light-Beats.)  As  we  have  seen,  a  vi- 

FiG  318  bration  of  this  type  is  the  equivalent  of  two 
oppositely  polarized  circular  vibrations  of 

different  periods ;  consequently  the  rays  sent  out  in  the  direction 
of  the  field,  i,e,  perpendicular  to  the  paper,  are  resolved  by  the 
spectroscope  into  two  rays  circularly  polarized  in  opposite  directions. 

The  rays  sent  out  by  the  electron  perpendicular  to  the  lines  of 
force,  i,e,  in  the  plane  of  the  paper,  will  be  plane-polarixed,  and  at 
first  sight  would  appear  to  be  monochromatic.  If  we  r^nember, 
however,  that  the  electron  cannot  give  out  transverse  waves  in  the 
direction  of  its  motion,  we  shall  see  at  once  that  the  amplityde  of 
the  waves  sent  out  in  any  given  direction,  say  AB,  will  depend  upon 
the  position  of  the  electron  in  its  star-shaped  orbit,  attaining  its 
maximum  value  when  the  loop  E  is  being  traversed,  and  its  mini- 

mum (practically  zero)  when  the  vibration  is  along  GC.  At  any 
given  point  in  the  plane  of  the  paper,  the  illumination  due  to  this 
electron  will  fluctuate  between  zero  and,  say,  unity.  Now  a  pre- 

cisely similar  condition  of  affairs  results  when  two  periodic  disturb- 
ances of  slightly  different  periods  pass  through  the  saine  point. 

At  a  given  instant  the  phases  will  be  the  same,  and  we  shall  have 
increased  illumination,  the  next  instant  the  phases  will  be  opposed 
and  we  shall  have  darkness.  We  have  the  same  phenomenon  in 
acoustics,  two  tuning-forks  of  nearly  the  same  pitch  producing 
beats,  or  periodic  fluctuations  of  intensity.  We  shall  thus  have  a 
tyi)e  of  radiation  omitt<^(l  perpendicular  to  the  lines  of  force,  peculiar 
in  that  the  intensity  suffers  extremely  rapid  fluctuations,  which  the 
spectroscope  separates  into  two  lines,  plane-polarized  in  a  direction 
perpendicular  to  the  field.  The  period  of  the  beats  will  be  the  period 
of  revolution  of  the  orbit,  which  we  shall  presently  see  is  about 

2  0,000,000,000  ^^  ̂   second.  As  Lord  Rayleigh  has  pointed  out  in 
his  Theory  of  Sound,  if  we  should  interrupt  a  train  of  sound-waves 
of  frequency  Ny  n  times  per  second,  the  resultant  disturbance  would 

contain  three  frequencies  (A'+n)  A^  and  (N—n),  It  would  be extremely  interesting  if  we  could  interrupt  a  beam  of  monochromatic 
light  rapidly  enough  to  cause  the  line  to  become  triple  in  the  spec- 

troscope.    The  thing  might  possibly  be  done  by  means  of  a  revolv- 
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ing  diffraction  grating,  fine  lines  parallel  to  the  radii  being  ruled 
through  a  silver  film  deposited  around  the  edge  of  a  mica  disk.  The 
elements  of  the  beam  would  in  this  case  be  interrupted  in  succession 
by  the  bars  of  the  grating.  If  20,000  lines  to  the  inch  were  ruled  on 
a  10-inch  disk,  driven  at  a  speed  of  1000  revolutions  per  second 
(which  is  possible),  a  modem  interferometer,  e.g.  the  one  of  Fabry 
and  Perot,  should  easily  separate  the  components  corresponding  to 
the  frequencies  (N+n)  and  (N—n). 

An  apparent  difficulty  may  occur  to  the  reader  in  connection  with 
the  manner  in  which  we  have  considered  the  spectroscopic  analysis 

of  the  "  beats "'  coming  from  the  electron  moving  in  the  star-shaped 
orbit.  Beats  result  when  two  continuous  trains  of  uniform  ampli- 

tude, and  sli^tly  different  frequencies,  pass  through  a  point  simul- 
taneously. The  components,  therefore,  into  which  the  spectro- 

scope analyzes  the  disturbance  must  be  continuous  in  time,  i.e.  must 
show  no  fluctuations  in  intensity.  How  now  is  it  possible  to  have 
continuous  illumination  in  the  spectroscope  when  there  are  mo- 

ments at  which  the  slit  is  in  darkness?  This  question  has  nothing 
to  do  with  the  persistence  of  vision :  the  illumination  must  be  con- 

tinuous, regardless  of  any  physiological  peculiarities  of  the  eye. 
The  difficulty  is  only  apparent,  as  can  be  seen  by  the  follov^ing 
considerations.  An  effect  at  the  slit  occupying  an  infinitesimal  of 
time  is  by  the  action  of  the  grating  or  prism  spread  out  over  a  finite 
interval  of  time  when  it  reaches  the  eye.  This  will  be  better 
imderstood  after  reading  the  Chapter  on  the  Nature  of  White  Light. 
In  the  case  of  the  grating  there  is  no  difficulty,  since  the  disturbances 
from  the  different  grating  elements,  resulting  from  a  single  disturb- 

ance at  the  slit,  reach  the  eye  in  succession.  This  being  true  it  is 
obvious  that  what  occurs  at  the  eye  at  a  given  instant  is  the  result 
of  disturbances  lasting  for  a  finite  time  at  the  slit.  There  is  thus 
no  trouble  about  having  a  continuous  disturbance  at  the  eye,  where 
there  is  a  discontinuous  disturbance  at  the  slit. 

From  our  knowledge  of  the  magnitude  of  the  separation  of  the 
components  of  the  Zeeman  doublet,  we  can  calculate  how  many  to- 
and-f  ro  excursions  the  electron  makes  while  the  path  makes  one  com- 

plete revolution.  In  the  strongest  fields  known  the  separation 
amounts  to  i  of  the  distance  between  Di  and  Ds,  which  means  that 
each  component  moves  yV  of  ̂ ^^^  distance  from  the  original  posi- 

tion of  the  line.  Taking  the  frequency  differences  for  the  D  lin(^, 
and  dividing  this  by  12,  gives  us  the  frequency  difference  corre- 

sponding to  the  shift.  If  n  is  the  normal  frequency  of  the  light. 

ajod  the  plane  of  polarization  turns  A^  times  per  second,  the  two 
component  circular  vibrations  into  which  it  can  ho  (lecomiK)s«Ml 

have  frequencies  (n+N)  and  (n  — .V)  (compare  Righi^s  ExiK»ri- ment).  The  frequency  difference  in  the  al)ove  case  turns  out  to 
be  rou^y  40,000,000,000,  and  if  we  divide  this  numl)er  into  the 
original  frequency,  we  shall  obtain  a  numl>er  representing  the 
number  of  to-and-fro  excursions  msAe  by  the  electron  while  its 
path  turns  through  one  complete  revolution.  This  number  turns 
out  to  be  15,000,  which  gives  us  the  number  of  loops  in  the  star- 
shaped  orbit  previously  figured. 
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Complicated  Types  of  the  Zeeman  Effect.  —  The  elementaiy 
theory  shows  us  that  the  middle  line  of  the  triplet  should  have  an 
intensity  equal  to  the  sum  of  the  intensities  of  the  outer  com* 
ponents.  As  a  matter  of  fact,  many  triplets  have  been  observed 
for  which  this  relation  does  not  hold,  the  outer  lines  being  actually 
stronger  than  the  middle  lines  in  some  cases.  Zeeman  has  shown 
that  many  of  these  cases  can  be  explained  by  the  polarizing  power 
of  the  grating,  which  reduces  the  intensity  of  the  vibration  perpen- 

dicular to  the  grooves  in  a  greater  degree  than  in  the  case  of  one 
parallel  to  them.  With  a  horizontal  magnetic  field  and  the  grating 
vertical,  as  is  usually  the  case,  the  middle  line  of  the  triplet  will  be 
weakened  in  intensity  to  a  greater  degree  than  the  outer  lines. 
In  working  with  a  grating,  if  we  wish  to  obtain  the  correct  intensity 

distribution  we  must  rotate  the  vibrations  through  an  angle  of  45°, 
in  which  case  the  grating  treats  all  alike.  Cases  have  been  observed, 
however,  in  which  real  abnormalities  in  the  intensity  distribution 
exist.  These  are  best  explained  by  assuming  that  the  magnetic 
field  has  a  tendency  to  orient  the  orbits  of  the  electron,  setting 
them  perpendicular  to  the  lines  of  force.  If  this  orientation  were 
complete,  i.e.  if  we  had  only  circular  orbits  perpendicular  to  the 
lines  of  force,  it  is  clear  that  the  central  component  of  the  triplet 
would  vanish  entirely.  As  to  the  probabiUty  of  the  occurrence  of 
such  orientation,  more  will  be  said  presently. 

The  circularly  polarized  doublet  seen  along  the  lines  of  magnetic 
force,  and  the  plane-polarized  triplet  seen  in  a  direction  perpen- 

dicular to  the  lines  of  force,  may  be  regarded  as  the  normal  types. 
Many  lines,  however,  behave  quite  differently.  The  D  lines  of 
sodium,  when  examined  at  right  angles  to  the  field,  were  found  by 
Comu,  and  independently  by  Preston,  to  act  in  a  curious  manner. 

D^  gave  instead  of  a  triplet  a  quadruplet,  the  two  central  compo- 
nents being  polarized  in  the  same  plane  as  the  central  line  of  the 

normal  triplet,  while  Do  gave  a  sextet,  the  two  central  components  of 
which  were  plane-polarized  in  a  similar  manner,  while  the  four  outer 
components  were  plane-polarized  like  the  outer  lines  of  a  triplet. 

The  quartet  results  from  a  symmetrical  spUtting  of  the  central 
line  of  the  normal  triplet.  In  some  cases  this  separation  may  be 
as  great  as  that  of  the  outer  components,  as  is  the  case  with  the  iron 
line  4251,  which  shows  as  a  doublet  in  a  direction  perpendicular 
to  the  field.  In  case  of  the  line  2411  the  components  of  the  middle 
line  pass  over  the  outer  lines,  giving  us  a  quartet  with  reversed 
polarization.  In  some  cases  the  middle  line  of  the  triplet  splits 
into  three  components.  In  all  of  these  cases  we  observe  a  normal 
doublet  along  the  lines  of  force,  since  the  vibrations  perpendicular 
to  the  field  (outer  components  of  triplet)  are  affected  in  a  normal 
manner.  A  doubling  of  all  three  lines  gives  rise  to  a  sextet,  such  as 
we  observe  in  the  cavse  of  the  sodium  line  Dj.  The  mercury  line 
5461  yields  a  nonet,  formed  by  a  tripling  of  each  line  of  the  normal 
triplet.  Still  more  complicated  types  have  been  observed,  in  which 
each  line  of  the  triplet  is  replaced  by  four  or  five.  The  most  com- 

plicated case  thus  far  observed  is  furnished  by  the  spectrum  of 
molybdenum,  the  hnes  of  which  show  17  to  19  components. 
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A  number  of  these  isteresting  cases  are  shown  in  Fig.  319,  which 

is  taken  from  Voigt's  most  interesting  book  on  Magndo  and  Electro 
Optics.  No.  1  is  a  photograph 
of  the  molybdenum  line  ̂ 69.4 
taken  in  the  second  order  spec- 
tnim.  On  the  left,  we  have  the 
components,  ei|^t  in  number,  m 
a  direction  perpendicular  to  the 
lines  of  force,  and  on  the  right, 
the  five  components  seen  parallel 
to  the  field.  This  photograph 

was  taken  in  Professor  Voigt's 
laboratory,  while  the  six  which  jj 
follow  were  made  by  Dr.  Loh- 
maon  in  Halle  with  an  echelon 

Kiting.  No.  2  shows  the  neon 
e  6600  in  a  magnetic  field  of 

10,800  Gausses.  No.  3  is  the 
6718  Ime  (fiekl  strength  5700).  jjl 
No.  4,  A  =  6507,  H  =  9950. 
No.  5,  A  -  6143,  H  =  9300.  In 
No.  6  we  have  a  decomposition 
into  12  components  (A  =  6335, 
H  =.  8420).  No.  7,  X  =  6402, 
H  -  15,350.  _ 

A^mmetiical  Separation  of 
the  Triplet.  —  Voigt  from  theo- 

retical oonnderationa  came  to 
the  conclusion  that  the  outer 
components  of  the  triplet  seen 
perpendicular  to  the  lines  of 
force  should  show  the  foUowing  ̂  
asymmetry :  the  component  on 
the  red  side  should  show  the 
greater  intoisity,  while  the  one 
on  the  violet  mde  should  be  found 
at  the  greater  distance  from  the 
fHigmal  line.  Zeeman  observed  yj 
an  effect  (^  this  type  in  the  case 
of  <Kie  of  the  yellow  mercury 
Unea.  The  vacuum  tube  was 

placed  in  the  very  non-homo- 
geneous fiekl  between  the  conical 

pole  pieoea  of  the  magnet.  The  yn 
largest  separation  of  the  lines 
will  occur  at  the  centre  of  the 
tube  where  the  field  ia  strongest, 
deciearing  gradually  to  zero  both 
above  and  below.  By  project- 

ing an  image  of  the  tube  on  the  slit  of  the  spectrograph  it  was 
to  obtun  with  a  single  exposure  a  photofp^ph  showing 
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the  separatioa  ia  magnetic  fields  of  very  difFerent  intenfiitiea. 

Voigt'a  prediction  was  verified  in  the  caBe  of  the  yellow  line  5791, 
but  no  trace  of  the  effect  was  observed  in  the  case  o(  the  5770  line, 
for  which  the  separation  was  symmetrical.  The  difference  in  the 
behavior  of  the  two  lines  is  clearly  shown  in  Fig.  320.  Effects  of 

a  similar  but  opposite  nature  were  found  in  Voigt's  laboratory  in 

the  case  of  the  spectrum  of  tungsten.  Voigt  explains  these  anom- 
alies as  a  result  of  a  shift  of  the  central  component  from  the  origmal 

position  of  the  line.  This  shift  of  the  central  component  b  not 
called  for  by  theory,  but  it  has  been  found  experimentally  by 
Zecman,  and  independently  by  Gmelin. 

Shift  of  the  Middle  Component.  —  Zeeman  in  observing  the 
doublet  along  the  lines  of  force  noticed  a  faint  but  very  sharp  line 
midway  between  the  two  components.  In  the  case  of  the  5770 
mercury  line  this  new  line  was  exactly  midway  between  the  com- 

ponents of  the  doublet,  while  in  the  case  of  the  5791  line  it  appeared 
displaced  towards  the  red-  These  rays  were  evidently  due  to  light 
emitted  in  a  direction  not  strictly  parallel  to  the  lines  of  force  and 
reflected  from  the  inner  walls  of  the  tube,  for  it  was  plane-polariEcd. 
Tills  line  evidently  corresponds  to  the  central  line  of  the  triplet 
seen  in  a  direction  perpendicular  to  the  lines  of  force.  In  the  case 
of  the  5791  line  it  was  necessary  to  ascertain  whether  the  asjTu- 
metrical  pasition  of  the  faint  line  between  the  doublet  was  due  to  a 
shift  of  the  central  component  of  the  triplet  or  to  the  fact  Uiat  the 
circularly  polarized  component's  of  the  doublet  were  not  sym- 

metrically placed  with  respect  to  the  original  line. 
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Zeemaa  accordingly  investigated  the  matter  with  his  method  of 
non-uniform  fields.  As  we  have  seen,  a  change  of  wave-length 
gives  us,  in  this  case,  a  curved  line,  the  outer  components  of  tlie 
normal  triplet  appearing  bowed  out,  the  apindle-shaj^d  figure  being 
bisected  by  the  straight  middle  component.  This  middle  com- 

ponent would  appear  slightly  curved  if  it  had  suffered  any  change 
of  wave-length.  Photographs  made  with  the  grating  showe<l  no 
evidence  of  this,  and  Zeeman  accordingly  tried  the  echelon,  giving 
as  the  following  account  of  hia  results : 

"  The  shift  of  the  middle  line  of  the  triplet  may  be  demonstrated 
also  by  our  method  of  the  non-uniform  field,  if  an  echelon  spectro* 
scope  is  made  use  of.  A  curvature  of  the  middle  line  nill  be  the 

immediate  effect  of  the  shift.  If  we  use  Rowland'^  grating  such 
a  curvature  would  be  invisible,  nor  have  I  oliserved  it  in  that 

"  The  visibility  of  the  curvature  will  be  much  increasetl  by  taking 
care  that  in  the  image  points  corresponding  to  very  different  ittten- 
sities  of  field  he  closely 
together.  In  order  to 
obtain  this  an  eleven 
times  reduced  image  of 
the  vacuum  tube,  charged 
with  mercury  and  placed 
in  the  field,  wasprojectiMi 
on  the  slit  of  the  auxili- 

ar>'  spectroscope.  The 
lens  used  was  a  photo- 
graphico  objective  of  10 
cms.  focus. 

"  The  plate  (Fig.  321) 
gives  somewhat  enlarged 
reproductions  of  nega- 

tives rcUting  to  line  S7i)l 
resp.  line  5770.  The 
mid<l]e  line  is  given  in 

two    succeeding    onlers.       "Eg.      5770  6791 Between  these  the  other 

components  of  the  trip- 
lets arc  seen.  With  increatting  magnetic  force  tlie  conii)«inents  de- 

viate further  and  further  from  their  «\ni  middle  line.  In  iho  crn- 
tral  part  of  the  field  of  view  the  maximum  distance  is  n-achcd. 
The  component  towards  the  n'<l  in  the  figun's  isalway.-*  at  the  left 
of  its  middle  line,  l>eing  concave  to  it  in  the  central:  the  seniiid 

manifestly  curve<l  line  is  the  component  towiinls  the  violet  iM-liing- 
ing  to  the  other  onler. 

"  The  curvature  of  the  middle  line.-!,  the  demonstration  of  which 
is  the  object  of  our  present  exix'rinicnt.  is  undiiul>te<lly  visible  m  the 
figure  for  5791.  It  is  still  more  easily  seen  by  eonipuri.-4iu  with  a 
Htraight  bit  of  ]>a[M>r. 

"  In  the  figure  for  5770  this  kind  of  curvature  is  alwont. 
"The  asymmetry  of  the  magnetic  resolution  of  line  5791  is  at  once 
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evident  by  the  fact  that  one  of  the  middle  lines  is  approached  more 

nearly  by  the  outer  component  than  the  other." These  photographs  are,  at  first  sight,  a  little  confusing,  owing 
to  the  circumstance  that  the  echelon  gives  two  orders  of  spectra. 
The  middle  line  of  the  triplet  is  represented  by  the  two  outer  lines 
of  the  photograph.  Their  curvature  at  the  centre  can  be  best 
seen  by  holding  the  eye  nearly  in  the  plane  of  the  paper  and  sitting 
along  them.  The  outer  lines  of  the  triplet  stiut  at  the  top  and 
bottom  (not  reproduced)  in  coincidence  with  the  outer  lines  (in 
reaUty  the  middle  line  of  the  triplet),  swerving  away  the  one  to  the 
right,  the  other  to  the  left,  and  crossing  each  other  a  little  above 
and  a  little  below  the  centre,  where  the  field  intensity  has  its  great- 

est value. 
To  test  whether  the  asymmetry  was  due  entirely  to  the  shift  of 

the  middle  line,  Zeeman  tried  to  photograph  it  with  the  field  on 
and  the  field  off,  and  determine  whether  the  shift  was  of  the  same 
magnitude  as  that  calculated  on  the  assumption  that  the  outer 
lines  of  the  triplet  were  symmetrically  placed  with  resfiect  to  the 
original  line.  The  shift,  however,  was  too  sli^t  to  make  reliable 
measurements  possible. 

The  Zeeman  Effect  and  Spectral  Series.  —  As  we  have  seen,  spec- 
trum lines  are  divided  in  all  sorts  of  ways  in  a  magnetic  field,  the 

normal  triplet  being  the  exception  rather  than  the  rule;  the  normal 
triplet  occurs  however  in  hundreds  of  examples  in  the  spectra  of 
zirconium  and  titanium.  A  great  number  of  lines  of  the  iron 
spectrum  also  become  triplets  under  the  action  of  the  magnetic 
field. 

The  measurements  of  Rimge  and  Paschen  and  others  have  shown. 
however,  that  in  the  ease  of  hnes  belonging  to  the  same  spectral 
series,  the  type  of  magnetic  separation  is  the  same,  i.e.  all  lines  of 
a  given  spectrum  that  can  be  represented  by  a  formula  are  divided 
in  the  same  way.     As  Lorentz  says : 

'*  In  those  series  which  consist  of  triplets  or  doublets,  the  mode  of 
division  of  the  lines  is  in  general  different  for  the  lines  of  one  and  the 
same  triplet  or  pair,  but,  according  to  the  law  just  mentioned,  the 
same  mode  of  division  repeats  itself  in  every  triplet  or  every  doublet. 
Thus,  in  each  triplet  belonging  to  the  second  subordinate  series  of 
mercury,  the  less  refrangible  line  is  spht  into  nine  comj)onents,  the 
middle  line  into  six,  and  the  most  refrangible  line  into  three  com- 
ponents. 

**  Equal  modes  of  division  are  found  not  only  in  the  different  lines 
of  one  and  the  same  series,  but  also  in  the  corresponding  series  of 
different  elements.  For  the  lines  Di  and  D2  of  sodium,  which  form 
the  first  member  of  the  principal  series,  are  changed  into  a  quartet 
and  a  .sextet,  and  the  first  t(*rms  in  the  principal  series  of  copper 
and  silver  present  exactly  the  same  division.'' 

As  an  example  of  spectral  series  we  may  take  the  case  of  sodium. 
Here  we  have  three  series  of  close  double  lines,  the  principal 

series  and  two  subordinate  series,  in  which  the  spacing  of  the  lines 
along  the  spectrum  can  he  represented  by  a  simple  formula. 

The  D  lines  form  the  first  observed  pair  of  the  principal  series, 
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the  other  members  being  in  the  ultra-violet,  the  distance  between 
the  pairs  decreasing  in  a  uniform  manner  as  we  proceed  down  the 
spectrum.    Investi-         o 
gations  of  the  ab-  ̂ ^^^ sorption     spectrum  ̂ ^^^| 

by  the  author  have  ̂ ^^^^ raised  the  number  ̂ ^| 
of  members  of  this  ̂ ^H 
series  from  the  seven  ̂ ^H 
previously     known  ̂ ^H 
to   forty-eif^t,    the  ̂ ^| 
largest  number  that  ̂ ^| 
has  been  observed  ̂ ^| 
for  any  element  thus  ̂ ^H 
far.    A  photograph  ̂ ^| 
of  a  portion  of  this  ̂ ^| 
series  is  shown  in  ̂ ^H 
Fig.  322  a,  the  num-  ̂ ^H 
ber   of  each   unre-  ̂ ^H 
solved  pair  being  in-  ̂ ^H 
dicated.   Just  below  ̂ ^H 
this,  in  spectrum  b,  ̂ ^9 
we  have  the  same  ̂ ^H 
absorption        spec-  ̂ ^H 
trum,  with  an  iron  ̂ ^H 
comparison      spec-  ̂ ^H 
trum.       The  short  ̂ ^H 
wave-lengths  are  to  |^| 
the '  left,    and   the  ̂ vfl remarkable  general  ̂ HB 
absorption      which  ̂ ^H 
begins  at  the  head  ̂ ^H 
of  the  aeries  and  ex-  ̂ ^H 
tends  to  extreme  ul-  ̂ ^H 
tra-violet  is  shown.  ̂ ^H 
Spectrum     C     was  ̂ ^H 
taken  with  denser  ̂ ^H 
v^wr,    and    shows  ̂ ^H 
that  each   pur   of  ̂ ^H 
the    series    is    im-  ̂ ^H 
mersed,  so  to  speak,  ̂ ^H 
in  a  band  spectrum,  ̂ ^H 
analogous     to    the  ̂ ^H 
one    accompanying  ̂ ^H 
the    D    lines,     the  ̂ ^S 
magnetic     rotation  ̂ ^H 
of  which   we  have  ̂ ^H 
just    considered. 
The  second  subordinate  series  coa'*istH  also  of  a  series  of  double 
lines,  and  there  is  undoubtedly  some  coaiuftion  iM-twcc-n  the  two 
■eriee,  for  the  first  members  of  each  scries,  ua  represented  by  the 
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formula,  fall  at  the  same  wave-length.  The  first  members  have 
not  been  observed,  however,  i,e,  no  spectrum  lines  have  been  found 
at  this  i)oint.  That  there  is  some  intimate  relation  betwe^  the 
lines  of  the  two  series  is  also  shoiiicn  by  the  Zeeman  eCTect,  for  obser- 

vations have  shown  that  the  more  refrangible  components  of  the 
doublets  of  one  of  these  series  exhibits  the  same  type  of  magnetic 
separation  as  the  less  refrangible  components  of  the  other  series. 

An  account  of  the  various  attempts  that  have  been  made  to 
explain  the  more  complicated  types  of  magnetic  separation  would 

require  too  much  space,  and  tiie  reader  is  referred  to  Lorentz's 
interesting  book,  The  Theory  of  Electrons^  for  a  very  complete 
presentation  of  all  that  is  known  at  the  present  time  about  the 
subject. 

Magnitude  of  the  Separation.  —  Spectroscopic  recc^^ition  of  the 
Zeeman  phenomenon  requires  an  instrument  of  high  resolving 
power.  The  most  convenient  form  is  undoubtedly  the  echelon 
grating  devised  by  Michelson ;  it  can  be  adjusted  in  a  few  minutes, 
gives  a  large  amount  of  light  and  is  fairly  compact.  The  author 
has  seen  the  effect  without  difficulty  with  an  echelon  improvised 
from  four  interferometer  plates  which  were  mounted  on  the  ti^le 
of  a  spectrometer  with  a  step-width  of  1  nmi.  A  small  screen  of 
cardboard  with  a  rectangular  opening  5  mms.  wide  and  2  cms. 
high  limited  the  beam  coming  from  the  collimator.  This  was 
mounted  in  such  a  position  as  to  have  a  strip  1  nmi.  wide  along  the 
edge  of  the  grating,  five  interfering  beams,  with  hi^  relative  retar- 

dations, being  obtained  in  this  way.  The  spectrometer  was  illumi- 
nated with  the  light  from  a  mercury  vacuum  tube  placed  between 

the  poles  of  an  electro-magnet  and  a  small  direct  vision  prism 
placed  between  the  echelon  and  the  telescope  to  separate  the  mer- 

cury lines.  The  splittuig  up  of  the  green  line  on  exciting  the  magnet 
was  easily  seen  with  this  improvised  apparatus.  A  helium  tube  is 
equally  satisfactory  and  less  troublesome,  as  it  requires  no  heating. 
The  sodium  flame  is  unsatisfactory,  owing  to  the  small  distance 
between  the  D  lines. 

The  results  obtained  with  the  echelon  are  not,  however,  easy  to 
interpret,  and  the  proximity  of  the  spectra  of  other  orders  gives 
trouble,  when  anything  more  than  a  qualitative  experiment  is  to 
be  made.  For  accurate  quantitative  work  the  concave  grating  is 
undoubtedly  the  lx?st  t^T^e  of  instrument  to  use. 

The  magnitude  of  the  separation,  even  for  very  intense  fields,  is 
very  slight.  Zeeman  concluded  from  measurements  of  photographs 
that  for  a  field-strength  of  10,000  c.g.s.  imits  the  distance  between 
the  outer  components  of  the  A  quadruplet  amounted  to  ̂   of  the 
distance  between  Dy  and  />2.  The  same  separation  will  of  course 
be  found  in  the  case  of  the  two  circular  components  seen  along  the 
lines  of  force. 

The  magnetic  separation  of  the  different  lines  in  the  spectrum  of  a 
given  substance  is  by  no  means  the  same.  This  is  of  course  to  he 
exjjected,  for  the  effect  of  the  field  on  the  motion  of  the  electron  will 
depend  upon  the  ratio  of  its  charge  to  its  mass.  Certain  lines  in  the 
spectrum  are,  however,  sui)i)oseil  to  have  a  conunon  origin,  and 
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theory  shows  that  m  this  case  the  magnetic  separation  will  decrease 
with  the  wave-length.     If  we  represent  the  separation  by  dA  we 

should  have  the  relation  -77=  const.,  which  has  been  verified  for  a A 

number  of  lines  by  Preston,  Reese,  Kent,  and  others.  This  relation 
holds,  however,  only  for  lines  which  belong  to  the  same  series.  It 
is  interesting  to  remark  that  in  the  case  of  heUum  the  lines  of  all 
the  six  series  of  lines  split  up  into  normal  triplets. 

We  should  expect  the  magnitude  of  the  separation  to  vary  directly 
with  the  field-strength  H.  Any  departiu^  would  be  difficult  to 
reconcile  with  the  theory  of  the  phenomenon.  Kent  and  Reese  were 
of  the  opinion  that  the  separation  did  not  increase  in  proportion  to 
the  field-strength,  the  linear  relation  only  holding  up  to  values  of  H 
in*  the  neif^borhood  of  15,000  c.  g.  s.  miits.  Above  this  point  the 
separation  becomes  less  than  the  required  amount.  The  departure 
is  very  small,  however,  and  more  recent  work  by  Runge  and  Paschen 
makes  it  appear  probable  that  if  high  enough  resolving  powers  are 
used,  the  separation  is  strictly  proportional  to  the  strength  of  the 
field. 

Study  of  the  Zeeman  Effect  without  a  Spectroscope.  —  A  very 
convenient  and  simple  method  of  showing  the  change  in  the  wave- 

length is  that  employed  by  Cotton  ̂   and  Koenig.^  The  spectro- 
scope is  disp)ensed  with  entirely,  and  an  absorbing  flame  put  in  its 

place.  As  is  well  known,  the  sodium  flame  has  the  i)ower  of  absorb- 
ing, strongly,  radiations  of  the  same  wave-length  as  those  which  it 

emits.  If  we  place  a  bright  sodium  flame  between  the  poles  of  an 
electro-magnet  and  in  front  of  it  a  second  sodium  flame,  preferably 
a  less  luminous  flame,  such  as  can  be  obtained  by  burning  a  jet  of 
illuminating  gas  at  the  tip  of  a  piece  of  soft  glass  tubing  drav^Ti 
down  to  a  point,  the  li^t  which  is  emitted  by  the  first  flame  will 
be  partially  absorbed  by  the  second,  which  will  appear  dark  in  con- 

sequence. If  the  second  flame  contains  much  sodium,  it  may  hap- 
pen that  its  edges  only  appear  dark. 

If  now  the  magnet  is  excited,  the  wave-lengths  emitted  by  the 
first  flame  are  changed,  and  the  second  flame,  no  longer  able  to 
absorb  them,  bri^tens  up  in  consequence,  or,  to  be  more  exact,  it 
no  longer  appears  darker  than  the  background.  It  is  best  to  try 
the  experiment  first  along  the  Unes  of  force,  using  perforated  pole- 
pieces,  and  placing  the  second  flame  elo8o  to  one  end  of  the  magnet. 
The  phenomenon  is  less  marked  in  a  direction  perpendicular  to  the 
lines  of  force,  since  in  this  case  the  emission  line  breaks  up  into  a 
triplet,  and  the  second  flame  is  capable  of  al>sorbing  completely  the 
middle  component,  the  period  of  which  is  unchanged.  This  central 
c<»nponent  is,  however,  plane-polarized  and  can  be  cut  out  by 
means  of  a  Nicol  prism,  under  which  conditions  the  l)rightening  up 
of  the  flame  is  quite  as  conspicuous  as  in  the  direction  of  the  lines  of 
force.  We  may  modify  the  experiment  by  placing  the  absorl)ing 
flame  in  the  magnetic  field.  In  this  case  the  vertical  vibrations  will 
predominate  in  the  beam  coming  from  the  two  flames,  for  the  flame 

I  Compfet  Rendu9,\\iL\\,  p.  8r»5.  >  Wied.  Ann.,  03.  p.  20S. 
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in  tlic  field  absorbs  only  the  horizontal  vibrations  coming  from  the 
other  flame.  The  presence  of  polarized  light  can  be  easily  recog- 

nized by  means  of  a  Savart  plate.  This  experiment  was  performed 
by  Lorentz  in  connection  with  a  study  of  an  eflFect  found  by  Egqroff 
and  (i(H>rgiewsky,  which  will  be  presently  considered. 

The  Inverse  Zeeman  Efifect.  —  The  division  of  absorption  lines 
into  triplet4s  and  doublets  when  the  absorbing  medium  is  placed 
in  a  magnetic  field  is  known  as  the  inverse  Zeeman  effect.  It 
results  from  the  circumstance  that  the  vibrating  mechanism  which 
gives  rise  to  emission  is  also  responsible  for  absorption,  and  the 
natural  frequencies  are  affected  by  the  magnetic  field  in  the  aame 
way  in  the  two  cases.  The  amount  of  absorption  produced  by  eitlwr 
component  of  a  doublet  or  triplet,  however,  depends  upon  the  state 
of  polarization  of  the  white  light  from  which  certain  wave-lengths 
arc  abstracted  by  absorption.  If  the  white  light  is  circularly 
polarized,  and  traverses  the  magnetized  absorbing  medium  parallel 
to  the  lines  of  force,  one  component  of  the  doublet  will  be  abso- 

lutely black,  while  the  other  will  be  invisible.  If  the  direction  of 
rotation  be  reversed,  the  other  component  of  the  doublet  appears 
and  the  first  fades  away.  The  same  is  true  with  the  triplet  and 
plane-polarized  light.  If  the  light  is  unpolarized  to  start  with,  all 
of  the  components  appear,  but  they  are  not  black,  since  on^y  a 
portion  (namely,  that  polarized  in  the  projKjr  way)  is  absorbed  by 
the  medium.  In  this  case  the  comix>nents  can  he  caused  to  appear 
black  by  employing  a  Nicol  prism  or  a  circular  analyzer  (X/4  plate 
and  Nicol)  for  viewing  tlie  spectrum.  Zeeman  and  Winawer  have 

made  an  extensive  study  ̂   of  the  phenomenon  on  account  of  its  im- 
portance in  connection  witli  G.  E.  Hale's  remarkable  discover)' 

of  the  ZcMMiiau  clTect  in  sun-spots,  whicli  will  bo  discussotl  presently. 
They  (Mii])l(>ye(i  u  (i()ul)ly  refract iiig  rlumil)  of  Iceland  spar  so 
oriented  that  the  two  phuie-polarized  images  overlapped  in  a  narrow 
stri])  along  the  C(Mitre  of  the  field,  this  strip  showing  the  apix^aranw 
of  the  phenomenon  with  unpolarized  light.  Their  paper  is  illus- 

trated with  a  large  nuniher  of  phot()j!;raphs,  and  gives  a  very  com- 
plete and  interesting  aeeount  of  the  nature  of  the  a])sorj)tion,  not 

only  when  the  light  traverses  tlie  medium  parallel  and  per]>endicular 
to  the  field,  hut  also  when  the  direction  of  the  waves  is  oblique,  in 
whicli  case  we  have  elliptical  polarization.  Two  of  their  photo- 

graphs are  repF'oduced  in  Fig.  32)^  (up])er  two  pictures).  The  left- 
hand  one  was  made  with  the  Fresnel  rhomb,  the  right-hand  one  with 
the  circular  analyzer. 

Their  observations  are  too  lunnerous  to  be  recorded  in  full,  but 

their  recent  discovcTV  of  unpolarized  components  in  \\w  oas<'  of 
al)sorption  hnes  is  of  too  great  interest  and  importance  to  he 
(knitted.  They  passed  tlie  hght  of  th(^  arc  through  the  absorhini: 
(lanie  (in  the  magnetic  field  at  a  small  angle  with  the  lines  of  force; 
and  obtained  results  whicli  are  best  given  in  their  own  words. 

"  A  still  smaller  angle  between  the  directions  of  the  beam  ami  of 
the  field  may  be  em])loy(Ml   by  looking   through  axial   holes  ami 

•  Pmc.  Anisf.  .{rati.,  Ajuil  Miid  .lunc,  1910. 

y 
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deviating  the  l>eain  in  the  field  by  means  of  two  small  prisms.  A 
remark  of  Professor  Wertheim  Salumonson  induced  us  to  give 

prisms  a  trial." 
The  arrangoment  for  *  =  16''  is  shown  in  Fig.  1123,  a. 
The  priams  are  fixed  to  copper  tubes,  which  are  put  into  the 

bored  cones  of  a  du  Bois  electro-magnet  and  may  be  turned  about 
tlieir  axes.  It  is  therefore  pos.Hible  to  adjust  the  parallelism  of  the 
planes  of  prisms  and  to  arrange  vertically  the  edges. 

Even  with  very  ilense  va|Kir.  the  field  iM-ing  of  the  order  iif 
(•UU.-4S.  the  phenonu'iion  closely  n's«>nibles  the  pure  kiiigiludin 
No  truce  of  the  niiddle  niiiipoiieiits  is  vl-iblr. 

After  an  inen-ase,  however,  iif  (he  vajior  density  li>  Ihf 
obtainable  by  the  iiitr<Klui-li<in  of  u  gltLss  md  charged  willi 
calt  into  tl»'  gasHtxygen  flume,  two  mw  lilai-k  lines  apixii 
the  vicinity  of  M:  they  wen'  clearly  visible  iimiiiisl  llic 
dark  backgnmn<l  formetl  by  the  broad 

TkcM  HfIC  Uiim.  irhicli  fwiv  till-  miHc  /* 
nenlu,  are  umtolarizal. 

eil  uuler  c 
(«/  an  till-  niiddlc  cm 

ml  oiii-. 
'   limit 

rTleIt<ii 
,r<'d  in 

rather 
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We  have  come  to  this  conclusion  after  trying  in  vain  to  detect 
any  trace  of  polarization  phenomena  of  the  new  components. 

In  the  first  place,  rotation  of  a  Nicoi,  placed  before  the  alit  of  the 
spectroscope,  gave  no  change  of  intensity  of  the  lines;  only  the 
background  formed  by  the  nearly,  but  not  accurately,  circularly 
polanzed  outer  components  was  dightly  changed. 

-4- 

_•   t 
•^Iffl— 

Fio.  324. 

After  removal  of  the  Nicol  a  quarter-wave  plate  with  its  principal 
direction  under  45*^  was  inserted  in  the  beam  and  a  broad  hori- 

zontal slit  placed  near  the  field.  By  means  of  a  calc-spar  rhomb 
two  stripes  are  obtained,  separating  the  oppositely  polarized  cir- 

cular vibrations. 
With  vapor  of  intermediate  density,  A  in  Fig.  325  gives  the 

appearance  for  Di.  The  vertical  Une  represents  the  reversed  hne 
due  to  the  arc-light. 

With  very  dense  vapor,  we  get  the  phenomenon  represented  in 
B.  New  components  appear  in  the  initially  bright  parts  of  the 
field  of  view. 

The  positions  of  the  new  components  correspond  to  those  of  the 
inner  components  of  the  quartet,  at  least  as  far  can  be  judged  by 
eye  observation.  This  observation  is  confirmed  by  measurements 
made  on  a  photograph  of,  it  must  be  said,  only  moderate  quaUty. 

As  to  the  polarization  of  the  new  lines  a  few  remarks  may  be 
made.  From  an  inspection  of  B  alone,  one  might  infer  a  circular 
polarization  of  the  inner  components  of  a  sign  opposite  to  that  of 
the  outer  ones. 

One  might  be  tempted  to  infer  that,  under  the  circumstances  of 
the  experiments,  the  inner  components  are  due  to  the  motion  of 
positive  charges. 
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There  is  no  need  of  discusaing  the  probability  of  such  &  conclu- 
sion, as  it  is  refuted  by  the  next  observation. 

If  the  quarter-wave  plate  be  rotated  in  ita  own  plane  so  that  the 
principal  direction  more  and  more  nearly  approaches  the  horizontal 
poation,  the  intenaty  of  the  outer  components  decrease.  The 
inner  components,  which  at  first  are  invisible  in  two  of  the  quad- 

rants, being  entirely  hidden  by  the 
black,  broad,  outer  components,  are 
presently  seen  as  continuous  bands 
croesing  at  r^ht  angles  the  horisontal 
line  of  separation. 

Finally,  when  the  principal  direc- 
tion of  the  quarter-wave  plate  has 

become  horizontal,  there  is,  as  far  as 
concerns  the  inner  components,  no 
difference  at  all  between  the  upper 
and  lower  fields,  and  only  a  slight 
one  as  far  as  concerns  the  outer 
components. 

From  the  observations  recorded 
we  cannot  but  conclude  that  under 
the  circumstanoes  of  the  experiment 
the  inner  components  of  the  Tiew 
quartet  are  unpolarized. 

This  result  seems  paradoxical,  be- 

cause one  now  has   become  accus-  ' '"'  ̂̂ ''' 
tomed  to  expect  polarization  of  all  magnetically  separated  and  dis- 

placed lines. 
The  result,  however,  seems  to  be  in  perfect  accordance  with 

theory,  at  least  if  it  be  permitted  to  apply  to  the  middle  compo- 
nents of  the  quartet  the  theoretical  inference  drawn  for  the  central 

component  of  the  triplet. 
Lorenti  has  proved  that  in  the  case  of  a  triplet  for  a  frequency 

n=n«  and  *<*i,  two  oppositely  elliptically  polarized  beams  may 
be  transmitted,  having  the  same  index  of  absorption,  but  unequal 
velocities  of  propagation.  The  characteristic  vibration  ellipses  for 
the  two  beams  are  the  same,  but  described  in  opposite  directions. 

Since  the  indices  of  absorption  of  the. two  beams  are  equal,  wc 
m«ye]q>ect  that,  under  the  circumstances  mentioned,  a  magnetized 
vapor  can  produce  in  a  continuous,  unpolarized  spectrum  (mly 
uiqralariied  absorption  lines. 

The  Zmhud  Effect  on  the  Sun.  —  One  of  the  most  brilliant  <]i.s- 

oovmes  ever  made  in  Astrophysics  was  G.  E.  Hate's  observation 
of  the  Zeonan  effect  in  the  spectrum  of  sun  spots.  His  photo- 
gr^)ha,  made  with  the  spectro-heliograph,  by  means  of  which  an 
image  of  the  solar  surface  is  made  solely  by  light  of  a  single  wave* 
length,  shoved  that  in  many  ca.-4es  the  luminous  matttr  surrounding 
the  spot  was  rotating  at  high  speed  in  the  form  of  a  vortex  or  gigantic 
maebtrfim.  If  the  solar  ga.scs  contained  free  electrons,  their  rota- 

tion should  produce  a  magnetic  field,  and  the  light  emitted  by  the 
qMt  flbould  be  circularly  polarized,  or  in  the  case  of  absorption  lines 
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we  should  haye  the  polarized  doublet  described  in  the  previous 
section.  Observation  of  the  spectrum  through  a  circular  analyzer 
showed  that  the  absorption  line  was  displaced  by  the  rotation  of 
the  A/4  plate,  proving  the  existence  of  the  Zeeman  doublet.  The 
triplet  was  discovered  with  a  Nicol  prism  in  the  case  of  spots  near 
the  edge  of  the  sun,  in  which  case  the  lines  of  magnetic  force  were 
nearly  perpendicular  to  the  direction  in  which  the  light  was  emitted. 
This  discovery  of  the  existence  of  magnetic  fields  of  vast  size  on  the 
surface  of  the  sun,  produced  by  whirling  vortices  of  electrically 
charged  matter,  comparable  in  intensity  with  those  which  we  can 
produce  in  the  laboratory  by  the  aid  of  every  instrumental  refine- 

ment over  an  area  of  only  a  few  millimeters,  is  one  of  the  most  sen- 
sational discoveries  ever  made. 

Zeeman  has  published  in  his  paper  two  photographs  which  illus- 
trate in  a  striking  manner  the  resemblance  between  photographs 

of  the  absorption  lines  in  the  spectra  of  sun-spots  and  the  mag- 
netically divided  lines  obtained  when  the  absorbing  vapor  is  placed 

in  a  non-uniform  field.  The  intensity  of  the  magnetic  field  id 
greatest  at  the  centre  of  the  spot,  for  it  is  here  that  the  velocity  of 
the  whirl  of  charged  electrons  is  greatest.  These  photographs 
are  reproduced  in  Fig.  323  (lower  figures).  The  left-hand  one  rep- 

resents a  portion  of  the  solar  spectrum,  the  dark  band  across  the 
centre  representing  the  spectrum  of  the  spot.  The  widening  of  the 
Fraunhofer  lines  as  they  cut  across  the  spot  is  strikingly  analogous 
to  the  appearance  of  the  lines  obtained  by  Zeeman  in  a  non-uniform 
magnetic  field. 

Partial  Polarization  of  the  Light  emitted  by  a  Flame  in  a  Magnetic 
Field,  —  We  have  seen  that  the  light  emitted  in  a  direction  perpen- 

dicular to  the  lines  of  force  consists  of  three 
(liiferent  sets  of  vibrations,  one  polarized  parallel, 
the  other  perpendicular,  to  the  field.  If  the  total 
amount  of  light  in  the  two  outer  comp>onents  of 
the  triplet  is  greater  or  less  than  the  amount  in 
the  central  component,  the  light  should  exhibit 
traces  of  plane-polarization.  We  may  regard 
the  revolving  electrons  as  circular  or  elliptical 

Fio.326.  convection  currents,  each  one  accompanied  by 
its  own  magnetic  field,  and  it  would  seem  there- 

fore as  if  the  external  field  might  well  exercise  a  directive  force  upon 
the  or])its,  orienting  them  in  the  same  manner  as  the  hypothetical 

molecular  currents  are  supposed  to  be  oriented  in  Ampere's  theoty 
of  magnetism.  If  this  were  the  case  we  should  expect  the  light 
emitted  in  a  direction  perj)endicular  to  the  lines  of  force  to  be  more 
or  less  completely  plane-ix)larized,  as  will  be  readily  understood  by 
reference  to  Fig.  320,  in  which  the  electronic  orbits  have  all  been 
brought  into  the  same  plane.  Though  traces  of  polarization  have 
been  detected  by  Egoroff  and  (leorgiewsky  it  is  very  doubtful  if  the 
phenomenon  is  to  he  referred  to  this  action.  In  the  first  place  an 
oricmtation  such  as  we  have  assumed  would  result  in  an  emission 

of  circnilarly  polarized  light  of  a  single  type  and  wave-length  along 
the  lines  of  force,  instead  of  the  two  equal  components  of  different 
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periodicities  and  opposite  directions  of  revolution.  How  then  are 
we  to  explain  the  presence  of  plane-polarized  light  in  the  beam 
emitted  perpendicularly  to  the  field?  The  experiments  above 
referred  to  showed  that  fully  11  %  of  the  emitted  light  was  plane- 
polarized,  with  its  vibration  direction  perpendicular  to  the  field,  just 
as  it  should  be  if  a  partial  orientation,  as  assumed  above,  had  taJcen 
place.  But  it  was  found  that  the  phenomenon  only  appeared  in  the 
case  of  luminous  vapors  which  showed  strong  absorption,  in  other 
words  it  only  occurred  in  the  case  of  lines  easily  reversed.  This 
appeared  to  indicate  that  absorption  played  some  part  in  the  pro- 

duction of  the  polarization. 
As  we  have  seen,  we  may  have  plane-polarization  produced  when 

we  have  two  flames,  one  in  the  magnetic  field,  the  other  outside. 
The  same  thing  can  take  place  if  we  have  a  single  flame  in  a  non- 
homogeneous  field.  Cotton,  however,  found  that  even  in  homo- 

geneous fields  the  emitted  light  was  partially  plane-polarized.  The 
complete  explanation  was  given  by  Lorentz,*  who  showe<l  that  if 
the  intensity  of  the  outer  components  of  the  triplet  is  only  one-half 
that  of  the  inner  (which  is  to  be  expected  if  no  orientation  has  taken 
place),  then  the  absorption  coefficient  for  the  vertical  vibrations  is 
only  half  as  great  as  for  the  horizontal.  If  the  original  intensity 
of  the  central  component  Is  h  and  the  intensities  of  the  outer  com- 

ponents are  1%  and  /s,  we  have 

The  outer  absorbing  mantle  of  the  flame  is  in  the  magnetic  field  also, 
and  as  the  absorbing  power  is  proportional  to  the  emissive  power,  it 
will  absorb  the  central  component  (horizontal  vibrations)  more 
powerfully  than  the  outer  components  (vertical  vibrations.)  We 
have,  therefore,  after  absorption 

m 

or,  since  1%  and  /s  consist  of  vertical  vibrations,  we  are  able  to  detect 
traces  of  polarization. 

Egoroff's  experiment  therefore  cannot  be  regarded  as  evidence  of 
an  orientation  of  the  orbits.  If  polarization  could  be  found  in  the 
case  of  some  gas  which  does  not  exhibit  the  phenomenon  of  reversal, 
for  example  helium  or  hydrogen,  it  would  be  pretty  c(»rtain  evitlence 
that  the  orbits  of  the  electrons  were  brought  to  a  greater  or  less 
extent  into  a  plane  perpendicular  to  the  lines  of  force. 

Abnormal  Zeeman  ££fect  in  Band  Spectra.  —  Repeated  investi- 
gations failed  to  show  the  existence  of  the  Zeeman  effect  in  the  case 

of  the  individual  lines  of  which  band  spec*tra  are  formed.  Quite 
recently,  however,  Dufour  has  found  that  the  edges  and  in  some 
cases  the  individual  lines  in  the  band  spi^ctra  of  the  fluorides  and 
chlorides  of  calcium,  barium,  and  strontium,  obtained  with  the  electric 
arc,  show  the  effect.  He  made  his  observat  ions  in  a  direction  parallel 
to  the  field,  converting  the  circular  vibrations  into  plane  ones  with 
a  quarter-wave  plate  and  observing  them  with  a  Nicol  prism. 

^  Bapp.  prit  auCongres  InUsm.  de  Phyt.  (Paris,  1900),  vol.  iii.,  p.  20. 
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This  enabled  him  to  extinguish  either  component  of  the  doublet  at 
will,  and  he  found  the  head  of  the  band  displaced  to  the  right  or 
left  of  its  normal  position,  depending  upon  orientation  of  the  quarter- 
wave  plate.  Fig.  327  is  a  drawing  made  from  Dufour's  photogn^h 
of  the  spectrum  of  calcium  Suoride  in  the  orange  region;  the  upper 
and  lower  pictures  show  the  bands  under  normal  conditions,  the 
two  middle  ones  when  the  source  of  light  is  in  a  magnetic  field, 
and  the  quarter-wave  plate  first  in  one  position  and  then  ia  the  other. 
The  shift  in  the  position  of  the  edge  of  the  band  is  seen  to  be  differ- 

ent in  the  two  cases  and  to  be  different  as  well  in  the  case  of  the 

different  band^.  In  the  case  of  the  band  D",  the  shift  .of  the  two 
middle  spectra,  with  reference  to  the  upper  and  lower,  is  precisely 
opposite  to  that  which  obtains  in  the  case  of  the  other  two  bands, 

D  and  O',  This  method  of  observation  will  be  recognized  as  the 
one  originally  employed  by  Zeeman  in  proving  the  existence  of  the 
two  circularly  polarize<I  components  of  the  doublet  before  he  was 

able  to  effect  their  complete  separation.  Dufour's  experiment 
showed  that  the  direction  of  rotation  of  the  two  circular  components 

of  the  doublet  seen  alonf;  the  lines  of  force  in  the  case  of  the  band  D" 
was  tlie  same  as  in  the  normal  type,  and  that  the  band  was  therefore 
due  to  tlie  viljration  of  negative  electrons.  The  opposite  states  of 
|M>larization  found  in  the  other  two  bands  would  on  the  elementary 
theory  imlicate  that  they  had  their  origin  in  the  vibrations  of 

positive  electrons.  The  msflnitudt"  of  the  displacement  was  about 
0.3  of  an  Angstrom  unit,  with  a  field  strength  of  10,000,  In  addi- 

tion to  the  anomalously  displaced  component  in  the  bands  D  and  D', 
there  were  faint«r  components  displaced  in  the  normal  direction,  as 
indicated  in  the  figure,  which  could  be  explained  by  assuming  a 
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slight  ellipticity  in  the  vibration.  In  a  direction  perpendicular  to 
the  field,  Dufour  observed  a  quartet  in  the  case  of  each  band.  In 

the  case  of  the  band  D"  the  separation  of  the  component  in  which 
the  vibrations  were  parallel  to  the  field  was  greater  than  that  of  the 
perpendicular  components.  In  the  case  of  the  other  two  bands  the 
separation  was  the  same  in  each  case,  that  is,  the  middle  line  of  the 
triplet  was  divided  into  two,  which  fell  in  coincidence  with  the  two 
outer  lines. 

Still  more  recently  Dufour  has  found  {CompL  Rend,  1908)  that 
in  the  band  spectrum  of  hydrogen  (sometimes  called  the  second 
spectrum)  we  have  lines  which  show  the  normal  Zeeman  effect, 
others  which  show  no  effect  at  all,  and  still  others  which  exhibit 
the  abnormal  effect,  i.e.  reversed  circular  polarization  in  the  doublet. 

These  observations,  in  connection  with  the  work  of  Becquerel 

on  the  abnormal  effect  in  certain  absorbing  crystals  and  the  author's 
discovery  of  positive  and  negative  rotation  by  magnetized  sodium 
vapor,  suggest  —  but  by  no  means  prove  —  the  existence  of  posi- 

tive electrons.  Voigt,  who  has  probably  given  more  attention  to 
the  theoretical  side  of  magneto-optics  than  any  other  worker,  is 
strongly  opposed  to  the  conception  of  positive  electrons,  and  it  is 
probable  that,  in  time,  all  of  these  anomalies  will  be  satisfactorily 

'explained,  either  by  Voigt's  assumed  change  of  field  inside  the  mole- 
cule, or  by  the  action  of  negative  electrons  moving  under  constraint 

or  under  the  influence  of  their  neighbors. 
Theory  of  the  Zeeman  Effect.  —  The  very  elementary  and  non- 

mathematical  treatment  of  the  Zeeman  effect  which  has  been  given 
shows  us  why  the  doublets  and  triplets  appear,  but  teUs  us  nothing 
regarding  the  magnitude  of  the  effect.  The  treatment  given  by 
H.  A.  Lorentz  in  his  Theory  of  Electrons  enables  us  to  determine 
the  nature  of  the  charge  on  the  electrons,  and  the  ratio  of  the 
charge  to  the  mass,  from  the  magnitude  of  the  separation.  To 
the  components  of  the  elastic  force  which  causes  the  vibration  of 
the  electron  are  added  the  components  of  the  force  due  to  the 
magnetic  field,  which  is  proportional  to  the  velocity  of  the  electron. 
The  equations  of  motion,  for  a  magnetic  field  parallel  to  the  Z  axis, 
are  thus  of  the  form 

or  c  at 

in  which  m^mass,  e  =  charge,  H  =  field  strength  and  /=the  elas- 
tic force.  The  last  equation  shows  that  the  vibration  parallel  to 

Z  is  not  affected. 
The  first  two  equations  admit  of  two  particular  solutions: 

^=a,  cos  {nxt+jh).  v=  -oisin  (nit+pi); 
(  =  0%  cos  (n^+Pt)y  i7=aisin(w^+/>s); 
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in  which  the  frequencies  rti  and  rig  are  determined  by 

mc 

n2^-\   'n^=n^ 
mc 

in  which  no  is  the  original  frequency. 
The  two  solutions  given  above  represent  circular  vibrations  of 

opposite  direction  and  perpendicular  to  the  field.  The  frequency  rii 

is  higher  than  v^'ii  eH,  is  positive. Experiment  now  shows  us  that  the  change  in  frequency  is  very 
small  in  comparison  to  the  frequency,  consequently  we  can  write^ 

ni  =  no+r — ^and  ns=no— t— ^• 2  mc  2mc 

Zeeman  found  that,  in  the  case  of  the  circularly  polarized  doublets 
the  light  emitted  in  a  direction  coinciding  with  that  of  the  magnetic 
force  showed  right-handed  polarization  for  the  low  frequency  line 
of  the  doublet,  which  proves  that,  for  a  positive  value  of  H„  the  first 
of  the  two  frequencies  given  above  is  the  smaller,  and  that  the 
charge  e  of  the  electron  must  be  negative,  which  is  in  accord  with 
other  experiments.  If  we  measure  the  distance  between  the  lines, 
we  can  determine  n\  —  no,  and,  knowing  the  strength  of  field, 
calculate  the  value  of  the  ratio  —     Zeeman  calculated  this  ratio 

m 
for  the  D  lines  of  sodium  and  obtained  a  number  of  the  same  order 
of  magnitude  as  that  obtained  for  the  electrons  constituting  the 
cathode  rays  of  vacuum  tubes  and  the  P  rays  of  radium. 

Theory  of  Magnetic  Rotation.  —  The  theory  of  magnetic-rotatory 
dispersion  has  not  been  as  completely  worked  out  as  the  theory  of 
ordinary  dispersion,  and  very  few  experimental  verifications  of  the 
formulae  have  been  made. 

Drude  in  his  Lehrbiich  der  Optik  has  deduced  two  different  for- 
mulae expressing  the  relation  between  wave-length  and  magnetic 

rotation  in  terms  of  the  wave-length  corresponding  to  the  free  period 
of  the  electron  and  certain  constants.  Two  different  hypotheses  are 
made  to  account  for  the  rotation.  The  first  assumes  the  existence 

of  molecular  currents,  as  conceived  by  Ampere  and  Weber,  to  ex- 
plain magnetism  and  diamagnetism.  In  paramagnetic  substances 

these  currents  are  already  in  existence,  the  action  of  a  magnetic 
field  merely  orienting  them  so  that  their  lines  of  magnetic  force  are 
superposed  on  the  exciting  field.  In  diamagnetic  substances  the 

currents  arc  induced  within  the  molecule  (Weber^s  theory)  as  soon 
as  the  substance  is  brought  into  a  magnetic  field.  These  currents 
will  persist  as  long  as  the  body  remains  in  the  field,  for  the  molecular 
circuits  are  assumed  to  be  devoid  of  resistance,  and  they  will  be  in 
such  a  direction  as  to  be  repelled  by  the  pole  from  which  spring  the 
lines  of  force  which  have  brought  them  into  existence. 

We  can  best  think  of  these  currents  as  revolving  electrons,  which 
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hav^,  in  the  case  of  diamagnetic  substances,  been  set  in  motion  by 
the  inductive  action  of  the  field,  and  which  will  continue  to  rotate 
until  the  field  is  destroyed,  when  the  opposite  inductive  action 
brings  them  to  rest.  When  now  these  revolving  electrons  are  acted 
upon  by  the  periodic  electric  forces  of  the  light-waves,  the  points 
around  which  they  rotate  will  suffer  periodic  displacements,  and 
the  lines  of  magnetic  force  resulting  from  the  whirling  electrons 
will  be  moved  back  and  forth  with  the  molecular  currents. 

The  result  of  this  is  that  the  moving  electron  not  only  contributes 
to  the  electric  current  density  j»  in  the  fundamental  equation  (as 
is  the  case  in  ordinary  dispersion),  but  also  to  the  density  of  the 
magnetic  current  9,.  The  difference  is  seen  to  lie  in  the  fact  that 
ordinarily  the  electron  is  not  accompanied  by  a  magnetic  field, 
whereas  in  the  present  case  it  is.  » 

The  assumption  of  these  molecular  currents  is  a  natural  hypoth- 
esis  to  make  as  a  basis  for  a  theory  of  magnetic  rotation,  since  it 
has  been  found  useful  in  explaining  the  phenomena  of  magnetism 
and  diamagnetism  of  substances,  and  the  magneto-optical  properties 
of  matter  are  without  doubt  closely  related  to  their  magnetic  prop- 

erties. The  hypothesis,  however,  leads  us  to  equations  which, 
while  they  accoimt  for  the  rotation  of  the  plane  of  polarization,  call 
for  rotations  of  opposite  sign  on  opposite  sides  of  an  absorption  band, 
that  is,  the  magnetic  dispersion  curve  expressed  by  the  final  formula 
has  the  same  general  form  as  the  ordinary  dispersion  curve,  with 
oppositely  directed  branches  at  the  edge  of  the  absorption  band. 
As  a  matter  of  fact,  we  have  no  experimental  evidence  of  magnetic 
rotatory  dispersion  of  this  type.  The  results,  which  have  appeared 
to  indicate  it,  have  been  shown  by  Becquerel,  as  we  shall  see, 
to  depend  upon  other  complications.  As  we  shall  see  presently, 
the  vapor  of  sodium  in  a  magnetic  field  rotates  the  plane  of 
polarization  in  the  same  direction  on  opposite  sides  of  the  absorp- 

tion bands  (Z>  lines) ;  and  the  same  has  been  shown  to  be  true  of 
the  numerous  absorption  bands  exhibited  by  crystals  containing 
erbium,  praseodymium,  and  neodymium.  We  must  therefore 
make  some  hypothesis  which  leads  us  to  equations  calling  for  rota- 

tions of  the  same  sign  on  opposite  sides  of  the  absorption  band. 

The  second  hypothesis  is  that  of  the  **  Hall  effect.'* 
An  electric  current  or  a  moving  electron  is  subjected  in  a  mag- 

netic field  to  a  deflecting  force  which  is  at  right  angles  to  the  direc- 
tion of  the  current  and  the  lines  of  force.  In  a  magnetic  field,  then, 

an  electron  which  is  thrown  into  vibration  by  light-waves  will 
experience  a  force  which  will  be  proportional  to  the  velocity  with 
which  the  electron  is  moving,  and  this  force  must  be  added  to  the 
forces  which  we  have  already  considered  in  forming  the  differential 
equation  which  expresses  its  motion.  As  we  shall  see,  this  method 
of  attacking  the  problem  leads  us  to  a  rotatory-<lispersion  formula 
which  agrees  with  the  results  found  in  the  case  of  sodium  vaiK)r 
and  other  absorbing  media. 

Hypothesis  of  the  Hall  Effect.  —  If  an  electron  is  set  in  motion  by 
light-waves  in  a  magnetic  field  it  will  expt^rience  a  force  which  acts 
at  right  angles  to  its  direction  of  motion  and  the  direction  of  the 
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magnetic  lines  of  force.  This  force  will  be  proportional  to  the  veloc- 
ity with  which  the  electron  is  moving,  and  to  the  strength  of  the 

field.  It  will  be  zero  when  the  electron  reaches  its  turning  point, 
and  will  attain  its  maximum  value  at  the  moment  when  the  position 
of  equiUbrium  is  passed.  If  the  charge  of  the  electron  is  e,  and  if 
it  moves  a  distance  dtf  in  time  dl  along  the  y  axis,  the  force  acting 
on  it  in  the  direction  of  the  x  axis  will  be  represented  by 

cot 

in  which  h,  is  the  strength  of  the  magnetic  field,  which  we  will  assume 
parallel  to  the  z  axis.  If  the  magnetic  field  is  parallel  to  the  y  axis, 
and  tl}e  electron  moves  along  the  z  axis,  the  force  will  be 

cdt  ̂ 

These  forces  are  to  be  added  to  the  right-hand  member  of  the 
equation  of  motion  of  the  electron, 

The  equations  for  the  electric  and  magnetic  current-densities  are 
as  before  (Dispersion  Theory) : 

^'^'=  TAX+4wieN(),  etc., 

dt 

4ir«,=  — -,  etc. 

dt 

For  periodic  disturbances  we  write  as  before 

ei  f  1  +t2  -^)-^  {vh.-ik,)  'fx. \  r      rj      4  TTCT  4  ir 

If  we  take  the  z  axis  parallel  to  the  lines  of  force,  A,=  h^=  0, 
and  write 

T       T'  4  TTCre 

we  have 

6^- 

-  ierji^  = 

47r 

ei70+?e^<^  = 

4  TT 

ei,® 

«  7 

A.-
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Multiplying  the  first  two  equations  first  by  9  and  then  by  4,  and 
then  multiplying  the  second  pair  of  equations  thus  obtained  by  i, 
and  solving  for  (,  ̂,  and  C,  gives  us 

4ire£e=tfZ, 

which  by  differentiation  and  substitution  give 

«--f('+sf) 
which  can  be  abbreviated  by  writing  c'^  for  the  term  in  the  paren- 

thesis and  V  for  the  second  summation  :• 

•^  dt  dt 

•"  d^  d/  ' 

4ir,.  =  .  -. 

Light-Rays  Parallel  to  the  Magnetic  Field.  —  In  this  ease,  a,  Pt 
X,  and  Y  depend  only  on  z  and  t^  and  substitution  of  the  al)ove 
values  in  the  fundamental  equations  gives  us 

1/  „dX  .   .  dY\  dp     1/  „ar      .  dX\      da 

ia«_dr    iM-_^  v-7=n 
c  a<     d2 '  c  a(        a^ ' 

Eliminating  a  and  /9  by  differentiating  the  first  pair  of  equations 
with  respect  to  t  and  the  second  pair  with  respect  to  z, 

t^d^X^d^X     fva^r 

C   dt^        dz^       c*  dr-  ' 
t'^d^'     dn^     ivB^X 

c  Sn       dz-      d^  dt*' 
Integrating  as  before  by  writing 

gives  us  €"3f=p»c*M-tvA',  c".V  =  p2c«.V+/vA/. 
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Multiplying  the  first  equation  by  N  and  the  second  by  M  gives  us 
M  =  ±  %N,  and  by  substitution  of  these  values  in  the  equations 
gives 

p2c*  =  c"+v  and  p«c«=c"-v. 

We  have  seen  in  the  Chapter  on  Optics  of  Metals  that  when  p  is 

complex,  we  can  write  p  =  ,  in  which  V  is  the  velocity  in  the r 

medium.    In  the  present  case  we  can  therefore  write 

pV=n"2(l-zV')2  =  €"-v, 

in  which  n'  and  k'  represent  the  refractive  index  and  extinction 
coefficient  for  left-handed  circular  vibrations,  n"  and  k"  for  right- handed  vibrations. 

Substituting  for  c"  and  v  their  equivalents 

If  we  limit  ourselves  to  a  region  of  the  spectrum  outside  of  the 

absorption  band,  we  can  neglect  t'-  and  write  #c'  =  ic"=0,  and 
since  ̂   is  small  in  comparison  to  0, 

"■-+2f  (■+!>  '•■--+St('-|> 

In  the  Chapter  on  Natural  Rotation  we  have  seen  that  the  rota- 
tion of  the  plane  of  polarization  in  terms  of  the  refractive  indices 

for  the  two  circular  vibrations  is  given  by 

8-z-(n  -„)=z- _,;_-„ 

in  which  we  can  write  2n  for  n"  +  n/  n  being  the  mean  refractive index  for  the  circular  vibrations. 

Substituting  in  8=z-  — - — -  the  values  for  n"^  and  n'* A      2  n 

gives  us  0=  —  -  y  — — -  for  the  rotation 

and  ^^~^"'"S'^  for  the  refractive  index. 
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Magnetic  Rotatory  Dispersion. — Substitution  of  the  values  of  0 
and  ̂   in  the  above  equation  gives  us 

»« 

Let  il  =  - ^A,  then     8=fj^, 

m6 
and  remembering  that  6=-- — -=u*  (n  being  the  free  period  of 

4rc« 

the  electron),  and  that  ON  =  Oj/, 

OJ 

I'-er 

eN'
 

Consider  two  types  of  electrons  to  be  present,  then 

8= 

A 

[       ».'      ' 

e.Nr
'^ 

\      »"      1 

tiX* 
l'-(?)*l l'-(^-| 

«*Ar«' 

1 1 
and  since  —Tr  —  ~  jTT'  there  being  no  free  charge,  we  can  combine 

-r;  with  our  constant,  if  we  change  the  sign  of  the  second  parenthesis, 

_^ 

s= 

nX» 

o; 

l-(7')-|   1'-(tTI 

e," 

1 1 

If  we  now  consider  the  second  parenthesis  as  representing  the 

effect  of  remote  ultra-violet  electrons,  for  which  n'  is  very  small 
in  comparison  to  r,  the  term  reduces  to  (^a")*>  as  we  showed  in  the 
Chapter  on  Dispersion ; 

\\4fM- and  substituting  A  for  r, 

Squaring  the  parentheses,  dividing  A»,  and  writing  JB  =  Ai(^a')* 
and  C- ill  (**")*,  we  get 

8h 
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In  this  formula  the  first  term  in  the  parenthesis  represents  the 
effect  of  an  absorption  band  so  far  down  in  the  ultra-violet  that  it 
can  be  regarded  as  contributing  a  certain  rotatory  power  which 
varies  inversely  with  the  square  of  the  wave-length.     In  the  dis- 

persion formula  the  corresponding  term  contributes  a  certain  fixed 
amount  to  the  refractive  index,  independent  of  wave-length,  while 
in  the  present  case  we  have  A*  occurring  in  the  denominator.    The 
second  term  is  the  more  interesting,  for  we  have   (A*— A,*)*  in 
the  denominator.    The  term  will  have  large  values  for  values  of 
A  very  near  Xi,  biU  the  sign  will  not  change  when  we  cross  the 
absorption  band,  since  the  square  of  the  minus  quantity,  which 
we  have  when  Ai>X,  is  a  positive  quantity.    This  shows  us  that 
the  sign  of  the  rotation  is  the  same  on  opposite  sides  of  the  absorp- 

tion band,  the  rotation  decreasing,  however,  as  we  recede  from  the 
band  in  either  direction. 

Proof  of  the  Rotatory  Dispersion  Formula. — The  experiments  of 
Macaluso  and  Corbino  ̂   have  shown  that  the  rotation  is  in  the  same 
direction  on  opposite  sides  of  the  absorption  band  in  the  case  of 
sodium  vapor.  A  small  sodium  flame,  placed  between  the  poles 
of  an  electro-magnet,  was  traversed  by  a  beam  of  polarized  white 
light,  in  the  direction  of  the  lines  of  magnetic  force.  A  Nicol  prism 
was  oriented  so  as  to  completely  extinguish  the  light  when  the  cur- 

rent was  not  tcaversing  the  coils.  On  forming  the  magnetic  field 
a  brilliant  yellow  light  was  found  to  be  transmitted  by  the  Nicol, 
which  the  spectroscope  showed  to  consist  of  narrow  bands  sym- 

metrically placed  on  each  side  of  the  D  lines.  By  turning  the  Nicol 
first  in  one  direction  and  then  in  the  other  it  was  easy  to  see  that 
the  rotation  was  of  the  same  sign  on  opposite  sides  of  the  band. 
The  formula  thus  applies  qualitatively  to  the  magnetic  rotation 
exhibited  by  a  so(iium  flame.  To  test  it  quantitatively  the  rotation 
must  be  observeci  over  a  wide  range  of  wave-lengths  on  opposite 
sides  of  the  absorption  band.  In  the  case  of  sodium  vapor  n  varies 
but  little  from  unity,  except  within  a  small  fraction  of  an  Angstrom 
unit  of  the  I)  lines.  Moreover,  we  are  concerned  only  with  the 
effect  of  the  electrons  which  cause  the  D  lines,  for  since  those  of 
shorter  period  exert  no  appreciable  influence  on  the  refraction,  as  we 

have  seen,  it  is  justifiable  to  assume  their  effect  on  the  rotator}' r 

power  as  negligible.     We  can  consequently  neglect  the  term  — -^' 
and  write  the  formula 

8=      ̂
^' 

(A2-A^2)2 

If  the  formula  is  to  be  us(h1  in  the  immediate  vicinity  of,  or 
between,  the  D  lines,  vfe  must  make  use  of  two  terms  and  write, 

g^_j4A2           B\- 

1  Com  ft-  Rend.,  rxxvii.,  p.  54S. 
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Hiis  formula  has  been  verified  by  the  experiments  of  the  author,^ 
at  least  for  the  region  of  the  spectrum  not  comprised  between  the  D 
lines.  Preliminary  experiments  in  collaboration  with  H.  W.  Spring- 

steen '  showed  the  feasibiUty  of  testing  the  formula  by  measuring 
the  rotation  of  the  vapor  of  metalUc  sodium,  formed  in  exhausted 
tubes  in  a  powerful  magnetic  field,  and  established  the  fact  that  the 
numerous  absorption  Imes  of  the  vapor  in  the  red  and  green-blue 
region  exercised  powerful  rotatory  effects. 

In  this  preliminary  work  glass  tubes  were  used,  which  were  ex- 
hausted and  sealed  off  from  the  pump.  It  was  subsequently  found 

that  the  hydrc^^en  liberated  from  the  sodium  interfered  greatly  with 
the  rotatory  effects,  and  in  the  subsequent  work  the  tub^  were  kept 
in  connection  with  the  pump.  As  the  phenomena  exhibited  by  the 
yi^r  are  extremely  beautiful,  and  very  easily  shown,  the  apparatus 
in  its  final  form  wUl  be  described  in  detail. 

FI0.82S. 

A  inece  of  thin,  seamless  steel  tubing  (bicycle  tubing)  of  such 
diameter  as  to  permit  of  its  being  sUpped  easily  through  the  hollow 
cores  of  the  electro-magnet  is  procured.  A  short  piece  of  small 
brass  tubing  is  brazed  into  one  end,  through  which  the  tube  is  ex- 

hausted. Tlie  ends  are  closed  with  small  pieces  of  plate  glass 
cemented  with  sealing  wax.  The  arrangement  of  the  apparatus 
is  shown  in  Fig.  328.  A  piece  of  sodium  the  size  of  a  walnut  is 
rolled  out  into  a  cylinder  and  inserted  into  the  tube  just  l)efore  the 
second  end-plate  is  cemented  on.  The  tube  is  at  once  placed  in 
position  in  the  magnet  and  exhausted.  If  a  piston  pump  is  used  for 
the  exhaustion,  a  glass  stop-cock  shouki  lie  put  l^etween  the  pump 
and  the  tube  to  prevent  back  leakage  of  air.  Care  must  be  taken 
to  have  the  lump  of  sodium  midway  between  the  poles  of  the  magnet. 
The  steel  tube  is  now  heated  by  means  of  a  Bunsen  burner,  and  the 
pump  worked  to  remove  the  hydrogen  liberated  from  the  sodium, 
after  which  the  burner  is  remove<l  and  the  tube  allowed  to  cool. 

Light  from  a  heliostat,  or  an  are  lamp,  is  now  p&sse<l  in  succession 
through  a  Nicol  prism,  the  ste(*l  tube,  a  second  Nicol,  and  then  con- 

centrated on  the  slit  of  a  spectroscope.  If  the  instrument  has  a 
large  dispersion  (a  14-foot  concave  grating  was  used  in  the  present 
case)  all  of  the  phenomena  now  to  be  described  can  be  seen. 

>  "  Magneto  Optics  of  Sodium  Vapor  and  the  Rotatory  Dispornon  Formula,'* Phil.  Mag.,  Oct  1S95. 
s  Pky$.  Re9„  June  1905. 
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The  Nicols  are  set  for  complete  extinction  and  a  small  I 
placed  beneath  the  tube.  As  soon  as  the  vapor  begins  to  form,  two 
verj-  bright  lines  will  appear  in  the  position  of  the  D  lines  the  im*- 
ment  the  magnet  is  excitetl.  These  hncs  represent  the  constitu- 

ents of  the  w)iite  light,  which  are  rotated  through  90°  by  vapor  and 

passed  by  tlie  analyzing  Nicol.  The  lines  are  in  reality  doublE^ 
though  their  duplicity  cannot  be  made  out  when  they  first  appear. 
Aa  the  density  of  the  vapor  increases  the  components  separate, 
four  lines  being  distinctly  visible.  This  condition  is  shown  in  f^ 
329  a,  which  is  from  a  photograph.  The  lines  LiTitiime  to  ir«psrate. 
and  presently  a  second  pwr  appears  between  tlieiri  for  whieji  the 

rotation  is  270°,  the  dark  regions  between  representing  rotatiiriu 
of  180°.     This  stage  is  shown  in  Fig.  329  6  and  c. 

In  tlie  former  the  two  inner  90°  Hnes  are  beginning  to  fuse  to- 
gether, the  centre  Iwing  partially  dark,  however;  in  tTie  latter  the 

fusion  is  complete  and  the  centre  of  the  system  of  lines  is  lirii^t. 

With  a  further  increase  in  tiie  vapor  density  the  outer  lines  (90°) 
separate  still  further,  and  widen  out  into  browl  flares  of  light,  other 
linea  appearing  between  them  corresponding  to  lai^r  rotations,  the 
system  resembling  a  set  of  diffraction  fringes,  as  shown  in  Fig.  330. 
which  is  from  a  photograph  made  with  a  large  plane  grating  and  a 
lens  of  3  metres  focal  long.  These  bright  lines  represent  rotations 

of  270°,  450°.  630°,  etc,,  and  by  measuring  their  positions  with  an 
eye-piece  micrometer,  the  wave-lengths  corresponding  to  these 
rotations  were  determined,  The  centre  of  the  system,  as  «-e  may 
designate  a  point  midway  between  D,  and  D,.  Iiecomes  bright  and 
dark  in  succession,  as  many  as  eight  complete  alternations  having 
been  observed  in  some  instances.  Thi.s  corresponds  to  a  rotation 

of  1440°.     If  the  burner  is  removed  tlie  changes  take  place  roar 
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rapidly,  the  centre  "  winking  "  bright  and  dark  abnost  as  rapidly as  one  can  count. 
The  results  obtained  from  measurements  made  with  the  microm- 

eter are  shown  in  the  form  of  a  curve,  Fig.  331,  oliservcd  values  being 
represented  by  circles.  Values  of  the  constants  A  and  B  in  the  for- 

mula were  calculated  from  two  observed  values  of  8,  and  the  values 
of  &  for  various  wave-lengths  calculated.  These  calculated  values 
are  represented  by  crosses  oa  the  plate,  and  will  be  found  to  fall 
almost  exactly  upon  the  experimental  curve.  The  value  of  the  con- 

stant B,  which  is  associated  with  the  absori>tion  line  D~,  was  about 
(luublc   that  of  A,  which  belongs  to  I)i.    Table.s  of  rotations  for 

various  vapor  densitiL's  were  niailc.  an<l  tlw  formula  test«fl  undor 
various  conditions.  With  fairly  dense  va[>urs  the  observetl  vahir  of  8 

midway  t»etween  I)i  and  />-  was  usually  lurticr  tliaii  the  <'al('uliitcil. 
A  fuller  discussion  of  the  results  will  lie  found  in  tin-  orif^iuul  iiajMT. 

With  vapor  of  cimsidiTablf  ilciisity  the  n>tiilt<)n  is  nicasurnl  in  a 
different  manner.  The  Nicols  arc  set  in  a  imriilli'l  imsitiim,  and  the 
entire  spectrum  appears  with  tlif  exii-ption  of  the  In-oad  alisurpliou 
band  at  the  I)  lines.  On  each  side  of  ibis  absorptiim  baud  a  dark 

90'  rotation  baTid  a]>[H'ars.  As  wi>  turn  tlir  Xii-ol  Ibi'st'  tlark  bands 
move,  the  one  up,  Ihc  ntlier  ilnwii  thi-  si»iTtnini.  liy  imtinfj  tlicir 
positions  »T  dctcniiine  tin-  valui's  i>f  a  corn-siKinditiK  to  Ihc  mta- 
tion  of  the  Nieol  in  diurees  iiiciisunil  fniiii  tlic  jmsitiiin  of  extiiicliiin. 

Tlic  rtiKK-trum  of  Ihc  lifdit  transiiiilliMl,  with  thi'  Xicols  in  various 
positions,  was  photographed,  ami  the  |>(sitions  of  Ihc  ilark  tiiiiids 
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measured  Bubeequoitly.  Owing  to  the  great  density  of  the  vapor  it 
waa  found  that  Ih  and  D*  could  be  considered  as  forming  a  single 
abeoiptktn  band,  and  A.  was  given  an  intermediate  value  58^. 
For  a  particular  density  and  l^gth  of  vapor  column,  the  constant 
B  was  found  from  a  single  ol»^ation  of  S.  The  ot»erv«d  and 
catculated  values  are  given  in  the  following  table : 

Valdb  of  Constant  B  =  135600 

^ J(obe.) *(c»I.) 

5080 

5' 

4°.47 

5933 

20° 

23°  JJ 5923 

40" 

38° 

6917 

66" 

58°.9 5912^ 

90° 

89°.2 

90° 

93°.  1 

6804 

40° 

40°.6 
5862 

20» 

20°.2 6833 

10" 

6814 

6° 

6°^ 

This  table  shows  that  with  very  dense  vapor  the  rotatory  disper- 
aon  is  well  r^resented  by  a  un^e  term  formula,  the  observations 
being  limited  to  a  region  not  very  near  Di  or  Dj. 

A  series  of  photographic  records  obtuned  in  this  manner  is  shown 
in  fig.  332,  which,  taken  collectively,  exliihit  the  general  form  of 
ttie  rotatory  dispersion  curve. 

In  a  subsequent  paper '  on  the  magnetic  rotation  of  sodium 
>  Wood,  Phil  Mag-,  Wl  14.  p.  MS.  1907. 
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vapor  in  the  vicinity  of  the  Z>  lines  the  complete  curve  is  (UacuBsed. 
Photographs  were  made  on  a  much  larger  scale  which  permitted  of 
more  accurate  measurement.  A  porcelain  tube  was  used  in  this 
work,  heated  by  a  small  electric  oven ;  the  current  in  the  magnet 
was  kept  constant  by  means  of  a  rheostat  and  ammeter,  and  other 
precautions  taken  to  exclude  sources  of  error.  In  some  of  the  pho- 

tographs a  pair  of  faint  bands  of  considerable  width  was  observed 
within  the  region  of  absorption,  i.e.  nearer  the  centre  of  the  absorp- 

tion line  than  the  narrow  bands  due  to  large  rotations.  The  cause  of 
these  has  not  been  ascertained  and  should  be  investigated.  Both 
absorption  lines  were  taken  into  account,  and  it  was  found  that  the 
rotation  of  wave-lengths  between  the  D  lines,  which  obviously  re- 

sults from  the  combined  effects  of  the  two  lines,  is  greater  than  the 
sum  of  the  separate  rotations  due  to  each  line  as  calculated  from 
the  rotation  of  wave-lengths  below  Z),  and  above  Dj.  Thus  the 
formula  does  not  hold  if  we  try  to  apply  it  to  the  region  between 
the  lines.  Tlicre  is  room  for  further  investigations  on  thb 

point. 
The  Bright-Line  Rotation  Spectrum  of  Absorbing  Vapors.  —  With 

the  apparatus  dcscrilied  in  the  previous  section,  a  very  remarkable 
phenomenon  appears  when  the  vapor  has  considerable  density. 
With  the  NicoLj  crossed  and  the  m^net  excited,  the  transmitted 
light,  when  examined  with  a  prism  spectroscope,  will  be  found  to 
form  a  most  lieautiful  bright  line  spectrum,  the  general  appearance 
of  which  is  shown  in  Fig.  3  of  the  colored  frontispiece.  Over  two 
hundre<l  lines  can  be  counted  in  the  red,  and  about  one  hundred 
and  thirty  in  the  blue-green,  region.     A  photograph  of  a  portion  of 

tho  spectrum  is  shown  in  Fig.  833,  while  Fig.  3  of  the  colored  frontis- 
pircf  gives  ,1  sjoix!  idea  of  the  general  appearance  of  the  entire 
spi'ctruin  Thcsp  lines  have  been  photographed  with  a  l-i-fix)t 
concave  K'"!iting.  and  fouinl  to  coincide  with  absorption  lines,  the 
sigriificimt  fact  beiiip,  liowcver.  tliat  ooniparafively  few  of  the  al>- 
!s«rpti<iii  lines  are  rejireseiited  in  the  rotation  spectrum.  Just  why 
this  is  so  is  (u.l  iip]»an'nt.  The  rotatory  power  of  an  electron  is  prol>- 
ably  inversely  proitortioiial  to  its  niii.«s.  The  liphter  the  eleetmn 
in  proportiim  In  its  clumKe,  the  Rreater  will  he  the  perturbations  in 
its  <.rl)it  prodiir<Hi  by  the  magnetic  fi.>l<l.  It  is  possible  that  the 
ahs()r|>tii>n  lines  which  exercise  n)t;itory  power  result  from  the  nega- 

tive tieftrons  of  small  mass,  wliile  the  other  absorption  lines  are  due 
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to  heavier  corpuscles,  perhaps  carrying  positive  charges.  The 
fact  that  the  bright  lines  of  the  fluorescent  spectrum  appear  to 
coincide  with  those  of  the  magnetic  rotation  spectriun,  favors  this 
hypothesis,  for  we  should  expect  the  lighter  electrons  to  be  set  in 
more  violent  vibration  by  the  Ught-waves  than  the  heavier  ones. 
The  Unes  were  found  to  form  groups,  which  could  be  identified  by 
comparison  with  the  fluorescent  spectrum  which  we  shall  take  up 
later.  An  extended  study  of  the  magnetic  rotation  spectrum  has 
been  made  by  F.  E.  Hackett  in  collaboration  with  the  author  (Astro- 
physical  Journal,  XXX,  No.  5,  December  1909).  A  photograph  of 
the  spectrum  in  the  blue-green  region,  in  coincidence  with  the  iron 
comparison  spectrum,  is  shown  on  Plate  7,  opposite  page  577,  Fig.  2. 
Just  above  (Fig.  1)  is  a  photograph  of  the  fluorescent  spectrum 
which  will  be  discussed  in  a  subsequent  chapter.  The  similarity 
between  the  two  is  obvious.  Figs.  3  and  4  show  small  portions  of 
the  magnetic  rotation  and  fluorescent  spectra  in  the  green  region 
on  a  lai^r  scale.  Fig.  15  shows  a  portion  (alx)ut  one-half)  of  the 
rotation  spectrum  in  the  red.  These  photographs  were  made  with 
a  Rowland  concave  grating.  All  trace  of  the  rotation  disappears 
if  hydrogen  or  nitrogen  at  a  pressure  of  more  than  a  few  centi- 

meters is  present  in  the  tube ;  this  is  also  true  for  the  fluorescence. 
Iodine  vapor  also  gives  a  very  beautiful  bright-line  spectrum.  A  few 
crystals  are  introduced  into  a  small  glass  bulb  which  is  highly 
exhausted  and  sealed  off  from  the  pump.  This  bulb,  when  placed 
between  the  perforated  conical  pole  pieces  of  a  Ruhmkorff  magnet 
(Nicols  crossed)  and  gently  warmed,  restores  light  of  a  most  beauti- 

ful emerald  green  color,  which  the  spectroscope  shows  to  be  dis- 
continuous. It  is  instructive  to  prepare  two  bulbs,  one  exhausted, 

the  other  at  atmospheric  pressiu'e.  The  latter  shows  no  effect 
whatever.  A  photc^raph  is  reproduced  on  page  581  in  the  Chapter 
on  Fluorescence. 

Positive  and  Negative  Rotation  by  Absorption  Lines.  —  The 
greater  part  of  the  evidence  which  we  have  obtained  thus  far  re- 

garding the  structure  of  the  atom  indicates  that  the  centres  of 
vibration  which  emit  the  spectral  lines  are  negatively  charged 
corpuscles.  The  positive  charges  appear  to  be  associated  with  the 
atom  as  a  whole,  and  the  assumption  is  often  made  that  the  positive 
electrification  is  of  uniform  distribution. 

The  Zeeman  effect  shows  us  that  the  D  lines  of  sodium  are  due 
to  vibrators  carrying  negative  charges,  a  fact  which  is  true  of  all 
other  lines  which  show  the  effect.  That  a  negative  charge  is  a.s- 
sociated  with  the  centres  of  vibration  which  emit  the  D  lines  is  also 
shown  by  the  direction  (positive)  of  the  magnetic  rotation  of  the 
plane  of  polarization,  for  waves  of  verj'  nearly  the  same  frequency 
as  that  of  the  D  lines.  As  is  well  known,  most  band  spectra  do  not 
show  the  25eeman  effect  at  all,  consequ(»ntly  we  are  unable  to  apply 
this  test  to  the  investigation  of  th<»  nature  of  th<»  charge  associatcnl 
with  the  centres  of  emission  of  the  lines  of  which  the  bands  are  uitalv 

up.  Quite  recently  Dufour  has  observed  th(»  (»ff<»ct  in  some  l)and 
spectra,  as  we  have  seen. 

S(mie  of  the  Unes  which  make  up  the  complicated  channelled 
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absorption  spectrum  of  sodium  vapor  have  been  found  by  the 
author  to  have  the  power  of  rotating  the  plane  of  polarijsation  when 
the  Ught  is  passed  through  the  magnetic^  vapor  in  the  direction  of 
the  lines  of  force. 

It  is  of  the  utmost  importance  to  determine  the  nature  of  the 
rotation  which  gives  rise  to  this  multitude  of  bright  lines,  i.e. 
whether  it  is  positive  or  negative. 

In  the  case  of  the  rotation  for  wave-lengths  in  the  vicinity  of 
the  D  Unes,  there  is  no  difficulty  in  determining  the  direction,  for 
the  broad  bands  of  rotated  light  which  border  the  absorption  lines 
can  be  moved  from  side  to  side  by  slight  rotations  of  the  analysing 
Nicol ;  or  we  may  employ  the  device  so  frequently  used,  the  Fresnel 
double  prism  of  right-  and  left-handed  quartz,  which  tells  us  at  a 
glance  the  direction  of  the  rotation.  In  the  case  of  the  narrow 
lines  of  the  channelled  spectra,  no  information  can  be  gathered  as  to 
whether  the  rotation  is  positive  or  negative  by  rotating  the  analys- 

ing Nicol^  for  the  smallest  possible  turn  from  the  position  of  extinc- 
tion causes  the  continuous  spectrum  to  brighten  up,  obliterating 

the  rotation  lines.  An  attempt  was  first  made  to  employ  metallic 
arcs  in  place  of  the  white-hot  crater,  as  the  source  of  the  light,  on 
the  chance  that  some  of  the  lines  might  be  of  the  right  wave-length 
to  suffer  rotation  in  the  region  of  the  channelled  spectra.  If  any 
of  the  lines  were  found  to  be  rotated  by  the  vapor,  the  direction  of 
the  rotation  could  be  easily  determined  by  rotating  the  analyzing 
Nicol  until  they  were  extinguished.  No  lines  were  found,  however, 
which  had  just  the  right  wave-length.  It  seemed  possible,  how- 

ever, that  the  selective  rotatory  power  of  the  vapor  could  be  util- 
ized to  furnish  a  source  of  light  made  up  of  just  the  right  wave- 

lengths ;  in  other  words,  magnetized  sodium  vapor  between  crossed 
Nicols  could  bo  use<l  as  a  light  filter.  The  light  passed  by  the  crossed 
Nicols  when  the  magnetic  field  was  excited  was  accordingly  sent 
through  another  magnetized  tube  of  vapor  and  examined  with  a 
third  Nicol  and  spectroscope.  It  was  hoped  that  by  setting  the 
third  Nicol  for  extinction,  and  causing  the  bright-line  sjjectrum 
to  app(»ar  again  by  (excitation  of  the  second  magnet,  it  would  be 
possible  to  detennine  the  direction  of  rotation  of  the  lines  by  obser\'- 
iug  in  which  direction  it  was  necessary  to  rotate  the  third  Nicol  in 
order  to  blot  them  out.  The  first  magnet,  with  its  sodiimi  tube 
and  polarizing  prisms,  delivers  plane-polarized  light  of  exactly 
the  wave-lengths  of  the  bright  lines  of  the  magnetic  rotation  spec- 

trum. This  light  is  then  passed  through  a  second  magnetized  tube 
of  sodium  vapor,  a  Nieol  prism,  and  a  spectroscope.  The  Nicol 
htiviug  been  set  for  extinction,  the  bright-line  spectrum  disappeared, 
reaj^pearing  again  as  soon  as  the  magnet  was  excited.  It  was  found, 
h()wev(T,  that  rotation  of  the  third  Nicol  was  wholly  without  effect 
on  tli(»  appearance  of  the  linens,  notwithstanding  the  fact  that  the 
light  was  originally  plane-p()hiriz(ML  The  magnetized  sodium  vapor 
appeared  to  have  completely  depolarized  the  light.  The  cause  of  this 
j)henomenon  is  not  difficult  to  explain.  The  lines  which  make  up 
the  magnetic  rotation  spectrum,  though  they  appeared  as  narrow 
as  the  iron  arc-lines  in  a  photograph  made  two  years  ago  with  a 
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jint 

concave  g;rating  of  12  feet  radius,  are  not  in  reality  monochromatic. 
The  action  of  an  absorption  line  is  to  rotate  the  plane  of  polariza- 

tion of  waves  of  nearly  the  same  wave-length  through  various  angles 
depending  on  their  proximity  to  the  absorption  line.  It  is  these 
waves  which  are  transmitted  by  the  Nicol.  The  line  therefore  has 
a  finite,  though  narrow,  width,  and  the  second  tube  of  magnetized 
vapor  rotates  the  monochromatic  constituents,  of  which  the  line 
is  made  up,  through  various  angles.  Some  of  the  light  in  the  line 
is  therefore  passed  by  the  third  Nicol  in  every  position. 

From  their  analogy  to  the  bright  rotated  lines  which  lx)rder  the 
D  lines  when  examined  under  similar  conditions,  we  should  expect 
all  of  the  lines  of  the  magnetic  rotation  spectrum  to  be  double, 
and  a  good  deal  of 
time  was  spent  in  \^^^ 
attempts    to    show    their  duplicity,  by 
means  of  an  ̂ helon 
grating.  No  very 
definite  results  were 
obtained,  however, 
and  more  recent 
experiments  have 
shown  that  the  ro- 

tatory power  of 
most  of  the  absorp- 

tion lines  is  confined 
to  wave-lengths  on 
one  side  of  3ie  line 
only.  This  same 
action  is  observed  in 

an  exaggerated  degree  by  the  ultra-violet  absorption  line  of  mercury 
(A =2536),  which  broadens  very  unsymmetrically.  The  form  of 
the  absorption  curve  and  the  magnetic  rotation  &s  shown  witii  the 

Fresnel  rotating  quartz  prisms  are  shown  in  Fig.  '^W,  a  and  6.  The 
spectrum  obtained  by  passing  white  light  through  the  vapor  plact^d 
between  crossed  polarizing  prisms  is  shown  in  Fig.  3^M,  c,  the 

fainter  line  being  rotated  270^. This  shows  us  that  the  lines  of  the  magnetic  rotation  spectrum 
would  not  necessarily  appear  double,  even  with  the  higliest  rcnsolving 

powers  (neglecting  rotations  larger  than  90°).  Though  the  lin(»s 
i^ipear  as  narrow  as  arc-lines  even  with  a  large  grating,  the  magnet- 

ised sodium  vapor  and  polarizing  prism  show  us  that  in  reality  each 
line  embraces  a  narrow  range  of  the  spe<'truni,  the  individual  com- 

ponents of  which  are  rotated  through  very  different  angles  by  tin* 
vi^wr. 

The  experiment  which  finally  showe<l  clearly  the  nature  of  the 
rotation  was  made  with  a  pair  of  Fresm^l  (juartz  prisms.  This  com- 

bination consists  of  two  wedg(*s,  one  of  dextro-  th(»  oth(»r  of  la<»vo- 
rotary  quartz.  Its  action  is  dwcrilHMl  in  tlu»  next  s4M*tion.  They 
were  much  thinner  than  those  usually  employed,  as  it  was  felt  that 
it  would  be  better  to  work  with  a  single  broad  band  of  extinction 

Fio.  334. 
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than  a  large  number  of  parallel  bands.  The  magnetically  rotated 
lines  are  faint  in  comparison  with  the  continuous  spectrum  from 
which  they  are  derived,  and  it  is  consequently  important  to  have 
the  background  upon  which  they  are  to  show  up  as  dark  as  possible. 
With  a  thick  Fresnel  prism  we  have  the  continuous  spectrum  at  its 
full  intensity  traversed  by  a  number  of  parallel  dark  bands,  which 
correspond  to  the  points  on  the  slit  at  which  the  plane  of  polariza- 

tion is  parallel  to  the  plane  of  extinction  (long  diagonal)  of  the 
analyzing  Nicol,  which  is  placed  immediately  behind  the  slit. 
There  is  in  consequence  more  or  less  diffused  light  from  the  grating, 
which  renders  the  background  (the  dark  bands),  upon  which  the 
rotated  lines  are  to  appear,  much  too  luminous.  To  get  rid  of  this 
effect,  the  best  method  is  to  use  a  thin  prism,  and  cover  the  slit 
except  for  a  small  portion  immediately  above  and  below  the  single 
dark  band  of  extinction. 

With  this  arrangement  of  the  apparatus  the  magnetically  rotated 
line  should  penetrate  the  dark  band  from  above  or  below,  according 
to  whether  the  rotation  is  positive  or  negative.  If  we  excite  the 
magnet  and  gradually  heat  the  sodium  tube,  we  see  sharp  needles 
of  light  shoot  down  from  the  continuous  spectrum  into  the  dark 
region  immediately  to  th(»  right  and  left  of  the  D  lines,  as  has  been 
described  by  Macaluso  and  Corbino,  Zeeman,  and  others.  If  we 
reverse  the  magnetic  field  the  needles  of  light  shoot  up  from  below. 
The  direction  in  which  the  plane  of  polarization  is  rotated  by  the 
D  lines  indicates  that  they  are  caused  by  vibrations  of  negative 
electrons.  The  important  question  to  be  answered  is  whether 
the  absorption  linens  of  the  band  spectra  rotate  the  plane  of  polar- 

ization in  the  same  or  in  the  opposite  direction,  and  whether  they 
all  behave  alike. 

The  magnetic  rotation  spectrum  being  much  brighter  in  the  red 
and  orange  than  in  the  green  and  blue  region,  the  first  observations 
w(Te  made  in  this  part  of  the  spectrum.  The  spectroscope  was  a 
medium-sized  instrument,  consisting  of  a  telescope  and  collimator 
of  about  180  cms.  focus,  furnished  with  a  plane  grating. 

The  sodium  tube  was  heated  until  the  fine  black  absorption  Unes 
in  the  red  appeared  distinctly  in  the  continuous  spectrum  above 
and  below  the  horizontal  dark  band  due  to  the  Fresnel  prism. 
The  current  was  then  thrown  into  the  magnet,  the  self-induction 
of  which  is  so  great  that  th(»  field  does  not  rise  to  its  full  intensity 
for  several  seconds,  so  that  there  was  plenty  of  time  to  see  exactly 
what  happened.  As  soon  as  the  switch  was  closed  numerous  needles 
of  light  commenced  to  pc^netrate  the  dark  region,  some  of  them 
,shoo(in(j  down  from  above,  others  shooting  up  from  below,  as  shoA^Ti 
in  Fig.  6  of  the  colored  frontispiece.  (Owing  to  a  misunderstand- 

ing the  engraver  has  represented  the  absorption  lines  at  an 
angle:  they  are  of  course  vertical.)  Of  these,  some  only  extended 
halfwav  or  less  across  the  dark  band,  while  others  crossed  it  com- 
pletely.  On  opening  the  switch  the  luminous  needles  slowly  with- 

drew from  the  dark  i)ackground  into  the  bright  region  from  which 
th(»y  came,  reminding  one  of  the  tentacles  of  an  alarmed  hydroid. 
The  phenomenon  is  most  beautiful  and  shows  us  at  once  that  some 
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of  tiie  absotption  lines  rotate  the  plane  of  polarization  in  the  posi- 
tive direction,  while  others  rotate  it  negatively. 

Photographs  of  the  phenomenon  are  reproduced  in  Fig.  335  and 
aUo  on  Plate  7,  Fig.  12.  On  the  eienieataiy  theory  we  should 
infer  from  this  experiment  that  positive  electrons  were  present  as 
well  as  negative.  We  are  hardly  justified  in  this,  however,  as  it  is 
possible  to  explain  the  two  types  of  rotation  ia  other  ways,  e.g. 
by  a  reversal  of  the  magnetic  field  nithin  the  atom. 

An  attempt  was  made  to  study  the  direction  of  rotation  by 
Hackett  and  Wood  in  the  blue-green  rotation  spectrum,  but  there 
was  little  or  no  trace  of  the  bright  needles  of  light  shooting  up  or 

down  into  the  dark  interference  band.  Their  failure  to  appear  in 
the  green  is  due  to  the  smaller  angular  rotation  of  the  piano  of 
polarisatioQ.  The  problem  was  finally  solved  in  a  different  manner 
for  the  green  spectrum.  These  wave-lengths  in  the  plane-polarized 
light  passing  through  sodium  vapor  along  the  lines  of  force  in  a 
magnetic  field  are  rotated  throu^  a  few  degrees  so  that  they  can 
pass  through  a  Nicol  set  at  extinction  for  this  region  of  the  spectrum. 
A  small  rotation  of  the  Nicol  in  either  direction  will  now  brighten  up 
the  whole  field.  In  one  direction  some  of  the  bright  lines  will  still 
be  seen,  though  less  distinctly,  against  the  bright  background  of  the 
rest  of  the  spectrum.  Careful  observation,  however,  will  show 
that  if  the  Nicol  is  rotated  about  four  degrees  in  the  opposite  direc- 

tion, these  Unes  disappear.  These  lines  have  therefore  been  rotated 
about  four  degrees  in  this  direction  by  passing  through  the  sodium 
vapor  in  the  magnetic  field.  It  was  observed  that  the  rotation  in 
the  brightest  lines  belonging  to  the  magnetic  series  was  in  the  same 
direction  as  that  due  to  the  D  lines.  The  rotation  of  these  lines  is 
therefOTe  presumably  due  to  negative  electrons. 

To  extend  this  process  to  the  whole  spectrum  it  was  only  necessary 
to  take  two  photographs  of  the  spectrum  on  the  same  plate,  one  in 
which  the  Nicol  was  rotated  four  degrees  to  the  left,  and  the  other 
in  which  it  was  rotated  four  degrees  to  the  right.    These  two  photo- 
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graphs  were  totally  different,  as  the  bright  lines  of  one  were  absent 
in  the  other.  By  careful  comparison  of  this  plate  with  the  magnetic 
rotation  spectrum  the  direction  of  rotation  of  all  the  strong  lines 
could  be  ascertained  at  leisure. 

Magnetic  Rotation  within  an  Absorption  Band :  Bzperiments  of 
Zeeman.  —  It  was  established  theoretically  by  Voigt  (Wied.  Ann.f 
67,  359,  1899)  that,  in  the  case  of  an  absorption  line  separated  into 
a  magnetic  doublet,  the  rotation  of  the  plane  of  polarisation  was 
positive  for  all  periods  lying  outside  of  the  components  of  the  doublet 
and  negative  for  all  periods  between  the  components,  the  light  trav- 

ersing the  medium  in  the  direction  of  the  lines  of  force. 
This  was  verified  by  Zeeman  (Proc.  Amsterdam  Acad.,  June 

1902),  who  made  use  of  a  method  similar  to  the  one  which  had  been 
previously  employed  by  Voigt  in  demonstrating  magnetic  double 
refraction. 

The  light  of  an  arc  lamp,  after  passage  throu^  a  Nicol,  was 
focussed  upon  the  sht  of  a  grating  spectrometer,  in  front  of  the  slit 
of  which  was  placed  a  Fresnel  bi-quarts  prism,  similar  to  the  one 
employed  in  the  experiment  on  the  division  of  a  plane-polarized 
ray  into  two  circular  components  by  rotatory  media.  Between  the 
slit  and  the  grating  a  second  Nicol  was  mounted  which  cut  off  the 
vibrations  which  had  been  rotated  into  its  plane  of  extinction  by 
the  quartz  wedges.  The  amount  of  rotation  at  each  point  of  the 
slit  depended  on  the  difference  between  the  thicknesses  of  the 
right-  and  left-handed  quartz  elements  at  the  point  in  question,  and 
the  spectrum  was  found  to  be  traversed  by  a  system  of  dark  biwds 

Vui.  -VM). 

piinillrl  to  its  leiiji^th.  Botwoen  tlie  first  Nicol ^ind  the  spectronietor 
the  absorhing  flame  of  sodium  was  mount od  in  a  magnetic  field,  any 
rotation  produced  hy  it  adding  itself  to  that  produced  by  the  quartz 

u'lMlges*  A  rotation  impn^ssed  upon  any  wave-length  by  the  fl:uiie 
thus  caus(Ml  a  vertical  deviation  of  the  dark  hand  at  the  correspond- 

ing point  of  the  s])(H'trum,  a  shift  equal  to  the  width  of  a  complete 
fringe  corresponding  to  a  rotation  of  180°. 

With  a  field  of  10,000  c.g.s.  units  the  dark  absor|>tion  fine  was 
distinctly  resolved  into  a  doublet,  and  on  increasing  the  amount  of 
sodium  in  the  flame  the  ilark  bands  outside  of  the  components 
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curved  upwards,  while  the  portion  of  the  band  between  them  slid 
down  in  the  opposite  direction,  as  shown  in  Fig.  336,  in  which  the 
appe&rancee  of  the  bands  for  different  densities  of  the  absorbing 
fliune  are  shown.  Photographs  of  the  phenomenon  are  reproduced 
in  Fig.  337. 

Increasing  the  strei^th  of  the  held  caused  the  portion  of  the  band 
between  the  components  to  move  back  towards  its  original  position, 

which  was  in  agreement  with  Voigt's  prediction  that  the  negative 
rotation  within  the  band  decreased  with  increasing  held  strength. 
This  is,  of  course,  true  only  with  fairly  strong  fields;    in  other 

words,  for  a  given  density  of  vapor  the  negative  rotation  between 
the  components  reaches  a  maximum  value  for  a  certain  strength  of 
field.  In  the  case  of  the  positive  rotation  which  occurs  outside  of 
the  lines,  no  such  turning-point  is  found. 

Hagnvtic  Rotation  at  Low  Temperatures.  ■ —  Some  very  remark- 
able experiments  have  been  made  by  Jean  Becquerel,  and  by 

H.  du  Bois  and  J.  Elias  {Ann.  der  Pkysik.  Vol.  27.  p.  233.  1908). 
with  crystals  at  low  temperatures,  which  throw  a  great  deal  of 
light  upon  the  much  disputed  question  of  the  nature  of  the  mag- 

netic rotatory  dispersion  in  the  vicinity  of  absorption  bands. 
The  effects  of  low  temperatures  on  thr  absorption  bands  of 

(ysonite  and  xenotime  have  )>een  mentione<l  in  the  Chapter  on  .Al>- 
sorption.  Becquerel  placed  the  coastals  at  the  temperature  of 
liquid  ̂ r  in  a  strong  m^notic  hold  and  found  that  the  position 
of  the  bands  changed,  the  phenomenon  being  of  the  same  nature 
as  the  Zeeman  effect,  only  on  a  much  greater  scale,  the  -separation 
of  the  components  of  some  doublets  amounting  to  a  distioiee  greater 
than  that  between  the  D  lines.  Still  more  remarkalle  wils  the 
discovery  of  the  fact  that,  in  the  direction  of  the  magnetic  field, 
the  bands  corresponding  to  the  alnwrptiim  of  the  circular  comjio- 
nents  of  given  sen.<te  are  not  all  displaccHl  in  the  same  direction  in 
the  spectrum.  On  the  elementarj-  theor\-  this  would  indieute 
that  some  of  the  band-s  are  due  to  negative  and  others  to  jHisitive 
electrons,  and  this  is  the  infen>retation  wliich  Bei'querel  gives. 
The  effect  is  very  clearly  indicated  in  FIk-  -i'-i^  for  the  two  al)Sorption 
bands  5221  and  52.52  of  xenotime.  This  photograph  was  made 
by  Becquerel  with  a  Rowland  conca\'e  grating  in  the  seciind  oriier. 
tad  the  scale  is  1  mm.  —  1.6  Angstrom  units. 

The  upper  spectrum  represents  the  absorption  when  we  employ 
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circularly  polarized  light  of  a  certain  sense,  passing  it  tl  _ 
erj-stal  plat«  8  nung.  thick,  immersed  in  liquid  air  in  a  strong  mag- 

netic field.  On  reversing  the  direction  of  rotation  of  the  circular 
light  we  obtiuti  the  lower  spectrum.  As  will  be  seen,  the  522  harnl 
moves  to  the  right,  the  525  one  to  the  If/I.  The  latt«r  shows  ilL*- 
symmetry  clearly.  This  effect  was  found  by  Be^querel  only  at 

very  low  temperatures  (—259°).  Tlie  component  whicli  the  mag- 
netic field  displaces  towards  the  blue  increas<.-8  at  the  expense  of  the 

other  component. 

One  of  the  most  important  points  brought  out  in  this  very  im- 
portant piece  of  work  was  that,  in  every  case,  the  magnetic  rotation 

was  in  the  same  direction  on  opposite  sides  of  the  double  band  into 
which  the  magnetic  field  splits  the  original  h&ad,  and  in  the  opposite 
direction  within  the  band,  precisely  the  same  as  with  absorbing 
vapors  such  as  sodium. 

Cases  in  which  we  appear  to  have  opposite  rotations,  such  as 
the  praseodymium  band  studied  by  the  author,  are  shown  to 
result  from  superpositions  of  bands,  which  can  be  separated  by 
lowering  the  temperature.  Moreover,  if  we  have  dissymmetry  in 
the  intensity  of  the  circularly  polarized  bands  to  such  extent  t]iat  one 
practically  disappears,  we  find  what  appears  to  he  a  band  showing 
opposite  rotations  on  its  two  edges.  In  reality  one  of  these  rotations 
is  the  rotation  within  the  band,  and  we  cannot  oiTer  such  eases  id 
support  of  the  theory  of  molecular  currents. 

In  conclusion  Becquerel  states  that  in  no  case  has  any  evidence 
been  found  in  support  of  tiiis  theory. 

Rays  Perpendicular  to  the  Magnetic  Field.  —  On  the  hypothesis 
of  molecular  currents  we  should  expect  no  eifect  to  be  produced  by 
the  magnetization  of  the  mwlium  when  the  rays  of  light  are  perpei- 
dicular  to  the  lines  of  force.  The  Hall  effect  hypothesis,  howex-er, 
calls  for  an  effect  in  this  case,  which,  though  small,  has  been 
detected.  Consider  the  waves  as  propagated  along  the  i  axis 
instead  of  along  the  lines  of  force  (z  axis).  In  this  case  we  h&TB 
the  relations 
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c\     dt dt)        dx'       cdt      dx 

'  cdt      dx'        cdt  dx 

Eliminating  iS  and  y  gives 
«"X+fvr=0, 

c*  dt*         dx*     V  dt*  '   c*  d(*      dx* ' 
Elimination  of  X  from  the  first  two  equations  gives 

( 

Writing  as  before,    X  =  2Mer'"'''\  Y=Ner'"'*'\  Z=06'^''"^'\
 

^   The  velocities  of  the  x  And  y  components  are  obviously  the  same, 
wee  they. are  sfymmetrical  about  the  lines  of  force.    The  z  com- 
ponent  may,  however,  be  propagated  with  a  different  velocity, 
hence  we  are  obliged  to  distinguish  between  p'  and  p. 

By  differentiation  and  substitution  we  get 

.  This  equation  shows  us  that  the  z  and  y  components  are  propa- 
gated with  different  velocities,  and  that  the  vibration,  if  originally 

a  plane  one,  making  an  angle  of  45^  with  the  lines  of  force,  becomes 
transformed  into  an  elliptical  one,  in  other  words  the  medium  is 
doubly  refracting.  The  velocity  of  the  z  and  y  components  is  given 
by  substituting  tiie  values  of  t'  and  t"  in  the  above  equations. 

gives  the  velocity  of  a  vibration  parallel  to  the  field,  while 

represents  the  velocity  of  the  component  perpendicular  to  it. 
The  difference  between  n  and  n'  will  \ye  very  t^mall  unless  0  is  very 

small,  which  only  occurs  in  the  immeiliate  vicinity  of  an  absorption 
band. 

The  above  formulae  were  derived  by  Voigt,  who  writes  [ -^  j  for 

n'*(l— utO^  t;  representing  the  velocity  of  light  in  space  and  O,  t!ie 2x 
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complex  amplitude  of  the  y  component.  The  field  strength  h 
occurs  in  *  only,  consequently  the  velocity  of  the  z  component  is 
uninfluenced  by  the  magnetic  field. 

An  attempt  was  made  by  Voigt  to  detect  the  double  refraction  by 
placing  a  block  of  glass  between  the  poles  of  a  powerful  electro- 

magnet, and  causing  the  light  to  traverse  it  a  large  number  of  times 
in  a  direction  perpendicular  to  the  lines  of  force.  The  ends  of  the 
block  were  silvered,  with  the  exception  of  two  narrow  strips  for  the 
entrance  and  exit  of  the  beam.  A  Babinet  compensator  was  used 
to  detect  a  possible  change  of  phase  l)etween  the  two  components, 
and  though  a  very  slight  shift  of  the  fringes  was  noted  when  the 
field  was  thrown  on,  it  was  too  small  to  be  regarded  as  established. 

The  effect  has  recently  been  found  by  Cotton  and  Mouton*  in  the 
case  of  some  organic  fluids.  Nitro-benzol  shows  it  to  good  advan- 

tage, a  column  4.2  cms.  in  length  in  a  field  of  18,500  Gausses  giving 
a  retardation  to  the  vibration  parallel  to  the  field  amounting  to  a 
phase-difference  of  36^  Bisulphide  of  carbon  gave  a  retardation 
to  the  perpendicular  component  of  6'. 

The  double  refraction  was,  however,  found  by  Voigt  and  Weichert 
in  the  case  of  sodium  vapor.  They  placed  a  small  sodium  flame 
between  the  poles  of  the  magnet  and  passed  through  it  a  beam  of 

white  light,  polarized  at  an  angle  of  45®  to  the  lines  of  force.  The 
interference  bands  seen  in  the  compensator  were  found  to  be  curved 
in  opposite  directions,  on  opposite  sides  of  the  al)8orption  band,  the 
appearance  being  similar  to  the  anomalous  dispersion  curve  exhib- 

ited by  the  vapor.  This  experiment  was  sulwequently  enlarged 
upon  and  improved  by  Zleeman  and  Geest  {Proceed.  Amsterdam 
Acad.,  Jan.  25,  1905).  It  would  be  well  worth  while  investigating 
the  behavior  of  dense  sodium  vapor  in  vacuo  A^ith  respect  to  its 
magnetic  double  refraction. 

Double  Refraction  near  the  Components  of  Absorption  Lines 
magnetically  split  into  Several  Components.  —  Zeeman  and  Geest 
obtained  some  extremely  interesting  n^sults  by  ap]>lyiug  tlie  same 
method  of  study  to  light  which  hiul  traversed  an  absorbing  flame 
in  a  direction  perpendicular  to  the  magnetic  field.  In  this  cjise  D\ 
is  split  up  into  a  quartet  and  Da  into  a  sc»xtet.  A  formula  was  dc.*- 
duced  which  expressed  tlie  phase-<lifference  between  the  vibrations 
parallel  and  normal  to  the  fi(4d,  and  the  deformations  of  the  hori- 

sontal  fringes,  which  resulted  from  the  ph'ase-tlifferences,  were 
calculated  and  recorded  graphically.  Tliese  cur\'es  were  then  veri- 

fied by  experiment,  the  agreement  being  most  excellent.  The 
calculate<l  cur\'es  and  ol)st»rve<i  fringe  contortions  an*  shown  in 
Fig.  339.  The  calculated  curves  are  for  a  single  dark  band.  The 
observed  show  two  adjacent  bands,  it  being  inifxissible  to  limit  the 
ol)servation  to  a  single  one.  A  field  stn^ngtli  insufficient  to  give 
the  sextet  was  used,  the  Ih  line*  apiK-aringas  a  triplet.  The  Header 
is  referred  to  Voigt's  Mngnelt>'  and  Khctro-OpticA  for  a  fuller  ac- 

count of  these  experiments  and  their  mathematical  treatment. 

»  Cotton  and  Mtmton.  Compt.  Rcntl,  144.  p.  i!Jt».  nK)7. 



CHAPTER  XIX 

ELECTRO-OPTICS 

In  the  previous  chapter  we  have  studied  the  optical  prop- 
erties of  bodies  when  subjected  to  a  powerful  magnetic  field,  and 

the  effect  of  a  magnetic  field  upon  the  emission  of  light.  In  the 
present  chapter  we  shall  study  not  only  the  analogous  phenomena 
produced  by  powerful  electrostatic  fields,  in  so  far  as  they 
are  known  at  the  present  time,  but  shall  investigate  certain  other 
relations  between  light  and  electricity,  such  as  the  discharge  of 
electrified  bodies  by  the  impact  of  ultra-violet  Ught-waves.  Fara- 

day sought  in  vain,  immediately  after  his  discovery  of  the  rotation 
of  the  plane  of  polarization  by  bodies  placed  in  a  magnetic  field, 
for  some  analogous  effect  resulting  from  an  electric  field.  Similar 
efforts  were  made  by  Quincke  and  by  Roentgen,  the  former  measur- 

ing, by  an  interference  method,  the  velocity  of  light  in  the  dielectric 
of  a  charged  condenser,  and  the  latter  searching  for  a  possible  double 
refraction  induced  by  an  electric  field.  The  first  positive  results 
were  obtained  by  Kerr,  who  imbedded  the  wire  terminals  of  an 
induction  coil  in  a  block  of  glass  placed  between  crossed  Nicols  and 
found  that  there  was  a  restoration  of  light  when  the  coil  was  in 
oj^eration.  The  restoration  was  not  instantaneous,  however,  first 
appearing  about  two  seconds  after  the  coil  was  set  in  operation,  and 
not  reachiuK  its  maximum  value  for  thirty  seconds.  The  restored 
light  (*()ul(l  not  he  (extinguished  by  rotation  of  the  analyzing  Nicol, 
which  showed  that  the  phenomenon  was  not  a  simple  rotation  of 
the  i)hme  of  polarization,  hut  an  elliptical  polarization  resulting 
from  tlie  fac^t  that  the  medium  had  become  doubly  refracting.  The 
phenomenon  was  ohservecl  at  its  best  when  the  plane  of  polarization 

made  an  aiigUe  of  4;")°  with  the  direction  of  the  wire  electrodes,  and 
vanisliod  \v\um  the  i)lan(*  was  either  paralleKor  perpendicular  to 
this  direction.  In  tlic  case  of  the  resin  colophonium  a  similar 
effect  hut  of  ()])posite  sense  was  ol)served,  the  two  substances  acting 
like  j)()sitivo  imd  negative  crystals.  The  slowness  with  which  the 
phciioinciion  ap})eare(l  and  disappeared  indicated  that,  in  all  prol)- 
ahility,  it  wjis  to  i)c  referred  to  a  strain  induced  in  the  glass  resulting 
either  from  the  continued  action  of  the  field,  or  possibly  from  tem- 
pcnitiin^  changes  due  to  traces  of  conductivity.  Kerr  himself  was 
of  tlic  opinion  that  an  orientation  of  the  molecules  occurred  as 
a  result  of  the  action  of  the  electric  field,  and  that  it  was  hindered  in 
a  measure  hy  frictional  forc(\s. 

The  Kerr  Electro-Optic  Effect  in  Liquids.  —  If  the  phenomena 
discovered  hy  Kerr  wen*  merely  (^  mechanical  or  thermal  origin 
thev  would  have  verv  little  theoretical  interest.  His  discovery 

that  similar  effiH'ts  w(T(»  j)ro(hic(Ml  hy  liquids,  in  which  any  consid- 
erable strain  could  not  he  set  up.  indicated  that  the  effect  was,  in 

548 
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all  probability,  a  true  electrical  one.  He  examined  a  lai^e  numl>er 
of  fluids  and  determined  the  nature  of  the  double  refraction,  i.e. 
whether  positive  or  negative,  by  meai^  of  a  strip  of  glass,  which 
when  compressed  or  expanded,  as  the  case  might  be,  compensated 
the  effect  produced  by  the  electric  field.  It  was  found  that  positive 
double  refraction,  similar  to  that  exhibited  by  quartz  in  the  absence 
of  an  electric  field,  was  exhibited  by  bisulphide  of  carbon,  bromine, 
molten  sulphur,  and  phos- 

phorus. Negative  refrac- 
tion analogous  to  that  of 

Iceland  spar  was  found  in 
the  case  of  many  oils. 

In   the   case   of   small   i 

electrodes  in  close  prox- 
imity in  the  liquid  the 

curvature  of  the  lines  of 

force  gives  a  very  compli- 
cated state  of  double  re- 

fraction, and  very  curious 
distributions  of  light  and 
shade  may   be   observed 
with  crossed  Nicols.    Fig. 
340  is  from  a  paper  by 

Brongerema.'      Roentgen 
investigated    the    effects 
of  internal  motions  of  the 

fluid    upon    the    appear- 
ances presented  in  similar  experiments  and  made  the  observation 

that  the  horizontal  dark  strip  Ix'tweeii  the  ball  aiul  cylinder  elec- 
trodes in  the  fourth  figure  was  carrieii  up  bj*  au  ui)ward  motion  of 

the  current,  as  if  a  certain  time  was  requirtnl  for  the  effect  to  occur. 
The  Method  of  Abraham  and  Lemoine.  —  The  methoti  originated 

by  Abraham  and  Lemoine  in  their  investigations  of  the  time  rctiuirefl 

for  the  development  of  tlie  cle(;tro-opti('  effect  is  one  of  great  interest 
and  one  that  can  doubtless  l>e  applied  in  ni<Klilie<l  form  in  many 
fields  of  investigation  in  which  the  measurement  of  very  minute 
intervals  of  time  is  required. 

By  this  method  it  has  l>een  founcl  possil»Ie  to  mea.siire  a  time 
interval  of  one  two  huntlred  millionth  of  a  set^ond.  A  rifle  bullet, 
moving  with  a  velocity  of  500  metres  |xt  second,  would  travel  al>out 
^J^  of  a  millimetre,  and  a  light-wave  about  1.5  metres,  during  this 
interval  of  time.  They  illuminated  the  field  of  their  instrument 
with  the  light  of  asparlc  prwlueed  so  to  speak  by  the  discliarge  of  the 
fluid  condenser  the  double  refraction  of  which  was  Iwing  studied. 
If  the  light  from  this  spark  was  made  to  travel  over  a  distance  of 
400  cms.  before  pa.'^ing  Ivetween  the  plates  of  the  eondens<T  all 
trace  of  the  double  refraction  disappeared,  wliilc  a  retanlation  due 
to  the  introduction  of  a  path  of  only  ***•  'Hls.  reiiuced  the  double 
refraction  to  one-half  of  its  maxinnim  value. 

•.  2-i2,    1HS2.       RotQtBi-n,   Witd.  Ant,., 
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Electro-Optics  of  Nitro-Benzol. — An  investigation  was  made 
by  Schmidt^  of  the  value  of  the  Kerr  constant  for  a  large 
number  of  substances.  This  constant  j  occurs  in  the  empirical 
formula  for  the  path-difference  measured  in  wave-lengths  of  the 
two  components  of  the  vibration. 

D^jlK, 

in  which  I  is  the  length  of  the  fluid  column  traversed  by  the  light 
and  K  the  strength  of  the  electric  field.  In  the  case  of  nitro-bouol 
he  found  that  the  double  refraction  was  60  times  as  great  as  that 
of  bisulphide  of  carbon.  This  substance  is  therefore  especially 
adapted  to  investigations  or  demonstration  of  the  Kerr  phenome- 

non, and  was  used  in  a  subsequent  investigation  by  Aeckerlein' 
of  the  effect  of  the  electric  field  upon  the  two  components  of  the 
vibration.  By  employing  rapid  electric  oscillations  and  an  alter- 

nating electric  field  he  reduced  the  troublesome  effects  due  to  con- 
duction currents,  temperature  changes,  etc.,  to  a  minimum,  and 

found  that  the  vibration  perpendicular  to  the  lines  of  electric  force 
was  retarded,  while  the  parallel  component  was  accelerated,  the 
acceleration  being  about  one-half  of  the  value  of  the  retardation. 

The  Electro-Optic  Analogy  of  the  Zeeman  Effect. — As  Voigt 
has  pointed  out  in  his  book,  an  electric  effect  is  to  be  expected, 
analogous  to  the  Zeeman  effect,  when  a  source  of  radiation  is  placed 
in  a  powerful  electrostatic  field.  In  a  direction  parallel  to  the  field 
wo  should  expect  a  simple  displacement,  while  in  a  perpendicular 
direction  there  should  be  two  lines,  one  polarized  with  its  electric 
vector  perpendicular  to  the  lines  of  force  displaced  three  times 
as  much  as  the  other  oppositely  polarized  component.  The  calcu- 

lated effect  is  very  small,  and  it  has  never  been  observed.  Powerful 
electric  fields  cannot  be  applied  very  well,  owing  to  the  conduct- 

ing power  of  ionized  or  radiating  gases.  It  is  possible  that  some- 
thing might  be  found  by  observing  the  curious  type  of  discharge 

which  occurs  when  the  electrodes  of  a  highly  exhausted  tube  are 
brought  within  a  millimetre  of  each  other.  A  very  high  potential  is 
required,  with  a  spark  gap  in  the  circuit.  We  then  obtain  a  small 
arc-like  discharge  between  the  electrodes,  and  it  is  possible  that  an 
examination  of  the  metallic  lines  which  it  emits  with  a  powerful 
6cholon  might  show  something  of  interest.  A  paper  by  the  author 
describing  this  discharge,  and  the  method  of  obtaining  it,  will  he 
found  in  the  Phymvl  l\eincw  for  1897. 

The  Photo-Electric  Effect.  —  The  lnstor>'  of  the  photo-electric 
eff(?ct  l)(*gins  with  the  discovery  by  Hertz  in  1887  of  the  influence 
of  the  ultra-violet  light  from  one  spark  gap  upon  the  discharge  of  a 
neighboring  gap.  If  the  distance*  between  the  electrodes  was  made 
just  sufficient  to  prevent  the  discharge,  illumination  by  ultra-violet 
liglit  from  another  spark  causes!  tlie  passage  of  sparks.  Hertx 
found  that  it  was  the  action  of  the  light  upon  the  negative  electrode 
only  which  occasioned  the  discharge.     In  1888  Hallwachs  discovered 

»  W.  Schmidt,  Ann.  d.  Phyaik,  7,  p.   142,  1902. 
«  Aeckerioin.  Phys.  Zcit.,  7,  p.  5«,)4.  1907. 
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that  certain  substances,  when  negatively  charged,  lost  their  charge 
when  illuminated  with  ultra-violet  li^t,  and  that  if  originally 
uncharged,  they  acquired  a  positive  charge  as  a  result  of  the  illu- 

mination. It  has  since  been  ascertained,  as  a  result  of  investigations 
by  Lenard,  Thomson,  Merritt,  and  others,  that  the  action  results 
from  the  expulsion  of  negative  electrons  brought  about  by  the 
absorption  of  the  light,  in  other  words  cathode  rays  leave  the  sur- 

face of  the  plate.  Two  distinct  methods  of  investigation  have 
been  used.  In  the  first,  the  metal  surface  is  illuminated  in  a  vac-  n 
uum,  and  the  positive  charge  which  it  acquires  when  illuminated  is 
measured  with  an  electrometer.  This  method  gives  us  the  maxi- 

mum velocity  with  which  the  electrons  leave  the  surface,  for  the 
Gtential  continues  to  rise  until  it  becomes  great  enough  to  hold 

ck  the  electrons  which  have  the  highest  velocity. 
In  the  second  method  the  illimiinated  plate  is  placed  in  opposition 

to  and  at  a  short  distance  from  a  second  plate,  which  is  connected 
to  earth  through  a  galvanometer,  which  measures  the  current 
resulting  from  the  discharge  of  the  electrons.  This  method  gives 
us  the  number  of  negative  electrons  which  leave  the  surface  of  the 
metal  for  a  given  intensity  of  illumination.  The  number  has  been 
found  to  be  proportional  to  the  intensity  of  the  light,  while  the 

velocity,  which  is  between  10'  and  10*  cms.  per  second,  is  inde- 
pendent of  it. 

In  the  case  of  the  normal  photo-electric  effect,  the  orientation 
of  the  electric  light  vector  is  of  influence  only  in  so  far  as  it  affects 
the  amount  of  energy  absorbed,  as  has  been  shown  by  Pohl  for 
solid  (Zn  and  Pt)  and  liquid  (Hg,  Na,  and  K)  metals,  for  ultra- 

violet light.  If,  however,  we  are  dealing  with  an  alkali  metal  in 
the  region  of  spectrum  for  which  the  selective  effect  is  found,  for 
equal  amounts  of  absorbed  light  we  have  a  far  larger  number  of 
electrons  emitted  when  there  is  a  component  of  the  electric  vector 
perpendicular  to  the  surface.  According  to  Pohl  and  Pringsheim 
this  is  the  reason  of  the  phenomena  observed  by  Elster  and  Geitol 
with  fluid  amalgams  of  sodium  and  potassium  in  the  visible  region 
of  the  spectrum.  The  photo-current  due  to  the  electric  vector 
vibrating  in  the  plane  of  incidence  exceeded  that  due  to  the  per- 

pendicular vector  fifty  fold. 
The  variation  of  the  angle  of  incidence  gave  only  for  the  com- 

ponent JL  to  the  plane  of  incidence  a  proportionality  to  the 
absorption,  while  for  the  II  component,  the  component  of  the 
photo-current  perpendicular  to  the  surface  was  very  nearly 
proportional  to  the  calculato<l  J.  component  of  the  al)8orl)ed  light. 
The  factor  of  proportionality  was  naturally  much  greater  in  the 
latter  case. 

Photo-Electric  Effect  and  Wave-Length.  —  The  influence  of  the 
wave-length  of  the  light  upon  the  emission  of  the  electrons  has  l)et»n 
studied  by  E.  Ladenburg,  Markau,  and  A.  W.  Hull  (Phys,  Zeit.. 
8,  S90;  9,  821 ;  10,  537).  It  was  found  that  the  maximum  poten- 

tial of  the  illuminated  plate  increascnl  as  the  wave-length  of  the 
light  decreased,  in  other  words  the  electrons  were  driven  out  at  a 
higher  velocity  by  short  waves.    As  we  have  seen,  their  velocity 
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is  independent  of  the  intensity  of  the  light,  which  influenccB  only 
the  number  emitted  in  unit  time.     Ladenburg  found  that  the 
potential  of  a  platinum  plate  when  illuminated  by  X=260  fifi  was 
1.07,  the  value  increasing  to  1.86  as  the  wave-length  decreased, 
A =201  ftfi.    The    number    of   electrons   emitted    also    increases 
as  the  wave-length  of  the  light  decreases.     In  determining  this, 
however,  the  intensity  of  the  radiation  used  has  to  be  taken  into 
account,  the  number  emitted  is  proportional  to  the  intensity  of 
the  light.     If  El  represents  the  saturation  current  shown  by  the 
galvanometer,  which  is  the  measure  of  the  number  of  electrons 
emitted,  and  E2  the  energy  of  the  radiation  of  wave-length  A,  we 

El 

must  plot  the  quantity  
^  against  

A  in  order  to  obtain  
a  curve 

showing  the  relation  between  the  number  of  electrons  thrown  oflF 
and  the  wave-length  of  the  light.     Ladenburg  found  that  the  Ex 
curve  had  a  maximum  at  A=212,  faUing  rapidly  on  each  side  of 
this  point,   Ei  increased  steadily  with  increase  of  wave-length, 

E 
while  ̂   increased  very  rapidly  with  decrease  of  wave-length,  the 

curve  resembling  a  dispersion  curve  in  the  ultra-violet  region. 
The  observations  of  Ladenbiu-g  do  not  hold,  however,  for  the 

alkali  metals.  These,  according  to  the  investigations  of  Pohl  and 
Pringsheim,  show  in  the  first  place  the  normal  photo-electric 
effect,  for  which,  with  equal  amounts  of  absorbed  energy,  we  have 
with  decreasing  wave-length  an  increasing  number  of  emitted 
electrons;  they  show,  in  addition,  a  selective  photo-electric  effect, 
limited  to  a  narrow  spectral  range,  indicating  that  we  are  dealing 
with  a  rosonanco  phonomonon.  This  occurs  only  when  there  is 
present  a  component  of  the  electric  light  vector  perpi^ndicular  to 
the  surface.  This  selective  effect  may  exceed  the  normal  effect  in 
the  same  spectral  region  from  twenty  to  one  hundred  fold. 

Potassium,  for  examjile,  shows  a  strong  maximum  of  photo- 
electric sensibility  at  A.  =  4400  with  the  light  incident  o])liquely, 

while  for  normal  incidence  there  is  no  trace  of  the  maxima,  the 
curve  being  identical  with  that  found  by  Ladenburg  for  i)latinmn. 

Polarization  of  the  Light.  —  ElstcT  and  Geitel,  who  have  done  an 
immense  amount  of  very  valual)le  work  along  these  lines,  made  the 
discovery  that  the  orientation  of  the  {)lane  of  polarization  of  the 
light  influenced  the  rate  at  which  the  electrons  were  giv(»n  off,  but 
was  without  influence  on  their  velocity.  If  the  electric  vector 
is  in  the  plane  of  incidence  the  photo-electric  effect  is  much  stronger 
than  when  the  vector  is  peri)en(licular  to  the  plane.  In  the  former 
case  there  is  a  conij)onent  of  (4ectric  force  perpendicular  to  the  sur- 

face, and  we  may  perhaps  regard  this  as  better  adapttMl  to  drawing 
the  electrons  out  of  the  surface,  than  an  electric  vibration  parallel 
to  the  surfac(\ 

It  s(M'ins  pr()l)able  that  the  vibrations  of  the  light  set  up  vibrations 
of  the  electrons,  the  ainj)litu(le  of  which  increases  until  it  becomes 
so  great  that  the  electron  (^scapes  from  the  attractive  force  which 
previously  kept  it  within  the  metal. 
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The  number  of  electrons  emitted  by  the  surface  depends  upon 
the  amount  of  light  absorbed,  at  least  for  vibrations  perpendic- 

ular to  the  plane  of  incidence.  In  the  case  of  vibrations  parallel 
to  the  incidence  plane,  Elster  and  Geitel  found  that  the  emission 
of  electrons  was  proportional  to  the  component  of  the  absorbed 
light  which  was  perpendicular  to  the  metal  surface.  In  the  case 
of  the  fluid  alloy  of  sodiimi  and  potassiimi,  if  the  electric  vec- 

tor was  parallel  to  the  incidence  plane  the  emission  of  electrons, 
in  proportion  to  the  absorbed  energy,  was  fifty  times  as  great  as 
when  the  electric  vector  was  parallel  to  the  metal  surface,  a  cir- 

cumstance which  Elster  and  Geitel  referred  to  the  greater  pene- 
tration of  the  light  into  the  metal.  In  the  case  of  solid  and 

highly  polished  metal  surfaces,  Pohl  has  found  that  the  emission 
is  proportional  to  the  absorbed  energy  regardless  of  the  state  of 
polarization. 

The  Normal  and  the  Selective  Photo-electric  Effect.  —  The  ex- 
tended investigations  of  Pohl  and  Pringsheim,  which  have  been 

referred  to  in  the  preceding  section,  show  that  the  discrepancies 
between  the  observations  of  different  observers  are  due  to  the  fact 
that  there  are  two  distinct  effects,  which  are  sometimes  observed 
separately,  and  sometimes  superposed.  In  the  normal  effect  the 
number  of  electrons  liberated  increases  with  decreasing  wave  length, 
and  the  orientation  of  the  plane  of  polarization  is  of  influence 
only  as  the  absorption  of  the  light  dei)ends  upon  it.  In  the  selec- 

tive effect,  which  has  thus  far  been  found  only  in  the  case  of  the 
alkali  metals,  the  orientation  of  the  plane  of  polarization  exerts  a 
marked  influence,  the  emission  of  electrons  in  proportion  to  the 
absorbed  energy  being  many  times  greater  when  there  is  a  com- 

ponent of  the  electric  vector  jxTpendicular  to  the  surface.  The 
two  effects  are  shown  graphically  in 
Fig.  340  a,  which  is  for  the  amalgam  of 
sodium  and  potassium.  The  selective 
effect  extends  from  X  =  3oOO  to  about 
A  =  4800  and  is  only  apparent  in  the  E  n 
curve  made  with  the  incident  light  polar- 

ized with  the  electric  vector  E  parallel  ̂  
to  the  plane  of  incidence.  \ 

So  far  as  observations  go  at  the  pres-  ^ooo        4ooo        sooo 
ent  time,  the  emission  of  electrons  ap-  Fia.  340  a. 
pears  to  be  the  same  in  all  directions, 
that  is,  the  number  crossing  unit  area  normal  to  the  surface  is 
equal  to  the  niunber  crossing  unit  an»a  parallel  to  the  surface. 
The,  case  is  somewhat  analogous  to  the  emission  of  X  rays,  for 
which  Laml)ert's  cosine  law  does  not  hold.  It  would  Ih»  inter- 

esting to  see  whether  \\ith  i)olarized  light  the  emission  has  a 
larger  value  in  the  direction  in  which  the  electric  vibration  takes 
place.     This  matter  has  not  yet  hei^n  investigated. 

Photo-Electric  Effect  in  Gases.  --S<jnie  doubt  has  l)i»en  felt  as  to 
whether  gases  ace  ionizcHl  by  light,  the  apj)arent  effect  being 
ascribed  by  Thomson  to  the  action  of  th(»  light  uix)n  susin^nded 
dust  particles.    The  recent  work  of  Bloch  (Compt,  Jiend.y  140,  p. 
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892)  has  shown  that  both  effects  occur,  that  due  to  dust  particles 
being  the  stronger,  and  disappearing  only  after  the  radiation  has 
traversed  a  column  of  the  gas  half  a  metre  in  length.  Tlie  ioniza- 

tion of  air  carefully  freed  from  dust,  or  the  true  photo-electric 
effect  y  was  found  to  be  much  less,  and  to  disappear  entirely  after  the 
radiation  had  traversed  a  layer  3  nuns,  in  thickness.  Tliomson 
has  published  an  interesting  paper  on  the  subject,^  in  which,  refer- 

ring to  Kaye's  work,  he  shows  that  the  ionization  of  air  is  8  times, 
of  COx  16  times,  and  of  ammonia  150  times  greater,  when  illumi- 

nated by  ultra-violet  radiation,  than  when  screened  from  it. 
Theory  of  the  Photo-Electric  Effect.  —  There  are  at  the  present 

time  two  theories  of  the  photo-electric  effect.  We  may  regard  it  as 
a  simple  resonance  phenomena,  the  electron  vibrating  in  imison  with 
the  light-waves,  until  its  amplitude  becomes  so  great  that  it  is 
expelled  from  the  atom.  Whether  it  derives  its  energy  from  the 
absorption  of  the  radiation  which  frees  it,  or  from  the  internal 
energy  of  the  atom,  is  a  question  which  can  be  answered  only  after 
a  careful  study  of  all  of  the  relations  which  have  just  been  discus^. 
The  effect  has  been  found  to  be  entirely  independent  of  temperature, 
which  shows  us  that  the  heat  energy  of  the  metal  plays  no  part. 
It  is  very  difficult  to  reconcile  all  of  the  effects  with  the  assumption 
of  absorption  of  a  Ught-wave,  the  amplitude  of  which  is  constant 
over  the  wave-front,  decreasing  as  the  distance  from  the  source 
increases.  There  is  a  very  recent  "  licht-quanten  hypothese*' of 
Planck  and  Einstein,  on  which  we  are  to  regard  the  energy  of  a 
system  of  rays,  not  as  spread  continuously  over  an  ever  increasing 
surface  (wave-front)  but  as  made  up  of  localized  centres  of  energy 
which  move  out  without  subdivision,  and  can  be  absorbed  onlv  as 
a  whole.  These  "  units  "  of  radiation  can  be  shown  to  have  an 
enerp;y  proportional  to  the  oscillation  frequency,  which  explains  the 
increase  in  the  velocity  of  the  expelled  electron,  with  the  decrea^^e 
of  wave-length,  if  we  assume  the  "  licht-quanten  "  to  give  up  it^ 
energy  to  the  electron.  It  also  explains  the  circumstance  that  the 

electron  velocity  is  independent  of  the  intensity,  for  on  Einsteiu*s 
h\^)()th(^^is  the  intensity  of  the  radiation  is  represented  by  the 
proximity  of  the  light  units.  Planck,  however,  does  not  consider 
that  the  wave-front  is  discontinuous,  the  hypothesis  being  re- 

stricted to  the  absorption  or  emission  of  a  resonator,  which  cannot 
prop;rossively  increase  or  diminish  by  infinitesimal  steps,  but  only 

by  finite  '^  units." 
The  application  of  the  "light  units"  to  the  wave-front  is  radi- 

cally n(»w,  and  (]uite  at  variance  \^'ith  our  older  notions  regarding 
ether  waves  and  aniplitu(l(»s.  It  is  difficult  to  form  a  picture  of 
just  what  the  '*  licht-ciuanten  ''  is,  but  Thomson  has  suggested  that 
ligiit  may  consist  of  impulses  running  along  lines  of  force.  The 
wave-front,  on  this  ll>^x)thesis,  would  not  be  uniformly  illuminated, 
but  consist  of  l)rip;ht  points,  so  to  speak,  and  what  we  usually  under- 

stand by  intensit}'  or  amplitude  would  depend  upon  the  proximity 
of  the  bright  points. 

>  J.  J.  ThomsT)!!,  "  Ionization  of  gas<*a  l)y  ultra-\nolet  light,  and  the  structure  of 
light,"  Camb.  Proc.,  14.  Part  IV.,  417,  1907. 
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An  attempt  has  even  been  made  by  G.  J.  Taylor  to  prove  the 

existence  of  the  "light  units"  by  photographing  diffraction  fringes 
with  light  of  such  feeble  intensity  that  but  few  "  units  "  were  in- 

cluded in  each  Huygens  zone.  The  results  were  negative,  however. 
Thomson  was  driven  to  this  hypothesis  by  our  inability  to  explain 
why  only  a  very  small  percentage  of  the  molecules  of  a  gas  are 
ionized  by  a  light-wave.  The  conception  appears  very  fantastic, 
in  view  of  our  preconceived  ideas  regarding  ether  waves,  but  it  is 
very  suggestive  that  something  resembling  structure  in  light-waves 
is  pointed  out  by  no  inconsiderable  number  of  recently  discovered 
phenomena.  We  may  eventually  be  driven  to  a  compromise  be- 

tween the  old  corpuscular  theory  and  the  wave  theory.  Some  very 
recent  work  by  Baeyer  indicates  that  the  energj'  of  each  expelled 
electron  Is  equal  to  the  energy  of  one  **  licht-quanten  '*  of  the  wave- 

length utilized  in  producing  the  expulsion.  If  this  is  true  it  is  a 

very  remarkable  verification  of  Planck's  h>7)othesis. 
The  following  summary  of  the  theory  was  prepared  by  R.  Pohl: 
A  satisfactory  theory  of  the  normal  effect  must  apply  if  possi- 

ble to  the  electrons  liberated  by  X-rays,  as  well  as  by  light,  and 
explain  the  following  facts : 

1.  The  uniform  velocity  of  the  electrons  for  light  of  a  given 
wave-length.  2.  The  independence  of  velocity  of  the  intensity. 
3.  The  increase  of  velocity  with  decreasing  wave-length.  4.  The 
increase  of  the  number  of  electrons  with  decrea^^ing  wave-length. 
6.  The  independence  of  the  number  and  velocity  of  the  electrons 
of  the  temperature.  6.  The  circumstance  that  with  increasing 
wave-length  the  effect  drops  to  zero. 

According  to  Lenard  the  emission  is  due  to  a  resonance  phenom- 
enon. Light  of  a  definite  period  excites  electrons  of  equal  period, 

the  vibrations  overcoming  the  forces  which  hold  the  electron  in 
the  metal.  This  force  must  be  independent  of  temperature,  and 
the  velocity  of  the  electrons  is  determined  by  the  nature  of  the 
atom  and  not  by  the  intensity  of  the  light.  This  requires  the 
questionable  assumption  that  we  have  in  the  atom  electrons  of  ail 
possible  velocities  from  1  to  100,000  (electrons  liberated  by  X-rays). 
.  No.  4  is  explained  by  the  assumption  of  an  al)sorption  which, 
as  is  the  case  wth  cathode-rays,  lessens  only  the  number  but  not 
the  velocity,  and  by  the  existence  of  the  Volta  series. 

These  assumptions  of  Lenard  and  others  stand  in  opposi- 
tion to  the  Planck-Einstein  light-unit  theory.  Einstein  sup]X)ses 

that  the  energy  element  nA,  in  which  n  is  the  frequency  and 

A  =  6.55*  lO"*' erg-sec,  is  found  again  in  the  metal  as  kinetic 
energy  J  mv^  (or  eV)  of  the  electron.  This  kinetic  energ\*  of  th<» 
electron  we  observe  aiit^ide  of  the  metal  after  the  subtraction  of  tho 
work  P  of  the  electron  by  passage  through  the  surface  eV  =  hn  —  P, 

This  formula  gives  for  ultra-violet  light  of  wave-length  200 /w/i, 
for  P  ̂ o,  6.3  volts  independent  of  the  material,  which  corre- 

sponds to  the  value  found  by  v.  Baeyer  (Verh.  der  deutsch.  phys. 
GtB.y  12,  870,  1910).  For  X-rays,  the  wave-lengths  of  which  are 
probably  less  than  .01  /^a*.  the  calculattnl  value  is  10*  volts,  while 
the  value  observed  bv  Bestehneyer  is  6.3- 10*  volts. 



CHAPTER  XX 

TRANSFORMATION  OF  ABSORBED  RADIATION. 

FLUORESCENCE,  PHOSPHORESCENCE, 
AND  RESONANCE-RADIATION 

In  the  case  of  all  substances  which  absorb  light,  i.e.  in  cases  when 
the  sum  of  the  transmitted  and  reflected  energy  is  not  equal  to  the 
incident  energy,  we  have  a  transformation  of  the  radiant  energy 
into  energy  of  some  other  form.  The  commonest  case  is  that  in 
which  the  luminous  radiations  are  spent  in  warming  the  body,  the 
absorption  of  the  light  increasing  the  kinetic  energy  of  the  molecules. 
Just  how  the  transformation  takes  place  we  do  not  know,  though  it 
is  not  diflicult  to  make  assumptions.  In  the  case  of  selective 
absorption,  where  we  refer  the  phenomenon  to  resonance,  or  the 
vibration  of  electrons  of  the  same  free  period  as  the  absorbed  vibra- 

tions, we  assume  something  akin  to  friction,  which  impedes  the  free 
motion  of  the  electron  and  produces  a  rise  of  temperature.  In 
some  way  the  energy  taken  up  by  the  electron  is  spent  in  increasing 
the  velocity  of  the  molecule,  which  makes  it  seem  as  if  the  action 
were  an  action  between  the  molecules,  and  not  something  going  on 
within  the  molecule,  for  we  cannot  speak  of  a  molecule  as  rising  in 
temperature.  As  the  temperature  of  the  substance  increases,  it 
emits  more  and  more  energy  in  the  form  of  long  heat-waves,  and  it 
is  this  reemission  of  energy  which  prevents  the  temperature  from 
rising  indefinitely.  If  the  substance  absorbs  strongly  waves  of  all 
lengths,  it  is  possible  to  throw  radiant  energy  into  it  at  such  a  rate 
that  its  temperature  rises  to  the  point  of  incandescence,  as  was 

shown  by  Tyndall.  '  The  incident  energy  may  consist  wholly  of 
invisible  heat-rays,  in  which  case  we  have  a  reemission  of  energy  in 
the  form  of  waves  of  shorter  wave-length.  This  phenomenon  has 
received  the  name  of  Calorescence. 

Tyndall's  experiment  consisted  in  the  formation  of  a  dark  heat 
fo(ms  by  means  of  a  large  condensing  lens,  the  visible  radiations 
being  filtered  out  by  means  of  a  solution  of  iodine  in  bisulphide  of 
(;arbon,  contained  in  a  glass  cell.  A  piece  of  blackened  platinum 
foil  held  in  the  focus  was  speedily  raised  to  a  red  heat.  In  this  case 
the  emission  of  light  is  a  pure  temperature  effect.  Certain  sub- 

stances, however,  possess  the  peculiar  property  of  emitting  light 
when  illuminated,  without  any  appreciable  rise  in  temperature. 
The  emitted  light  is  usually  of  a  different  color  from  that  of  the 
exciting  radiation,  and  the  emission  may  continue  for  some  time 
after  the  illuminating  light  is  cut  off. 

If  the  emission  ceases  as  soon  as  the  exciting  radiations  cease  to 
fall  upon  the  substance,  the  phenomenon  is  called  Fluorescence: 

556 
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if  it  persists  for  an  appreciable  time,  the  term  Phosphorescence  is 
applied  to  it.  In  general,  fluorescence  is  only  exhibited  by  gases 
and  liquids,  phosphorescence  by  solids,  though  we  sometimes  find 
the  terms  confused,  the  term  fluorescence  being  appUed  to  uranium 
glass  and  certain  crystals.  It  is,  perhaps,  best  not  to  attempt  to 
draw  a  sharp  line  between  the  classes  of  phenomena,  for  it  has  been 
shown  recently  that  we  may  have  a  gradual  transition  of  fluores- 

cence into  phosphorescence. 
Fluorescence.  —  The  name  fluorescence  is  derived  from  fluor 

spar,  a  native  fluoride  of  calcium,  a  substance  which  was  first  ob- 
served to  exhibit  this  peculiar  emission  of  light.  The  subject  was 

first  investigated  by  J.  Herschel  {Phil.  Trans,,  1845,  p.  143)  and  Sir 
David  Brewster  (Trans,  of  Edin.,  1846,  part  ii.,  p.  3),  who  examined 
solutions  of  sulphate  of  quinine,  which  emit  a  brilliant  blue  light  in 
all  directions  when  illuminated  with  a  beam  of  sunlight. 

Herschel  found  that  light  which  had  traversed  the  solution  was 
incapable  of  exciting  any  further  emission,  and  that  the  blue  lumi- 

nosity was  confined  to  the  surface.  He  termed  the  phenomenon 
epipolic  dispersion,  lx;lieving  that  he  was  dealing  with  a  new  type 

of  polarization.  The  light  on  entering  the  solution  became  ̂ '  epi- 
polarized,''  a  lateral  emission  or  dispersion  resulting  from  the  pro- 

cess, and  this  epipolarized  light  was  incapable  of  exciting  further 
fluorescence.  Brewster  found,  however,  that  by  employing  an 
intense  beam  of  light,  the  blue  emission  marked  the  entire  path  of 

the  beam,  and  he  accordingly  changed  the  name  to  '*  internal 
di£q)ersion.'' 

It  occurred  to  Stokes  that  the  blue  light  "  dispersed  "  by  the 
quinine  solution  might  not  be  the  blue  light  of  the  illuminating 
beam,  but  a  new  creation  due  to  the  absorption  of  more  refrangible 
radiations.  This  would-  explain  the  inability  of  the  light  to  excite 
further  fluorescence  after  it  had  already  traversed  a  sufficient  thick- 

ness of  the  solution,  the  rays  effective  in  provoking  the  emission 
being  removed  by  iJi>sorption.  Experiments  verified  this  surmise, 
establishing  the  general  law  that  the  fluorescent  radiations  are 
always  of  longer  wave-lengths  than  those  of  the  light  which  excites 
them.  This  change  in  the  wave-length  can  be  very  easily  obser\'ed 
by  interposing  colored  glass  in  the  path  of  the  illuminating  beam. 
A  beam  of  sunlight,  from  which  the  orange-yellow  and  green  has 
been  removed  by  means  of  a  sheet  of  dense  cobalt  glass,  is  con- 

centrated with  a  lens  upon  a  fe^  crystals  of  uranium  nitrate. 
Although  the  illuminating  beam  is  of  a  deep  blue  violet  color  the 
crystals  shine  with  a  brilliant  green  light.  A  piece  of  the  ordinary 
canary  glass,  which  is  colore<l  with  oxide  of  uranium,  can  be  sul)- 
fltituted  for  the  nitrate  crystals.  Small  vases  of  this  glass,  which 
can  now  be  found  in  almost  any  glass-store,  are  suitable  for  the 
experiment.  It  can  be  easily  recognized  by  the  grei»nish  color  which 
it  assumes  when  held  in  sunlight,  which  is  in  markcnl  contrast  to 

the  yellow  color  of  the  transmitted  light.  One  of  the  best  sul)- 
Btances  for  the  exhibition  of  fluorescence  is  an  miueous  solution 
of  uranin,  an  alkaline  salt  of  fluorescene.  The  solution  should  be 
extremely  dilute.    It  is  best  to  begin  with  pure  water  contained  in  a 
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rectangular  glasa  tank,  the  light  from  an  arc-lanq>  or  the  sun  being 
brought  to  a  focus  at  the  centre  of  the  tank.  On  adding  a  drop  or 
two  of  a  fairly  strong  solution  of  the  dye  the  path  of  the  beam 

becomes  luminous,  shining  with  a  brilliant  green  light.  On  adding  ' 
morp  uf  the  dye  the  fluorescence  retreats  towards  9ie  r^on  where 
the  light  enters  the  solution,  owing  to  the  increased  abwirption  of 
the  rays  which  are  capable  of  exciting  the  fluorescence. 

Other  solutions  can  be  easily  prepared  which  fluoresce  witli 
different  colors.  An  aqueous  solution  of  aesculin,  which  can  be  pre- 

pared by  pouring  hot  water  over  some  scraps  of  horse-chestnut 
bark,  shines  with  a  beautiful  blue  light,  while  an  alcoholic  solution 
of  chlorophyl,  which  can  be  prepared  by  soaking  green  leaves  in 
strong  alcohol,  exhibits  a  red  fluorescence.  Among  other  substances 

whii'h  exhibit  the  phenomenon  may  be  mentioned,  solutions  of 
sulphate  of  quinine  (acidified  with  a  few  drops  of  sulphuric  acid) 
and  paraffin  oil,  both  of  which  fluoresce  witfi  a  blue  liglit. 

Methods  of  investigating  Fluorescence.  —  An  exceedingly  simple 
and  ingcniouft  method  was  devised  by  Stokes  for  detecting  fluores- 

cence and  phosphorescence,  which  is  applicable  to  cases  where  the 
emitt«<l  light  is  so  feeble  as  to  t)e  overpowered  by  the  irr^ularly 
reflected  light.  This  method  depends  on  the  change  of  wave-length 
which  accompanies  both  phenomena.  Two  screens  are  prepared, 
one  of  which  transmits  the  violet  and  blue,  absorbing  the  green, 
yellow,  and  rc<l,  while  the  other  absorbs  the  violet  and  blue,  trans- 

mitting the  rest  of  the  spectrum.  Dense  colmlt  glass  combined 
with  a  thin  sheet  of  signal  green  glass,  or  a  solution  of  cuprammo- 
niuni,  makes  a  suitable  blue-violet  screen ;  while  yellow  glass  or  a 
solution  of  bichromate  of  potash  will  answer  for  the  other.  The 
two  together  Khould  lie  practically  opaque  even  to  a  fairly  strong 
light. 

If,  now,  a  |K)werful  l>eain  of  light  is  admitted  to  a  dark  room  or 
box  throuEh  the  blue  screen,  objects  illuminated  by  it  will  be  in- 
inviwihle  tlirough  the  yellow  screen  unless  they  fluoresce  or  phoct- 
phoresci',  that  is,  give  out  less  refrangible  radiations  than  those 
which  fill)  ujKin  them.  Stokes  succeeded  in  showing  that  ordinary 

paper,  cotton,  Ixjnes,  ivorj',  leather,  cork,  horn,  and  many  other 
sul)8tances  exhibit  the  phenomenon. 

.  A  B  c  D  e  r  e  miir  „  This  method,  while  admirably 
adapted  to  the  detection  of  fluo- 

rescence, is  not  suited  to  the  study 
of  the  relation  between  the  wave- 

lengths of  the  fluorescent  and  inci- 
dent light. 

Tlie  method  adopted  by  Stokes 

was  analogous  to  Newton's  metho<l 
,  of  crofwed  prisms ;    a  very  narrow 
and    intense    solar    spectrum    was 

t""|-  ■*^'-  thrown    u|X)n   the   surface   of   the 
liquid  under  investigation,  the  fluo- 

rescence resulting  in  this  ease  from  monochromatic  light  of  var>'- 
ii^  wave-length.     This  spectrum  was  then  viewed  through  a  prism 
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held  in  such  a  position  as  to  deviate  the  spectrum  in  a  direction 
perpendicular  to  its  length,  as  shown  in  Fig.  341,  in  which  AB  is 

the  undeviated  and  A'B'  the  deviated  spectrum,  as  it  would  appear 
if  the  surface  of  the  Uquid  merely  reflected  or  scattered  Ught  without 
fluorescence.  This  spectrum  will  always  l)e  visible  to  a  greater  or 
less  degree,  owing  to  the  fact  that  even  the  surface  of  a  transparent 
U(|U]d  scatters  a  certain  amount  of  light  without  change  of  wave- 
length. 

In  the  case  of  fluorescent  or  phosphorescent  substances,  we  have 
in  addition  the  complete  fluorescent  spectrum  produced  by  the 
monochromatic  illumination  at  each  point  of  the  spectrum.  The 
fluorescent  spectra  together  form  the  broad  band  sliown  in  the  figure, 
from  which  it  is  apparent  that  the  wave-length  of  the  fluorescent 
light  is  never  less  than  that  of  the  light  which  causes  it.  Any  excep- 

tion to  Stokes's  law  would  give  rise  to  an  extension  of  the  band  on 
the  other  side  of  the  deviated  spectrum. 

Stokes's  law,  that  the  waves  of  the  fluorescent  light  are  never 
shorter  than  those  of  the  exciting  rays,  was  questioned  by  Lommel, 
who  believed  that  he  could  detect  the  complete  fluorescent  spectrum 
of  Magdala  red,  which  contains  red,  yellow,  and  green  rays,  when 
the  fluorescence  was  excited  by  sodium  liglit  alone. 

Hagenbach  investigat^Kl  this  same  substance  and  came  to  a 
different  conclusion.  The  eye-piece  of  a  spectroscope  was  replaco<i 
with  a  vertical  slit,  upon  which  the  spectrum  was  focussed.  An 
image  of  this  slit,  illuminateil  in  monochromatic  liglit,  was  thrown 
by  means  of  a  lens  partly  upon  the  surface  of  the  fluorescent  solu- 

tion, and  partly  upon  a  small  piece  of  white  porcelain  placed  close 
to  the  surface.  The  porcelain  reflects  only  the  monochromatic 
light,  while  the  liquid  emitteil  the  fluorescent  light.  On  viewing 
the  image  through  a  prism,  the  fluorescent  spectrum  S,  and  the 
monochromatic  image  of  the  sUt  A,  reflected  from  the  porcelain, 
appeared  as  shown  in  Fig.  342  (1).  The  two  images 
were  separated  by  a  T^ide  gap,  the  fluorescent  light 
being  much  less  refrangible  than  the  exciting  rays. 
By  turning  the  prism  of  the  spectroscope,  the  wave- 

length of  the  light  from  the  slit  was  increased,  which 
caused  the  image  A  to  approach  S,  the  gap  l)etween 
becoming  narrower  as  shown  in  (2).  No  change  in 
the  fluorescent  spectrum  was  observed.  On  still 
further  increasing  the  wave-length,  A  came  into 
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coincidence  with  B,  Up  to  this  point  the  fluores-  Fio.  342. 
cent  spectrum  remained  unchange<l,  but  from  now 
on  a  further  increase  in  the  wav(»-leugth  resulted  in  a  contraction  of 
the  spectrum  B,  as  shown  in  (4),  no  radiations  api)earing  in  it  of 
shorter  wave-length  than  those  in  the  image  A.  An  exception  to 
Stokes's  law  would  have  made  itself  manifest  as  a  faint  illumination 
in  the  region  to  the  right  of  the  slit  imago. 

Lommel  then  n?peated  his  experiments,  using  both  siKlium  light 
and  monochromatic  light  from  a  Hpectn)sc<)pt»,  and  found  as  Iwfore 
tiiat  not  only  Magdala  red  but  a  numl)er  of  other  substances 
showed  evidences  of  emitting  fluorescent  waves  shorter  than  the 
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exciting  ones.  He  distinguished  three  distinct  classes  of  fluores- 
cence. Bodies  belonging  to  the  first  class  were  capable  of  giving 

out  their  complete  fluorescent  spectrum  when  excited  by  any  radia- 
tions exciting  fluorescence.  Under  the  second  class  were  grouped 

substances  of  which  the  fluorescent  spectrum  contained  no  shorter 
radiations  than  the  exciting  ones.  A  third  type,  which  he  called 
composite  fluorescence,  embraced  substances  having  a  fluorescent 
spectrum  consisting  of  two  parts,  similar  respectively  to  the  spectra 
shown  by  substances  of  the  first  two  classes.  These  substances 
behaved  as  would  a  mixture  of  a  substance  belonging  to,  the  first 
class  with  one  belonging  to  the  second. 

A  very  careful  study  of  the  subject  has  been  made  recently  by 
Nichols  and  Merritt  (Phys,  Rev,,  June  and  July  1904),  who  meas^ 
ured  with  a  spectrophotometer  the  distribution  of  intensity  in 
the  fluorescence  spectrum,  when  the  wave-length  of  the  exciting 
light  was  varied.    They  found  that  in  the  case  of  all  the  substances 

which  they  examined  there  were  marked 

exceptions  to  Stokes's  law,  the  position  of 
the  maxima  of  the  fluorescence  spectrum 
being  independent  of  the  wave-length 
of  the  exciting  light.  They  were  able  to 
produce  powerful  fluorescence  when  the 
exciting  light  was  of  much  greater  wave- 

                —     length  than  that  at  the  centre  of  the  fluo- 
B'     A'        C  rescent  band. 

F,o.  343.  An  aqueous  solution  of  fluorescein  is 
admirably  adapted  for  the  purposes  of 

illustration.  In  Fig.  343  we  have  the  intensity  curves  of  the 
fluorescent  spectra  -4,  -B,  and  C  when  excited  by  approximately 

monochromatic  light  cut  out  of  a  spectrum  in  the  region  A',  JB', and  C  The  fluorescence  is  seen  to  be  most  intense  when  the 

exciting  wave-lengths  lie  on  the  edge  of  the  fluorescent  spectrum 
which  is  towards  the  violet,  C,  but  still  of  considerable  intensity 
when  the  illuminating  light  is  made  up  of  a  band  on  the  red  side 
of  the  point  of  most  intense  fluorescence. 

Polarized  Fluorescence.  —  The  fluorescent  light  emitted  in  an 
oblique  direction  from  the  surfaces  of  isotropic  media  was  found  by 
Millikan  (Phys,  Rev.,  September  and  November  1895)  to  be  po- 

larized in  a  manner  similar  to  that  of  light  obliquely  emitted  by 
white-hot  surfaces.  This  polarization  results  from  refraction  of  the 
light  as  it  passes  out  of  the  medium  into  the  air. 

Certain  crystals  possess  the  remarkable  property  of  emitting  a 
polarizeii  fluorescence.  The  most  interesting  case  is  that  of  mag- 

nesium i)latino-eyanide,  which  can  be  prepared  by  the  addition  of 
a  solution  of  magnesium  sulpliate  to  a  solution  of  barium  platino- 
cyanide,  until  no  further  pre(;ipitation  of  barium  sulphat-e  takes  place. 
The  colorless  solution  is  filtereil,  evaporated  and  crystallized.  The 
crystals,  whic^h  are  of  a  deep  red  color,  have  most  remarkable 
optical  properties,  showing  a  brilliant  green  surface  color  on  the 
sides  of  the  prisms,  while  the  ends  selectively  reflect  a  deep  violet 
light,  which  is  polarized  even  at  normal  incidence.     The  crystals 
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should  be  mounted  in  small  glass  bulbs  hermetically  sealed,  as 
otherwise  they  crumble  into  a  yellow  powder.  If  the  bulb  is 
filled  with  benzol,  the  violet  metallic  reflection,  due  to  absorption, 
shows  to  better  advantage  as  the  vitreous  reflection  is  abolished. 
The  fluorescence  of  the  crystals  can  be  best  observed  by  exciting 
them  in  a  concentrated  beam  of  sunlight  which  has  been  passeil 

throu^  a  piece  of  dense  cobalt  glass.  We  will  suppose  the  crj'stal 
to  be  standing  upright,  upon  one  of  it«  bases,  and  the  incident  beam 
horizontal.  If  the  fluorescent  li^t,  which  emerges  from  the  sides 
of  the  prism,  be  olwerved  through  a  Nicol  prism,  it  will  be  found  that 
the  color  is  orange-yellow  when  the  polarizing  plane  of  the  Nicol 
is  perpendicular  to  the  axis  of  the  prism,  and  scarlet  when  the  planet 
is  parallel  to  the  axis.  If  the  exciting 
light  be  polarized  horizontally,  the  color 
of  the  fluorescent  light  is  yellow,  changing 
to  red  as  the  plane  of  polarization  is  rotated 

through  90®.  Examination  with  a  second 
Nicol  shows  that  the  orange-yellow  fluo- 

rescence is  polarized  perpendicular,  the 
scarlet  parallel  to  the  axis  of  the  crystals. 
If,  now,  the  crystal  be  placed  in  a  horizon- 

tal position,  and  the  beam  of  unpolarized 
light  directed  against  an  end  surface,  the 
fluorescent  light  will  be  unpolarized  and 
of  a  scarlet  color.  If  the  incident  Hght  be 
polarized  in  a  vertical  plane,  and  the  crys- 

tal be  turned  on  a  vertical  axis  so  as  to  vary 
the  angle  of  incidence,  the  re<i  color  changes 
to  yellow.  If,  on  the  other  hand,  the  plane 
of  polarization  be  horizontal,  no  change  is 
observed  on  turning  the  crystal.  This 
shows  that  the  change  from  red  to  yellow 
takes  place  as  the  angle  which  the  direction 

of  vibration  makes  with  the  crystal's  axis 
changes  from  90®  to  0®,  the  direction  of 
vibration  being  perpendicular  to  the  plane  of  polarization. 

The  results  obtained  in  the  two  positions  of  the  crystal  are  in 
perfect  agreement,  as  will  be  seen  by  reference  to  Fig.  344,  in  which 
the  exciting  rays  are  indicated  by  solid  arrows,  the  fluorescent  rays 
by  dotted  arrows,  the  direction  of  vibration  in  each  case  l)eing 
indicated  by  double-heade<l  arrows.  Polarized  fluorescence  has 
recently  been  observed  by  the  author  in  the  case  of  certain  gases, 
and  will  be  referred  to  presently. 

Variation  of  the  Intensity  with  the  Angle  of  Emission.  —  The 
intensity  of  the  light  emitted  by  self-luminous  solid  and  licjuid 

substances  varies  as  the  cosine  of  the  angle  of  emission  (Lambert's law).  On  this  account  the  intrinsic  intensity  is  not  increased  by 
foreshortening  of  the  source,  i.e,  by  viewing  it  in  an  oblique  direc- 

tion. This  is  not,  however,  the  case  with  fluort^scent  light,  as  is 
indicated  by  some  exiK^rimc»nts  made  by  the  author. 

If  a  rectangular  glass  tank,  or  even  a  beaker  glass,  is  partly  AIKmI 
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with  a  solution  of  uranin  (fluorescein)  and  a  condenser  discharge 
]>assed  between  cadmium  electrodes  close  to  the  surface,  the  phe- 

nomenon can  be  very  clearly  seen.  The  surface  is  powerfully  fluo- 
rescent, and  if  it  be  viewed  from  below,  the  intrinsic  intensity  v^iU. 

be  found  to  increase  rapidly  as  the  surface  is  foreshortened,  becom- 
ing of  dazzling  brilliancy  at  grazing  emission.  If  a  glass  plate  is 

interposed  between  the  spark  and  the  fluid,  the  effect  of  foreshorten- 
ing Ix^comes  less  marked  or  disappears  entirely,  for  in  this  case  the 

fluorescence  is  chiefly  caused  by  the  radiations  which  penetrate 
the  body  of  the  fluid,  and  the  powerful  surface  fluorescence,  excited 
by  the  ultra-violet  rays,  disappears.  A  still  better  method  is  to 
illuminate  one  face  of  a  right-angle  prism  of  crown  glass  with  the 
light  of  the  spark,  which  causes  a  blue  fluorescence  of  the  surface 
layer.  The  luminous  surface  is  to  be  viewed  through  the  other 
face  of  the  prism.  The  intensity  viewed  in  the  normal  direction  Is 
very  slight,  as  can  be  seen  by  looking  at  the  reflection  of  the  lumi- 

nous surface  in  the  hypothenuse  face  of  the  prism.  Seen  edge^iise 
the  intensity  is  fully  tliirty  times  as  great,  as  was  found  by  measure- 

ment at  an  angle  of  5  degrees  with  the  surface. 

Fio.  345. 
V 

Measurements  of  the  change  of  intensity  with  the  angle  of  emL<«- 
sioii  wore  made  in  the  following  way. 

A  ])orti()a  of  the  light  from  the  spark  fell  upon  the  prism,  while 
another  i)ortion,  after  traversing  a  sheet  of  ground  glass  and  a 
blue  screen,  was  passed  through  a  pair  of  Nicol  prisms  and  reflected 
to  the  (\vc  by  means  of  the  narrow  strip  of  silvered  glass  A ,  mounted 
on  a  pivot  in  front  of  tlie  prism  (Fig.  345).  By  turning  one  of 
the  Xicols  the  intensity  of  the  Hght  seen  reflected  in  the  strip 
could  ])e  balanced  against  the  fluorescent  background  against 
which  it  was  seen.  The  (H)l()r  was  very  accurately  matched  by 
means  of  a  thin  sheet  of  cobalt  glass  combined  with  a  gelatin  film 
.stained  with  one  of  the  blue?  aniline  dyes.  The  intensity  in  the 
normal  direction  was  measured  by  matching  the  reflected  hght 
against  the  image  of  the  fluorescent  surface  seen  by  total  reflei*- 
tion  in  the  prism. 
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The  fluorescent  prism  was  mounted  on  the  tabic  of  a  small 
spectrometer  and  viewed  through  the  telescope,  the  lenses  of  which 
were  previously  removed,  and  a  small  slit  put  in  place  of  the  eye- 

piece. In  this  way  the  angular  direction  from  which  the  luminous 
surface  was  viewed  could  be  easily  determined. 

A  number  of  corrections  were  of  course  necessary,  for  the  angles 
in  air  are  greater  than  the  angles  within  the  glass,  on  account  of 
refraction.  Then,  too,  there  is  a  small  loss  due  to  reflection  within 
the  prism  which  becomes  greater  as  the  angle  is  increased. 
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The  values  obtained  are  shown  graphically  in  Fig.  346,  intensities 

being  plotted  as  ordinates,  and  angles  as  abscissae.  The  obser\'(Kl 
values,  which  have  been  corrected  for  the  small  loss  due  to  internal 
reflection,  are  represented  by  circles,  while  the  curve  drawn  through 
than  is  the  theoretical  curve,  caleulat<H^l  on  the  assumption  that 
the  intensity  of  the  radiation  from  each  fluorc^scent  molecuh^  is 
independent  of  the  direction  within  the  glass.  Under  such  condi- 

tions the  intensity  of  the  illumination  of  the  surface  would  double 
each  time  its  apparent  area  was  halves!  by  foreshortening. 
•  As  will  be  seen,  this  condition  appears  to  be  pretty  nearly  ful- 

filled, though  accurate  measurements  l)etween  zero  and  five  degn^^s 
were  difficult.  The  fluorescent  radiations  obey  therefore  within: 
the  medium  the  same  law  which  holds  in  the  case  of  a  transparent 
radiating  gas.  Outside  of  the  medium,  that  is,  in  air,  the  case  is 
very  different.  The  intrinsic  intensity  is  greatest  when  the  surface 
18  viewed  in  the  normal  direction,  owing  doubtless  to  refraction, 
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for  the  rays  emerging  at  nearly  90°  were  incident  at  nearly  the 
critical  angle  and  there  is  a  large  loss  by  reflection. 

Fluorescence  Absorption.  —  The  effect  of  fluorescence  upon 
absorption  was  investigated  by  Burke,  who  claimed  that  a  block 
of  uranium  glass  absorbed  light  more  strongly  when  fluorescing 
than  when  in  darkness.  His  results  were  called  into  question  by 
Camichel  and  others,  but  were  corroborated  by  Nichols  and  Merritt, 
who  made  a  very  careful  photometric  study  of  the  phenomenon. 
The  effect  comes  out  only  when  the  separately  measured  intensities 
of  the  source  of  light  and  the  fluorescent  cube  are  added  together 
and  compared  with  the  measured  intensity  of  the  source  as  seen 
through  the  fluorescing  cube.  A  method  was  finally  devised  by 
the  author,^  which  would  show  the  phenomenon  directly  if  it  existed. 
The  source  and  fluorescent  body  were  made  intermittent,  and  an 
arrangement  used  which  permitted  the  observer  to  throw  the  flashes 
ill-step  or  out-of-step.  In  the  former  case  the  flashes  from  the 
source  traversed  the  medium  while  it  was  fluorescing;  in  the  latter, 
wliile  it  was  in  darkness.  The  total  amount  of  light  received  by  the 
ey(»  was  found  to  be  the  same  in  each  case,  showing  that  the  phenom- 

enon was  nou-cxistont.  Nichols  and  Merritt  have  more  recently 
repeated  their  work,  and  have  come  to  the  same  conclusion,  so  that 
the  subject  appears  to  be  disposed  of. 

Phosphorescence.  —  The  term  fluorescence,  strictly  speaking, 
should  be  limiteii  to  the  cases  of  the  gases  and  liquids,  since,  in  the 
case  of  solids,  the  emission  of  Ught  continues  for  an  appreciable 
time  after  the  exciting  radiations  are  cut  off.  In  some  cases  the 
emission  of  light  may  continue  for  several  hours,  in  others  it  lasts 
for  but  a  v(»ry  small  fraction  of  a  second  after  the  exciting  rays  are 
rcMnovcd.  Most  remarkable  is  the  prolonged  emission  of  Balmain's 
luminous  paint,  a  sulphide  of  calcium,  which  glows  in  the  dark  for 
many  hours  after  exposure  to  a  strong  light.  It  appears  probable 
thi'.t  somethinf^  analogous  to  a  chemical  change  is  produced  by  the 
action  of  the  light,  the  condition  l>eing  unstable  and  the  process 
rev(Tsingas  soon  as  the  substance  is  scr€K?ned  from  the  action  of  light. 
This  reversing  of  the  process  may  be  prolonged  or  rapid,  and  is 
accompanied  by  the  emission  of  light.  The  energy  of  the  absorbed 

light  is  stored  in  the*  substance  in  the  form  of  potential  energ>'  of 
the  atoms.  At  very  low  temperatures  the  condition  brought  about 
by  the  action  of  light  may  be  more  or  less  stable,  as  has  recently 
been  shown  by  Dcwar.  A  fragment  of  ammonium  platino-eyanide 
Avas  cooled  by  means  of  liciuid  hydrogen  and  exposed  to  a  strong 
light.  On  removing  it  to  a  dark  room  no  trace  of  phosphorescence 
was  i)crccivc(l,  hut  on  removing  the  crystal  from  the  chilled  tube  and 
allowing  it  to  warm  up,  it  presently  burst  into  a  brilliant  green 
j)hosj)horescence. 

A  i)artial  stability  can  be  shown  at  ordinarj*"  temperatures  with 
Balmain's  luminous  i)aint.  If  this  be  kept  in  absolute  darkness  for 
tw(4ity-four  hours  it  becomes  non-luminous.  A  further  emission 
of  light  may,   however,   he  j)roduc(Hl  by  concentrating  invisible 

1  Woofl,  "  On  :i  Mctljod  of  showiug  Fluorescence  Absorption  directly  if  it  exists," 
Phil.  Mau;  DccrnilxT  VMS. 
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infra-red  radiations  upon  it.  This  at  first  sight  appears  to  be  an 
exception  to  Stokes's  law,  but  if  the  experiment  be  continued  for  a 
few  minutes  the  luminosity  ceases.  The  infra-red  radiations  have 
merely  carried  on  the  reverse  process,  originally  produced  by  violet 
light,  farther  than  it  is  able  to  go  spontaneously.  Not  until  the 
jwwder  has  again  been  exposed  to  light  and  kept  overnight  in  the 
dark  can  the  experiment  be  repeated.  The  color  of  the  phosphores- 

cent light  obtained  in  this  way  differs  from  that  of  the  light  by  the 
spontaneous  breaking  down  of  the  molecular  condition  produced  by 
the  light,  being  distinctly  greenish  instead  of  deep  blue. 

If  the  Balmain  paint  be  exposed  to  infra-red  radiations  while  it  is 
phosphorescing  the  luminous  energy  is  liberated  much  more  rapidly. 
This  property  has  been  utilized  for  obtaining  records  of  the  infra- 

red spectrum.  A  sheet  of  glass  is  painted  over  with  luminous  paint 
and  exposed  to  sunlight.  If  a  spectrum  is  then  thrown  upon  it  it 
will  be  found  that  the  effect  of  the  red  and  infra-red  region  is  to 
render  the  portions  of  the  surface  upon  which  they  fall,  at  first  more 
luminous  than  their  surroundings;  the  emission  soon  ceases,  and 
on  examination  we  find  a  dark  region  where  the  infra-red  radiations 
have  destroyed  the  phosphorescence.  Very  good  records  have  been 
obtained  in  this  way  of  the  infra-red  solar  spectrum  by  Draper, 
Becquerel,  and  Lommel.  The  phosphorescent  plat«,  after  exposure 
to  the  spectrum,  was  placed  in  contact  with  a  photographic  plate, 
by  means  of  which  the  record  was  made  permanent. 

Duration  of  the  Phosphorescence.  Phosphoroscope.  —  While 
some  phosphorescent  substances  remain  luminous  for  a  considerable 
time  after  their  exposure  to  light,  the  majority  cease  to  give  out 
visible  radiations  in  a  few  seconds  after  the  exciting  radiations  cease 
to  fall  upon  them.  An  instrument  was  devised  by  Becquerel  for 
examining  substances  in  complete  darkness,  a  small  fraction  of  a 
second  after  their  exposure  to  a  brilliant  light.  This  instrument, 
which  is  known  as  the  phosphoroscop)e,  consists  of  two  metal  disks 
side  by  side  on  the  same  axle.  The  disks  are  perforated  with  an 
equal  number  of  apertures  which  are  arranged  out  of  step,  and  are 
driven  at  high  speed  by  a  train  of  cog-wheeLs.  The  sulxstancc  to  be 
examined  is  placed  between  the  disks,  and  a  strong  l^eam  of  light 
directed  upon  it  through  the  apertures  of  one  of  them.  If  the  eye 
be  brought  close  to  the  other  disk  the  object  will  be  seen  only  at  the 
moments  when  the  light  beam  is  cut  off,  and  it  will  l)e  visible  there- 

fore only  by  phosphorescent  light.  The  disks  are  mounted  in  a 
cylindrical  metal  lx)x,  to  screen  the  substance  from  all  light  except 
that  reaching  it  through  the  perforations. 

With  this  instrument  it  is  possible  to  observe  an  object  one  one- 
thousandth  of  a  second  or  less  after  its  illumination.  B(»('qu(Tel 
found  that  phosj)horesrence  was  much  more  common  than  had 
been  supposed.  The  salts  of  the  alkali  metals,  (^omiwunds  of  alu- 

minium, and  nearly  all  organic  compounds  were  found  to  In*  phos- 
phorescent. Compounds  of  the  heavy  metals  for  the  nK>st  part 

showed  no  trace  of  luminosity,  tlie  salts  of  uranium  and  platiimni 
being  marked  exceptions,  however. 

All  solid  fluorescent  substances  were  found  to  Ix^  phosi)horescent ; 

V 
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fluorescent  liquids,  on  the  other  hand,  showed  no  trace  of  the  phe- 
nomenon. The  author  has  found  the  same  to  be  true  for  sodium 

vapor.  A  simple  phosphoroscope  with  a  single  revolving  disk  can 

be  set  up  in*  a  very  few  minutes,  and  gives  excellent  results  with  ura- nium glass,  uranium  nitrate,  and  other  phosphorescent  substances. 
The  disk,  which  is  30  or  40  cms.  in  diameter,  can  be  made  of  card- 

board ^ith  holes  about  half  a  centimetre  in  diameter  punched  at 
regular  intervals  around  its  circumference.  The  distance  between 
the  holes  should  be  alx)ut  2  cms.,  not  less.  The  disk  can  be  mounted 
on  the  shaft  of  a  small  electric  motor,  or  on  a  whirling  table,  or  it 
may  even  be  mounted  on  a  lead  pencil  held  in  vertical  wooden 
supix>rts  and  set  in  rotation  with  a  top  string.  A  beam  of  sunlight, 
reflected  from  a  mirror,  is  focussed  on  one  of  the  holes ;  the  diverging 
cone  is  received  by  a  second  lens  on  the  other  side  of  the  disk  and 
again  brought  to  a  focus,  this  time -upon  the  object  under  examina- 

tion, e.g.  a  lump  of  nitrate  of  uranium.  On  setting  the  disk  in  mo- 
tion, and  viewing  the  object  through  the  small  holes,  taking  care 

not  to  get  in  the  way  of  light,  the  phosphorescence  can  be  easily 
observed.  Obviously  the  eye  must  be  moved  about  until  the 
position  is  found  in  which  the  incident  light  is  cut  off  from  the 
object  when  it  is  exposed  to  view.  By  laying  the  crystals  upon 
white  paper  the  effect  is  more  striking,  for  it  is  then  apparent  that 
we  are  seeing  the  crystals  by  their  own  light  alone.  The  room 
should  be  made  as  dark  as  possible,  of  course,  though  the  phospho- 

rescence is  apparent  even  in  a  room  brilliantly  illuminated  with 
sunlight. 

Influence  of  Temperature.  —  It  has  been  shown  by  Dewar  (Chem. 
Neivs,  70,  252,  1894;  Proc.  Chem.  Soc.,  10,  171)  that  many  m\> 
stances  at  low  tenii)eratures  exposed  to  light  do  not  fluoresce  until 
tliey  are  warnuMl,  the  change  prochiced  appearing  to  be  stable  at  low 
temperatures.  It  would  he  interesting  to  examine  the  absorjjtion 
spectrum  of  a  fluorescent  substance  at  low  temperatures  before  and 
aft(T  its  exposure  to  light.  In  this  way  direct  evidence  of  a  molec- 

ular rhangt*  might  he  obtained.  It  is  even  possible  that  prolonged 
exposure  to  a  hrilliant  liglit  might  produce  a  change  that  could  be 
recognized  in  other  ways.  It  is  still  apparently  an  open  question 
iis  to  how  much  luminous  energ}'-  can  be  stored  up  in  a  fluorescent 
body  at  a  low  teni[)erature. 

Baliuaiu's  paint,  coohnl  in  solid  carl)onic  acid  and  ether,  and  ex- 
posed to  a  ])()werful  light  while  at  a  low  temperature,  emits  no  light 

until  it  is  romov(Hl  from  the  frei^zing  mixture.  The  influence  of 
t(»nip(Tiiture  can  he  well  shown  hv  painting  a  sheet  of  metal  with  the 
paint,  exi)osing  it  to  sunlight  and  then  heating  it  suddenly  witli  a 
Bunsen  hurner  in  a  dark  room.  Tlie  sudden  rise  of  temperature*  is 
accomi)ani(Hl  l)v  a  hrilliant  emission  of  light.  Dewar  found  other 
substances,  however,  which  phosphoresced  only  at  low  temperatures. 
Gelatine,  celluloid,  paniflin,  ivory,  and  horn,  which  at  ordinary 
temperatures  only  t^xliihited  the  feeblest  traces  of  phosphorescence, 
became  vc^ry  luminous  at  —180°.  The  following  suV)stances  were 
found  esptTially  hrilliant  at  —  ISO*^:  acetophenon,  benzophemm, 
asparagin,  hii)puric  and  uric  ac^ids,  diphenyl,  salicylic  acid,  and  egg 
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Fia.  347. 

shells.  Ammonium  platino-cyanide  showed  no  luminosity  at 
—  180®  until  the  liquid  air  was  poured  off,  when  it  immediately lighted  up  like  a  lamp. 

E.  Goldstein  has  recently  made  some  remarkable  obsi?rvations 
on  the  phosphorescent  spectra  excited  by  cathode  rays.  If  the 
substances  were  cooled  in  liquid  air  the  phosphorescent  bands  broke 
up  into  large  numbers  of  fine  lines,  resembling  the  emission  lines 
of  gases. 

Lenard  and  Klatt  have  found  that  in  the  discontinuous  spectra 
of  many  phosphorescent  substances,  certain  bands  appear  only  at 
low  temperatures,  others  at  high.  Quite  recently  H.  Becquerel  has 
made  some  interesting  observa- 

tions on  the  efTects  of  low  tem- 
peratures on  the  phosphorescent 

emission  bands  of  some  of  the 
salts  of  uranium,  broad  and 
diffuse  bands  breaking  up  into 
sharp  and  narrow  bands.  Fig. 
347  shoe's  this  effect  in  a  strik- 

ing manner.  The  upper  spec- 
trum is  of  a  double  sulphate 

of  uranium  and  ammonia,  the 
middle  one  of  uranium  and  po- 

tassium both  at  the  temperature  of  liquid  air,  the  lower  spectrum 
is  of  the  latter  salt  at  room  temperature.  The  comparison  spectra 
are  of  iron. 

Spectra  of  Phosphorescent  Light.  —  The  first  extended  study 
of  the  spectra  of  phosphorescent  substances  in  relation  to  the  wave- 

length of  the  exciting  light  was  made  by  E.  Becquerel  from  1843 
to  1872.  The  substance  to  be  examined  was  formed  into  a  narrow 
pod,  which,  when  illuminated  in  the  phosphoroscopo,  was  examined 
with  a  prism  and  telescope,  the  luminous  rod  taking  the  place  of 
the  slit.  He  found  that  the  majority  of  substances  showed  spectra 
which  remained  the  same  when  the  wave-length  of  the  exciting  light 
was  changed.  The  spectra  were  usually  portions,  more  or  loss 
complete,  of  a  continuous  spectrum.  Barium  sulphide,  howev(»r, 
he  found  emitted  red  liglit  when  illuminated  with  blue  light,  an(l 
yellow  when  the  exciting  radiations  were  confintn:!  to  th(»  ultra- 

violet. Especially  brilliant  and  striking  is  the  phosphorescont 
spectnun  of  the  ruby.  Artificial  or  synthetic  rubies  of  large  size 
and  wonderful  perfection  can  now  l)e  obtained  from  any  jeweller 
at  very  small  cost,  and  mak(»  beautiful  objects  for  demonstration. 
The  light  of  the  sun  or  arc,  passed  tlirough  a  sh(H»t  of  very  dense  IjIuc 
cobalt  glass  which  removes  all  of  tin*  timI  and  y(»llow  rays,  wh(*n 
focussed  on  the  gem,  causes  it  to  emit  a  beautiful  deep  (Tinisou 
light,  which  the  sj)ectroscoi>e  shows  to  l)e  made  up  of  several  nar- 

row bands.  A  small  plano-i'onvex  lens  \v\\\\  a  circular  disk  of  ('01)11^ 
glass  cemented  to  it  furnishes  a  very  easy  and  certain  test  for  the 
ruby,  for  a  paste  imitation  emits  no  re<l  light  when  phwcnl  in  the 
focus.  It  will  not,  however,  distinguish  between  natural  and 
qrnthetic  rubies,  for  they  are  identical  in  every  respect.     Chrysogen, 
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an  organic  compound,  exhibits  a  very  characteristic  phosphorescent 
spectrum,  when  ilUmiinated  with  ultra-violet  light ;  it  consists  of 
four  bright  and  rather  w^de  bands,  extending  from  the  red  to  the 
blue. 

The  most  interesting  of  all  the  substances  investigated  by  Bec- 
querel  are  the  salts  of  uranium.  Uranyl  nitrate,  phosphate,  and 
sulphate  show  each  one  its  own  characteristic  spectrum  of  seven  or 
more  bands  in  the  orange,  yellow,  and  green  regions.  The  appear- 

ance of  the  bands  is  quite  different  in  each  case.  Quite  recently 
(1907)  H.  Becquerel  has  found  that  at  the  temperature  of  liquid  air 
these  bands  break  up  into  groups  of  much  narrower  bands,  much  as 
the  absorption  bands  of  the  rare  earths  investigated  by  Jean 
Becquerel.  Some  very  interesting  phosphorescent  spectra  were 

obtained  by  Morse  ̂   by  illuminating  different  samples  of  fluor-spar 
with  the  light  of  electric  sparks  passed  between  different  metals. 
The  phosphorescent  spectra  contained  bright  lines  the  positions  of 
which  varied  with  the  nature  of  the  metallic  electrodes;  that  is, 
with  the  wave-lengths  present  in  the  exciting  Ught.  It  is  interest- 

ing to  compare  these  results  with  behavior  of  sodium  vapor  when 
stimulated  with  monochromatic  light. 

An  immense  amount  of  very  important  work  has  been  done  by 

Lonard  and*  Klatt  *  upon  the  phosphorescence  of  the  sulphides  of 
barium,  strontium,  and  calcium,  containing  sUght  traces  of  other 
metals  as  impurities.  They  found  that  the  phosphorescence  re- 

sulted from  the  presence  of  the  impurity.  Some  of  the  bands  per- 
sisted much  longer  than  others  after  the  extinction  of  the  exciting, 

and  the  duration  depended  upon  the  temperature.  In  general 
when  the  substance  is  at  a  very  low  temperature  all  of  the  bands 
<lisappear  almost  at  the  instant  that  the  stimulating  light  is  extin- 

guished. As  the  temperature  rises,  the  bands  begin  to  persist  for 

an  appreciable  time,  or  become  *'  Dauer-bands,**  each  band  having 
its  particular  temperature  of  longest  duration.  A  further  rise  of 

tem])erature  converts  them  again  into  **  Momentan-bands.''  Some 
hands  have  their  longest  duration  at  —100°,  others  at  0,  and  still 
others  at  -fl00°.  This  property  furnished  the  investigators  \\ith 
a  means  of  separating  the  bands  and  measuring  their  position. 

Theories  of  Fluorescence.  —  The  fact  that  fluorescence  is  alwa>'^ 
accompanied  l)y  ahsoq)tion  shows  that  the  phenomenon  is  in  some 
way  coaneoted  with  the  vibration  of  the  electrons. 

At  first  sight  it  may  appear  as  if  all  that  is  neceasary  is  to  assume 
tliat  the  ions  set  in  vibration  by  the  ether  waves  become  themselves 
sources  of  radiation.  If  tliis  is  the  case  all  absorbing  media  should 
fluoresce,  which  is  not  the  ca-^e.  Moreover,  we  have  seen  that  we 
can  have  a  f^radual  transition  from  fluorescence  to  phosphorescence, 
and  it  is  unthiiikahle  that  phospliorescence,  of  even  a  small  frac- 

tion of  a  second's  duration,  can  be  simply  the  radiation  of  an  eUn*- 
tron  which  continues  in  vil)ration,  after  once  having  been  set  in 
motion.  Even  if  th(^  phosphorescence  lasted  but  ycViy  of  a  second 
the  electron  would  he  obliged  to  perform  of  itself  600  billion  vibra- 

»  Astro-ph]fS.  J.,  21,  p.  83  (190.')). 
2  Drudc's  Annakn,  15,  p.  225-2S2,  425-434.  633-672  (1904). 
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tions.  Though  the  damping  of  the  vibration  of  an  electron  by 
radiation  can  be  shown  to  be  small,  it  is  scarcely  possible  that  a 
vibration,  once  started,  can  continue  for  such  a  length  of  time 
without  receiving  energy  from  some  source.  Another  difficulty  is 
the  circumstance  that  with  monochromatic  light  as  the  exciting 
radiation,  the  fluorescent  radiation  is  distributed  over  a  wide  range 
of  wave-lengths  chiefly  of  lower  refrangibility. 

A  satisfactory  theory  of  fluorescence  must  first  of  all  distinguish 
between  absorbing  media  which  fluoresce  and  those  which  do  not ; 
furthermore,  it  must  explain  the  change  of  wave-length  and  the 
increase  in  the  duration  of  the  emission  when  the  substance  is  in 
the  solid  form. 

As  a  matter  of  fact  no  satisfactory  theory  exists,  but  it  is  instruc- 
tive to  examine  briefly  into  the  attempts  which  have  been  made  to 

establish  one.  The  fundamental  assumption  which  has  been  made 
in  every  case  is  that  the  fluorescent  light  is  emitted  by  atoms  or 
electrons  which  are  set  in  vibration  by  the  light-waves.  This  ex- 

planation was  given  by  Stokes,  and  it  may  be  in  part  correct, 
though  it  fails  to  show  why  all  absorption  is  not  accompanied  by 
fluorescence.  It  can  hardly  be  extended  to  phosphorescence,  and 
as  the  two  phenomena  are  so  closely  related  it  seems  probable  that 
some  at  least  of  the  facts  of  fluorescence  are  not  to  be  accounted  for 
on  the  simple  assumption  of  a  forced  vibration,  but  must  be  referred 
to  some  complicated  chemical  process. 

A  theory  was  developed  by  Lommel,  who  built  up  an  equa- 
tion of  motion  of  an  atom  vibrating  under  the  impact  of  light- 

waves. This  equation  was  similar  in  form  to  the  one  which  we 
have  already  discussed  in  the  treatment  of  the  Helmholtz  disper- 

sion theory. 
The  molecular  condition  of  the  substance  has  apparently  as  much 

to  do  with  its  power  of  fluorescing  as  its  chemical  constitution. 
For  example,  many  sul)stances  which  in  the  solid  state  show  no 
trace  of  fluorescence,  when  dissolved  in  various  Uquids  Ixjcome 
powerfully  fluorescent.  Other  substances  possess  the  property 
both  in  the  solid  and  dissolved  states,  some  to  a  greater  degree  in 
the  former,  others  in  the  latter.  Still  others,  such  as  barium 

platino-cyanide,  which  in  the  crj'stalline  form  are  powerfully  fluo- 
rescent, show  no  trace  of  the  phenomenon  in  solution.  For  this 

behavior  we  have  at  the  present  time  no  satisfactory  explanation, 
no  theory  of  fluorescence  having  up  to  the  prest»nt  time  been  formu- 

lated which  is  capable  of  explaining  even  the  simplest  facts. 
Effect  of  the  Solvent  on  the  Intensity  of  Fluorescence.  —  The 

solvent  exercises  a  very  marked  influence  \i]^m  tin*  intensity  of  the 
fluorescence.  This  subject  was  ojirefully  investigated  by  Knob- 

lauch.^ He  found  that  the  intensity  of  the  fluorosc(»iit  liglit  wjis 
strictly  proportional  to  the  intensity  of  the  exciting  liglit,  but  that 
this  intensity  varied  greatly  when  the  substance  wiis  dissolved  in 
different  liquids,  as  is  shown  in  the  following  table : 

»  Annalcn  dir  Physik,  54,  p.  193,  1805. 
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The  figures  indicate  the  order  of  intensity,  10  indicating  very 
stroi^  fluorescence,  1  very  feeble. 

This  tal>lo  is  of  use  in  the  preparation  of  fluorescent  soIutionB, 
and  shoirs  us  that  sonic  «>lvent8  arc  better  adapted  to  certain  sub- 

stances, other  solvents,  however,  to  others. 
Knoblauch  explains  the  effects  oti^erved  as  due  partly  to  tlie 

influence  of  the  dielectric  constant  of  the  medium  upon  the  intensity 
of  the  emitted  rndiation,  and  partly  to  the  difference  in  the  degrees 
of  (lisfux'iation  of  the  dissolved  molecules.  It  is,  however,  difficult  to 
bring  any  satisfactDry  theorj-  to  Iwar  upon  ot»ervations  of  this  na- 

ture, for  t(x>  little  is  knon-n  alwut  the  actual  nature  of  fluorescence. 
The  folor  of  the  fluorescent  light  often  varies  with  the  nature  of 

the  solvent,  Kaufnianii  and  Bei.'wwenger  found  tliat  3-amin- 
ophthalimid  Hiinn'sctnl  grwn  in  water  and  alcohol,  violet  in  benzol 
or  li(iniin.  niniclhylnaphteurhodin  is  green  in  ligroin,  yellow  in 
pyridin,  orange  in  !>eiizyl<'yanid,  and  red-orai^^  in  methyl  alcohol. 
\o  satisfactory  thcorv  of  these  changes  has,  as  yet,  been  formulated. 

Fluorescence  of  Vapors.  —  Tlie  molecular  condition  being  much 
simpler  in  the  vana  of  gases  and  vapors  than  in  that  of  liquids  and 
Milids,  wc  should  iiafuruUy  cxi)ect  that  the  most  valuable  data  would 
come  from  the  iiivostigatioii  of  their  behavior  with  respect  to  fluo- 
resHMice.  rnforlunalely only  a  fewvapors  have  been  found  up  to 
the  present  time  which  cxhihit  the  phenomenon.  Of  these  sodium 
is  liy  fur  the  most  interesting. 

The  fluon'sicnee  of  va|H)rs  has  been  studie<i  by  Wiedemann  and 
Schmidt  [Wierl.  Ann.).  Anthracene  and  a  number  of  other  organic 
compounds  were  vajKirized  in  exhausted  glass  bulbs  and  illuminate<l 
with  a  eoneeatraled  beam  of  light.  The  experiment  is  not  difficult 
to  repeat.  A. pinch  of  anlhracene  is  put  in  a  bulb  of  glass  5  cms. 
in  diameter,  exhausted  and  sealed  off  from  the  pump.  Liglit  fnim 
an  arc-lamp  or  the  sun  is  concent  rat* ti  by  means  of  a  large  lens  of 
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short  focus,  on  a  point  at  the  centre  of  the  bui)>,  which  is  then 
wanned  as  uniformly  as  possible  by  waving  the  flaine  of  a  Bunsen 
burner  about  it.     A  cone  of  deep  violet 
fluorescent   light  will   presently    appear  | 
within  the  bulb.     A  similar  phenomenon  i.     ~-"" 
haa  been  observed  by  the  author  in  a  bulb 
containing  a  small  crystal  of  iodine.  The 
fluorescence  in  this  case  can  be  observed 
at  room  temperature ;  warming  the  bulb 
does  not  increase  the  intensity  of  the 
fluorescent  light.  The  fluorescence  dis- 

appears as  soon  as  the  vapor  becomes 
dense  enough  to  exhibit  much  color. 
This  matter  will  be  considered  more  at 
length  later  on,  in  connection  with  the 
action  of  chemically  inert  gases  upon  the 
fluorescence.  It  has  been  found  that 
electro-negative  gases  exert  the  most 
marked  influence.  The  admission  of  air 
destroys  the  fluorescence,  which  only 
manifests  itself  in  a  high  vacuum.  It 
is  worthy  of  remark  that  the  magneto- 
rotatory  power  of  absorbing  vapors 
dis^pears  ahnost  completely  in  air  at 
atmospheric  pressure ;  and  in  tlie  case 
of  sodium  vapor,  at  least,  the  same  elec- 

trons seem  to  be  responsible  for  the 
magnetic  rotation  and  the  fluorescence. 
We  will  now  consider  one  of  the  most 
remarkable  cases  of  fluorescence  known, 
that  of  the  vapor  of  metallic  sodium,  the 
study  of  which  is  throwing  a  great  deal 
of  light  upon  the  mechanics  of  molecular 
radiation. 

The  Fluorescence  of  Sodium  Vapor.  — 
Wiedemann  and  Schmidt  were  the  flr»t  to      ̂ ^^^hh  « 
observe  the  fluorescence  of  thb  vapor.      ̂ ^^^^^|  S 
The  metal  was  heated  in  cxliaugted  glass 
bulbs  and  the  spectrum  of  the  fluorescent 
U^t  examined  with  a  spectroscope  of  low 
dupersioQ.  The  spectrum  was  found  to 
consist  of  broad  bands  or  flutings  in  the 
green,  a  continuous  region  in  the  nsi,  and 
a  hasy  yellow  band  coinciding  nnth  the  D 
lines.  This  spectrum  was  first  photo- 

graphed, by  the  author,  in  coUabnrution 

with  Moore  {AMrojyhyincal  J.  and  Phil.  Mag..  lOO.'i),  «-ith  a  concave 
grating  of  short  focus,  and  appcanKl  to  Ik-  the  complement  of  the 
absorption  spectrum  taken  undi-r  similar  (vnditioiis..  The  absorp- 

tion spectrum  of  the  vajior  at  different  densities  is  shown  in  Fig.  342. 
With  vf^wr  of  moderate  density  (spectrum  d)  a  channelled  or 
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fluted  absorption  appears  in  the  red,  orange,  and  yellow,  and  another 
in  the  green-blue  region,  the  yellow-green  region  being  transmitted 
freely.  The  red-orange  portion  spreads  over  and  below  the  D 
lines  as  the  density  increases,  while  the  blue-green  one  pushes  up 
in  the  other  direction,  the  two  eventually  meeting  at  wave-length 
5500,  where  a  broad  hazy  band  appears,  which  is  just  appearing  in 
spectrum  6,  and  is  very  distinct  in  a  which  was  taken  with  very 
dense  vapor  .in  a  red-hot  tube.  With  a  spectroscope  of  low  disper- 

sion we  see  merely  a  close  double  green  line,  and  the  extreme  \iolet, 
everything  else  being  cut  off.  The  color  of  the  transmitted  light 
is  as  deep  as,  and  about  the  color  of,  that  transmitted  by  the  dens- 

est cobalt  glass.  In  the  study  of  the  fluorescence  it  was  imp>ossible 
to  use  glass  bulbs  owing  to  the  rapid  blackening  of  the  glass  due  to 
the  reduction  of  silica  by  the  metal.  Steel  tubes  were  used,  the 
ends  of  which  were  closed  with  glass  plates  cemented  on  with  sealing- 
wax.  On  illuminating  the  vapor  with  monochromatic  light  fur- 

nished by  a  spectroscope  it  was  found  that  when  the  vapor  was 
excited  by  blue-violet  light  the  yellow  end  only  of  the  fluorescent 
spectrum  manifested  itself,  together  with  an  emission  of  light  of 
the  same  color  as  the  exciting  light.  As  the  wave-length  of  the 
exciting  hght  was  increased,  i.e.  changed  gradually  to  green,  the 
fluorescent  region  moved  down  the  spectrum,  so  to  speak :  certain 
changes  appeared  to  take  place  in  the  position  of  the  bands,  which 
indicated  that  the  subject  was  worthy  of  a  most  careful  investi- 

gation. The  work  was  carried  on  by  the  author  during  the  following 
year,  the  apparatus  being  gradually  improved  and  the  dispersion 
of  the  spectroscope  increased.  Very  remarkable  relations  between 
the  nature  of  the  exciting  light  and  the  fluorescent  light  were  found, 
which  we  will  now  consider. 

The  apparatus  in  its  final  form  consisted  of  a  seamless  tube  of 
thin  steel  3  inches  in  diameter  and  30  inches  long,  with  a  steel  retort 
at  its  centre  in  which  a  large  amount  of  sodium  could  be  stored. 
The  retort  was  made  by  fitting  two  circular  disks  of  steel  to  a  short 
piece  of  tubing,  just  large  enough  to  slip  snugly  into  the  larger  tube. 
The  circular  ends  of  the  retort  were  provided  with  oval  apertures  as 
shown  in  Fig.  349 (Fig.  1).  The  retort  was  half  filled  with  sodium, 
the  molten  metal  being  poured  in  through  one  of  the  apertures.  It 
was  then  introduced  into  the  tube  and  pushed  down  to  the  centre, 
after  whicli  the  plate  glass  windows  were  cemented  to  the  ends  of 
the  tube  with  sealing  wax,  as  shown  in  the  figure.  This  arrange- 

ment prevented  the  rapid  diffusion  of  the  vapor,  and  enabled  a 
large  supply  of  metal  to  be  kept  at  the  centre  of  the  tube.  The 

tubes  used  in  the  earlier  work  required  recharging  after  two  hours' 
continuous  operation,  Avhile  the  retort  tube  could  be  operated  for 
several  hundred  hours  on  a  single  charge. 

If  a  steel  tulx^  cannot  he  j)rocured,  a  large  brass  tube  will  answer 
the  jiurpose.  The  retort  is  not  necessary  except  for  long-continued 
photographic  study,  the  lump  of  sodium  being  placed  at  the  centre 
of  the  tube.  The  conical  beam  of  light  can  be  thrown  in  in  an  ob- 

lique direction,  and  the  fluorescence  observed  through  the  opposite 
end  of  the  tube. 
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After  exhausting  the  tube  to  a  pressure  of  a  tnillimcter  or  two  a 
Bunsen  burner  is  placed  under  the  retort,  and  a  cone  of  sun  or  arc 
li^t  focussed  on  the  oval  aperture  by  means  of  a  lens  of  long  focus 
placed  to  one  aide  of  the  tube,  and  a  small  piece  of  mirror-glaaa. 

"r!F=T 

Zq7  ' 

tho  arrangement  of  the  apparatus  used  in  the  earlier  work  for 

exciting  the  vagor  with  monochromatic  light  iw  shown  in  Fig.  349. 
As  soon  as  the  sodium  vapor  begins  to  form,  a  brilliant  spot  of 

gr«en  fluorescent  light  will  be  seen  at  the  aperture  of  the  retort. 
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Tlip  spGcl.runi  uf  the  light  is  niade  up  of  aii  i^normoit.i  numl^ 
fine  iiaes,  which  in  the  yellow  Jinii  yellow-green  n-gions  arc  itrriutprd 
in  groups  or  bands,  which  lie  close  together  in  the  vicinity  of  the 
D   lines,  widening,   however,  an   the   blue  regiuii  iw  lipprojwhii!. 
This  spectrum  is  shown  in  Fig.  350  und  in  the  colorctl  frontispiece   I 
(Fig.  4).     Coincident  with  tlie  D  linea  then-  appears  a  hazy  I>an<l   I 
(the  surrounding  region  being  nearly  iJevoid  of  lighl),  whicl 
the  vapor  is  not  too  dense,  can  Ijc  resolved  into  n  double  1 . 
components  of  which  coincide  with  D\  and  Di.    Th«*(-  lint*  4J 
not  only  when  the  vapor  is  stimulated  with  liglit  of  t 
length  of  the  sodium  linee,  but  also  when  a  powerful  beam  q 

green  light  is  thrown  into  tlie  vapor.     This  shows  us  that  t' anism  which  gives  rise  to  the  D  lines  ia  connected  in  souk 
the  one  which  productM  the  complicated  chanttellMi  i 
spectrum.     It  hus  not  yet  been  dctcrniini'd  whether  /)i  is  e 

when  the  vapor  is  excit'cd  by  tlic  hjjht  uf  />,. 

The  rest  of  the  fluorescent  spectnim  behaves  in  a  very  dUlM 
manner.  Stimulating  the  vapor  with  Ught  of  a  ileep  viol^ 
from  the  spectroscope  produces  nu  effect ;  as  the  wave-ta 
gradually  increased  a  yellowish  fluorescence  appcorn,  whid 
troscopic  examination  shows  to  be  made  up  of  two  nart«,  n  I 
sion  of  the  same  wave-lengths  as  those  absorbed  (blue)  and) 
treme  yellow  end  of  the  tluoreacent  spet^trum,  coniprmd 
wave-length  571  and  505.  This  portion  conaisla  of  bandit, 
high  resolving  power  resolves  into  fine  lines.  As  the  wavt  ___ 
of  the  exciting  light  is  further  increased,  the  point  of  tnaxinttitn 
fluorescence  moves  down  the  spectrum,  the  first  bands  or  groups  of 

lines  disappearing.  In  other  words,  as  the  (exciting  light  mo\'ea 
up  the  spectrum,  the  fluorescent  light  moves  down  the  spevtmni- 
TTiere  is,  however,  in  all  eases  an  emission  of  light  of  the  sarac  wave- 

length as  the  exciting  light.  These  relations  will  Ik-  better  untkr- 
stooil  by  referring  to  Fig.  351,  where  a  numl>er  of  photogr^hed 
spectra  are  shown  one  above  the  other,  and  to  the  colored  fronli*- 
piece  (Fig.  8).  The  re^on  of  the  spectrum  excited  is  represented 
by  the  luminous  band  on  the  left-hand  side  of  the  H|)ectra- 

Stokes'fl  law  is  violated  in  a  most  flagrant  manner,  es|>ecially  whfo 
the  exciting  light  is  near  the  middle  of  the  fluorescent  si>t-ctmni 
This  is  well  shown  in  the  lower  spectrum  (6)  of  Fig.  352,  in  which  llir 
range  of  the  spectrum  covered  by  the  illuminating  liglit  \f-  indicflU<l 
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by  the  white  band  below  the  spectrum.    The  Bpectrum  (a)  was 
obtained  by  illumioating  the  vapor  with  white  light. 

The  most  remarkable  phenomenon  of  all  appears,  however,  when 
the  alita  of  the  monochromatic  illuminator  are  narrowed  to  the  width 
of  a  hair.  The  stimulating  light  now  is  nearly  limited  in  range 
to  the  width  of  one  of  the  sodium  absorption  lines.    In  other  words, 

mtake  hold  of,  and  shake,  so  to  speak,  but  one  of  the  many  clectrona 
«4uch  make  up  the  molecule.  The  fluorescent  spectrum  ia  now  very 
weak,  and  the  eye  must  be  carefully  rested  if  the  remarkable  changes 
which  accompany  a  change  of  wave-length  of  the  exciting  light  are 
to  be  made  out.  It  is  at  once  apparent  that  the  character  of  tlie 
spectrum  is  much  altered,  an<l  as  the  wave-length  of  the  exciting 

b^t  is  slowly  altered,  the  lines  r)f  tlie  fluorescent  sj>ectrum  appear 
to  move  about  in  the  liveliest  manner.  The  whole  spw^trum  ai>- 
pears  in  motion,  the  luminous  l>an(ln  moving  in  a  ripplin;;  manner, 
uke  moonlight  on  water.  The  motion  is  s(«m  seen  to  Im'  an  illusion 
due  to  the  continual  disappeamnce  and  reappearance  of  tlie  bright 
lines,  the  phenomenon  reminding  one  forcibly  of  the  scintillations 
produced  on  a  zinc  sulphide  screen  by  the  rarlium  iKmilmrdnient, 

This  phenomenon  led  at  once  to  the  riiscoveri-  tif  I{<'siin!Hice  Spcctni. 
Retontnce  Spectra  of  Sodium  Vapor.  ~  When  a  va[>or  or  giks, 

illuminated  by  a  [.owcrfiil  lieani  of  nionochroinntic  lifrfit,  rW-inita 
this  light  without  change  of  wave-length  we  may  tenn  the  einittwl 
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light  Resonance  Radiation,  Sodium  vapor  illuminated  by  sodium 
light  is  an  example,  as  has  been  sho^n  by  the  author.  Recent 
investigations  still  in  progress  have  shown  that  mercury  vapor  at 
room  temperature  emits  resonance  radiation  when  excited  by  the 

ultra-violet  light  of  wave-length  2536  emitted  by  the  mercur>'  arc. 
If,  in  addition,  other  monochromatic  radiations  are  given  out,  we 
may  term  the  spectra  formed  in  this  way  Resonanx^e  Spectra.  The 
l)est  f?xamplo  is  the  vapor  of  sodium  illuminated  by  the  light  of 
metallic  arcs,  previously  decomposed  by  a  spectroscope. 

The  vapor  of  sodium,  obtained  by  heating  the  metal  in  a  highly 
exhausted  steel  tube  to  a  temperature  of  about  400  degrees,  yields 
an  absorption  spectrum  of  great  complexity.  In  addition  to  the 
D  lines  and  the  other  lines  (ultra-violet)  of  the  principal  series, 
which  come  out  reversed,  we  find  the  entire  visible  spectrum,  with 
the  exception  of  a  very  narrow  region  in  the  yellow,  filled  with  fine 
and  sharp  absorj^tion  lines.  This  we  shall  call  the  channelled 
absorption  spectrum,  and  we  find  it  divided  into  two  distinct  regions, 
one  extending  from  wave-length  4500  to  5700,  and  the  other  extend- 

ing from  al>out  5800  to  the  extreme  limit  of  the  red.  Photographs 
tak(»n  with  the  21 -foot  grating  in  the  second-order  spectrum,  show 
that  it  is  even  more  complicated  than  was  originally  believed.  We 
find,  on  the  average,  from  60  to  70  absorption-lines  within  a  space 
only  12  Angstrom  units  in  width ;  in  other  words,  as  many  as  30  lines 
in  a  region  not  wider  than  the  distance  between  the  D  lines.  This 
means  that  in  the  blue-green  channelled  absorption  spectrum, 
which  is  alx)ut  1200  A.E.  in  width,  there  are  roughly  speaking 
about  6000  al>sorption  lines.  Taken  collectively  these  lines  form 
themselves  into  a  number  of  groups,  which  resemble  the  groups  seen 
in  tlie  absorption  spectra  of  iodine  and  bromine,  and  in  certain 
bandenl  emission  spectra. 

To  attempt  to  unravel  this  si)ectrum,  or  find  any  regularities  in 
it  by  the  usual  moans,  is  quite  out  of  the  question,  for  the  lines  are 
so  numerous  and  so  close  together  that  we  could  pick  out  series 
that  would  confonn  to  any  law  that  we  might  choose  to  invent. 

As  has  been  shoAVTi  by  the  author,  however,  we  possess  a  ver\' 
beautiful  exi)erimental  method  of  analyzing  the  spectrum,  and  of 
detennining  just  which  Hnes  belong  together ;  a  metho<i,  moreover, 
which  may  in  time  yield  result*  which  Avill  enable  the  theoretical 

physicists  to  tell  us  the  exact  nature  of  the  piece  of  machiuer}'' which  we  call  the  sodium  molecule. 
If  we  illuminate  the  vapor  with  a  powerful  beam  of  white  hght, 

it  l)0('omes  stronj^ly  fluorescent,  emitting  a  spectrum  which  is 
probably  th(*  exact  com])lement  of  the  absorption  spectrum.  This 
fluorescent  si)ectruni  is  obviously  of  little  help  to  us,  for  it  is 
quite  iis  com])licated  as  the  absorption  spectrum.  If,  however, 
we  throw  nionoclm)matic  liglit  into  the  vapor,  instead  of  white 
light,  we  observe*  a  very  remarkable  phenomenon.  We  now  have  a 
series  of  bright  lines  spaced  at  very  nearly  equal  intervals  along  a 
nornial  spectrum,  and  separated  by  a  distance  equal  to  about 
37  Angstrom  imits.  Various  series  of  lines  with  varying  distribu- 

tion of  intensity  can  be  brought  out  by  changing  the  wave-length 
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Photographed  with    a    small    qtuuti 
spectrograph,  the  Bpectnun  is  found  to 

S       be  contiauouB,  extending  rou^Uy  from 
I       the  yellow   down  to  wave-length   3000, 
I       with   a   very  pronounced  minimum    at 
I       wave-length  3600.     It  was  at  first  sus- 
^       peeled  that  the  visible   band   and    the 
g       ultra-violet  band  might   be   excited  by 

difTerent  radiations,  and  a  week  or  more 
was  spent  in  photographing  the  spectrum 
emitted  by  the  vapor  when  stimulated 
by  lines  isolated  from  the  spark-spectrum 
by*  an    auxiliary    quartz    spectrograph. 
Very  little,  if  any,  difference  could   be 

g      detected,  however.     It  was  found  that 
I       if  air  was  in  the  bulb  it  was  impoesibie 
I       to  excite  any  fluorescence.     If,  howevo", 
s       we  boil  the  mercury  in  an  open  flask  of 

I       quartz  it  fluoresces  brightly  as  soon  as  it 
e       is  in  brisk  ebullition,  and  if  the  absorp- 
B       tion  spectrum  is  photographed  at    the 

moment  at  which  Suorcscence  appears, 
we  find   that   the   absorption-band   has 

^    contracted  on  its  short  wave-length  aide 
"    to  its  position  when   the   vapor  is   tn 
^    vacuo,  due  to  the  expulsion  of  the  air 

^    by  the  boiling  mercury.     (See  Chapter 
on  Absorption.)     In  helium  gas  at   40 
cms.  we  have  strong  fluorescence,  how- 

ever.    The    fluorescence    spectrum    is 
shown  ill  Fig.  354,  excited  in  this  case 
by  the  li^ht  from  the  cadmium  spark. 
The  cailmiuni  lines  appear  its  well  owing 
to  diffused  light.     As  will  be  seen,  there 
is  in  adilitioit  to  the  continuous  spec- 

trum, u   bright   line   (indicated   by   an 
arrow)  which  is  not  present  in  the  spark 
sjiectriim,  imd  which  coincides  in  iKJsi- 
tiim    witii    the    sharp    abson'tion-line 
2r»:{().7,  shown  by  vajwr  of  small  density. 
It  was  at  first  thought  that  thi.-:  line  was 
cxfiti'd    by    the    bright    cadmium    line 
wliicli  falls  within  the  region  of  the  ex- 
pandiil    [iiirt    of   the    absorption-band. 
The  zinc  spark  lias  a  bright  line  which 
Jits  cviri  nean-r  the  mercury  line,  and  it 
w:l<   cxiHvti'd    that    the   emission    line 
woiilil  III'  slrimger  in  the  case  of  zinc 
I'xcilaliiHi.      X(i  trace  of  it  was  foun<l, 
huwevrr.  and  its  appearance  was  sulise- 

-sult  from  (■x<-il!ition  liy  tlie  aluminum  line  at 
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wave-length  1800,  or  by  a  group  of  eadmium  lines  of  wave-lengths 
shorter  than  any  usually  recorded  in  the  apectrum  of  the  metal. 

This  bright  line  appears  strongest  wlien  the  vapor  density  is 
»ch  that  visible  fluorescence  does  not  quite  appear.     As  the  tem- 
^rature  ia  raised,  and  the  vbible  fluorescence  grows  stronger,  the 

line  fades  away  a.s  is  shown  in  the  figure,  the  upper  spectrum 
having  been  taken  at  a  low  temperature,  and  the  succeeding  ones 
with  increasing  vapor  density.     The  fluorescence  of  the  vapor  dis- 
^>peEir3  if  it  is  superheated.     Whether  this  ia  due  to  dif«ociation 

not  has  not  as  yet  Ixien  ascertainiit.     The  exiwriment.  is  a  vety 
itty  one,  and  is  easily  performed  with  the  exhausted  bulb  pre- 

ily  descriljed. 

I  appea 

m^t  not 
■M«tt> 
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I  bum^^ 

It  is  heated  from  below  by  a  Btnall  flame  from  a  Biinsen  bin 
until  the  fluorescence  excited  by  a  cadmium  spark  placed  a»  close 
as  iKJSsible  is  at  its  brightest.  The  small  pointed  flame  from  a 
blowpipe  is  then  directe<I  against  the  side  for  a  few  seconds. 
The  fluorescence  promptly  disappears  at  the  superheated  epot. 
reappearing  again  as  soon  as  the  local  heating  is  stopped.  See 
Fig.  355. 

It  the  ultra-violet  light  of  the  spark  is  foeussed  at  the  centre  of 
the  bulb  by  a  quartz  lens  of  short  focuB,  a  narrow  cone  of  brilliant 
green  light  extends  from  the  point  at  which  the  light  enters  the  bulb 
nearly  to  the  opposite  wall.  The  flame  of  a  blast-lamp  directed 

■  against  the  wall  of  the  bulb  at  the  point  where  the  fluorescence 
begins  causes  the  luminous  cone  to  retreat  from  the  wall  to  a  dis- 

tance of  several  millim^.  i^i^-h  he  positive  column  separates 
from  the  cathode  in  a  vacui  ;  ojdcharge.     Photographs  of  the 
fluorescent  eone  of  light  in  lb,  with  and  without  thissup^- 
heating,  are  shown  in  Fig.  Sao-  e  ''estruction  of  thefluorescence 
by  superheating  is  aLso  shown  in  I  .  9  of  the  frohd^iece.  For 
a  further  discussion  of  the  si  ii   of  the  fluores^opC  vapor  the 
reader  is  referred  to  the  origii  '    .  *;  ̂  • 

The  Fluorescence  of  Iodine  —  Bromine  Vapor.  —  The  fluo- 
rescence of  iodine  vapor  waa  first  bserv'ed  by  Wiedemann  and 

Schmidt,  and  subsequently  studied  by  Konen,  who  found  the  lumi- 
nosity too  feeble  to  allow  a  stu<ly,  either  visual  or  photographic,  to 

be  made  of  the  spectrum.  The  optical  properties  of  the  vapor  have 
been  investigated  by  the  author.' 

The  fluorescence  manifests  itself  to  the  best  advanta^  when  the 
vapor  is  formed  in  a  high  vacuum.  A  glass  bulb  from  10  to  30  cms. 
in  diameter,  and  fontaining  a  few  fliikes  of  iodine,  is  highly  ex- 

hausted on  a  mercurial  pump  and  sealed.  The  fluorescence  at  once 
appears  when  a  beam  of  sun-  or  arc-light  is  foeussed  at  the  centre  of 
the  bulb  by  means  of  a  large  condensing-lens,  no  heating  of  the 
bulb  being  necessary.  The  cone  of  fluorescent  light  is  yellowish 
green  and  of  great  intensity,  and  can  be  shown  to  a  large  iU)diKLce 
in  a  darkened  room.  Very  recently  (Dec.  1910)  the  author  has 
discovered  that  the  vapor  gives  resonance  spectra  when  stimulated 
with  monochromatic  light,  analogous  in  every  req>ect  to  t^oee 

found  ̂ ith  sodium  vapor.  The  green  line  of  the  mercury  arc  ex- 
cites a  resonance  spectrum  made  up  of  9  or  10  lines  about  100 

Angstrom  units  apart,  most  of  them  being  in  the  red  and  yellow. 
It  will  doubtless  be  possible  to  effect  the  analysis  of  the  compli- 

cated band  spectrum  of  iodine  in  the  same  mamier  as  that  of 
sodium,  and  study  the  behavior  of  resonance  spectra  in  a  magnetje 
field. 

The  destruction  of  the  fluorescence  by  air  or  other  0aea  seemed 
at  first  sight  to  be  the  result  of  colUsiona  of  tiie  molecules  (as 
first  su^ested  by  Lorcntz),  the  phenomena  requiring  time  for 
their  development.  The  heating  of  a  gas  by  absorption  of  radiant 
energy  must  in  some  way  result  from  a  tranraormation  oi  the  energy 

RotatioD,  Mid   ' 
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stored  in  the  molecule  during  absorption  (which  we  may  regard  as 
potential)  into  kinetic  energy  at  the  moment  of  collision.  That  is, 
the  velocity  of  the  rebound  is  increased  by  actions  or  motions  going 
on  within  the  molecule.  If  we  consider  that  the  molecule  is 
capable  of  storing  energy  up  to  a  certain  point,  after  which  furtlier 
afa^rption  results  in  a  reemission  of  radiant  energy  (fluorescence), 
and  if  we  further  assume  that  at  the  moment  of  collision  the  stored 
energy  is  liberated,  or  spent  in  increasing  the  molecular  velocity, 
it  is  clear,  if  the  time  interval  between  collisions  is  suflBciently 
small,  that  the  internal  energy  of  the  molecule  cannot  be  increased 
up  to  the  point  at  which  fluorescence  manifests  itself. 

If  we  examine  bromine,  which  shows  a  similar  absorption  spec- 
trum, in  the  same  way,  we  find  no  trace  of  fluorescence.  We  can 

explain  this  by  assuming  for  the  bromine  molecule  a  greater  capac- 
ity for  storing  energy.  In  other  words  the  path  cannot  be  increased 

sufficiently  to  allow  the  saturation  point  to  be  reached  before  a 
collision  occurs. 

Some,  as  yet  unpublished,  experiments  by  the  author  appear  to 
be  in  acoonl  with  this  theory.  By  sufficiently  increasing  the  length 
of  free  path,  we  ought  to  be  able  to  observe  fluorescence,  provided 
that  a  sufficient  number  of  molecules  remain  to  produce  a  visible 
illumination.  A  small  amount  of  bromine  vapor  was  introduced 
into  a  bulb,  and  condensed  upon  the  wall  by  the  application  of 
solid  carbon  dioxide  and  ether.  The  bulb  was  then  exhausted  to 
the  highest  possible  degree  and  sealed.  On  warming  it  to  room 
temperature,  the  bromine  vaporized,  and  though  it  was  so  highly 
rarefied  that  it  showed  no  color,  no  fluorescence  could  be  de- 
tected. 

Sunlight  was  now  concentrated  at  the  centre  of  the  bulb  by  means 
of  a  portrait  lens  having  a  ratio  of  focus  to  aperture  of  2.3.  Even 
in  a  dark  room  with  careful  screening  off  of  diffused  light  no  fluo- 

rescence could  be  detected.  The  outride  of  the  bulb  was  now 
touched  with  a  piece  of  solid  carlwn  dioxide,  which  gradually  con- 

densed the  bromine  upon  the  wall.  In  two  or  three  seconds  a 
faint  green  fluorescence  appeared,  which  vanishe<l  almost  imme- 

diately, owing  to  the  complete  removal  of  the  bromine  vapor. 
There  appears  then  to  be  one  density  at  which  bromine  shows  a 
visible  fluorescence.  At  higher  densities  collisions  destroy  it,  at 
lower  there  are  too  few  molecules  prt»sc»nt.  This  appears  to  be 
in  accord  with  our  hypothesis  regarding  absorption  of  energ>',  sat- 

uration point,  etc.,  a  matter  which  will  l^  more  fully  (liscusst»d 
presently.  The  spectrum  of  the  fluoresc(»nt  io<line  was  photo- 

graphed with  a  large  three-prism  sp(H*trograph.  It  n»sembl(»s  that 
of  sodium  vapor  and  is  reproduced  in  Fig.  357,  together  with  X\w 
absorption  and  magnetic  rotation  sf>ectra,  and  the  spectrum  which 
the  vi^r  emits  when  heated  to  a  high  temperature,  which  will  be 
discus^  in  the  Chapter  on  Radiation. 

Destruction  of  Fluorescence  by  Other  Gases.  —  A  photometric 
study  of  the  intensity  of  the  fluorescence  of  iodine  as  influenccnl 
by  the  presence  of  various  gases  mixed  with  it  has  Ihhmi  ma<le 
recently  by  the  author.    The  results  enable  us  to  test  any  hypothe- 
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J  the  Botion  <rf  the  ■■■  id  deetKvioK  Urn  flyv- 
I  intrinao  inttataty  of  the  floonaiMaee,  irim  d» 

Yftpw,  m  a  hijtfi  vacuum,  was  illuminated  by  eunB^oonoentMtad 
by  alai^F2^V(HgtlanderpifftraitobjeatiTe,inBf)>TCrfMieq 
that  of  a  Welsbach  mantlej  me  oolor  nu^ch  bong  made  by  a 
vf  ligjit  yellow  j^abb  combined  vith  a  vecy  dilute  eohitioii  al 

abhie. 

The  reduction  of  the  inteneily  caused  by  the  mliniaffiiin  gf  ht 
and  iiydrogen  is  shown  in  tibe  following  table: 

If  we  plot  these  re- 
sults we  find  that  the 

curve  for  air  lies  below 
the  one  for  hydn^^en. 
With  CO,  and  ether  va- 

por curves  still  lower 
down  were  obtained, 
showing  that  the  molec- 

ular weight  of  the  gas 
was  operative  in  de- 

stroying the  fluorescence 
as  well  as  the  pressure. 
The  subject  has  been 
more  fully  investigated 
by  the  author  in  collab- 

oration with  J.  Franck 
{Nov.  1910)  who  had 
found  that  the  distances  which  electrons  can  travel  in  a  gas  are 
greatly  reduced  if  traces  of  an  electro-negative  gas  are  present. 
Electro-negative  gases,  such  as  chlorine,  oxygen,  and  to  a  lesser 
degree  hydrogen,  exerted  very  powerful  effects  in  inhibiting  the 
movements  of  the  free  electrons,  and  it  appeared  possible  that  they 
might  also  be  effective  in  damping  the  vibrations  of  bound  elec- 

trons. The  photometric  measurements  commenced  by  the  authar 
were  enlarged  upon,  the  reduction  in  the  intensity  of  the  fluores- 

cence due  to  helium,  argon,  oxygen,  nitrogen,  hydrogen  and 
chlorine  being  determined.     The  results  are  shown  gr^hically  in 

An  +  bmn HnaDou f  +  tdB^ 
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Jig.  357  a.  Hydrt^en  and  argon  gave  superposed  curves,  not- 
withstanding the  fact  that  aigon  Is  much  heavier.  Helium,  which 

Is  also  heavier  than  hydrogen,  had  a  much  smaller  effect  upon  the 
fluorescence.  In  heliimi  gas,  at  a  pressure  of  2  or  3  cms.,  the 
fluorescence  was  distinctly  reddish.  This  was  found  to  be  due  to 
the  remarkable  fact  that  helium  reduced  the  intensity  of  the  green 
portion  of  the  fluo- 

rescent spectrum  to  a 
greater  d^ree  than  the 
red.  Curves  were 
drawn  from  observa- 

tions made  through  red 
and  green  color  filters.  ̂  
It  is  probable  that 
helium  reduces  the  in- 

tensity of  the  fiuores- 
cence  solely  aa  a  result 
of  the  damping  of  the 
vibrations  by  collimons. 
The  same  may  be  true 
of  argon.  The  action 
of  the  other  gases  is  to 
be  ascribed  to  their  elec- 

tro-negative character  in  part.  Chlorine,  the  strongest  electro-nq?a- 
Uve  gas  studied,  at  2  nuns,  pressure,  reduced  the  intensity  as  much 
as  air  at  2  cms.  There  thus  appear  to  l>e  two  factors  at  work. 
These  results  explain  the  effects  observed  by  Elston  in  the  study 
of  the  fluorescence  of  anthracene  vapor.' 

EmiBsion  of  Polarized  Light  by  Fluorescent  Gases.  —  Until  very 
recently  all  attempta  to  detect  polarized  light  in  the  emii^sion  of  fluo- 

rescent vapors  have  yielded  negative  results.  Schmidt's  observations 
were  made  with  a  Nicol  only,  and  he  failed  to  detect  any  difference 
in  the  brilliancy  of  the  fluorescence  as  the  prism  was  rotate<l. 

The  phenomenon  was  first  detected  by  the  author  *  in  the  case 
of  potassium  vapor  by  means  of  a  Savart  plate  which  is  capable  of 
showing  two  per  cent  of  polarization.  It  was  immediately  picked 
up  in  the  fiuoreacence  of  sodium  and  iodine,  and  it  is  probable  that 
other  vapors  will  be  found  to  show  it  as  well. 

The  apparatus  used  in  the  work  consisted  of  a  steel  tube  with  a 
lateral  branch  brazed  to  its  centre  for  the  observation  of  the  fluo- 

rescent light  at  an  at^lc  of  90°  with  the  exciting  beam.  This  tube 
was  used  in  the  earlier  work  upon  fluorescence,  l>efore  the  expedient 

of  "end-on"  examination  had  lH>cn  adoptwi.  The  metal  was 
contained  in  a  small  retort  also  lirazed  to  the  large  tuI>o.  immedi- 

ately below  the  lateral  observation-tube  (Fir.  S.'jl).  The  light  of 
the  arc  was  focussed  liy  a  large  lens  at  the  centre  of  the  large  tube 
immediately  in  front  of  the  lateral  branch.  Owing  to  the  sensitive- 

ness of  the  Savart  plate  it  was  necessary  to  eliminate  all  otticr 
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possible  sources  of  polarization,  such  as  fog  or  mist  in  the  tube. 
Exhaustion  with  a  (laedc  mercurial  pump  while  the  tube  was 
heat<?(l  was  sufficient  to  completely  banish  all  trace  of  fog. 

The  complete  absence  of  fog  can  be  told  by  illuminating  the  vapor 
with  an  intense  beam  of  light  embracing  the  spectrum  region  com- 

prised lK?tween  wave-lengths  5400  and  5700,  obtained  by  prismatic 
dispersion.  Such  a  beam  is  incapable  of  exciting  any  fluorescence, 
and  if  fog  is  al^sent  the  cone  of  hght  is  absolutely  invisible  when 

viewed  through  the  lateral  tul>e.  The  Savart  fringes  were  ver}' 
distinct,  and  the  percentage  of  polarization  was  determined  by  com- 

pensating it  with  a  pair  of  glass  plates  which  could  be  turned  about 
on  a  vertical  axis  furnished  with  a  graduated  circle.  The  first 
measurements  were  made  with  the  exciting  light  polarized  (electric 
vector)  vertically. 

Fio.  358. 

It  was  found  that  the  polarization  was  strongest  when  the  tem- 
poratiirr  of  the  tube  wiu<  comparatively  low,  t.e.  when  the  fluores- 
ri'iu't'  tirst  appruriHl.  At  a  higlier  teniixTature.  with  very  bright 
thiort'sooiuT,  I'DiniH'USiitioii  Wivs  socurtHl  \\ith  a  single  plate  at  an 

liUiilv  oi  '^9',  or  witli  two  plates  at  an  imgle  of  47°.  Taking  the 
rrtraotivo  iiuli'X  ot  the  glass  :is  1..V2.  and  making  use  of  the  fomiula 
\vhirh  exi)resses  tho  ratio  of  the  iunplitudes  of  the  eompi>nents 
of  tlie  vibration  in  and  jvqxMuiioular  to  the  plane  of  incidence.. 

-    -  =       -cos  (<l>  —   Y). 
1)       F 

wr  ri!il  tho  iHTi'outage  oi  [>ohirizatiou  to  be  20. 
V-  v.\r  Io\vt"it  tiiii^HTature  roii<i<tont  with  a  fairly  bright  fluo 

n-kriur  iv>iu|H'Usatiou  was  stvurtMl  with  two  plates  at  an  angW  of 
r>J  \  Ti.i<  i:ivr<  us  :>0  jht  cont  of  iH^ariztxi  light.  The  oluuigo  i:i 
tr.r  i'.ittii^iTy  of  trio  tluon^scoiit  si'H>t  when  viewed  through  a  >lv»wly 
rrvolvirii:  Nirol  w;is  easily  v>bsorvtvl  in  this  case,  and  a  S4:»parate 
^U*^'v^\\'\:C'^^\i  \\us  uMidv  by  Tornu's  methoil.  which  gave  2S  jvr oi  lit  »•'"  r^«-l:i'-'/.'.  i  [\\^]\X. 

1:  •■■;.  .\i:"-;i;  i'tavi  was  ix^hirizi^l  with  its  electric  vector  b^ri- 
zvriMl.  !■«>  trakv  ,..•'  :':>.,>  Savart  friiiiios  rouM  Vh*  detei*tei.l.  which  wiis 
Xo  • ..'  r\T>,xtC'i.  as  ̂ \-,.'ryth'!;g  wa.s  tru'ii  s\iumetrical  about  the  \in*i 

1:  tho  exciting  li-!it  \v;u>  uutvhirizol  to  start  ̂ ith,  the  fluorescent 
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light  was  foun<l  to  i)o  |x>larizo<I,  hut  not  to  tho  soiiu-  (*xt(*iit.  tlu* 
pi'nvntui;^  in  oach  cast*  heing  onivhalf  of  its  foriiirr  vultus  whirli 
iii"as  also  to  Ih»  ox|MTt<Hl.  Tlir  c|urstu)ii  at  mxvv  arose  :ls  to  wliy 
wo  haw  only  a  partial  iK>larization  of  Xhv  fiuort'scrnt  light  when  wi* 
start  with  plane-iN)lariz(Hi  light. 

Ijceitation  of  the  vaix)r  with  nioncK'hroniatic  liglit  causes  it  to 
emit  this  same  wave-length  and  a  large  numlnT  of  other  wave- 

lengths, the  s|Mrtniin  exhibiting  in  the  most  typieal  ease  a  numlnT 

of  vc*n'  shaq)  linc^  spaenl  at  nearly  e(|ual  intiTvals  along  a  normal 
s|)ei*trum.  It  was  im])ortant  to  s«h*  wh(*ther  th(>  iMilarization  was 
oimfinetl  to  the  line  (*orres|)on(ling  to  the  (*xeiting  line,  for  it  seemed 
not  im|K>ssihle  that  the  eleetnm  vilirating  in  synrhnmism  with  the 
exciting  light  might  emit  light  which  was  completely  plane-|N>lanznl, 
whereiis  the  other  disturlN*<l  elect n>ns  might  emit  un|M>larize<l  light. 
The  vnpoT  was  iu*(*orilingly  excitt^i  with  the  light  of  the  cailmium 
arc,  and  the  si)ectrum  examim^l  with  a  small  sjM'ctroscope  funiish<Ni 
with  a  Nicol  prism.  It  was  found,  however,  that  the  |M)larization 

was  quit<*  :is' strong  in  all  parts  of  the  s|M'ctnHn  as  it  wa.<  at  the  lini^ 
coinciding  in  |)osition  with  the  exciting  Hues.  As  a  chtM-k  on  this 
ol)ser\'ation  the  following  exiH*riment  W2is  then  tri<*<l.  The  light 
fnim  the  arc  wtis  passed  thnmgh  a  filter  which  removes  1  everything 

alKA'e  wavi'-lengtii  «*}()00,  i.v.  which  transmit  tt-fi  a  di-ep  I  due  light. 
In  fnmt  of  the  Savart  |K>laris<-o|M*  a  dense  .M-nn^n  of  imraiitia  was 
plmMHl  which  cut  ofT  everything  Im'Iow  fiOOO.  This  removed  all  the 
wave-lengths  fn>m  the  fhion*sc(»nt  s|N>ctrum  which  were  to  he  found 
in  the  exciting  light,  traasmitting,  however,  the  up|>er  end  of  the 
fluort*scent  sfMrtrum.  This  light  was  found  \o  Im'  strongly  iNihir- 
ized,  the  fring(*s  ap|N*aring  ({uite  :ls  distinct  :is  in  the  al^'Un'  of  the 
«cn»ens.  It  will  Ih»  oIjmtvim!  that  this  ex|NTim(*nt  mmpletely 
eliminat«*s  all  |M)ssihle  sourc<^  of  <>rror,  such  as  |)olarization  pHnluceil 
hy  fog  or  hy  refh^'tion  (nnn  the  hack  wall  of  the  tuln*. 

The  />  lim^s  apfM*ar  in  the  fluorescent  s|MM-tnmi  stimulatiNl  hy 
white  light,  and  the  siH'ctn)S(*o|M'  showe<i  that  tht*y  were  |N>lari7eti 
to  alNiut  the  same  degr<*<*  :l<  the  n*st  of  the  s|N*ctnim.  .\s  I  have 
f()Hm-n,  the  I)  lin(*s  can  idso  Ik*  caus<*d  to  ap|M*2&r  hy  stinudation  with 
hlue  light,  hut  in  this  cslm*  they  an*  too  faint  tii  nmke  a  study  of 
their  |>olarization  |N)ssihle. 

The  forf*going  ex|NTinients  pnive  that  we  nuist  H'ck  eNewli(*re 
for  the  caus4*  of  the  partial  |M>larization. 

That  there  is  a  dc|Nilarizing  :igent  is  pn>hahl«*  fn>m  the  mt»>t. 
eleni(*ntar>'  the^irv.  If  \\r  assume  the  elect n)ns  to  In*  fm*  ti»  mtive 
in  any  dinrtion,  under  the  influence  of  the  elct'tric  fnrre^  in  tin* 
light-waves,  it  sfems  pnil>ahle  that  with  a  |Milari/.efl  heani  of  exriting 
light,  we  sliouM  have  plane-|Mdari/ril  li^lit  emittt*<l  hy  thi'  v:t}Mir 
in  dire<*tioiL<  niaking  an  angle  of  *N)°  with  thr  rxcitini:  iM-aiii  If  the 
Ktinndating  light  were  phuif-)N>lari/(*il  to  **t:irt  with,  thi-ri-  wnulii  )m* 
no  fluon»scent  eiiii<>sioii  at  IHT  in  diri-ctinn--  paralli'l  ti»  thn-lt  rtric 
vt*(*tor  in  the  exciting  lii^ht.  In  ntlirr  \\iinl*>.  ihi-  va)Mir  would 
iK'have  in  nmch  the  >ami'  way  il**  a  fo|»  i-diniMiMtl  of  vrr\  tiuf  par- 

ticles, though  the  physical  pnM-es.M'>  invo|ve«l  wt»ultl  U*  ipiitr  dif- 
ferent in  tlie  two  cas«-s. 
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Let  us  now  assume  that  the  electron  is  able  to  move  along  a 
straight  line,  the  position  of  which  is  fixed  within  the  molecule. 
While  it  is  quite  improbable  that  this  condition  actually  holds,  the 
conception  of  it  will  enable  us  to  see  how  the  introduction  of  con- 

strained motion  will  decrease  the  amount  of  polarized  light  emitted 
by  the  vapor.  We  can  imagine  as  a  rough  model  of  our  molecule 
a  hollow  sphere  with  a  wire  passing  through  its  centre,  along  which 
a  bead  can  slide.  Consider  the  polarized  exciting  waves  as  travelling 
along  the  x  axis  towards  the  ori^  (Fig.  359),  with  their  direction 

of  vibration  parallel  to  the  z  axis. 
^  It  is  clear  that  the  bead  will  vibrate 

with  the  greatest  amplitude  when 
the  direction  of  the  wire  is  also  par- 

--^^  allel  to  the  z  axis.    If  the  wire  lies  in 
p\  \  «««i    the  XV  plane  no  vibration  will  occur. 

■ ;         Y    \   \         /VW^     '^  other  positions  there  will  be  vibra- 
\       A   *'' /  tions  of  greater  or  less  amplitude, 
•.   /        y^  according  to  the  component  of  the 
^' — ••'  force  in  the  light  which  is  directed Fio.  359.  along  the  wire.    We  may  represent 

the  fluorescent  gas  by  an  enormous 
number  of  these  vibrators  with  their  wires  pointing  in  all  possible 
directions.  The  vibrations  of  the  beads  along  the  wires  can  each 
be  resolved  into  two  components,  one  parallel  to  the  x  axis,  the 
other  parallel  to  the  z  axis,  and  the  integrated  effects  of  these  com- 

ponents, or  rather  of  their  squares,  will  give  us  the  measure  of  the 
intensity  of  the  emitted  radiation  vibrating  parallel  to  the  x  and  z 
axes.  These  integrals  stand  in  the  ratio  of  6  to  2,  which  means, 
since  the  total  intensity  is  8,  and  their  diflference  is  4,  that  we  are 
to  expect  a  polarization  of  50  per  cent  with  a  vibration  direction 
parallel  to  the  z  axis.     By  experiment  we  find  only  30  per  cent. 

As  the  percentage  of  polarization  appears  to  decrease  as  the 
tt?mperature  of  the  tube  is  raised,  it  is  possible  that  at  lower  tem- 

peratures than  any  which  can  be  employed  satisfactorily  the  per- 
centage may  be  higher.  As  to  possible  depolarizing  agencies,  rota- 

tion of  the  molecule  would  doubtless  act  in  this  way  if  the  electrons 
continued  to  emit  light  after  the  cessation  of  the  incident  light,  or 
—  expressing  it  in  terms  of  our  imaginary  model  —  if  the  bead  on 
the  wire  continued  to  vibrate  after  the  wire  turned  into  the  zy 
plane.  It  must  be  remembered,  however,  that  sodium  is  regarded 
as  monatomic,  and  the  question  arises  as  to  whether  we  can  ascribe 
much  of  the  energy  of  the  gas  to  rotation  of  the  molecule.  Another 
possible  depolarizing  factor  is  what  may  be  termed  secondary 
fluorescence,  or  fluorescence  excited,  not  by  the  primary  ray,  but 
by  the  resonance  radiation  of  the  gas.  Ix)rtl  Rayleigh  has  con- 

sidered the  possibility  of  an  analogous  action  in  his  treatment  of 
the  theory  of  the  color  of  the  sky. 

Resonance  Spectrum  of  Iodine  Vapor  in  Helium  :  Effect  of  Molec- 
ular Collisions.  —  A  very  remarkable  effect  of  molecular  collisions 

upon  the  resonance  spectrum  of  iodine  was  discovered  by  the 
author,  working  in  collaboration  with  J.  Frank  (Dec.  1910).    The 
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fluorescence  spectrum  of  the  vapor,  when  stimulated  with  white 
light,  resembles  closely  that  emitted  by  sodium  vapor  under  the 
same  conditions.  If  we  stimulate  it  with  the  monochromatic  green 
light  of  the  mercury  arc,  we  get  a  series  of  15  bright  narrow  lines 
about  70  Angstrom  units  apart,  one  line  for  each  band  of  the' 
channelled  spectrum.  If,  however,  we  have  helium  gas,  which  has 
been  shown  to  affect  the  fluorescence  not  by  electro-negative  qual- 

ities, present  at  a  pressure  of  only  3  mms.,  a  most  remarkable 
change  in  the  resonance  spectrum  is  found.  The  sharp  equidistant 
lines  have  faded  to  about  iV  of  their  original  intensity  and  the  com- 

plete banded  spectrum,  consisting  of  innumerable  fine  lines,  appears. 
The  total  amount  of  light  emitted  is  about  the  same  in  the  two 
cases.  The  collisions  with  the  helium  molecules  appear  to  couple 
the  electron  systems  together,  so  to  speak,  so  that  monochromatic 
stimulation  produces  a  fluorescence  spectrum  very  similar  to  that 
excited  by  white  light.  Chlorine  gas,  which  affects  the  fluorescence 
chiefly  by  its  electro-negative  qualities,  as  has  been  shown,  reduces 
the  intensity  of  the  resonance  spectrum  vnthotU  causing  the  appear^ 
ance  of  the  banded  spectrum.  These  two  different  effects  are  very 
important,  and  the  question  should  be  investigated  from  a  theo- 

retical standpoint. 
We  have  now  to  consider  cases  in  which  stable  rearrangements  of 

the  molecules  or  atoms  are  produced  by  the  action  of  light,  i.e,  a 
transformation  of  light  into  molecular  or  atomic  energy.  Two 
classes  of  phenomena  come  under  this  head.  We  may  have  an 
element  transformed  into  some  allotropic  modification,  or  we  may 
have  a  chemical  compound  decomposed  into  its  constituents,  or  a 
chemical  compound  formed  from  its  elements. 

Molecular  Changes.  —  We  will  first  consider  a  few  cases  in  which 
light  produces  a  specific  action  upon  elementary  bodies.  Ordinary 
white  phosphorus  is  transformed  into  the  red  modification  by  the 
action  of  light,  while  sulphur  is  changed  into  the  insoluble  variety. 

Ultra-violet  light,  if  sufficiently  intense,  changes  oxygen  into 
ozone.  The  new  mercury  vapor  lamps,  in  quartz  tubes,  emit  the 
abort  waves  in  such  profusion  that  the  odor  of  ozone  is  as  noticeable 
as  during  the  operation  of  a  large  static  machine. 

Amorphous  selenium,  which  is  fairly  transparent,  is  a  non-con- 
ductor of  electricity,  and  under  the  action  of  light  passes  over  into 

what  is  usually  termed  the  metallic  modification,  which  is  opaque 
and  conducts  electricity.  Still  more  remarkable  is  the  fact,  dis- 

covered in  1872  by  May,  that  the  metallic  form  conducts  better 
when  illuminated  than  when  in  the  dark. 

Chemical  Changes.  —  fixamples  of  chemical  decomposition  are 
very  numerous.  Peroxide  of  hydrogen  is  rapidly  decomposed,  by 
exposure  to  light,  into  water  and  oxygen,  the  recombination  of 

which,  or  the  **  burning  "  of  the  water  if  it  could  l)e  accomplished, 
would  liberate  in  the  form  of  heat  the  chemical  energy  into  which 
the  light  has  been  transformed.  Chloride  of  nitrogen  decomposes 
explosively  when  illuminated. 
Many  salts  of  silver,  gold,  iron,  platinum,  uranium,  etc.,  are 

decomposed  by  the  action  of  light,  these  actions  being  at  the  bottom 
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of  all  photographic  processes.  In  certain  cases  the  decomposition 

may  be  only  started,  a  molecular  instability  being  imparted  b3'  the 
action  of  light,  the  continuation  of  the  process  being  efifeeted  by 
reducing  agents  (developers).  Another  interesting  example  of 
photo-chemical  decomposition  has  been  pointed  out  by  T>Tidall. 
The  vapor  of  aniyl  nitrite  in  a  glass  flask  is  colorless  and  transparent 
until  illuminated  by  a  powerful  beam  of  sun-  or  arc-light,  when  a 
dense  white  cloud  at  once  forms,  the  products  of  decom}X)sition 
condensing  to  liquid  drops  which  scatter  the  light. 

A  remarkable  transformation  of  luminous  into  chemical  energ>' 
on  a  vast  scale  is  the  breaking  up  of  the  carbonic  acid  of  the  atmos- 

phere, which  takes  place  in  the  leaves  of  plants.  Some  of  the 
oxygen  is  lilx»rat<Kl  in  the  free  state,  and  some  enters  into  the 
organic  compounds  which  the  plant  forms,  by  the  subsequent  com- 

bustion of  which  we  may  recover  the  original  energy  of  the  light  in 
the  forms  of  lx)th  heat  and  light. 

If  ultra-violet  rays  are  greatly  in  excess  other  very  remarkable 
transformations  are  produced.  Oxygen  is  changed  into  ozone,  as  we 
have  seen.  Permanganate  of  potash  solutions  are  almost  instantly 
bleached,  and  many  other  chemical  substances  break  down,  which 
under  ordinary  conditioas  are  stable. 

Chemical  Combination.  —  Examples  of  chemical  combination 
resulting  from  the  action  of  light  are  not  as  common.  The  best- 
known  case  is  the  union  of  chlorine  and  hydrogen  to  form  hydro- 

chloric acid.  The  mixture  of  the  two  gases  is  best  obtained  by  the 
decomposition  of  strong  hydrochloric  acid  by  electricity,  the  opera- 

tion being  conducted  by  feeble  lamplight.  The  gas  which  comes 
off  first  contains  an  excess  of  hydrogen,  owing  to  a  solution  of  a 
part  of  the  chlorine  in  the  acid.  Subsequent  portions  may  l)e 
collected  in  small  glass  bulbs,  blo^Ti  in  strings  and  separated  by 
fine  thin-walled  tubes,  which  are  broken  and  closed  with  warm 
sealing  wax,  care  being  taken  not  to  have  the  wax  on  fire.  The 
bulbs  should  be  kept  in- a  dark  lx)x  until  wanted.  On  exposing  one 
to  sunlight  or  the  light  of  burning  magnesium,  or  the  electric  arc, 
a  violent  explosion  is  said  to  occur.  Precautions  should  of  course 

be  taken  to  av^oid  injury  from  the  flying  fragments  of  glass. 
Transformation  of  Luminous  into  Electrical  Energy.  —  Cases 

of  this  sort  are  worthy  of  mention,  though  in  none  of  them  is  the 
transformation  direct.  In  the  thermopile.  When  illuminated  by 

light,  we  have  a  liberation  of  electrical  energy,'  which  is,  however, 
due  only  to  the  heating  action  of  the  radiation.  In  the  photo- 
(*lectric  coll,  which  consists  of  two  silver  plates  coated  with  silver 
chloride  and  immersed  in  dilute  acid,  a  feeble  current  flows  through 
a  wire  joining  them,  when  one  of  them  is  illuminated  by  light.  In 
this  case  tlio  action  of  the  light  is  primarily  chemical,  the  current 
being  the  result  of  the  chemical  decomposition.  The  case  is  somt^ 
what  analogous  to  phosphorescence,  the  difference  being  that  here 
i\\o  reversion  of  tlie  process  set  up  by  the  light  liberates  electricity 
instead  of  light. 



CHAPTER  XXI 

LAWS  OF  RADIATION 

In  the  present  chapter  we  shall  discuss  the  laws  which  govern  the 
emission  of  light  by  bodies  in  virtue  of  their  temperature.  Of 
the  physical  processes  which  are  at  work  we  know  but  little.  In  the 
heated  body  we  believe  that  the  molecules  are  in  a  rapid  vibratory 
motion,  which  increases  in  violence  as  the  temperature  is  raised,  but 
the  precise  mechanism  by  which  this  energy  is  transformed  into 
radiant  energy  is  but  imperfectly  understood.  The  simplest  as- 

sumption appears  to  be  that  the  molecular  collisions  in  some  way 
throw  the  electrons  into  vibration,  or  increase  the  amplitude  of 
their  vibrations,  and  that  these  radiate  energy  into  space.  The 
same  thing  does  not,  however,  occur  in  the  case  of  a  gas,  for  the  same  \ 
molecules  can  be  heated  to  a  much  higher  temperature  —  several 
thousand  degrees  even  —  without  emitting  light.  Mercury  may 
be  heated  "  white-hot  "  in  a  sealed  quartz  tube,  but  mercury  vapor can  be  heated  to  the  highest  temperatures  at  our  command  without 
emitting  any  visible  light.  It  would  be  extremely  interesting  to 
study  the  emission  of  light  by  some  fluid  which  had  a  critical  tem- 

I>erature  of  about  700**,  observing  the  luminosity  as  the  liquid  passed 
over  into  the  gaseous  state.  The  phenomenon  might  be  studied 
in  a  quartz  tube  (which  emits  but  little  light,  for  reasons  which 
will  appear  presently)  if  a  suitable  substance  could  be  found.  Strutt 
has  experimented  with  mercury  with  a  view  of  measuring  the  elec- 

trical conductivity  of  the  vapor  at  the  critical  temperature,  but 
even  thick-walled  capillaries  of  fused  quartz  exploded,  or  yielded 
to  the  pressure,  before  any  evidence  of  the  approach  of  the  critical 
state  appeared. 

Nothing  is  to  be  gained  by  increasing  the  thickness  of  the  walls 

beyond  a  certain  point,  since  the  inner  layers  give  way  or  "  tear '' 
before  the  strain  reaches  the  outer  layer.  Possibly  the  thing 
could  be  accomplished  by  enclosing  the  tube  in  an  outer  tube  con- 

taining air  at  a  pressure  of  several  hundred  atmospheres.  This 
principle  is  the  one  used  in  the  wire-wound  guns. 

The  electrons  of  the  gas  molecules  can  be  made  to  emit  light  by 
the  stimulus  of  electrical  discharges,  or  chemical  changes,  and  in 
one  or  two  cases  (iodine  and  sodium)  by  virtue  of  temperature 
alone. 

All  substances  in  the  solid  or  liquid  state  emit  light  as  soon  as 

their  temperature  is  raised  above  500**  C.  The  intensity  of  the  light 
varies,  however,  with  the  nature  of  the  substance,  being  greatest 
for  substances  which  absorb  light  strongly.  A  perfectly  transparent 
solid  or  liquid  would  not  emit  light  even  at  the  hi^est  temperature. 
No  such  substance  is  known,  however,  though  a  head  of  microcosmic 
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salt,  heated  in  a  loop  of  platinum  wire  by  means  of  a  blast  lamp, 
comes  pretty  near  to  fultilling  the  requiried  conditions.  We  shall 
presently  investigate  the  laws  which  govern  the  emission  of  light  by 
various  substances,  and  in  particular  the  emission  by  a  substance 
which  is  perfectly  black,  i.e.  perfectly  absorbing.  No  substance 
has  this  property,  though  by  an  experimental  artifice  we  can  pro- 

duce a  radiator  which  will  give  out  radiation  identical  in  every 
respect  with  the  radiation  which  would  be  given  out  by  a  perfectly 
black  body  at  the  same  temperature. 

The  Relation  between  Emission  and  Absorption.  —  We  will  now 
investigate  the  very  intimate  relation  which  exists  between  the 
emission  of  heat  or  light  waves  by  a  substance,  and  its  power  of 
absorbing  the  same  waves. 

That  some  relation  existed  between  the  emissive  and  absorbing 
power  in  the  case  of  radiant  heat  was  indicated  by  the  exp>eriments 
of  LesUe,  Melloni,  Provostaye  and  Desains,  and  others.  Their 
measurements  were,  however,  made  for  the  most  part  with  ap- 

paratus of  insuiScient  sensitiveness,  the  spectrum  r^ons  being 
only  roughly  determined  by  means  of  absorbing  screens.  It  was 
determined,  however,  without  question,  that  bodies  which  pos- 

sessed a  strong  emissivity  acted  also  as  powerful  absorbers  of  the 
radiant  heat  which  they  emitted,  and  the  approximate  eqxiality 
of  the  emitting  and  absorbing  powers  was  recognized. 

Ritchie's  Experiment.  —  This  relation  was  shown  by  a  very 
nimple  and  ingenious  experiment  devised  by  Ritchie  (Pogg.  Ann.,  28, 
p.  378,  1833).  Two  air-tight  metal  chambers  were  connected  by 
a  glass  tube  containing  a  drop  of  fluid,  the  whole  forming  an  air 

thermometer.      Between    them    a    third 
n  metal    chamber    of    the    same    size    was 

mounted,  which  could  be  heated  by  filling 
it  with  boiling  water.  One  surface  of  this 
heat  radiator  was  covered  with  lampblack, 
the  other  with  the  substance  imder  investi- 

gation, for  example  powdered  cinnabar. 
(See  Fig.  360.)  The  surface  of  the  air 
thermometer  which  faced  the  radiating 
lampblack  surface  was  coated  with  cin- 

nabar, while  the  surface  which  faced  the 
cinnabar  radiator  was  coated  with  lampblack.  With  the  apparatus 
arranged  in  this  way  no  movement  of  the  fluid  drop  occurred  when 
boiling  water  was  poured  into  the  radiator,  which  established  the 
fact  that  the  emitting  and  absorbing  powers  were  equal.  Let  us 
assume  that  the  lampblack  radiates  powerfully,  the  cinnabar 
feebly.  The  powerful  radiations  coming  from  the  former  are  but 
slightly  absorbed  by  the  latter,  while  the  feeble  radiations  from  the 
latter  are  strongly  absorbed  by  the  former,  the  heating  of  the  two 
chambers  of  the  thermometer  being  equal.  Calling  E  the  amount 
of  heat  emitted  by  the  cinnabar  and  A  its  absorbing  power,  e  and 
1  the  corresponding  expressions  for  the  lampblack,  the  lampblack 
surface  emits  an  amount  of  radiant  heat  e,  of  which  the  cinnabar 
surface  absorbs  the  amount  cA.     The  cinnabar  surface  emits  an 

nn 
FiQ.  300. 
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amount  E,  which  the  lampblack   completely  absorbs  (since   its 
absorbing  power  =  1).      The   equality  of  temperature   indicated 

J?  If 

by  the  thermometer  shows  us  that  eA  =  E  or  ——A.     Now  —  is e  e 
the  ratio  of  the  amount  of  heat  emitted  by  cinnabar  to  the  amoimt 
emitted  by  lampblack  at  the  same  temperature.      This  ratio  we 
will  call  the  emissivity  of  the  cinnabar,  and  our  equation  shows 
us  that  it  is  equal  to  the  absorbing  power. 

Kirchhoff ^8  Law.  —  This  relation  was  reduced  to  a  more  definite 
form  in  1859  by  Kirchhoflf,  and  independently  by  Balfour  Stewart, 
who  showed  that  it  must  be  true  for  each  wave-length  in  the  emitted 
spectrum,  and  formulated  the  law  which  has  since  gone  by  his 

name.  "  At  a  given  temperature  the  ratio  between,  the  emissive  and 
absorptive  power  for  a  given  wave-length  is  the  same  for  all  bodies J^ 
The  theoretical  considerations  from  which  KirchhoflF's  law  is  de- 

duced will  be  discussed  later  on  in  the  chapter.  It  may  be  remarked 
that  we  frequently  meet  with  the  statement  that  the  absorption 
of  light  by  flames  which  contain  the  vapors  of  metals  is  a  necessary 
consequence  of  this  law.  This  is  by  no  means  the  case,  for  Kirch- 
hofF's  law  is  only  to  be  appUed  to  radiation  which  results  from 
temperature.  In  the  case  of  the  emission  by  flames,  the  phenomena 
are  probably  connected  with  chemical  changes  which  are  taking 
place. 

Cotton  has  called  attention  to  the  fact  that  there  are  two  distinct 
relations  which  are  almost  invariably  confused :  a  qualitative  rule, 
which  connects  the  absorption  and  emission  for  a  given  substance, 
and  a  quantitative  rule,  which  establishes  relations  between  dif- 

ferent bodies.  From  the  former  we  can  only  draw  the  conclusion 
that  if  a  body  emits  certain  radiations  it  absorbs  them  when  they 
come  from  without.  It  may,  however,  absorb  other  radiations,  as 
is  illustrated  by  the  selective  absorption  of  colored  substances.     For 

E 
these  radiations  -j  =  0,  since  at  the  temperature  in  question  there 
18  no  emission  of  visible  radiations. 

Absorption  by  Flames.  —  The  absorption  by  flames  and  the  rever- 
sal of  spectral  lines  are  special  cases  of  the  quaUtative  rule.  These 

cases  have  been  studied  by  Gouy,  who  sought  to  determine  by  exper- 
iment whether  flames  wer6  transparent  to  the  radiations  which  they 

emitted.  His  method  consisted  in  comparing  photometrically 
the  light  of  different  thicknesses  of  radiating  gas.  If  no  absorption 
occuired,  doubling  the  thickness  should  double  the  intensity  of  the 
illumination.  He  found,  in  the  case  of  every  line  examined,  that 
after  the  line  had  attained  a  certain  brightness  absorption  mani- 

fested itself.  If  E  and  A  be  the  emissive  and  absorptive  powers 
of  unit  thickness  of  the  flame  and  we  increase  the  thickness,  we  shall 
find  that  the  emissive  power  {i.e.  the  intensity  sent  out  by  the  thick 

E 
layer)  approaches  —  as  a  limit. A 

This  can  be  readily  seen  by  calculating  the  amount  of  light  sent 
oat  in  the  direction  B  by  a  flame  of  thickness  6   (Fig.  361). 2q 
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Assume  unit  thickness  to  emit  light  of  intensity  100  (E  =  100) 
and  to  have  the  power  of  absorbing  one-half,  of  the  light  of  the 
same  wave-length,  which  traverses  it.    The  intensity  of  the  hght 

from  the  element  1  is  reduced 

/oo 50 
25 

f2  5 6  75 3.375 3 to  50  by  the  absorption  of  ele- 
ment 2,  and  on  emergence  from 

element  6  has  an  intensity  of 
Fio.  361.  only  3.37.     The  total  amoimt 

of  light  emerging  from  element 
6  is  obviously  the  sum  bf  the  numbers  in  the  fifferent  elements, 
which  in  this  case  is  197.62.  If  the  number  of  elements  were  in- 

creased indefinitely  this  sum  would  be  200,  the  limiting  intensity 

which  is  equal  to  — ,  as  defined  above. 

It  should  be  possible  therefore  to  reverse  all  lines  by  a  sufficient 
increase  in  the  thickness  of  the  flame,  for  the  line  will  appear  darker 
than  the  background  of  the  continuous  spectrum  when  the  intensity 
of  the  light  of  the  given  wave-length  emitted  by  the  flame  is  less 
than  the  intensity  of  the  continuous  spectrum  at  the  point  in  ques- 

tion. By  increasing  the  thickness  we  progressively  increase  the 
absorption,  while  the  intensity  of  the  flame  remains  practically 
constant  after  a  certain  thickness  is  reached. 

It  by  no  means  follows,  however,  that  all  vapors  which  emit 
radiations  of  definite  wave-length  will  show  the  corresponding  wave- 

lengths reversed,  even  when  a  very  thick  layer  is  used.  The  above 
argument  is  based  on  the  fact  that  there  is  a  certain  absorbing 
power.  If  A  =  0  reversal  can  never  occur.  Now  it  is  a  noteworthy 
fact  that  reversals  are  only  obtained  in  the  case  of  the  bright  lines 
in  metallic  spectra.  The  lines  in  the  spectra  of  the  metalloids  have 
never  been  reversed.  This  shows  that  Kirchhoff's  law  does  not 
even  apply  qualitatively  in  these  cases;  in  other  words,  there  is 
powerful  selective  emission  without  any  corresponding  selective 

A 
absorption.     In  such  cases   ■-   is  infinite.     Summing  up,  we  find 

that  for  colored  substances,  absorbing  without  a  corresponding 

emission,  —  =  0,  for  flames  which  show  reversal  of  spectrum  lines A 

—  is  finite,  for  luminous  gases  which  show  no  absorption  —  =  oo. A  A 

Temperature  Radiation  of  Gases.  —  Kirchhoff *s  law  states  that 
in  the  case  of  radiation  which  results  solely  from  temperature, 

J^ 
—^  =  const,  for  all  bodies  at  the  same  temperature.     The  value  of  the A 

constant  is  a  function  both  of  the  temperature  and  the  wave-length, 
and  is  equal  to  the  emissive  power  of  a  perfectly  absorbing  body, 
that  is,  a  body  which  at  the  temperature  in  question  completely 
absorbs,  without  reflection,  all  radiation  falling  up,  no  matter  what 
its  wave-length.  This  amounts  to  saying  that  at  a  given  tempera- 

ture no  substance  can  emit  more  light  of  a  given  wave-length  than 
a  perfectly  black  body.     Paschen  has  compared  the  intensity  of 
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the  light  of  the  two  D  lines  in  the  sodium  flame  vnih  the  total 
intensity  of  a  region,  completely  enclosing  the  D  line*,  in  tlie  con- 

tinuous spectrum  of  a  black  substance  heate<l  in  the  same  flame. 
The  total  intensity  of  the  D  ratliation  was  more  than  twice  as 
great  as  that  of  the  region  of  the  continuous  spectrum  which  en- 
close<l  them,  from  which  the  inference  can  1k»  drawn  that  something 
other  than  temperature  is  concerned  with  the  emission  of  light  by 
the  sodium  flame.  The  same  thing  was  found  by  Kayser  and 
Paschen  in  the  case  of  the  ultra-violet  band^  of  tiie  arc,  which  were 
much  brighter  than  a  corresponding  region  of  the  spectrum  of  the 
positive  crater,  notwithstanding  the  fact  that  the  temperature  of 
the  latter  is  higher  than  that  of  the  arc  proper. 

The  experiments  of  Pfluger  and  of  Ladenburg  on  the  emission  and 
absorption  of  ionized  hydrogen  in  vacuum  tulx^  descrilxnl  in  the 
chapter  on  al>sorption  have  been  considered  by  Ladenburg  to  pmve 
that  the  quotient  E/A  is  not  a  constant,  and  that  the  emission  is 
therefore  not  a  true  temperature  effect.  Pfluger,  however  (Verb, 
der  d,  phys.  Ge«.,  12,  208,  1910),  and  Konen  (Phys.  Zeit.y  August 
1910)  claim  that  this  is  by  no  means  the  case.  The  source  of 
light  in  these  experiments  did  not  emit  a  continuous  spectrum, 
for  there  were  strong  maxima  at  the  positions  occupied  by  the 
hydrogen  lines.  Konen  shows  that  all  of  the  double  n»versal  effects, 
and  the  Iwhavior  of  the  absorption  lines,  when  the  intensity  of  the 
source  is  diminished  by  rotating  one  of  the  Nicols,  can  IxM^xplaincnl, 
if  we  have  emission  and  absorption  curves  of  certain  ty^x^s.  His 
treatment  is  too  long  to  be  included  here,  and  the  reader  is  re- 

ferred to  the  original  paper.  Ladenburg  has  appanmtly  defendinl 
his  position  successfully,  however,  and  in  the  opinion  of  the  author 
it  seems  very  improbable  that  the  emission  of  hydrog(*n  is  a  pure 
temperature  effect.  The  question  cannot,  however,  be  reganle<l  as 
quite  settled  at  the  present  time. 

Then?  are  ct»rtain  casc»s  in  which  we  have  a  true  tem|H»rature 
emission  of  a  gas.  Carlxin  dioxide,  when  heaUnl,  emits  an  infra- 

red radiation,  the  spectrum  showing  a  Vf*ry  sharp  l>and  at  X  » 
4.3m-  Paschen  (Wied,  Ann.f  51,  p.  1,  1894)  found  that  a  layer 
of  the  gas  7  cms.  thick  emittetl  and  al)sortMHl  as  strongly  as  a  layer 
33  cms.  thick.*  This  indicat<Hl  that  the  railiation  from  a  7  cm. 
layer  oould  Ik'  n^ganhnl  as  the  equivalent  of  the  radiation  from 
m  layer  of  infinite  thickness,  or  in  other  wonis,  the  radiation  of  a 
black  sulwtance  at  the  same  temperature.  By  lieating  the  gas  in  a 
tulM>,  and  measuring  the  intensity  of  the  emitte<l  radiation  with  a 
qiectro-lmlometer,  Paschen  found  that  for  all  temperatun>s  lN'tW(*en 
150^  and  500°  the  intensity  of  the  railiation  of  wave-length  5. 1 2  m  was 
only  a  little  l>elow  t liat  of  a  blai^k  Ixxly  at  the  same  temperatun*.  .As  a 
black  Ixxly  h(Mis<^l  asmoke<l  strip  of  platinum  heati^l  by  an  electric 
current.    The  proof  of  the  law  foUows  fnmi  the  fact  that  for  a  layer 

■  Thin  holds,  hcvwrvfr.  only  for  the  a)i«»n>*i<>n  of  a  rmmiw  nuui«*  of  frm\*r-lrnffthiL 
Ruliras  mkI  K.  l^dmhunc  <  IVrA  drr  JUutM-h.  I'hyM  iira.,  IIHWV)  liavr  mwlr  a  •ttiily 
%A  the alMDiption of  ( '<>s  ff»r  th«*  lotiK  wavfs iff»ljttc<|  hy  a  phani  of  0>*Unt«\  and  al«>  f<>r 
tbe  total  radiation.  In  th«*  latter  ram*  tho  alwoq^tion  inm^aani  with  thr  litsarithm 
ai  the  thkkni'aa  of  thr  kah  lay  it  In  th«*  raai*  of  hi»muci*iH«uua  rm<ltatiua  the 
logBrithiD  of  the  abaurptiun  la  piupurtiuiial  tu  the  thickncM* 
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/ 

from  which  the  radiation  is  the  equivalent  of  that  from  an  infinitely 

thick  one,  we  have  the  relation  —  =  e,  the  emissivity  of  a  black  body, A 

as  we  can  at  once  see  by  comparing  the  equation  eA  =  J?,  given 
at  the  beginning  of  the  chapter  with  the  relation  previously  deduced, 
namely,  that  as  the  thickness  of  an  emitting  absorbing  layer  in- 

creases, the  intensity  of  the  radiation  leaving  it  approaches  the 

value  —  as  a  limit.     An  interesting  conclusion  has  been  drawn  by A 

Kayser  from  Paschen's  experiment.    The  thickness  of  the  layer 
necessary  in  order  that  the  radiation  may  equal  that  of  a  black 
body  will  vary  for  the  different  lines  in  the  spectrum,  the  greatest 

thickness  being  necessary  for 
/nf^istfy 

Fia.  302. 

the  wave-lengths  for  which  the 
absorption  is  a  minimum.  If 
we  employed  a  layer  so  thick 
that  the  conditions  were  real- 

ized for  all  of  the  lines,  and 
plotted  the  intensities  of  the 
lines  as  ordinates,  and  the 
wave-lengths  as  abscissae,  the 
curve  joining  the  points  should 
be  the  emission  curve  of  a 

black  body  at  the  same  tem- 
perature as  shown  in  Fig.  362. 

We  may  perhaps  apply  the  same  reasoning  to  the  case  of  the 
brigjit  lines  of  flames.  The  sodium  flame,  for  example,  exhibits  in 
addition  to  the  D  lines  a  very  faint  line  in  the  green.  By  increasing 
the  thickness  of  the  flame  the  ratio  of  the  intensity  of  the  £>  lines 
to  that  of  the  green  line  should  become  less.  Multiplying  the  flame 
by  repeated  reflections  between  two  parallel  mirrors  amounts  to 
the  same  thing  as  increasing  its  thickness,  and  Wanner  (Wied,  Ann., 
68,  p.  143)  found  that  a  sodium  flame  placed  between  two  con- 

cave silvered  mirrors  showed  the  green  line  with  great  distinctness. 
The  D  lines  were  not  increased  in  brilliancy  in  anything  like  the 
same  proportion,  and  appeared  much  broadened,  a  faint  continuous 
spectrum  appearing  in  addition.  Attempts  made  by  the  author 
to  repeat  this  experiment  both  by  the  use  of  mirrors  and  a  sodium 
flame,  over  a  metre  in  length,  gave  negative  results. 

The  most  complete  investigation  of  the  subject  of  the  relation 
between  the  emission  and  the  absorption  of  gases  has  been  made 
by  H.  Schmidt  (Ann,  der  Phys.,  29,  1909).  He  studied  the  ab- 

sorption and  emission  of  the  flame  of  a  Bunsen  burner,  measure^l 
the  temperature  of  the  flame  most  carefully  with  a  thermo-element, 
and  found  that  the  laws  of  black-body  radiation  could  be  applied 
to  it,  at  least  within  the  region  of  the  strong  absorption  and  emis- 

sion bands  at  2.8  and  4.3  ft.  By  comparing  the  radiation  of  the 

flame  with  that  emitted  by  a  black  body  at  a  temperature  of  980°, 
Sclunidt  was  able  to  calculate  the  temperature  of  the  flame ;  the 

value  found  was  1670°,  in  close  agreement  with  the  observed  value 
of  1640°. 

Hte.^ 
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Very  few  cases  are  known  in  which  visible  radiations  can  be  ob- 
tained by  merely  heating  a  gas  or  vapor.  An  immense  amoimt  of 

work  has  been  done  by  Pringsheim  and  others  in  endeavors  to  obtain 
a  luminous  emission  from  gases  as  a  result  of  high  temperature 
alone.  Efforts  in  this  direction  have  been,  almost  without  excep- 

tion, in  vain,  and  Pringsheim  came  to  the  conclusion  that,  at  least 
for  temperatures  which  could  be  commanded  in  the  laboratory, 
gases  remained  dark. 

There  are,  however,  one  or  two  exceptions  to  this  rule,  which  were 
studied  by  Salet  and  Evershed.  Iodine  vapor  when  heated  to  a 
temperature  of  only  six  or  seven  himdred  degrees  gives  off  a  reddish 
orange  light.  The  experiment  is  easily  performed  by  arranging  a 
small  spiral  of  platinum  wire,  which  can  be  heated  by  a  current,  in 
a  test-tube  in  which  a  little  iodine  is  vaporized  by  means  of  a  Bunsen 
burner.  An  orange-colored  flame  is  seen  to  rise  from  the  hot  wire. 
A  still  better  method  is  to  enclose  a  few  crystals  of  iodine  in  an 
exhausted  bulb  of  fused  quartz.  The  body  of  the  bulb  is  heated  to 
a  high  temperature  by  the  flame  of  a  blast  lamp,  and  the  iodine 
in  the  narrow  neck  then  vaporized  by  the  application  of  a  small 
flame  as  shown  in  Fig.  363.  The  quartz  bulb  emits  little  or  no  light 
until  the  vapor  enters  it,  when  it  immediately  glows  with  an  orange- 
red  light.  A  similar  phenomenon 
has  been  observed  in  the  case  of 
sodium  vapor,  but  is  not  as  easily 
reproduced  as  the  iodine  emission. 
The  best  arrangement  is  a  long  steel 
tube  containing  metallic  sodium,  and 
highly  exhausted,  heated  by  a  row  of 
burners,  or  better  in  one  of  the  elec- 

trical ovens  made  by  Heraeus  of 
Hanau.  Evershed  was  of  the  opin- 

ion that  the  spectrum  was  continu- 
ous, but  by  employing  a  vapor  of 

small  deilsity  Konen  (Wied,  Ann.,  Fig.  363. 
65,  p.   256)   succeeded  in  resolving 
it  into  bands,  which  corresponded  to  the  bands  seen  in  the  absorp- 

tion spectrum.  It  is  not  diflScult  to  see  how  a  continuous  spectrum 
might  easily  result  when  a  thicker  layer  or  a  denser  vapor  was  used, 
for  we  have  only  to  apply  the  principles  involved  in  the  case  sug- 

gested by  Kayser  to  a  spectrum  consisting  of  bands,  the  intensity 
having  a  finite,  though  different  value,  for  each  wave-length. 

Temperature  Radiation  of  Solids  and  Liquids.  —  The  radiation 
of  solids  and  liquids  is  especially  adapted  to  the  proof  of  Kirchhoff 's 
law,  since  in  these  cases  we  can  be  sure  that  it  is  the  result  of  tem- 

perature alone. 
That  the  emission  of  light  by  heated  substances  is  proportional 

to  the  absorption  can  be  easily  sho^Mi  by  heating  a  fragment  of  a 
piece  of  decorated  china  in  a  blast-lamp.  The  design  emits  much 
more  light  than  the  white  background,  owing  to  its  stronger  absorb- 

ing power. 
The  more  powerfully  a  body  absorbs,  the  more  powerfully  will 
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it  emit  when  heated,  this  relation  holding  for  every  individual 
wave-length.  Black  bodies  then  give  out  the  most  light  when 
heated.     The  fact  that  a  white  block  of  lime  is  far  more  luminous 

^  than  a  carbon  rod  when  heated  in  the  oxy-hydrogen  flame  is  not 
usually  cited  in  support  of  this  law,  while  the  fact  that  the  most 
luminous  body  of  all,  the  Welsbach  mantle,  is  also  quite  white  is 
equally  unsatisfactory  as  an  illustration,  for  white  bodies  are  in 
reality  transparent,  that  is,  they  are  made  up  of  masses  of  small 
transparent  particles,  and  transparent  bodies  ought  not  to  emit  at 
all.  It  is  of  course  necessary  to  define  just  what  we  mean  by  trans- 

parency in  this  case,  and  it  may  be  well  to  consider  first  a  somewhat 
analogous  case.  The  absorption  which  is  accompanied  by  high 
emissivity  is  true  absorption,  and  not  selective  reflection  —  which 
is  sometimes  confused  with  absorption.  A  highly  reflecting  pol- 

ished metal  surface  is  a  poor  radiator,  but  by  properly  constructing 
its  surface  we  may  give  it  the  power  to  absorb  and  emit.  A  bundle 
of  polished  steel  needles  with  their  points  all  turned  towards  the 
source  of  light  reflects  scarcely  any  light  at  all,  the  rays  undergoing 
multiple  reflections  between  the  conical  ends  of  the  needles.  Such 
a  bundle  of  needles  should  emit  much  more  powerfully  than  a  pol- 

ished steel  surface,  and  it  is  easy  to  see  just  why  it  should  do  so. 
Each  needle,  seen  end  on,  sends  not  only  emitted  light  to  the  eye, 
but  reflects  rays  coming  from  its  neighbors.  The  surface  formed 
by  the  points  of  the  needles  can  be  regarded  as  an  absorbing  sur- 

face, which  absorbs  in  virtue  of  its  structure :  it  is  analogous  to  the 
hollow  "  black  bodies  *'  with  which  we  are  now  familiar. 

The  point  to  be  emphasized  is  that  such  a  surface,  which  absorbs 
but  little  in  virtue  of  its  molecular  nature,  may  be  also  a  powerful 
radiator,  the  mechanism  by  which  its  radiating  power  has  been  in- 

creased being  as  indicated  above.  Suppose  now  we  take  a  perfectly 
transparent  body,  which  hke  a  perfect  reflector  has  no  emitting 
power.  A  bead  of  microcosmic  salt  (sodium  pyro-phosphate)  heated 
in  a  blast  lamp  is  a  good  example.  Though  the  platinum  wire 

v.'hich  supports  it  glows  with  vivid  incandescence,  the  bead  remains 
perfectly  dark.  A  glass  bead,  however,  emits  a  good  deal  of  light, 
doubtless  from  the  fact  that  its  transparency  is  much  less  at  high 
temperatures,  a  very  common  behavior  of  transparent  substances. 
The  microcosmic  salt  on  cooling  becomes  traversed  by  hundreds  of 
cleavage  planes,  which  give  it  a  milky  appearance.  On  reheating 
it  it  emits  light  strongly  until  it  finally  fuses  into  a  transparent  drop, 
when  it  instantly  becomes  dark  again.     The  reason  for  this  behavior 

.  is  not  quite  as  apparent  as  in  the  case  of  the  needles.  In  fact  I 
am  not  quite  sure  that  I  understand  it  at  all.  Quartz  behaves  in 
the  same  way.  A  drop  of  clear  fused  quartz,  heated  in  the  blast, 
emits  little  or  no  light,  but  if  it  contains  spots  made  up  of  an  emul- 

sion of  quartz  and  air,  these  spots  emit  strongly.  In  other  words 
an  opacity  resulting  from  a  pulverization  of  the  transparent  medium 
seems  to  be  accompanied  with  a  strong  emitting  power.  Appar- 

ently we  cannot  apply  the  same  reasoning  as  in  the  case  of  the 
needles,  and  it  looks  rather  as  if  the  radiation  was  largely  a  surface 
effect. 
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We  have  perhaps  a  better  illustration,  and  one  which  is  easier 
to  handle,  in  the  case  of  mica. 

A  thin  film  of  mica,  when  heated,  becomes  silvery  white  and  al- 
most opaque.  The  change  appears  to  be  due  to  the  fact  that  the 

mica  splits  into  a  multitude  of  parallel  laminae,  in  other  words  its 
opacity  is  due  to  the  presence  of  a  large  number  of  reflecting  planes. 
If  we  hold  it  at  the  polarizing  angle  it  becomes  fairly  transparent 
again.  The  mica  in  this  state  glows  brilliantly  when  heated  in  a 
flame,  while  ordinary  mica  shows  little  or  no  luminosity.  Calcined 
mica  films  are  useful  for  demonstrating  polarization  by  a  pile  of 
plates.  It  is  best  to  place  the  film  in  a  piece  of  thin  platinum  foil, 
folded  once,  and  heated  in  a  Bunsen  burner.  At  normal  incidence, 
a  film  of  suitable  thickness  is  opaque  as  a  result  of  the  reflecting 
planes.  Turned  to  the  polarizing  angle,  it  becomes  partially  trans- 

parent, as  the  planes  refuse  to  reflect  the  perpendicular  components 
of  the  vibrations  at  this  angle.  The  mica  shows  the  same  peculiar- 

ity as  the  microcosmic  bead :  an  emission  of  Ught  resulting  from 
cleavage  planes. 

There  is,  of  coiu'se,  the  possibility  that  the  roasting  of  the  mica 
has  increased  its  power  of  absorption,  but  of  this  there  appears  to 
be  no  evidence,  for  the  reflected  +  the  transmitted  light  appears 
to  equal  the  incident  light  in  intensity.  A  flake  placed  between 
two  equally  illuminated  white  planes  disappears,  i,e,  has  the  same 
intensity  as  the  background.  Such  a  flake  if  placed  within  a  hollow 
body  heated  to  a  uniform  temperature  should  disappear  for  the 
same  reason.  It  is  diflScult  to  see  how  the  reflecting  planes  can 
increase  the  emitting  power,  for  if  we  consider  that  the  elements 
within  the  mass  radiate  with  equal  intensity,  the  introduction  of 
reflecting  laminae  cannot  increase  the  total  output,  unless  we  as- 

sume that  the  surface  has  a  higher  radiating  power  than  the  interior. 
Professor  Jeans  suggested  to  me  that  this  might  well  be  the  case, 
since  the  electrons  will  have  their  largest  accelerations  at  the  free 
surface.  If  this  is  the  case,  any  circumstance  which  increases  the 
amoimt  of  surface  should  increase  the  emitting  power.  Returning 
now  to  the  mica  with  its  numerous  parallel  cleavage  planes  and  the 
enclosed  air  films, — assume  it  introduced  into  the  interior  of  a 
hollow  white-hot  body.  It  should  disappear  when  viewed  through 
a  small  aperture,  since  the  reflected  +  the  transmitted  light  equals 
the  incident  light  in  intensity,  even  before  its  temperature  is  raised 
in  the  sUghtest  degree.  Now  let  its  temperature  go  up  until  it 
reaches  that  of  the  hollow  body.  We  have  now,  in  addition  to  the 
reflected  and  transmitted  light,  the  emitted  light,  and  the  mica 
should  appear  brighter  than  the  background.  This  would  seem 
to  be  a  test  of  a  surface  emission.  The  experiment  was  tried  and 
the  mica  remained  invisible;  that  is,  it  behaved  like  any  other  sub- 

stance placed  within  a  uniformly  heated  enclosure.  The  micro- 
cosmic  salt  bead  behaved  in  the  same  way.  The  action  of  the 
cleavage  planes  in  the  microcosmic  salt  remains  therefore  unex- 

plained, and  requires  further  investigation. 
Returning  now  to  the  subject  of  the  powerful  emission  of  light 

by  the  lime  block  and  the  feeble  glow  of  the  carbon,  we  may  &id 
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the  foUowing  analogy  helpful  in  explaining  some  of  the  apparent 
anomalies. 

Hydraulic  Analogy  of  a  Radiating  Bo^. — Tlie  ladiaUNr  is  rep- 
resented by  a  tall  hollow  cylinder,  open  at  the  top  and  closed 

at  the  bottom,  provided  with  a  number  of  outflow  pipes  of 
different  sizes.  Water  flows  into  the  cylinder  at  a  certain  definite 

'  rate  from  a  horizontal  pipe  or  flume,  the  height  of  which  (TV) above  the  base  of  the  cylinder  represents  the  temperature  of  the 
flame.  Obviously  the  level  of  the  water  in  the  (^linder  will  rise 
until  the  rate  at  which  the  water  flows  out  exactly  equals  the 

rate  at  which  it  flows  in.  This  height  (7*i)  is  the  temperature  which 
the  radiator  acquires  in  the  flame.  Tlie  jets  of  water  which  issue 
from  the  tubes  represent  radiation  of  different  wave-lengths,  the 
small  jets  representing  the  short  waves.  Their  velocity  corresponds 
to  irUensiiy  of  radiation.  We  will  first  suppose  our  hydraulic  radi- 

ator to  represent  a  black  body,  say  a  lump  of  carbon.  In  this  case 
all  of  the  pipes  at  the  bottom  are  wide  open  and  we  have  the  maxi- 

mum outflow  of  all  wave-lengths  for  any  given  temperature,  %.e,  for 
any  given  height  of  the  fluid  within  the  cylinder.  (If  we  take  the 
cylinder  empty,  and  plunge  it  into  water,  jets  will  squirt  into  it 
through  the  pipes;  that  is,  it  is  a  perfect  absorber  for  all  wave- 

lengths.) With  all  of  the  pipes  open,  however,  the  level  of  the 
water  within  the  cylinder  will  not  rise  to  any  great  height,  owing 
to  the  limited  rate  at  which  water  flows  in  from  the  horizontal 
pipe.  This  means  that  the  lump  of  carbon  in  the  flame  does  not 
rise  to  a  very  high  temperature  because  it  radiates  enei^y  at  a 
high  rate.  At  the  low  temperature  there  is  comparatively  little 
visible  light  in  the  radiation,  for  the  shorter  waves  only  appear 
in  quantity  at  high  temperatures.  We  can  imitate  this  condition  in 
our  hydraulic  model  if  we  choose  by  putting  valves  on  the  inside  of 
the  tubes,  those  on  the  small  tubes  opening  only  at  high  pressures. 

To  make  our  model  imitate  the  bead  of  microcosmic  salt  we  plug 
up  all  of  the  pii>e8.  The  cylinder  now  represents  a  transparent  body. 
If  immersed  in  water  it  absorbs  nothing  through  the  pipes,  and  no 
matter  how  high  the  level  of  the  water  rises  in  it  when  water  is 
poured  in  there  is  no  emission  of  fluid,  in  other  words  no  radiation. 
The  body  rises  in  temperature  until  the  temperature  is  equal  to 
that  of  the  flame,  but  there  is  no  radiation.  Take  next  the  case  of 
the  lime  in  the  oxy-hydrogen  flame.  It  is  a  partially  transparent 
substance,  and  we  can  imitate  it  by  plugging  the  tubes  with  glai% 
beads  or  cotton.  Owing  to  the  lesser  rate  at  which  the  water  now 
flows  out  through  the  tubes,  the  level  rises  much  higher  than  when 
the  tubes  are  all  open,  and  owing  to  the  greater  pressure  (tempera- 

ture) we  have  liquid  jets  through  the  small  tubes  (short  wave-length 
radiation).  The  inferiority  in  the  emissivity  is  more  than  made 
up  for  by  the  higher  temperature  which  the  body  can  acquire.  We 
are  now  ready  for  the  Welsbach  mantle.  It  has  been  conclusively 
shown  by  Rubens  that  the  peculiar  brilUancy  of  the  thorium 
mantles,  caused  by  a  small  trace  of  cerium,  is  due  to  the  fact  that 
the  cerium  makes  the  thorium  selectively  absorbing  for  the  short 
waves  at  high  temperatures.    If  we  wave  a  Bunsen  flame  over  a 
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mantle  in  a  brilliantly  lighted  room,  it  will  be  seen  to  turn  yellow 
at  a  temperature  a  little  below  a  red  heat.  In  other  words  it  be- 

comes a  strong  absorber  for  the  short  waves.  It  is,  however,  trans- 
parent for  the  long  waves,  consequently  it  does  not  emit  energy  at 

anything  like  the  rate  at  which  a  black  body  does,  and  in  conse- 
quence can  rise  to  a  high  temperature  in  the  flame,  exactly  as  a 

pure  thorium  mantle  does.  Its  band  of  absorption  in  the  blue 
region  enables  it  to  pour  out  visible  radiations  nearly  as  powerfully 
as  those  which  a  black  body  at  the  same  temperature  would  emit, 
hence  its  enormous  brilliancy.  Our  hydraulic  model  with  all  of 
its  tubes  plugged  with  cotton  represents  the  mantle  of  pure  thoria, 
while  to  transform  it  into  the  Welsbach  mantle  we  have  only  to  pull 
out  the  porous  plugs  from  some  of  the  smaller  tubes.  In  this  condi- 

tion, owing  to  the  impeded  flow  in  the  large  tubes,  the  water  will  rise 
in  the  cylinder  to  a  great  height,  and  we  get  very  powerful  jets 
from  the  small  tubes  which  we  have  opened,  much  more  powerful 
than  in  either  of  the  previous  cases  considered.  Of  course  with 
all  of  the  tubes  open  we  could  get  equally  intense  small  jets  if  we 
poured  the  water  in  at  the  top  at  a  suiBcient  rate.  There  is  a  limit 
to  this  rate,  however,  for  it  is  obvious  that  the  rate  at  which  the 
water  is  poured  in  at  the  top  corresponds  to  the  rate  at  which  the 
flame  can  pour  energy  into  the  radiating  body,  a  circumstance  which 
depends  on  the  conductivity  of  the  body  for  heat  and  other  circum- 
stances. 

Emission  of  Substances  having  Absorption  Bands.  —  It  is  fre- 
quently stated  that  ruby  glass  when  heated  emits  an  excess  of 

green  light,  but  the  phenomenon  is  not  very  striking,  if  it  exists 
at  all.  Cobalt  glass  was  investigated  by  Rizzo  (Atti  ace.  Torino^ 
29,  424,  1894),  who  was  unable  to  establish  any  relation  between 
its  emitting  and  absorbing  power.  His  apparatus  was  not  very 
sensitive,  however,  and  it  is  difiicult  to  draw  very  definite  conclu- 

sions from  his  observations. 

The  emission  and  absorption  of  rock-salt  has  been  studied  by 
Abramczyk  (Wied.  Ann.y  64,  p.  625,  1898).  Unfortimately  he 
made  use  of  absorbing  screens,  instead  of  spectroscopic  dispersion, 
and  his  results  cannot  on  this  account  be  regarded  as  wholly  trust- 

worthy. He  found,  however,  that  the  heat  emission  consisted  of 
two  parts,  one  of  which  was  stopped  by  a  salt  plate,  while  the  other 
was  freely  transmitted.  He  found  that  40  per  cent  of  the  radiation 
from  the  salt  was  reflected  by  a  polished  plate  of  the  same  material, 
from  which  he  inferred  that  there  was  a  selective  emission  at  a 
region  in  the  spectrum  corresponding  to  the  position  of  the  band  of 
metallic  reflection  observed  by  Rubens  and  Nichols.  Rubens  and 
Aschkinass  have  pointed  out,  however,  that  a  strong  emission  is 
not  necessarily  to  be  expected  at  a  band  of  metallic  reflection. 
Though  this  region  is  one  of  relatively  strong  absorption,  the  ab- 

sorbed portion  may  be  only  a  small  fraction  of  the  amount  reflected, 
and  a  high  value  of  the  emissivity  is  not  to  be  expected,  as  it  is  the 
absorption  proper,  and  not  reflection,  that  is  relate<l  to  the  emission. 
In  fact  high  reflecting  power  is  usually  associated  with  low  emissiv- 

ity, as  is  shown  by  the  small  ratio  of  the  emissivity  of  a  polished 
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metal  surface  to  a  surface  of  the  same  meta!  brou^t  into  a  spongy 
condition,  i.e.  into  the  state  of  platinum  black.  A  hint  has  been 
given  in  the  Chapter  on  Absorption  as  to  the  phyHical  "T'^iatrwi 
of  the  incrcaseti  ab^rption  in  this  case,  and  it  is  instnictiTe  to  le- 
vcrse  the  reasoning  and  apply  it  to  emission.  As  we  shall  see  later 
the  caiw  Ju  not  iinhke  that  of  a  hollow  body,  the  emissicMi  from  the 
intenor  of  which  we  .shall  show  is  equal  in  intensity  to  that  of  the 
radiation  of  a  perfectly  black  body  at  the  same  temperature. 

In  the  case  of  substances  which  are  not  transparent,  as  m  have 
seen,  a  portion  of  the  incident  energy  is  reflected  and  a  poitkia  ab- 
sorl>e<).  If  the  intensity  of  the  light  is  1,  the  absorbed  fractkMialpart 
.4,  and  the  reflected  part  R,  we  have  l  =  R+A  or  A  =  l—R.    Sub- 

stituting  this  value  in  our  formula  —=e  gives  us  an  enireflaoD  for A 

sivity  and  re- KirchhofT's  law,  in  which  the  relation  between  t 
fleeting  power  is  established : 

1-fi =  e,  the  emissivity  of  a  black  substance. 

This  formula  has  been  verified  by  Rosenthal  (IFted.  Ann.,  68, 
p.  783),  who  investigated  the  emission  and  reflection  of  quarti, 
mica,  and  glass,  with  a  spectrometer  and  thermo-elemeat,  and 
compared  the  results  with  the  values  calculated  from  the  above 
formula.  The  low  emissivity  at  regions  of  the  spectrum  oorre- 
spomlii^  to  those  of  the  maxima  of  the  reflection  curve  is  deaity 
showTi  in  Fig.  364,  and  the  close  agreement  between  the  observed 

vuliicM  !iml  those  calculated  from  the  above  fonnula  may  be  regarded 
HH  a  most  cxcciUint  proof  of  the  Liw.  As  will  be  scon,  the  law  has 
Imm  pn)vcii  (|uantitatively  for  but  few  substances.  That  there  is 

^  a  rclatinn  lii'twecn  absorption  and  emission  in  a  large  number  of 
cascK,  where  Kirchlioff's  law  cannot  In*  expected  to  hold,  is  evident. 
Some  of  these  cases  we  have  already  considered.  A  noteworthy 
example  often  quoted  a«  a  proof  of  the  law  is  the  remarkable  relation 
between  the  emission  of  lieated  oxides  of  erbium  and  didyniiimi, 
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and  the  absorption  spectra  of  the  same  oxides  and  solutions  of  the 
salts  of  the  metals.  The  oxides,  unlike  all  other  solid  substances, 
when  heated  to  incandescence,  show  in  addition  to  a  continuous 
spectrum  a  number  of  bright  bands,  which  correspond  in  position 
to  the  absorption  bands,  at  least  approximately.  This  can  be 
easily  shown  by  dipping  a  platinum  wire  in  a  concentrated  solution 
of  erbium  chloride  and  beating  it  in  a  Bimsen  burner,  the  continuous 
spectrum  of  the  white-hot  ox^e  being  crossed  by  a  number  of  bright 
bands. 

A  study  of  the  absorption  and  emission  spectra  of  the  oxides  of 
some  of  the  rare  earths  has  been  made  by  Anderson  (Astrophys, 
J.f  XXVI,  No.  2,  1907),  who  found  that  the  absorption  spectrum, 

obtained  by  the  "  body-color  "  method,  that  is  by  illuminating  the 
powdered  or  fused  substance  with  white  light,  was  very  different  at 
different  temperatures.  The  emission  spectrum  of  heated  neodjmi- 
ium  oxide  showed  a  very  broad  and  hazy  band  at  X  =  58-60, 
the  spectrum  being  almost  continuous.  If  the  oxide  existed  as  an 
impurity  in  erbium  oxide  the  bands  were  much  narrower,  as  shown 
on  Plate  9,  Fig.  1.  When  mixed  with  calcium  oxide,  however, 
the  bands  were  similar  to  those  obtained  with  the  pure  oxide.  The 
absorption  spectrum  obtained  by  illuminating  the  substance  with 
white  light  varied  with  the  nature  of  the  surface,  as  is  shown  on 
Plate  9,  Fig.  2,  in  which  a  is  the  spectrum  obtained  with  the 
powder;  6,  with  a  rod  of  the  substance  heated  for  100  hours  in  a 
Bunsen  flame;  and  c,  with  a  rod  the  surface  of  which  was  fused  with 
the  oxy-hydrogen  flame.  The  bands  are  much  blacker  and  more 
numerous  in  the  case  of  the  fused  oxide,  a  circumstance  which  may 
be  ascribed  to  the  penetration  of  a  greater  thickness  of  the  substance 
by  the  light  in  this  case.  In  Fig.  3  we  have  spectrum  a,  the  emis- 

sion of  incandescent  erbium  oxide,  6  its  absorption  at  a  high  tem- 
perature, and  c  its  absorption  at  room  temperature. 

As  will  be  seen  the  absorption  spectrum  at  a  high  temperature  is 
complementary  to  the  emission  spectrum.  Fig.  4  shows  the  absorp- 

tion of  the  gray  oxide  of  neodymium  at  the  following  temperatures, 
a  600**,  b  400^,  c  200**,  d  below  100**.  The  absorption  spectrum 
depends  upon  the  treatment  of  the  oxide,  which  when  first  formed 
by  careful  ignition  of  the  oxalate  is  pink,  becoming  bluish  gray  by 
prolonged  heating.  In  Fig.  5  a  and  b  we  have  the  absorption  spectra 
of  the  pink  and  gray  forms  respectively.  It  is  not  known  positively 
whether  they  have  the  same  chemical  composition. 

Selective  Emission  and  Absorption  of  Incandescent  Salts 

Some  extremely  interesting  experiments  have  been  recently 
made  by  Lenard  (Annalen  der  Physiky  17,  p.  197,  1905)  with  beads 
of  the  fused  salts  of  the  alkali  metals  supported  upon  platinum 
wires  in  the  Bunsen  flame.  The  emitted  light  was  found  to  be 
strongly  colored,  the  color  depending  upon  the  metal.  The  sul- 

phates of  K,  Rb,  and  Cs  emitted  green  light,  while  sodium  sulphate 
shone  with  a  bluish  tinge.     An  examination  of  the  absorption 
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f  spectra  of  the  fused  salts  showed  that  the  color  of  the  transmitted 
l^t  was  complementary  to  that  of  the  emitted  light,  as  should 
follow  from  KirchhofiF's  law.  The  salts  were  colorless  when  cold, 
however,  showing  that  some  sort  of  dissociation  resulted  from  the 
high  temperature,  metallic  ions  being  set  free  which  had  the  prop- 

erty of  absorbing  and  emitting  radiations  of  the  same  frequency. 
The  failure  of  the  ions  to  show  color  when  the  salts  are  dissolved 
in  water  is  ascribed  by  Lenard  to  a  loading  of  the  ions  with  water. 
In  the  case  of  most  of  the  salts  examined  the  color  was  found  to 
depend  upon  the  metal,  xa.  upoti  the  cathions:  the  borates  and 
phosphates  were  marked  eiEoeptions,  however,  the  color  being 
chiefly  due  to  the  anions,  the  nature  of  the  metal  being  immaterial. 
In  the  same  paper  will  be  found  a  number  of  very  interesting  con- 

clusions regarding  the  emission  of  col(»red  light  by  flames  and  the 
probable  centres  from  which  radiate  the  different  lines  of  the 
spectra. 

Emission  of  Polarized  Light.  —  Certain  crystals,  tourmaline  for 
example,  have  an  absorbing  power  which  differs  according  to  the 
pluie  in  which  tiie  vibrations  are  taking  place.  Suppose  llie  crsrstal 
to  be  so  oriented  that  its  absorptive  power  is  greatest  for  horizontal 
vibrations.  We  might  e3q)ect,  on  heating  the  crystal,  to  find  a  pre- 

ponderance of  horizontal  vibrations  in  the  emitted  light.  This 
was  found  to  be  the  case  by  Kirchhoff,  who  heated  a  crystal  in  a 
Bimsen  flame  and  found  that,  on  viewing  it  throu^^  a  double-image 
polarizing  prism,  one  of  the  images  was  distinctly  brighter  than  the 
other. 

A  quantitative  proof  of  Kirdihoff's  law  in  the  case  of  gk>wing 
tourmaline  has  been  made  by  Pfltiger  (ilnna2en  der  Physik,  7,  p.  806, 
1902),  who  measured  with  a  spectrophotometer  the  absorption  and 
emission  of  the  crystal  at  the  same  temperature  and  for  the  same 
wave-length.  If  J  is  the  intensity  of  the  incident  light,  JD  that  of 
the  transmitted  light,  and  JR  that  of  the  reflected,  the  intensity 
of  the  absorbed  fight  il=J(l— iJ— /)).    R  was  calculated  from 

the  reflection  formula  iJ=  (^—-r )  >  while  D  and  E  were  observed \n+lj 
with  the  spectrophotometer.  Designating  by  Eo  and  J?«  the  emis- 
sivity  for  vibrations  parallel  respectively  to  the  vibrations  of  the 
ordinary  and  extraordinary  rays,  and  by  Ao  and  A,  the  correspond- 

ing absorptive  powers,  we  have,  if  Kirchhoff's  law  can  be  extended 
so  as  to  include  the  direction  of  the  vibration. 

E^     E^       K     A^ 
Af      Aq        hi^      A^ 

After  eliminating  all  sources  of  error,  Pfltiger  obtained  as  final 
values  for  the  two  ratios, 

A  =  .650,   f*=.641, i4.  E. 

a  very  beautiful  verification  of  the  law  as  applied  to  anisotropic 
media. 
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Deduction  of  Kirchhoff's  Law.  —  The  law  of  Kirchhoff  can 
be  deduced  from  purely  theoretical  confiiderations.  Kirchhoflf's 
method  is  free  from  serious  objections,  but  assumptions  are  made 
which  cannot  be  regarded  as  truths  without  further  treatment. 
Moreover,  his  method  involves  the  consideration  of  bodies  which 
really  have  no  existence,  such  as  perfect  reflectors  and  perfectly 
transparent  substances. 

The  most  logical  and  concise  treatment  is  due  to  Pringsheim 
(FerA.  d.  deutsdk.  physik,  (?es.,  3,  pp.  81-84, 1901).  Consider  a  ball 
K  composed  of  any  material  enclosed  in  a  hollow  vessel,  opaque  to 
radiation  of  all  wave-lengths,  and  imiformly  heated  to  any  given 
temperature.  The  ball  emits  in  unit  time  the  total  radiation  £, 
while  there  falls  upon  it  from  the  walls  in  the  same  time  the  amount 

e,  of  which  the  fraction  Ae  is  absorbed.  Since  by  Camot's  principle 
the  temperature  cannot  change,  the  amoimt  of  radiation  emitted 
by  the  ball  must  equal  the  amoimt  absorbed,  so  that  E=Ae, 
If  the  ball  is  made  of  a  conglomerate  of  different  substances,  some 
parts  of  its  surface  may  absorb  more  strongly  than  others.  Sup- 

pose we  rotate  the  ball:  the  amount  of  energy  e  falling  upon  it 
will  only  be  changed  by  an  infinitely  small  amount,  since  only  the 
part  of  the  radiation  which  came  originally  from  the  body,  and  is 
reflected  back  from  the  walls,  can  be  responsible  for  the  change : 
the  amount  of  this  which  falls  across  the  body  is  of  course  very 
small.  If,  however,  the  radiation  from  the  walls  is  not  uniform, 
i,e,  if  it  has  especial  states  of  polarization,  or  is  more  intense  in 
certain  directions  than  in  others,  the  amount  of  heat  absorbed  by 
the  body  would  be  changed  by  its  rotation.  If,  for  example,  the 

rotation  brought  a  strongly  absorbing  siu*face  element  into  the  path 
of  an  especially  intense  ray  coming  from  the  wall,  the  absorption 
of  heat  would  be  increased. 

In  this  case  A  is  variable,  and  the  heat  absorbed  is  I  Ade  taken 

over  the  body  «c.    Since  this  is  equal  to  E,  it  follows  that  j  Ade 
is  constant  for  all  positions  of  the  ball.     If  A  is  variable  this  can 
only  be  the  case  if  e  is  independent  of  direction. 

The  total  radiation  e  is  made  up  of  waves  of  all  possible  lengths 
between  0  and  oo.  Call  ex  the  radiant  energy  comprised  between 
the  limits  X  and  A+dX,  then 

-X 

e^dX. 

Further,  let  ilx  be  the  absorption  coeflScient  of  «  for  waves  of 
length  A :  the  total  absorbed  energy  is  then 

i4c=J^    il^c^dX, 

or  ^"^J    -^A^A^A. 

Now  let  K  be  brought  into  another  hollow  vessel  of  different 
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material  but  at  the  same  temperature.  The  emission  of  «  remains 
the  same,  also  its  absorption  coefficient  A^t  for  waves  of  the  desig- 

nated length. 
If  in  the  present  case  the  radiation  eu  which  falb  upon  «  is 

different  from  6a  (hi  the  previous  case),  we  should  have 

J^  A^e^dK=^  j^ A^ei^dX. 
Since,  however,  A^  is  quite  independent  of  Cx,  the  above  equation 

can  only  hold  if 

By  comparing  this  with  ̂ =  ile  we  see  at  once  that  the  radiation 
e  is  equal  to  that  which  k  would  emit  if  it  were  perfectly  absorbing, 
i.e.  if  A  =  l.  This  shows  us  that  the  radiation  within  a  hollow 
vessel  heated  to  a  uniform  temperature  is  independent  of  the  ma- 

terial and  shape  of  the  vessel,  and  is  identical  in  every  respect  with 
the  radiation  emitted  by  a  perfectly  absorbing  body  at  the  same 
temperature. 

Consider  now  the  radiant  energy  which  a  surface  element  cbt  of 
the  body  k  sends  to  the  distant  surface  element  d9t  of  l^e  vessel 
We  will  define  the  emission  coefficient  Erotic  as  the  single  radiation 
Exd^,  which  in  unit  time  reaches  d^  from  dsi.  This  radiation  has 
a  wave-length  X  and  any  state  of  polarization.  In  a  hollow  vessel 
of  uniform  temperature,  dai  gives  out  a  jadiation  similar  to  that  of 
a  black  body  at  the  same  temperature.  The  total  energy  of  wave- 

length X  and  of  a  given  state  of  polarization  which  reaches  cfak  from 
cbi  is  therefore  e,jik,  if  6^  is  the  emission  coefficient  of  a  black  .body 
under  similar  conditions. 

We  thus  have  6^  =  Ex+Gx  if  we  define  Gxd^  as  the  enei^  of 
wave-length  X,  and  of  a  definite  state  of  polarization,  which,  com- 

ing originally  from  the  walls  of  the  vessel,  and  transmitted  by,  or 
reflected  from,  the  body  k,  reaches  (fej  from  dsi. 

We  must  now  determine  the  value  of  Ox  and  substitute  it  in  the 
above  equation.  The  radiation  from  the  inner  surface  of  the  vessel 
which  reaches  dSi  by  reflection  or  refraction  from  dsi  is  equal  to  the 
amoimt  which,  leaving  das,  reaches  the  inner  surface  by  way  of  dsi. 
Of  all  the  waves  of  length  X  which  leave  dSi  the  amount  reaching 
dsi  in  unit  time  is  e^dX,  of  which  an  amount  equal  to  AxCxd^  is 
absorbed,  while  the  remainder  {l'-Ax)exdX,  are  in  part  reflected 
and  in  part  transmitted,  and  pass  off  to  the  inner  wall  again. 
This  remainder  is  equal  to  Gxd>^,  ̂ and  substituting  the  ̂ ue 
Gx='{l  —  A^ex  in  the  equation 

^k^Ex+Gxf 

gives  us  ex  =  Ex+(l'-Ax)ex, 
or  Ex^AxCx, 

an  equation  which  expresses  Kirchhoff's  law,  showing  that  the  emis- 
sion coefficient  of  any  substance  for  any  given  wave-length,  divided 

by  its  absorption  coefficient  for  the  same  value  of  X,  is  equal  to 
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the  emission  coefficient  of  a  perfectly  black  body,  for,  as  we  have 
seen  above,  ex  represents  the  latter  quantity. 

That  the  intensity  of  the  radiation  from  the  inner  surface  of  a 
hollow  vessel  is  independent  of  the  nature  of  the  material  can  be 
shown  by  placing  a  fragment  of  decorated  china  in  a  porcelain  cru- 

cible heated  over  a  Bunsen  burner.  If  the  cover  of  the  crucible  is 
put  on,  a  small  opening  being  left  through  which  the  interior  can 
be  viewed,  and  the  flame  of  a  second  burner  be  directed  upon  it 
so  as  to  bring  the  whole  to  a  nearly  uniform  temperature,  the 
decorations  on  the  china  will  be  quite  invisible,  the  radiations  from 
them  being  equal  to  the  radiation  from  the  rest  of  the  surface.  As 
we  have  seen,  if  the  china  is  heated  in  the  open  air  the  dark  portions 
radiate  more  strongly,  the  design  appearing  brighter  than  the  back- 

ground. The  cause  of  the  equaUty  in  the  case  of  an  enclosed  radi- 
ator can  be  very  simply  stated.  The  radiation  is  made  up  of  two 

parts,  the  emitted  and  the  reflected,  the  latter  coming  from  the 
heated  walls.  Dark  portions  of  the  material  emit  more  powerfully 
than  white  portions,  since  their  power  of  absorption  is  greater; 
on  the  other  hand,  they  reflect  scarcely  any  of  the  radiation  from 
the  walls.  The  white  portions,  which  emit  feebly,  reflect  power- 

fully, and,  owing  to  the  proportionaUty  between  emission  and 
absorption,  a  perfect  balance  is  secured. 

This  principle  is  now  made  use  of  in  experiments  pertaining  to 
radiation.  In  studying  the  nature  of  the  radiation  of  perfectly 
absorbing  bodies  as  a  function  of  temperature,  it  was  formerly  the 
custom  to  make  use  of  an  electrically  heated  strip  of  platinum  with  a 
smoked  surface.  Such  a  radiator  cannot,  however,  be  brought  to  a 
high  temperature,  owing  to  the  oxidation  of  the  carbon.  For  high 
temperature  work  it  was  customary  to  coat  the  strip  with  platinum- 
black,  or  copper  oxide. 

Such  radiators  cannot  be  regarded  as  perfect,  and  at  the  present 
time  the  heated  hollow  chamber  is  almost  exclusively  used,  the 
radiation  to  be  examined  escaping  through  a  small  hole. 

The  Perfect  Black  Radiator.  —  While  the  principle  that  the  radi- 
ation within  a  closed  space  at  a  imiform  temperature  Ls  idf^ntical 

with  the  radiation  of  a  perfectly  black  body  had  been  recognized 
for  many  years,  Wien  and  Lummer  (Wied.  Ann.,  66,  p.  451,  1895) 
were  the  first  to  actually  prepare  radiators  acting  on  this  prin- 

ciple, and  make  use  of  them  in  experimental  work. 
For  studying  the  intensity  of  the  radiation  at  low  temperatures 

and  the  distribution  of  energy  in  the  spectrum  of  the  radiation,  a 
hollow  cylinder  of  brass,  blackened  on  the  inside,  can  be  used.  The 
cylinder  is  provided  with  a  small  aperture,  and  is  surrounded  by  a 
steam  jacket,  or  embedded  in  a  mixture  of  sodium  and  potassium 
nitrate,  and  the  i^hole  packed  in  felt.  The  smaller  the  size  of  the 
hole  in  comparison  to  the  internal  capacity  of  the  cylinder,  the  more 
nearly  does  the  emerging  radiation  compare  with  that  of  an  ideal 
black  body.  For  high  temperature  work  a  cylinder  of  platinum  or 
porcelain,  electrically  heated,  can  be  employed,  or  even  a  hollow 
iron  ball  heated  in  a  gas  furnace.  Kayser  has  proposed  a  vory 
simple  device,  which,  though  superior  to  an  electrically  heated  strip 

^ 
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of  blackened  platinum,  is  not  as  good  as  a  hollow  vessel.  Two 
strips  of  platinum,  one  provided  with  a  narrow  slit,  are  mounted 
opposite  to  one  another  and  heated  to  the  same  temperature  by  a 
current.  The  principle  is  of  course  the  same  as  that  of  the  device 
just  considered. 

Paschen  (Wied.  Ann.y  60,  p.  719,  1897)  has  proposed  stiU  an- 
other device.  A  glowing  carbon  filament  is  mounted  at  the  centre 

of  a  hollow  silvered  sphere.  Assuming  the  silver  to  reflect  all 
of  the  energy,  it  can  be  regarded  as  a  hollow  vessel  having  the  same 
temperature  as  the  carbon  filament.  The  radiation  escapes  as 
before  through  a  small  hole.  This  same  device  has  been  implied 
to  the  bolometer,  the  absorbing  strip  being  mounted  at  the  centre 
of  a  hollow  spherical  chamber  silvered  on  the  inside.  All  radiation 
not  absorbed  at  once  by  the  bolometer  is  returned  to  it  by  the  re- 

flecting surface.  In  this  way  it  is  possible  to  prepare  a  perfectly 
black  bolometer. 

Equilibrium  between  Radiation  and  Material  Bodies.  —  In  the 
deduction  of  the  remaining  laws  of  radiation  we  shall  employ  largely 
a  conception  due  to  Bartolli,  which,  though  it  cannot  be  carried  out 
experimentally,  leads  to  important  laws  which  can  be  verified  in 
other  ways.  The  idea  in  brief  is  to  apply  the  principles  of  thermo- 

dynamics to  radiation,  performing  a  cyclical  process  similar  to 

Camot's  cycle,  employing  vibrating  ether  instead  of  a  gas  as  the 
working  substance. 

The  radiation  within  a  hollow  vessel  can  be  in  equilibrium  with 
the  walls  or  with  bodies  in  the  interior,  only  when  it  is  of  the  same 
nature  as  the  radiation  emitted  by  the  walls  or  the  bodies  contained 
within  the  vessel. 

To  get  an  idea  of  exactly  what  we  mean  by  equilibrium  between 
radiation  and  a  material  body  we  will  consider  the  following  case : 

Suppose  we  have  a  hollow  vessel  the  walls  of  which  are  perfect 
reflectors,  which  contains  only  ether.  If  we  fill  this  cavity  with 
monochromatic  radiation,  say  that  of  the  sodium  flame,  by  opening 
a  door  in  the  wall  and  allowing  the  light  to  enter,  which,  of  course. 
can  be  done  perfectly  well  in  theory,  the  radiation  will,  if  we  close 
the  door,  be  reflected  back  and  forth  within  the  vessel  forever.  It 
will  neither  change  in  intensity  nor  alter  its  wave-length ;  in  other 
words,  it  is  in  equiUbrium  with  the  reflecting  walls.  We  shall  now 
prove  that  a  perfect  reflector  is  the  only  body  with  which  this  radia- 

tion can  be  in  equilibrium,  with  the  exception  of  the  flame  which 
originally  emitted  the  light.  Suppose  we  introduce  a  small  frag- 

ment of  absorbing  matter  within  the  cavity  of  the  reflecting  vessel. 
It  will  immediately  absorb  the  monochromatic  sodium  radiation  as 
fast  as  this  radiation  falls  upon  it,  and  in  a  very  short  space  of  time 
the  monochromatic  waves  will  have  vanished  completely.  The 
temperature  of  the  absorbing  body  will  be  slightly  elevated,  and  it 
will  emit  long  heat-waves,  the  energy  being  distributed  over  a  wide 
range  of  wavo-lengths,  the  range  and  distribution  depending  on 
the  temperature  of  the  body.  This  radiation  will  now  fill  the  cavity 
ill  place  of  the  sodium  radiation,  and  it  will  be  in  equilibrium  with 
tlie  absorbing  body,  i.e.  a  permanent  state  is  speedily  reached,  after 
which  there  is  no  further  change. 
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Pressure  of  Radiation.  —  The  radiation  within  the  vessel  exerts  a 
pressure  upon  the  walls  and  upon  the  surface  of  the  absorbing  body. 
As  we  are  to  make  use  of  this  pressure  in  the  derivation  of  laws  it 
wiU  be  well  to  investigate  it  somewhat  in  detail. 

Maxwell,  in  his  electro-magnetic  theory,  showed  that  radiation 
must  exert  a  pressure  when  it  falls  upon  a  reflecting  or  absorbing 
surface.  As  this  pressure  is  the  foundation  upon  which  the  laws  of 
radiation  have  been  built,  we  will  briefly  consider  the  phenomenon. 

Maxwell  showed  that  when  plane  electro-magnetic  waves  fall  in 
a  normal  direction  upon  a  perfectly  absorbing  surface,  the  pressure 
exerted  on  unit  area  is  equal  to  the  energy  contained  in  unit  volume 
of  the  vibrating  medium. 

That  a  pressure  is  exerted  by  heat  (or  light)  waves  may  be  proven 
by  making  use  of  the  idea  of  Bartolli.  Consider  a  cylinder,  com- 

posed of  some  material  which  reflects  perfectly, 
closed  at  the  ends  by  black  plates  at  temperatures 
Ti  >  Ti  (Fig.  365).  Introduce  a  screen  S,  made  ,  ̂ 
also  of  a  reflecting  material,  which  divides  the 
cylinder  into  two  compartments.  The  body  at 
temperature  T\  will  fill  the  upper  compartment 
with  radiation  of  energy  corresponding  to  its  tem- 

perature. T%  (at  a  lower  temperature)  will  fill 
the  lower  compartment  with  radiant  energy  of 
less  density.  Let  B  represent  a  movable  reflecting 
diaphragm,  provided  with  a  sUding  door,  which,  Fia.  366. 
when  open,  allows  the  energy  from  T^  to  fill  the 
middle  compartment.  Now  close  the  door  and  raise  the  diaphragm 
or  piston.  The  volume  of  the  middle  compartment  is  decreased, 

and  the  density  of  the  radiant  energy  ''  trapped ''  within  it  is 
increased.  On  removing  the  screen  S  laterally,  which  we  can  do 
without  performing  work,  the  diaphragm  will  drive  the.  radiant 
energy  above  it  into  the  body  T\.  We  have  thus  taken  energy  (or 
heat)  from  a  body  at  low  temperature  and  carried  it  to  one  of  high 
temperature,  which  by  the  second  principle  of  thermo-dynamics 
is  impossible,  unless  mechanical  work  is  done  in  the  operation.  This 
work  can  have  resulted  only  from  the  overcoming  of  a  pressure 
exerted  upon  the  diaphragm,  the  vibrating  medium  resi.sting  com- 

pression in  the  same  way  that  a  gas  does.  This  pressure  becomea 
greater  as  the  volume  is  diminished  owing  to  the  increase  in  the 
energy  density.  In  the  case  of  the  compression  of  a  gas,  the  mole- 

cules rebound  from  the  moving  piston  with  increased  velocity, 
consequently  the  force  of  each  blow,  and  the  number  of  blows  per 
second,  are  increased. 

In  the  case  of  compressed  radiation  the  mechanism  is  not  so  easy 
to  follow;  as  we  shall  see  presently,  reflection  from  a  moving 
diaphragm  decreases  the  wave-length  by  an  amount  proportional 
to  the  distance  through  which  the  diaphragm  moves  (provided  the 
rest  of  the  vessel  is  reflecting).  This  means  that  the  number  of 
waves  which  strike  it  per  second  will  be  increased.  The  amplitude, 
as  we  shall  see  presently,  remains  the  same,  and  the  increase  of 
energy  density  is  due  solely  to  the  fact  that  more  waves  are  present 

2k 
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in  unit  length  of  the  train  after  the  compression  than  eidsted  before 
the  motion  of  the  diaphragm.  Such  a  process  as  that  described 
above  cannot  be  even  approximately  realized  experimentally. 
It  is  no  less  valuable,  however,  as  our  inability  to  cany  it  out  is 
due  solely  to  mechanical  difSculties  and  our  inability  to  obtain  a 
substance  which  reflects  perfectly. 

An  admirable  treatment  of  the  mechanical  pressure  of  radiation 

\  has  been  given  by  Larmor  (Encyd.  Brit.,  vol.  32,  '*  Radiation  ")• 
Consider  a  wave  train  travelling  along  the  x  axis  incident  upon  a 
perfect  reflector,  which  is  travelling  in  the  opposite  direction  with 
a  velocity  v.    The  displacement  in  the  incident  wave  train  is 

f=acosm(x+d), 

and  in  the  reflected  train 

f'=o'  cos  m!  (x—d). 

The  position  of  the  reflector  at  time  t  is  given  by 

The  disturbance  does  not  travel  into  the  reflector,  and  must 
therefore  be  annulled  at  its  surface.  Thus  when  x^vt  we  must 

have  f+i'  =  0.    This  gives  us  a— —a'  and  m'ic—v)^  fn{c+v). 
The  amplitude  of  the  reflected  disturbance  is  theiWore  equal  to 

that  of  the  incident  one,  while  the  wave-length  is  altered  in  the 

ratio  ̂ ^^  or  1   -,  approximately,  when  -  is  small. c+v  c  c 
The  energy  of  the  wave-train  is  half  potential  and  half  kinetic, 

and  is  given  by  the  integration  of  pf  t- j  along  the  train,  in  which 
P  =  density. 

In  the  reflected  train  it  is  therefore  augmented,  when  equal 

lengths  are  compared,  in  the  ratio  ( —^ ) ,  but  the  length  of  the \c-vj 
^     I     at  ^^ 

train  is  diminished  by  the  reflection  in  the  ratio  —^ .     This  in- 
c—v 

crease  in  energy  per  unit  time  can  arise  only  from  work  done  by  the 
advancing  reflector  against  pressure  due  to  the  radiation.      The 
pressure  per  unit  surface  must  therefore  be  equal  to  the  fraction 
2 
  of  the  energy  in  the  length  C'\'V  of  the  incident  wave-train; c—v 

thus  it  is  the  fraction  of  the  total  density  of  energy  in  front 

of  the  reflector  belonging  to  both  the  incident  and  reflected  trains, 
y        When  V  is  small  compared  with  c  this  makes  the  pressure  equal  to 

the  density  of  the  vibrational  energy,  in  accordance  with  Maxwells 
electro-dynamic  formula. 

The  pressure  due  to  light  was,  for  a  long  time,  sought  for  in  vain. 
The  disturbing  effects  of  "  radiometric  action,"  or  the  reaction 
pressure  of  gas  molecules  rebounding  from  the  surface  heated  by  the 

V, 
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Tadiatton,  completely  masked  the  very  small  effect  which  was  looked 
for.  As  early  as  1754  an  attempt  was  made  by  DeMairan  and  Du 
Fay  to  detect  the  pressure  of  Hght.  This  was  of  course  in  the  days 
of  the  corpuscular  theory,  and  the  looked-for  pressure  was  that 
due  to  the  arrest  of  the  flying  corpuscles.  Fresnel,  Zollner,  Bartolli, 
and  Crookes  also  searched  in  vain  for  evidences  of  the  pressure, 
the  experiments  of  the  latter,  however,  resulting  in  the  diacoveiy 
of  the  radiometer.  The  pressure  was  first  observed  by  Lehedew  ' 
in  1900  {Rapp.  pris  au  Congres  de  Phya.,  2,  133,  Paris.  1900)  and 
by  Nichols  and  Hull  independently  at  about  the  same  time. 
Though  the  latter  investigators  were  anticipated  by  Lebedew  by 
some  months,  their  investigation  was  conducted  with  greater  care, 
and  the  errors  due  to  gas  action  were  more  carefully  eliminated. 

Experiments  of  Nichols  and  Hull.'  —  The  inability  of  previous 
observers  to  measure  the  pressure  due  to  radiation  was  due  to  the 
apparent  impossibility  of  separating  the  effect  from  the  so-calIe<l 
"  radiometer  "  action.  Thin  vanes  were  employed  to  detect  the 
pressure,  and  the  radiation  warmed  the  side  on  which  it  fell.  When 
such  a  condition  exists  the  gas  exerts  a  greater  pressure  on  the 
warm  than  on  the  cold  side,  and  in  general  this  pressure  is  vastly 
greater  than  the  true  radiation  pressure. 

Nichols  and  Hull  finally  succeeded  in  eUminating  the  gas  action 
by  employing  a  suspended  vane  made  of  two  circular  disks  of  thin 
glass  silvered  on  one  side.  By  employing  a  reflecting  surface  the 
pressure  is  double  that  exerted  upon  a  black  surface,  and  the  heating 
is  reduced  to  a  minimum.  By  measuring  the  deflections  when  the 
glass  and  silver  sides  were  illuminated  in  succession  the  gas  action 
could  be  calculated,  for  the  silver  surface  is  the  one  heated  in  both 
instances.  This  is  due  to  the  fact  that  the  radiation,  before  its 
impact  upon  the  vane,  has  passed  through  a  number  of  lenses  and 
plates  of  glass,  and  is  consequently  robbed  by  absorption  of  all  rays 
capable  of  heating  a  glass  surface.  It  is  at  once  apparent  that  when 
the  radiation  falls  upon  the  glass  surface  the  gas  pressure  and  the 
light  pressure  are  opposed,  while  when  the  silver  surface  is  illumi- 

nated they  act  together,  i.e.  in  the  same  direc- 
tion. Larger  deflections  are  of  course  observed  J  r  ̂ b 

in  the  latter  case  than  in  the  former.  To  still  /^  ̂ T*" further  eliminate  gas  action,  the  ballistic  method  £:z:  ---vX 

was  adopted;  it  had  been  observed  that  some  ̂ ^  ^ 
seconds'  or  even  minutes'  exposure  to  the  radi- 

ation were  required  before  the  gas  pressure 

reached  its  maximum,  while  the  radiation  press-  ^ 
ure  is  of  course  instantaneous.  Very  short  '■''  [  ' exposures  were  consequently  given,  and  the 
ballistic  deflection  of  the  vane  was  observed  by 
meaDB  of  a  mirror  and  scale. 
By  an  elaborate  series  of  experiments  the  f,o  335^ 

investigators    determined    the    most    suitable 
pressure  for  the  air  in  the  chamber  in  which  the  vane  was  suspended, 
the  pressure,  in  other  words,  at  which  the  gas  action  was  at  a 

ifncAni.  Acad.,  xzzviii.,  April  1903;  PAf*.  Ba.,  dii.  2B3,  (1001). 

h 
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minimum.  This  pressure  proved  to  be  about  16  mms.  of  mercury. 
After  measuring  the  value  of  the  radiation  pressure,  the  energy  of 
the  radiation  was  determined,  by  allowing  it  to  fall  upon  a  blacken^ 
silver  disk.  The  rise  of  temperature  of  the  disk  was  determined  by 
means  of  iron-constantan  thermo-junctions  imbedded  m  the  disk. 
From  these  energy  measurements  the  pressure  to  be  expected  was 
calculated. 

The  radiation  employed  was  that  of  an  arc-lamp,  either  with  or 
without  absorbing  screens.  After  correcting  for  all  possible  sources 
of  error,  the  following  values  were  obtained : 

Radiation PBBflBUIUB   IN  10-*  DTNE8 
OBSBRVED 

PRESSURK   CAIiCULATBD  PBOM 
KNERQT  MEASURSIOBNTB 

Through  air  only 
Through  red  glass 
Through  water  cell 

7.01  ±  .02 
6.94  ±  .02 
6.52  ±  .03 

7.05  ±  .03 
6.86  ±  .03 
6.48  ±  .04 

These  experiments  can  be  regarded  as  establishing  in  a  quantita- 
tive manner  the  existence  of  the  Maxwell-BartoUi  pressure,  which 

measured  in  dynes  per  sq.  cm.  is  equal  to  the  energy  contained  in 
unit  volume  of  the  radiation.  A  reflecting  surface  doubles  the 
energy  density  in  the  medium  in  front  of  it  by  superposing  the 
reflected  beam  upon  the  incident. 

The  gas  action  was  subsequently  eliminated  by  Hull  (Phys,  Rev.y 
May  1905)  by  enclosing  the  reflecting  and  absor]3ing  surfaces  in 
thin  glass  cells,  as  proposed  in  the  earlier  paper.  The  silvered  side 
of  a  thin  cover  glass  was  placed  in  contact  with  the  blackened  side 

of  a  similar  glass,  and  the  whole  enclosed 
by  means  of  two  other  thin  glasses  as 
shown  in  Fig.  367.  Two  cells  of  this 

Fio.  367.  description  were  mounted  upon  opposite 
ends  of  a  torsion  arm  suspended  in  a 

receiver  from  which  the  air  could  be  removed.  When  the  light 
falls  upon  the  blackened  surface  and  is  absorbed,  the  temperature 
of  the  two  outer  glass  surfaces  of  the  cell  are  the  same,  since  they 
are  separated  from  the  heated  surface  by  equal  thicknesses  of  glass 
and  air.  The  gas  action  should  therefore  be  equal  on  the  two  sur- 

faces. Any  gas  action  occurring  within  the  cell  will  produce  no 
effect,  owing  to  the  equality  of  action  and  reaction.  Hull  found 
that  the  ratio  of  the  deflections  obtained  when  the  silvered  and 
blackened  surfaces  were  illuminated  in  succession,  agreed  with  the 

calculated  ratio  to  within  2  per  cent,  showing  that  the  **  radiom- 
eter '^  action  had  been  practically  eliminated. 

Tangential  Component  of  Radiation  Pressure.  —  An  interesting 
experiment  was  described  by  Poynting  at  the  Cambridge  Meeting 
of  the  British  Association  in  1904,  in  which  gas  action  is  completely 
eliminated. 

When  radiation  is  incident  upon  an  absorbing  surface  in  an  oblique 
direction,  the  pressure  has  a  component  parallel  to  the  surface.     In 
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the  case  of  a  reflecting  surface  this  tangential  force  cannot  be  de- 
tected, since  the  incident  and  reflected  beam  give  rise  to  equal  and 

opposite  forces  parallel  to  the  surface.  The  magnitude  of  the  force, 
when  E  is  the  energy  density,  /*  the  fraction  reflected,  and  a  the 
angle  of  incidence,  is  given  by 

f=  1(1-^)  sin  2  a. 

The  existence  and  magnitude  of  the  force  was  observed  with  the 
apparatus  shown  in  Fig.  368.  Two  thin  glass  disks  were  mounted 
on  the  ends  of  a  fine  glass  rod,  the  system 
being  suspended  by  a  quartz  fibre  in  a  brass 
box  provided  with  glass  windows.  One  of 
the  disks  was  silvered,  the  other  blackened, 
and  the  pressure  within  the  case  was  reduced  ^ 
to  1  cm.    Sunlight,  or  the  beam  from  an         ^   
arc  lamp,  was  directed  against  the  black  disk    tk  — —        A 

at  an  angle  of  45°.    Gas  action  due  to  heat-    ̂   " 
ing  will  give  rise  to  a  pressure  normal  to  ^'°-  3^- 
the  surface,  but  there  will  be  no  tendency 
to  rotate  the  suspended  system.  The  tangential  component  of 
the  radiation  pressure,  on  the  other  hand,  will  produce  a  deflection, 
the  magnitude  of  which  can  be  read  with  a  mirror  and  scale.  E 
was  calculated  from  the  observed  deflection,  and  was  found  to  be 

5.8*10"^  dynes,  while  a  direct  measurement  of  i?,  by  the  heating 
of  a  silver  plate,  gave  the  value  6.5- 10"*. 

Pressure  of  Radiation  on  an  Absorbing  Gas.  —  The  repulsion 
of  the  tails  of  comets  by  the  sun  has  been  explained  as  the  result 
of  the  pressure  exerted  by  the  solar  radiation.  If  we  reduce  the 
size  of  an  obstacle  its  mass  becomes  less  in  proportion  to  its  surface, 
and  the  pressure  of  the  radiation  may  eventually  become  greater 
than  the  attraction  of  gravitation.  It  has  been  shown  by  Schwartz- 
child,  however,  that  there  is  a  critical  size  at  which  the  ratio  of 
pressure  to  gravitational  attraction  has  its  greatest  value.  In 
other  words,  if  we  make  the  particles  too  small  the  radiation  no  longer 
exerts  any  pressure  on  them,  for  they  no  longer  act  as  obstacles,  or 
diffract  light.  Now  the  spectroscope  shows  us  that  the  tail  of  a 
comet  is  gaseous,  and  the  gas  molecule  is  very  much  smaller- than 
the  smallest  obstacle  capable  of  feeling  the  pressure  of  radiation. 
There  is  this  difference,  however.  The  gas  molecule  may  be  capable 
of  stopping  the  radiation  by  resonance,  t.e.  the  gas  may  absorb, 
and  it  seems  quite  probable  that  radiation  may  exert  a  measurable 
pressure  on  the  molecules  of  a  gas,  in  spite  of  the  fact  that  a  cloud 
of  material  particles,  each  one  of  which  is  vastly  larger  than  the 
molecule,  experiences  no  pressure  at  all.  This  question  has  been 
very  successfully  attacked  by  Lebedew,^  who  has  measured  the 
pressure  which  the  radiation  from  a  Nemst  lamp  exerts  upon  various 
absorbing  gases,  such  as  COj,  methane,  butane,  propane,  etc.  The 
gas  was  enclosed  in  a  cell  provided  with  fluorite  windows,  and  was 

*  Annalen  der  Physik,  April  1910. 
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set  in  motion  by  the  pressure  of  the  radiation.  This  motion  was 
communicated  to  a  very  light  torsion  balance  made  of  magnesium, 
by  which  it  was  rendered  visible. 

The  Stefan-Boltzmann  Law.  —  An  empirical  law  was  deduced  by 
Stefan  from  observations  made  by  other  observers  on  the  intensity 
of  the  total  radiation  from  bodies  at  different  temperatures.    The 

^    law  states  that  the  complete  emission  S  of  a  black  body  is  propor- 
tional to  the  fourth  power  of  the  absolute  temperature  T,  or 

S  =  ar, 

in  which  a  is  a  constant. 

This  same  law  was  subsequently  deduced  from  theoretical  con- 
siderations by  Boltzmann  {Wied,  Ann,,  22,  p.  291,   1884),  who 

/    availed  himself  of  the  ingenious  conception  by  which   Bartolli 
proved  that  radiation  must  exert  a  pressure.    Consider  a  hollow 

cylinder  of  unit  cross-section,  the  walls 
of  which  are  black,  and  of  infinitely 
small  heat  capacity.  The  ends  of  the 
cyUnder  are  also  black,  but  of  infinitely 
large  heat  capacity.  Within  the  cyl- 

inder is  a  frictionless  black  piston,  in 
Fio.  369.  contact  with  the  left-hand  end  plate  of 

the  cylinder,  which  has  an  absolute  tem- 
perature To.  The  opposite  end  plate  has  a  lower  temperature  T 

(Fig.  369).  The  radiant  energy  exerts  a  pressure  on  the  piston, 
which  in  the  case  of  plane-waves  parallel  to  the  surface  is  equal  to 
the  radiant  energy  in  unit  volume  of  the  ether.  Let  ♦(?')  be 
the  energy  in  unit  volume.  Since  the  energy  is  travelling  in  all 
possible  directions,  the  pressure  on  unit  surface  will  not  be  ♦(T) 
but  i^(r).  (Compare  with  the  calculation  of  the  pressure  due 
to  molecules  moving  in  all  directions,  in  the  Kinetic  Theory  of 
Gases.)  We  have  then  i'^iT)  =  f{T),  the  pressure  at  tempera- 

ture T. 
Now  let  the  piston  move  forward  a  distance  a,  under  the  influence 

of  the  pressure  of  the  radiant  energy  coming  from  the  high  tempera- 
ture plate  To.  The  heat  energy  leaving  To  is  partly  spent  in  doing 

the  work  af{To)  on  the  piston,  and  partly  in  filUng  up  the  volume 
'^  a  ''  with  radiant  energy.  This  process  obviously  corresponds  to 
the  isothermic  expansion  of  the  Camot  cycle,  the  filling  of  the  space 
a  with  energy  corresponding  to  the  heating  of  the  gas.  The  amount 
of  heat  which  leaves  the  plate  To  is  a[^(ro)  +f(To)]. 

We  will  now  introduce  a  screen  impervious  to  heat  immediately 
in  front  of  To,  which  prevents  further  radiation  into  the  space  to 
the  left  of  the  piston.  This  corresponds  to  placing  the  cylinder  in 

Carnot's  cycle  upon  an  insulating  stand.  The  pressure  to  the  left 
of  the  piston  is  greater  than  that  to  the  right,  owing  to  the  higher 
temperature  of  the  plate  which  filled  this  portion  of  the  cylinder 
with  radiation.  The  piston  will  therefore  move  forward  until  the 
energy  per  unit  volume  is  the  same  on  both  sides.  Allowing  this 
adiabatic  expansion  to  take  place  we  have  d[(a+x)^(7^]  =  —f{T)dx, 
the   characteristic    equation   for   an  adiabatic  process   (see  any 

y 
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Thermodynamics).  In  this  expression  T  is  of  course  variable. 
During  this  process  the  volume  to  the  right  of  the  piston  has  been 
still  further  diminished,  and  an  amount  of  heat  energy  represented 
by  (a  +  x)[*(r)  +f{T)]  due  to  diminishing  the  volume  and  work 
done  enters  the  plate  at  temperature  T, 

Since  the  process  is  reversible  we  have,  by  the  second  law  of 
thermodynamics, 

(a+x)  mT)+f(T)]  _  a  mT.)+f(To)]  _  ̂  

T  To  ' 
in  which  x  and  T  are  variables. 

Writmg  (a+x)  [^{T)+f{T)]  =  CT, 

or,  for  simplicity,  (a+x) (♦+/)  =  CT, 

(»+/)d(a+x)d(^+/)=  ̂ ^+^K^+/)dr, 

and  subtracting,  '^d(a+x)+(a+x)d^=  —fdx  (adiabatic  equation), 

gives  us  (a+x)d/=  i^+^K^tttldT, 

{^+f)dT^Tdf, 

or,  inserting  the  {T)  which  we  omitted  above, 

^{T)dT+f{T)dT==  TdfiT). 

Substituting  for  f{T)  its  equivalent  value  i*(3r) 

gives  l*(r)dr=i  Td^{T), 
d^JT)  _  AT 

Proof  of  Stefan's  Law.  —  The  law  was  first  deduced  empirically 
from  observations  made  on  the  rate  of  cooling  of  a  blackened  ther- 

mometer bulb. 
Lummer  and  Pringsheim  {Wied.  Ann.,  63,  p.  395,  1897)  proved 

the  law  over  a  range  of  temperatures  mcluded  between  100**  and 
1300^  C.  by  measuring  the  intensity  of  the  radiation  from  a  hollow 
chamber  (black  body)  by  means  of  the  bolometer. 

The  constant  a  has  been  det'ermined  in  absolute  measure  by 
Kurlbaum  {Wied,  Ann,,  65,  p.  746,  1898),  who  heated  the  bolom- 

eter strip  (screened  from  the  radiation)  by  means  of  an  electric 
current  of  known  strength  to  the  same  temperature  to  which  it 
was  raised  by  the  radiation.  The  radiation  was  thus  determined 
in  absolute  units  by  calculating  the  Joule  heat  developed  by  the 
current.    The  value  found  was 

a=1.71  •  10-»^^ =0.408 .  10-'«8L-Cal,. 
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Optical  Pyrometers.  —  Various  types  of  pyrometers  have  been 
designed  for  measuring  high  temperatures  by  optical  methods. 

Fury's  instrument  is  based  upon  the law  of  total  radiation.  It  consists  of 
a  telescope  with  a  fluorite  objective,  in 
the  focus  of  which  is  mounted  a  sensi- 

tive thermo-couple  as  shown  in  Fig. 
370.  To  use  the  instrument  one  has 

only  to  point  it  at  the  object,  the  tem- 
perature of  which  is  to  be  measured, 

e.g,  the  interior  of  a  blast-furnace,  and 
Fio.  370.  focus  the  image  upon  the  thermo-j  unc- 

tion by  means  of  the  eye-piece,  which 
is  moved  with  the  latter  by  means  of  the  rack  and  pinion  wheel  at 
B.    The  temperatures  are  read  with  a  galvanometer. 

Other  optical  photometers  have  been  devised,  based  upon  the 
laws  which  we  are  about  to  study. 

Temperature  of  the  Sun.  —  The  sun's  temperature  has  been 
computed  by  measuring  the  total  radiation.  Assimmig  the  solar 
disk  to  be  a  black  body,  and  takfng  for  the  value  of  the  solar  con- 

stant 3  gr.  cal.  per  minute,  the  computed  temperature  comes  out 

a  trifle  over  6000°. 
Change  in  the  Spectrum  of  a  Black  Body  with  the  Temperature. 

Wien's  Laws.  —  Making  use  of  a  conception  similar  to  the  one  by 
means  of  which  Boltzmann  deduced  Stefan's  law,  but  extending  it 
by  the  introduction  of  the  consideration  of  the  change  in  wave- 

length which  occurs  when  radiation  is  reflected  from  a  moving  mir- 
ror, Wien  {Wied.  Ann,,  46,  p.  633 ;  52,  p.  132)  arrived  at  a  formula 

which  expressed  the  change  in  the  spectrum  of  a  heated  black  body 
with  its  absolute  temperature.  As  is  well  kno^Ti,  when  a  solid  or 
liquid  is  heated  the  longer  heat-waves  appear  first,  then  red  light, 
and  finally  at  still  higher  temperatures  the  violet  and  ultra-violet. 
If  we  measure  the  energy  at  different  points  in  the  spectrum  with 
the  lx)lometer  and  plot  these  values  as  ordinates,  with  the  wave- 

lengths as  abscissae,  we  obtain  the  energy  curve  for  the  emission 
at  the  temperature  in  question.  The  maximum  of  this  curve 
moves  towards  the  region  of  the  shorter  waves  as  the  temperature 
is  increased,  but  there  is  an  increase  in  the  height  of  every  ordinate ; 
in  other  words,  the  curve  does  not  move  bodily  down  the  spectrum. 
It  seems  very  remarkable  that  the  form  and  position  of  this  curve 
can  be  determined  by  considering 
merely  the  motion  of  reflecting  pis- 

tons moving  in  a  closed  cylinder, 
the  ends  of  which  radiate  at  differ- 

ent temperatures.  This,  however,  is 
precisely  what  was  done  by  Wien, 
whose  treatment  we  will  now  con- 

sider. Consider  a  cylinder  of  unit  Fio.  371. 
cross-section,  the  walls  of  which  re- 

flect diffusively  oil  of  the  incident  energy,  while  the  ends  are  com- 
posed of  black  material,  of  infinite  heat  capacity,  at  temperatures 
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Ti  and  Ti  (Ti>  Ti).  The  cylinder  is  divided  into  three  compart- 
ments by  means  of  movable  pistons  composed  of  perfectly  reflect- 

ing material  and  furnished  with  openings  which  can  be  closed  by 
means  of  trap-doors.  At  the  beginning  we  have  things  arranged 
as  shown  in  Fig.  371  and  the  perfect  radiator  Ti  fills  up  compart- 

ments 1  and  2  with  radiant  energy,  of  density  ♦(Ti).  The  density 
in  compartment  3  is  greater,  namely  ♦(T's). 

The  trap-door  is  now  closed  and  the  partition  moved  towards  3,  a 
distance  cix,  such  that  the  radiation  in  2  has  the  same  density  as  that 
in  3.  The  distribution  of  energy  in  the  spectrum  is  now  the  same  in 
compartments  2  and  3,  since,  if  this  were  not  the  case,  there  would 
of  necessity  be  rays  of  a  certain  wave-length  X  in  compartment  3, 
having  a  greater  energy  density  than  the  waves  of  corresponding 
A  in  compartment  2.  This  being  the  case,  we  could  cover  the 
opening  in  the  moving  plate  with  a  screen  composed  of  some  ma- 

terial transparent  to  waves  of  this  particular  length,  but  reflecting 
all  others.  On  opening  the  trap-door  more  energy  would  pass  from 
3  to  2  than  passed  back  in  the  opposite  direction,  and  the  density 
in  2  would  become  greater.  On  closing  the  door  and  removing  the 
screen,  the  plate  would  be  moved  to  the  right  until  the  pressure 
became  equal  on  both  sides,  furnishing  an  amount  of  work  A.  A 
small  amount  of  heat  leaves  the  black  body  at  temperature  T2  in 
the  form  of  radiation  of  wave-length  X,  to  restore  the  original 
condition.  This  heat  is  the  equivalent  of  the  work  A.  The  trap- 

door is  now  opened  and  the  plate  brought  back  to  its  original  posi- 
tion, no  work  being  required. 

The  door  is  now  closed,  and  the  plate  which  separates  1  and  2  is 
driven  back  to  its  original  position  (distance  dx),  by  which  the  work 
is  gained  which  was  originally  spent  in  moving  the  plate  through  the 
distance  dz.  If  now  we  open  the  door  in  the  plate,  we  have  the 
original  state  of  things,  the  body  at  temperature  Ti  neither  having 
given  up  nor  received  heat,  while  the  other  body  at  temperature  T^ 
has  given  up  heat  corresponding  to  the  amount  which  passecl 
through  the  selectively  transparent  screen,  and  furnished  the  work 
A.  By  the  second  law  of  thermodynamics  work  cannot  be  derived 
by  a  cyclic  process  in  the  case  in  which  a  single  reservoir  gives  up 
heat  in  such  a  manner  that  all  of  it  is  transformed  into  work. 

We  conclude  therefore  that  when  the  energy  density  is  the  same 
in  compartments  2  and  3,  the  distribution  of  energy  in  the  spectrum 
is  also  the  same. 

Going  back  now  to  the  main  part  of  the  problem.  The  motion 
of  the  piston  which  condensed  the  energy  in  2  until  it  had  the  same 
density  as  that  in  3  is  accompanied  by  a  shortening  of  the  wave- 

lengths of  the  reflected  energy,  for  a  moving  mirror  will,  by  Dop- 
pler's  principle,  alter  the  lengths  of  all  waves  incident  upon  it. 
Though  the  shortening  depends  on  the  velocity  of  the  mirror, 
in  the  present  case  it  depends  only  upon  the  total  distance  through 
which  the  mirror  moves.  This  is  due  to  the  fact  that  the  rays  are 
repeatedly  reflected  from  the  mirror,  and  if  the  mirror  moves  with 
slow  velocity  more  reflections  will  occur  from  it  during  its  move- 

ment, the  increased  number  of  reflections  compensating  for  the 
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slower  velocity.    For  normal  incidence,  if  the  velocity  of  the  mirror 
is  V,  the  wave-length  after  one  reflection  is 

As  we  have  seen,  we  can  regard  ̂   of  the  total  radiation  as  inci- 
dent normally^  and  we  will  assume  that  a  single  reflection  shortens 

the  waves  by  an  amount  h. 
Plotting  the  original  density  distribution  for  wave-lengths  X  and 

X  +  Ay  we  will  determine  the  ̂ ect  of  a  single  reflection  upon  this 
portion  of  the  energy  curve.    In  Fig.  372  the  curve  AB  represents 

the  energy  distribution  before 
reflection,  the  ordinates  repre- 

senting total  densities  of  energy 
for  different  values  of  X.  Since 
we  can  regard  ̂   of  the  energy 
as  incident  normally,  if  we  dis- 

regard the  rest  we  shall  have 
f  of  the  energy  at  A  unaffected, 
represented  by  the  ordinate  a. 
Of  the  energy  at  wave-length 
X  +  A,  f  is  unaffected  (ordinate 

6),  while  i  is  shortened  in  wave-length  to  the  value  A;  consequently 
this  portion  must  be  added  above  a  as  indicated.  If  we  do  th^ 
for  all  values  of  A  we  shall  obtain  the  dotted  curve,  which  repre- 

sents the  energy  distribution  after  one  reflection.  If  /i(A)  repre- 
sents this  distribution,  and  ̂ (A)  the  original  distribution,  we  can 

express  the  above  change  as  follows : 

Fio.  372. 

/, 

(X)  =  i*(A)+i*(X+A)=*rx+|). 

If  the  radiation  is  reflected  n  times,  we  have 

The  change  in  the  distribution  of  energy  can  thus  be  represented 
by  considering  i  of  the  rays  as  shortened  by  an  amoimt  nh. 

If  now  (a  —  z)  is  the  distance  between  the  pistons,  we  have  for  w, 

while  the  piston  moves  a  distance  dx,  n= 
dx 

-,  in  which  c 
2(a  —  x)  V 

is  the  velocity  of  the  radiation  and  v  the  piston's  velocity.    After 
n-fold  reflection,  we  have 

^-e-v-r-(^r'*-[('-T)r'^ 
For  the  Umit  c=oo, 

dx 

K=e   "-"A,  since limit  of  (l+  - )  =«#!  when  n 

oo. 
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or  writing  \,.=X+nA,  in  which  nh  is  infinitely  small,  of  the  order dx, 

a— z 

Now  /(A),  the  distribution  of  energy  after  n-fold  reflection,  is 
given  by 

/(X)  =  4>^A+^)=*(A+dA); 

.•.dA=-       ̂  

3(a-x)   ' which  gives  us  the  change  of  wave-length  due  to  the  motion  of  the 
piston  through  a  distance  dx. 

Integrating  the  above,  A.=  -^   Ao,  in  which  Ao  is  the  value 

'     a 

for  x  =  Of  i.e,  before  the  motion  of  the  piston  commenced. 
Let  E  be  the  total  energy  in  compartment  2,  when  x=0:   its 

density  is  then 
E 

♦  = 

a— X 

If  X  increases  by  dx,  the  energy  intensity  is  increased  by  diminu- 
tion of  volume,  and  work  done  against  the  radiation  pressure,  by 

an  amount 

ax  [dxa—x     (a— x)*J  [dx         J  a— x 
The  pressure  on  the  piston  is  i*,  therefore  the  work  is 

3^ dx=i*dx,  and  d4'=l-?^dx, dx  3a— X 

*-  fe)'*- 
E 

in  which  ̂ o  is  written  in  place  of  the  original  ♦=   ,  for  x=0, a  —  X 

-_  =  (  — , —  ]     and  as  we  have  seen  above,  —  =  (  -^^  |  : 

•   ±-V 
'•^I'o'a*' 

We  can  now  write  the  expression  —  in  terms  of  the  absolute  tem- 

peratures,  by  applying  the  Stefan-Boltzmann  law.     If  %  is  the 
energy  at  To  and  *  the  energy  at  T, 

%     To
'' 

and  we  get  at  once  T\  =  ToAo. 
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This  expression  may  be  interpreted  in  the  following  way:  On 
raising  the  temperature  of  a  black  body  from  7\  to  Tt  the  ordinates 
of  our  energy  curve  move  towards  the  short  wave-lengths  by  an 
amoimt  such  that  the  product  of  the  corresponding  abscissa  and 
the  temperature  remains  constant  for  each  ordinate.  The  maxi- 

mum oniinate  at  say  wave-length  A.  for  temperature  7\  will 
therefore  at  temperature  Tt  occupy  the  position  A.'  such  that 
X^Ti  B  K/TmI  in  other  words,  as  the  temperature  rises,  the  sum- 

mit of  the  energy  curve  drifts  towards  the  region  of  shorter  wave- 
lengths. 

We  can  find,  by  the  aid  of  this  displacement  law,  the  distribution 
of  energy  for  any  temperature,  if  the  distribution  for  some  given 
temperature  is  known. 

Plot  as  before  a  ̂ (A)  and  A.  energy  curve ;  the  area  of  the  curve 
is  equal  to  the  total  energy  ̂ . 

To  pass  to  a  curve  for  another  t^nperature,  we  take  a  vertical 
strip  at  Aq  of  width  d\o,  the  area  of  which  is  ̂ odAo ;  this  strip  is 
displaced  by  the  temperature  change  to,  say,  A. 

The  quantity  of  energy  in  the  strip  ̂ odA^  must  remain  constant. 

/.  ♦dA  =  *odAo, 

'dA      *>o 

It  will  be  observed  that  thus  far  we  have  neglected  the  circum- 
stance that  the  total  energy  increases  with  the  tonperature,  as 

represented  by  Stefan's  law. Taking  this  into  account  by  itself,  we  have 

*=*o^r;»  *^^  ''^y  combining  this  with  *=*o-5r> 

we  obtain  as  the  complete  expression 

'To'' 

and  our  new  ordinate  at  A  must  be  equal  to  ordinate  at  \,  multi- 

plied  by  the  ratio  — . 

Wien's  two  laws  as  applied  to  the  wave-length  at  which  we  have 
the  maximum  energy  may  be  written  as  follows : 

KT==A  (const.), 

S«r-6  =  fi  (const.), 

in  which  En  is  the  energy  at  the  maximum. 
Lummer  and  Pringsheim  have  tested  these  two  laws  by  measur- 

ing the  energy  curves  of  a  heated  black  body  over  a  range  621-1650 
Absolute.     Their  results  arc  given  in  the  following  talkie  : 





LAWS  OF  RADIATION 621 

T 

X,* 
Em 

A  =  \„r 

B  =  EmT-'' 1650 1.78 270 2928 

2246 .  10-" 
1260 2.35 69 2959 2176 

1094 2.71 
34 

2956 2166 
908 3.28 13.6 2980 2208 

723 4.08 4.3 2950 2166 

621 4.53 2.03 2814 2190 

Neither  of  the  two  equations,  however,  give  us  any  information 
regarding  the  actual  distribution  of  energy  in  the  spectrum  of  a 
black  body. 

To  express  this  we  require  an  expression  which  represents  ̂   as  a 
function  of  A.  and  T, 

A  number  of  formulae  have  been  developed  which  we  will  briefly 
discuss. 

Complete  Radiation  Formulae.  —  Wien  {Wied.  Ann,,  58,  p.  662), 
by  the  consideration  of  a  pecuUar  type  of  radiator,  deduced  a  for- 

mula connecting  E  with  A  and  T,  The  radiator  is  considered  as  a 
hollow  vessel  filled  with  a  gas  mixture  capable  of  emitting  waves 
of  all  lengths.  He  assumes  that  every  molecule  emits  only  a  single 
wave-length,  which  depends  on  its  velocity,  the  intensity  of  which 
wave  is  a  function  of  this  velocity.  Further,  the  intensity  *(A)  of 
the  radiation  between  the  limits  A  and  A  +  d{k)  is  proportional  to 
the  number  of  molecules  vibrating  with  periods  corresponding  to 
wave-lengths  within  this  range.  From  these  assumptions  he  de- 

rived the  formula 

This  formula  represents  the  energy  distribution  very  well  if  it  is 
not  appUed  to  too  long  waves.  Liord  Rayleigh  has  pointed  out  that 
the  energy  at  a  definite  wave-length,  as  represented  by  the  formula, 
does  not  increase  indefinitely  with  the  temperature,  but  approaches 
a  Umit.  For  visible  waves  this  limit  would  only  be  reached  at  tem- 

peratures far  beyond  our  command,  but  for  A  =  60  ft  (Rest-strahlen 
from  sylvite)  the  limiting  value  of  the  intensity  would  occur  at 

about  1000**. Planck  has  deduced  a  radiation  formula  of  different  form  from 
electro-magnetic  considerations : 

J?  = 

cA-» 

exr  — 1 

This  formula  has  been  confirmed  in  a  remarkable  manner  by  the 
work  of  Rubens  and  Kurlbaum  {Ann,  der  Physik,  4,  p.  649,  1901), 
who  measured  the  intensity  of  the  radiation  of  A  =  51  /*  emitted 
by  a  black  body  over  a  temp<»rature  range  comprised  between  85 
and  1773  Absolute.     Their  results  are  given  in  the  following  table, 
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together  with  values  calculated  from  the  formulae  of  Wien  and 
Planck: 

T Bom. E  CAL.  (Wonr) E  CAU  (Plamcx) 

85 
-20.6 

-107 
-21.9 

193 
-11.8 

-  48 

-12 

293 0 0 0 
523 

+31 +  63 +30.4 773 64.5 
96 

63.8 
1023 98.1 

118 
97.2 

1273 132 132 
132 

1523 164 141 166 
1773 196 147 200 

00 — 194 

00 

This  table  shows  not  only  the  close  agreement  between  the  ob- 
served values  and  those  calculated  from  Planck's  formula,  but  also 

that  at  a  temperature  of  1773  a  value 
of  E  was  obtained,  lar^ger  than  the 
limiting  value  194  for  infinite  temper- 

ature, calculated  from  Wien's  formula. 
For  short  waves  Wien's  formula  is 

perfectly  satisfactory.  It  is  question- 
able, however,  whetiier  it  is  anything 

more  than  an  empirical  formula,  for 
many  objections  have  been  ndsed 
against  the  methods  employed  in  its 
deduction.  The  energy  curves  for  a 
black  body  are  represented  in  Fig.  373 
for  temperatures  between  750  and 
1650.  The  shift  of  the  maximum 

towards  the  region  of  shorter  wave- 
lengths with  increasing  temperature  is 

clearly  brought  out.  These  curves 
were  made  from  observations  by 
Lummer  and  Pringsheim. 

In  the  case  of  the  sun's  spectrum  the 
point  of  maximum  energy  is  shifted 
much  nearer  to  the  visible  region. 
The  solar  intensity  curve,  as  actually 
measured,  is  of  course  greatly  modified 

by  atmospheric  absorption.  Fig.  374  is  from  a  record  obtained  by 
Langley,  and  shows  the  relative  energy  distribution  in  the  solar 
spectrum  and  in  the  spectrum  of  a  black  body  at  various  tempera- 

tures. The  spectra  were  obtained  by  means  of  a  prism,  which  by 
crowding  the  energy,  so  to  speak,  in  the  infra-red  portion,  on  account 
of  the  small  dispersion  in  this  region,  does  not  give  us  a  true  value 
for  the  position  of  the  maximum.  The  deep  valleys  in  the  solar 
curve  represent  atmospheric  absorption. 

S     M 

Fia.  373. 
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Energy  Distribation  in  the  Spark  Spectrum.  —  Aa  we  have  seen, 
there  is  a  very  rapid  drop  in  the  energy  as  we  pass  from  the  red  to 

the  violet  of  the  spectrum  of  a  white-hot  body.  Pflilger,'  in  a  series 
of  remarkably  interesting  experimetit:^,  has  found  that  in  general  the 
reverse  is  true  in  the  case  of  the  bright-line  spark  spectra.  He  in- 

vestigated the  energy  distribution  in  the  spark  spectra  of  a  large 
number  of  metals  with  a  bolometer,  and  found  that  the  largest  de- 

flections were  obtained  in  the  remoU  uUra-notei:  in  other  words,  the 
ultra-violet  lines  were  "  hotter  "  than  the  red  or  ioira-red.  We  have 

as  yet  no  law  governing  the  energy  distribution  in  discontinuouE 

^)ectra,  but  Pflilger's  experiments  probably  may  be  taken  as  mark- 
ing the  be^nning  of  a  subject  to  which  a  chapter  may  be  devoted 

in  text-books  twenty  years  hence.  His  results  for  the  zinc  spark 
are  given  in  the  following  table,  from  which  an  enei^  curve  can 
be  constructed.  It  is  instructive  to  compare  the  curve  thus  ob- 

tained with  the  curves  in  the  last  section. 

Wan- Qu-Din. 

^—            «-«- uuionis QAL-nm. 

199 50 244 35 
200 

19.5 252 85 570 45 
261 20 

1      650 
50 

204 205 275 25 
206 280 335 

60 
1      900 

206+ 360 15 !.;• 80 

1.4 
Prom  here  on,  deorvuio^ 

■  AnnaUn  der  PHutik.  13,  p.  890,  1904. 



CHAPTER  XXII 

SCATTERING  OF  LIGHT  BY  SMALL  OBSTACLES. 
OPTICAL  RESONANCE 

Scattering  of  Light  by  Small  Particles.  —  If  a  beam  of  light  is 
passed  through  a  transparent  medium  containing  in  suspension 
small  particles,  the  refractive  index  of  which  differs  from  that  of  the 
surrounding  medium,  light  will  be  given  ofif  by  the  particles  in  all 
directions.  If  the  paj*ticles  are  very  small,  the  color  of  the  scattered 

'  light  is  blue,  and  it  is  more  or  less  completely  plane-polarized,  the 
direction  of  vibration  being  perpendicular  to  the  direction  of  the 
incident  beam.  If  the  incident  beam  is  plane-polarized  to  start 
with,  no  light  is  scattered  by  the  cloud  of  particles  in  directions  par- 

allel to  that  of  the  incident  vibration.  In  the  case  of  particles  of 
the  order  of  magnitude  of  the  light-waves,  the  amount  of  light 
scattered  increases  as  the  wave-length  is  decreased,  which  explmns 
the  preponderance  of  blue  always  observed  in  these  cases.  The 
subject  was  investigated  experimentally  by  Tyndall  with  clouds 
precipitated  by  the  chemical  action  of  U^t  upon  the  vapor  of  iodide 
of  allyl.  Whenever  the  particles  obtained  were  sufficiently  small, 
the  laterally  emitted  light  was  blue  in  color  and  polarized  in  a  direc- 

tion perpendicular  to  the  incident  beam.  Tyndall  was  unable  to 
explain  the  polarization,  and  imagined  that  it  contradicted  Brew- 

ster's law,  there  being  no  angle  of  maximum  polarization,  as  in  the 
case  of  reflection  from  flat  surfaces  of  isotropic  media.  That  there 
is  really  no  contradiction  here  is  at  once  apparent  when  we  consider 
that  the  nature  of  the  phenomenon  is  radically  diflferent  in  the  two 

\  cases.  In  ordinary  reflection  we  are  dealing  with  surfaces  large 

.y  ':v^ '  in  comparison  with  the  wave-length,  and  the  amount  of  reflected 
^.  \  light  is  independent,  or  nearly  so,  of  the  wave-length.  While, 
'  in  the  case  which  we  are  considering,  regular  reflection  in  the  ordi- 

nary sense  does  not  occur,  and  the  intensity  of  the  light  is  a  function 
of  the  wave-length.  By  making  the  particles  sufficiently  small 
we  may  obtain  a  violet  of  great  intensity  and  purity.  The  fog 
formed  by  the  condensation  of  sodium  vapor  has  been  observed  by 
the  author  to  give  a  deeper  color  than  any  of  the  other  media 
heretofore  employed.  The  experiment,  however,  is  rather  difficult 
to  perform,  and  a  description  of  it  would  be  out  of  place  here.  The 
blue  color  is  easily  seen  in  tobacco  smoke  rising  from  the  end  of  a 
lighted  cigar.  On  standing,  the  smoke  particles  appear  to  collect 
into  larger  aggregates  and  the  blue  color  disappears.  This  is  usually 
the  case  with  smoke  exhaled  from  the  mouth.     The  blue  color  of  the 

624 
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sky  has  its  origin  in  a  similar  action  exerted  either  by  small  dust 
particles  or  even  by  the  molecules  of  air  themselves.  The  absence 
of  long  waves  in  the  light  coming  from  the  blue  sky  on  a  clear  day 
is  well  shown  by  Plate  10,  which  is  reproduced  from  a  photograph 
made  by  the  author  with  a  screen  or  ray  filter  made  by  combining  a 
sheet  of  very  dense  cobalt  glass  with  a  deep  orange  aniline  dye. 
This  screen  absorbed  all  rays  below  wave-length  6900.  The  spec- 

trum of  the  sun  or  arc  photographed  through  this  screen  on  a  Cramer 
or  Wratten  and  Wainwright  spectrum  plate  is  reduced  to  a  band 
extending  from  A  =  6900  to  A.  =  7400.  The  rays  within  this  region 
are  visible  to  the  eye,  if  all  other  rays  are  excluded,  but  they 
play  little  or  no  part  in  ordinary  vision,  on  account  of  their  very 
feeble  action  upon  the  retina  of  the  eye.  Landscapes  photographed 
through  the  screen  present  a  remarkable  appearance.  The  grass 
and  trees  in  full  sunlight  appear  as  if  snow-white,  while  the  sky  is 
as  black  as  midnight.  This  is  due  to  the  fact  that  the  chlorophyl 
of  the  v^jetation  reflects  the  infra-red  light  very  powerfully,  while 
the  light  of  the  blue  sky  is  nearly  or  wholly  wanting  in  it.  The 
shadows  in  all  of  the  infra-red  photographs  are  very  black,  since 
practically  no  light  comes  from  the  sky,  and  it  is  the  skylight 
which  is  chiefly  responsible  for  the  illumination  of  the  shadows. 

The  scattering  of  light  has  been  exhaustively  studied  by  Lord 
Rayleigh,  who  explains  the  phenomenon  in  the  following  way: 
"  Conceive  a  beam  of  plane-polarized  Ught  to  move  among  a  number 
of  particles  all  small  compao^  with  any  of  the  wave-lengths.  The 
foreign  matter  may  be  supposed  to  load  the  ether  so  as  to  increase  its 
inertia  without  altering  its  resistance  to  distortion.  If  the  particles 
were  away  the  waves  would  pass  on  imbroken,  and  no  light  would  be 
emitted  laterally.  Even  with  the  particles  retarding  the  motion 
of  the  ether  the  same  will  be  true  if,  to  counterbalance  the  increased 
inertia,  suitable  forces  are  caused  to  act  on  the  ether  at  all  points 
where  the  inertia  is  altered.  These  forces  have  the  same  p)eriod  and 
direction  as  the  undisturbed  luminous  vibrations  themselves.  The 

li^t  actually  emitted  laterally  is  thus  the  same  as  would  be  caused 

by  forces  exactly  the  opposite  of  those  acting  on  the  medium  other- 
wise free  from  disturbance,  and  it  remains  only  to  see  what  the 

^ect  of  such  forces  would  be.  In  the  first  place  there  is  necessarily 

a  complete  symmetry  around  the  direction  of  the  force ;  the  dis- 
turbance consisting  of  transverse  vibrations  is  propagated  outwards 

in  all  directions  from  the  centre ;  and  in  consequence  of  the  sym- 
metry the  direction  of  vibration  in  any  ray  lies  in  the  plane  contain- 

ing the  ray  and  the  axis  of  symmetry ;  that  is  to  say,  the  direction 

of  vibration  in  the  scattered  or  refracted  ray  mak^  with  the  direc- 
tion in  the  incident  or  primary  ray  the  least  possible  angle.  The 

symmetry  also  requires  that  the  intensity  of  the  scattered  light 
should  vanish  for  the  ray  which  would  Ik*  propagated  along  the  axis. 
For  there  is  nothing  to  distinguish  one  direction  transverse  to  the 
ray  from  another.  Suppose  for  distinctness  of  statement  that  the 
primary  ray  is  vertical,  and  that  the  plane  of  vibration  is  that  of 
the  meridian.  The  intensity  of  the  light  scattered  by  a  small 

particle  is  constant,  and  a  maximum  for  rays  which  lie  in  the  ver- 
28 
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tical  plane  running  east  and  west,  while  there  is  no  scattered  ray 
along  the  north  and  south  line.  If  the  primary  ray  is  unpolarixed, 
the  light  scattered  north  and  south  is  entirely  due  to  that  conqx)- 
nent  which  vibrates  east  and  west,  and  is  therefore  perfectly 
polarized,  the  direction  of  its  vibration  being  also  east  and  west. 
Similarly  any  other  ray  scattered  horizontally  is  perfectly  polariied, 
and  the  vibration  is  performed  in  the  horizontal  plane.  In  other 
directions  the  polarization  becomes  less  and  less  complete  as  we 

approach  the  vertical." What  actually  occurs  as  a  physical  process,  that  is,  the  exact 
manner  in  which  the  particles  load  the  ether,  is  not  definite^ 
stated.  We  shall  have  no  difficulty  in  remembering  that  the  diree- 
tion  of  vibration  of  the  light  scattered  in  a  direction  perpendieuhr 
to  the  incident  beam,  is  the  direction  in  which  no  light  is  acatfeend 
when  the  incident  beam  is  plane-polarized,  if  we  imagine  the  obstacle 
actually  set  in  vibration.  Transverse  waves  would  then  not  be 
given  ofif  in  the  direction  in  which  the  vibration  takes  plao^  t^e. 
in  the  direction  parallel  to  the  vibrations  of  the  incident  li|^. 
But  it  is  inconceivable  that  particles  as  small  even  as  the  moleeideB 
are  actually  thrown  into  vibration  as  rapid  as  those  of  lig^t.  We 
may  imagine  if  we  like  that  the  contained  electrons  are  set  into 
vibration  as  a  whole,  i.e.  that  the  centre  of  gravity  of  the  fljyrtem 
is  periodically  displaced  by  the  electric  forces  in  the  li^t-iraveB. 
This  would  be  equivalent  to  **  loading  the  ether,"  and  tfaoi|g|i 
it  may  not  be  a  correct  conception,  serves  perhaps  as  annf^fUiSng 
tangible  to  fix  the  mind  on.  This  conception  neglects  eveiytlunK 
analogous  to  dispersion,  the  free  periods  of  the  electrons  not  being 
considered,  and  forces  of  restitution  being  neglected.  We  are 
merely  concerned  with  the  inertia  of  the  system  as  a  whole,  which 
we  conceive  as  having  no  free  period  of  vibration. 

The  intensity  of  the  scattered  light  as  a  function  of  the  wave- 
length, for  obstacles  of  fixed  size,  small  in  comparison  to  \,  was 

calculated  by  Lord  Rayleigh  (Phil.  Mag,,  xli.,  pp.  107-120,  274- 
279,  1871). 

Let  i  be  the  ratio  of  the  ampUtude  of  the  incident  to  that  of  the 
scattered  light,  and  T  the  volume  of  the  disturbing  particle.     If  r  is 
the  distance  from  the  particle  of  a  given  point,  the  value  of  i  at  this 

T 
point  is  shown  to  be  proportional  to  — - ,  t.e.  the  amplitude  varies 

inversely  as  the  square,  and  the  intensity  inversely  as  the  fourth 
power  of  the  wave-length. 

Observations  were  made  of  the  distribution  of  energy  in  the  spec- 
trum of  the  light  of  the  blue  sky  by  comparing  its  spectrum  with  the 

spectrum  of  direct  sunlight,  diffused  by  white  paper.  These  values 
were  compared  with  values  calculated  on  the  assumption  that  the 

intensity  of  the  scattered  light  (i.e.  blue-sky  light)  varie<l  as  -  • A 

The  two  sets  of  values  are  given  in  the  following  table  for  four  of  the 
Fraunhofcr  lines : 
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Lonl  Rayleigh's  formula  for  the  intensity  of  the  scattered  light 
in  a  (iin'ction  making  an  angle  P  vMh  the  inci<lent  ray  is,  if  the  inci- 

dent light  is  unpolariz(Hl, 

in  which  ̂ 4'  is  the  intensity  of  the  incident  light,  D'  and  D  the 
densities  of  the  particles  and  the  medium  in  which  they  are  im- 

mersed, m  the  numlH*r  of  particles,  and  A  the  wave-length. 
The  formula  shoe's  that  the  intensity  is  twice  as  great  in  the 

direction  fn>m  which  the  liglit  comes  originally  as  in  a  direction 
perpendicular  to  it. 

The  Residual  Blue.  —  Tyndall  found  that  as  the  particles  in  his 
prtH*ipitatiKl  (*louds  increase<l  in  size,  the  blue  color  disappeared,  the 
scattere<l  liglit  appi'taring  white.  If,  however,  it  was  r(K*eive«l 
through  a  Xicol  prism  hel<i  in  the  position  in  which  it  would  ordi- 

narily extinguish  the  scattcre<l  light,  the  blue  color  appeared  again 

in  increase<i  splendor.  This  blue  color  he  named  the  *'  n^sidual 
blue." 

lionl  Rayleigh  considers  this  phenomenon  in  a  sul)flc*quent  paper 
(Phil.  Mag,,  xii.,  p.  81),  and  shows  that  if  the  incident  light  is 
p(»larized  ̂ ith  hs  vibrations  parallel  to  the  z  axis,  the  intensity  of 
thf*  light  scattered  along  the  z  axis  varies  as  the  inverse  Sth  power 
of  the  wave-length,  so  that  the  residual  blue  is  purt*r  than  the  blue 
se(*n  under  onlinar>'  conditions.  With  smaller  ()artick*s  no  light  at 
all  would  be  seen  in  this  direction  undcT  the  comlitions  sfM^cified. 
It  n*mains  to  lie  seen  whether  in  this  caw»  then*  is  any  dire<*tion  in 
which  the  scattennl  light  vanishes.  lionl  Itayleigh  deriv<*<l  an 
equation  which  showini  that  £i*n>  illumiimtion  was  to  In'  exiKH'tifl 
in  a  direction  inrlined  backwanls,  i.r.  t(»wanls  the  source*  of  liglit, 
and  this  was  found  to  Im*  the  cast*.  Tlie  <*x[NTiments  wen*  made 
with  a  pnnripitate  of  sulphur,  obtaimnl  by  adding  a  small  (|uan- 
tity  of  dilute  sulphuric  acid  to  a  weak  solution  <»f  hyposul- 

phite of  soda.  The  mon*  dilut-e  the  solution,  the  slower  is  the  pn>- 
C(*ss  of  pn*cipitati<»n,  and  the  slower  the  changi*  in  the  sii4*  of  the 
particli*s.  Solutions  of  such  stn*ngth  that  no  |)n*cipitate  ap|N*ars 
for  four  or  five  minutes  ̂ nll  Im*  foun<l  t<»  give  the  lM*st  n*sults,  and 
the  procc*ss  can  Im*  am*st(Ml  at  any  stage  by  the  <ul<lition  (»f  a  few 
drops  of  anmionia.  Th(*  ex|)erinu*nt  should  Im*  perfonninl  in  a  dark 
room,  a  l>eain  of  sunlight  nMidennl  convergi^nt  by  nutans  of  a  long 
focus  lens  In'ing  passcnl  thniugh  a  glass  tank  (containing  the  solution. 
The  scatten*<l  light  shouki  In*  examimil  by  a  Ni(*ol  prism.  (Quoting 
from  the  pa|M*r  alH)ve  n*fern*<l  to,  "  In  the  early  stagi-s  of  tlie  jin- 
cipitation  polarization  is  (*omplet4*  in  a  [M*r|N*ndicular  <lin*(*tion  and 
incomplete  in  other  (lin*ctions.  After  an  interval  the  ixdarisation 
begins  to  In*  in(*ompl<'te  in  a  |M*r|N*n<licular  din*ction.  the  light  which 
reaches  the  eye  when  the  Ni(*ol  is  in  the  |N»sition  of  minimum  tnins- 
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mission  being  of  a  beautiful  blue,  much  richer  than  anything  that 
can  be  seen  in  the  earlier  stages.  This  is  the  moment  to  examine 
whether  there  is  a  more  complete  polarization  in  a  direction  some- 

what more  oblique,  and  it  is  found  that  with  $  positive  (i.e.  towards 
the  source)  there  is  in  fact  an  oblique  direction  of  more  complete 
polarization,  while  with  $  negative  the  polarization  is  less  perfect 

than  in  the  perpendicular  direction  itself." 
The  mathematical  treatment  of  the  subject  is  too  long  to  be  given 

in  detail,  and  as  an  abbreviated  treatment  is  imsatisfactory  it  is 
omitted  entirely.  Reference  should  be  made  to  the  original  pap)ers. 
In  one  of  his  more  recent  papers  Lord  Rayleigh  has  shown  that  the 
blue  light  of  the  sky  can  be  regarded  as  caused  by  the  scattering 
power  of  the  air  molecules  themselves,  in  the  absence  of  any  sus- 

pended particles. 
Abnormal  Polarization  and  Color  of  Light  scattered  by  Small  Ab- 

sorbing Particles.  —  The  Ught  scattered  by  clouds  of  smoke  or  very 
finely  divided  precipitates  in  transparent  liquids  is  usually  plane 
polarized  to  a  greater  or  less  degree,  as  we  have  just  seen,  the 
plane  of  the  vibration  being  verticcdy  i.e.  perpendicular  to  the  direc- 

tion of  the  incident  ray. 
In  the  course  of  some  experiments  by  the  author  on  the  fluores- 

cence of  iodine  vapor,  the  precipitation  of  what  appeared  to  be  an 
iodine  fog  in  one  of  the  glass  bulbs  was  observed.  This  fog  scattered 
powerfully  light  of  a  deep  red  color,  and  on  examining  it  with  a 
Nicol  prism  it  was  found  to  be  plane-polarized  in  a  direction  at  right 
angles  to  that  which  is  usually  observed  in  the  case  of  light  scattered 
by  small  particles.  When  a  powerful  beam  of  light  was  sent  through 
the  bulb  in  a  horizontal  direction,  the  scattered  light  came  oflF  at 
right  angles,  with  its  direction  of  vibration  (electric  vector)  horizon- 

tal instead  of  vertical.  If  the  light  was  polarized  before  it  entered 
the  bulb,  the  light  was  scattered  laterally  in  the  directions  of  the 
vibration  in  the  incident  light.  The  phenomenon  was  first  observed 
in  a  bulb  containing  a  small  flake  of  iodine,  and  air  at  atmospheric 
pressure,  cooled  by  immersion  in  a  beaker  of  water  to  which  ice  had 
been  added.  The  best  method  of  producing  the  colored  fog  is  to 
precipitate  the  iodine  upon  a  smoke-cloud  already  existing  in  the 
bulb.  If  iodine  is  vaporized  in  a  bulb  and  then  cooled,  it  crystallizes 
either  upon  the  walls,  or  in  the  form  of  floating  spiculae,  too  large 
to  show  the  scattering  effects.  If,  however,  the  bulb  is  filled  with  a 
light  smoke  and  the  iodine  vaporized,  on  cooling  each  smoke  par- 

ticle forms  a  nucleus  upon  which  the  iodine  crystallizes.  The  smoke 
which  appeared  best  was  that  from  hot  sealing-wax.  Tobacco- 
smoke  did  not  work  well,  and  it  seems  probable  that  the  smoke 
particles  must  be  transparent.  The  best  plan  appears  to  be  to 
introduce  a  bit  of  sealing-wax  the  size  of  a  pin-head,  and  a  similar 
speck  of  iodine,  into  a  small  glass  bulb,  and  then  heat  them  both 
with  a  very  small  flame.  It  is  a  good  plan  to  support  the  bulb  in  a 
clamp-stand  in  a  dark  room  and  focus  sun-  or  arc-light  at  its  centre. 
The  red  fog  persists  for  some  time,  once  it  is  formed.  When  at  its 
best,  its  scattering  power  is  so  great  that  a  reddish  color  is  seen 
within  the  bulb  at  a  distance  of  a  metre  from  the  arc  without  any 
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concentration.  Examined  by  transmitted  light  in  a  well-lighted 
room,  no  trace  of  color  is  to  be  seen,  which  proves  that  the  red 
light  is  selectively  scattered,  and  not  produced  by  the  absorption  of 
iodine  vapor.  With  the  concentrated  beam  from  the  arc  the  scat- 

tered light  is  blood-red  and  of  great  intensity.  A  Nicol  placed  with 
its  long  diagonal  horizontal,  nearly,  but  not  quite,  extinguishes  it. 

It  seemed  probable  that  the  polarization  might  be  produced  by 
refraction  of  the  light  within  the  small  particles.  The  light  which  is 
given  off  at  right  angles  to  the  direction  of  the  incident  beam  is  in 
part  reflected,  of  course.  This  portion  is  uncolored,  and  polarized 
with  its  vibration  perpendicular  to  the  direction  of  the  incident 
rays.  Another  portion  of  light  may  reach  the  eye  after  two  re- 

fractions and  one  internal  reflection,  and  this  portion  will  be  col- 
ored, and  oppositely  polarized.  We  are  of  course  considering  the 

particles  as  partially  transparent,  and  of  such  size  as  to  permit 
them  to  act  as  the  water-chrops  in  the  theory  of  the  rainbow.  A 
small  glass  bulb  filled  with  a  red  liquid  can  be  used  to  show  the  phe- 

nomenon on  a  large  scale ;  if  it  is  placed  in  a  beam  of  sunlight  and 

viewed  at  an  angle  slightly  greater  than  90°  with  the  incident  rays, 
two  spots  of  light  will  be  seen  —  one  uncolored,  due  to  reflection, 
the  other  colored,  due  to  refraction ;  and  examination  with  a  Nicol 
shows  that  they  are  more  or  less  completely  polarized  in  opposite 
directions.  Attempts  were  made  to  obtain  fogs  of  other  strongly 
absorbing  media.  Precipitation  of  the  aniline  dyes  was  tried,  with- 

out much  success,  however.  Nitroso-dimethyl  aniline,  a  substance 
which  has  proved  of  interest  in  connection  with  many  optical  prob- 

lems, was  found  to  give  excellent  results.  A  few  grains  are  placed 
in  the  bottom  of  a  large  test-tube,  and  heated  with  a  small  flame. 
A  yellow  fog  at  once  forms  in  the  tube,  which  exhibits  the  same 
phenomena  shown  by  the  iodine  fog.  Examined  with  a  Nicol  with 
its  short  diagonal  horizontal,  the  scattered  light  is  yellowbh  green 
and  very  bright ;  if  the  Nicol  is  turned  through  a  right  angle  the 
scattered  light  is  white  and  much  fainter.  The  nitroso  absorbs  the 
blue  end  of  the  spectrum.  The  fog  is  best  examined  through  the 
open  mouth  of  the  tube,  the  arc-light  being  focussed  at  the  centre. 
Under  certain  conditions,  these  nitroso  fogs  showed  brilliant  colors 
which  were  not  due  to  absorption.  If  the  test-tube  is  fastened  at 
an  angle  of  45°  in  a  clamp-stand,  and  the  light  focussed  about  an 
inch  below  the  op)en  mouth,  the  fog  will  be  found  to  whirl  about  in 
a  vortex ;  and  if  it  is  examined  with  a  Nicol,  the  stream  lines  will 
often  be  found  to  show  brilliant  colors.  One  stream  will  be  bright 
red  and  the  adjacent  stream  deep  green,  and  the  colors  appear  to 
change  to  their  complementary  tints  when  the  Nicol  is  rotated 

through  90° ;  though  it  is  difficult  to  be  sure  of  this  effect,  owing  to 
the  raiMd  changes  which  take  place  in  the  distribution  of  the 
colors. 

These  changes  reminded  me  of  the  curious  effects  observed  with 
thin  films  of  collodion  deposited  on  silver  surfaces  described  pre- 

viously. When  a  powerful  beam  of  unpolarized  white  light  is 
concentrated  normally  upon  the  film,  and  the  light  scattered  at 
grazing  emission  is  examined  with  a  Nicol,  it  is  found  that  one-half 

{ 
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of  the  visible  spectrum  is  polarized  vertically,  i.e.  parallel  to  the 
surface,  the  other  half  horizontally. 

The  diameter  of  the  particles  in  the  nitroso  fogs  averaged  about 
.003  mm.,  as  was  determined  by  inverting  the  tube  over  a  glass 
plate,  allowing  the  particles  to  settle,  and  examining  the  deposit 
with  a  microscope.  The  particles  are  much  larger  than  the  ones 
treated  by  Lord  Rayleigh,  which  are  too  small  to  regularly  refract 
or  reflect  the  incident  light,  and  which  operate  in  a  wholly  different 
manner. 

Somewhat  similar  clouds  can  be  formed  by  shaking  up  some  of 
the  finely  powdered  aniline  dyes  in  a  test-tube,  the  finest  particles 
remaining  suspended  in  the  air.  Soluble  Prussian  blue  makes  a 
good  cloud,  the  scattered  light  being  deep  blue  when  examined 
with  a  Nicol  with  its  short  diagonal  parallel  to  the  incident  rays, 
and  white  under  the  reversed  conditions.  The  polarization  effects 
are  not  as  marked,  however. 

Scattering  of  Light  by  Metal  Spheres.  —  The  case  where  light  is 
scattered  by  metal  spheres,  small  in  comparison  to  the  wave-length, 
has  been  treated  theoretically  by  J.  J.  Thomson  (Recent  ReseardieSy 
p.  437).  He  finds  that  the  scattered  light  produced  by  the  inci- 

dence of  plane-polarized  light  vanishes  in  the  plane  through  the  cen- 
tre, at  right  angles  to  the  magnetic  induction  in  the  incident  wave 

along  a  line  making  an  angle  of  120°  with  the  radius  to  the  point  at 
which  the  wave  first  strikes  the  sphere,  and  it  does  not  vanish  in  any 
direction  other  than  this.  The  direction  in  which  the  scattered  light 

is  plane-polarized  will  thus  be  inclined  at  an  angle  of  120°  to  the  direc- 
tion of  the  incident  light.  It  is  thus  seen  that  the  law  is  quite  dif- 

ferent from  that  which  holds  in  the  case  of  non-conducting  particles, 
when  the  scattered  light  vanishes  at  all  points  in  a  plane  normal 
to  the  magnetic  induction,  where  the  radius  vector  makes  an  angle 

of  90°  with  the  direction  of  the  incident  light.  When  the  light  is 
scattered  by  a  conducting  sphere,  the  points  of  complete  polarization 
are  on  the  surface  of  the  cone,  whose  axis  coincides  with  the  direc- 

tion of  propagation  of  the  incident  light,  and  whose  semi-vertical 

angle  is  120°. 
Optical  Resonance.  Electrical  Resonance.  —  In  the  chapter  on 

Dispersion  we  have  seen  that  the  velocity  of  waves  in  dispersing 
media  is  modified  by  the  presence  of  charged  electrons,  which  have 
definite  periods  of  vibrations,  and  which  are  thrown  into  oscillation 
by  the  periodic  electric  forces  of  the  light-waves. 

We  have  an  analogy  in  the  case  of  electro-magnetic  waves,  which 
differ  from  light-waves  only  in  the  comparative  slowness  of  the 
period.  Oscillatory  electrical  disturbances  are  set  up  in  strips  of 
metal  of  suitable  dimensions  by  the  passage  of  Hertzian  waves,  and 
we  shall  see  presently  that  the  velocity  of  the  waves  will  be  changed 
if  the  metal  strips  or  resonators  are  sufficiently  numerous.  The 
maximum  resonance  effect  will  occur  when  the  natural  period  of 
the  resonator  agrees  with  that  of  the  wave.  Garbasso  {AUi,  Ace,  di 
TorinOy  28,  1893)  found  that  a  system  of  tin-foil  strips  was  much 
more  opaque  to  the  radiation  of  a  Hertz  oscillator  when  the  period 
of  the  latter  agreed  with  the  natural  period  of  the  electrical  vibration 
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in  the  tin-foil  strips.  The  greater  part  of  the  incident  energy  was 
reflected,  the  phenomenon  being  the  electrical  analogue  of  surface 
color. 

Garbasso  and  Aschkinass  (Wied,  Ann.,  53,  p.  534,  1894)  sub- 
sequently found  that  if  the  tin-foil  strips  were  distributed  in 

space  in  the  form  of  a  prism,  the  phenomena  of  dispersion  were 
exhibited,  the  electro-magnetic  waves  being  deviated  in  diflferent 
degrees,  according  to  their  lengths. 

If  the  resonators  were  immersed  in  fluid  dielectrics,  such  as  benzol, 
ether,  or  acetone,  the  free  periods  were  altered  and  the  position  of 
maximum  absorption  in  the  electrical  spectrum  was  shifted  towards 
the  region  of  longer  waves  (Aschkinass  and  Schaefer,  Ann,  de 
Physik,,  5,  p.  489,  1901).  This  is  analogous  to  the  shift  in  the 
position  of  the  absorption  band,  which  occurs  when  a  dye  is  dis- 

solved in  different  solvents. 
In  the  above  case  we  are  clearly  dealing  with  electrical  vibrations 

which  occur  in  the  metal  strips  taken  as  a  whole,  and  not  with  vibra- 
tions going  on  within  the  molecule,  as  is  the  condition  assumed  in 

the  electron  theory  of  dispersion. 
The  question  naturally  arises  as  to  whether  it  is  possible  to  reduce 

the  dimensions  of  the  metal  strips  to  such  a  point  that  their  free 
periods  are  of  the  order  of  magnitude  of  the  p)eriods  of  light-  or  heat- 
waves. 

Resonance  for  Heat-waves.  —  The  first  attempts  in  this  direction 
were  made  by  Rubens  and  Nichols  (Wied,  Ann,,  60,  p.  456,  1897), 
who  ruled  a  thin  silver  film,  deposited  on  glass,  into  narrow  strips, 
and  then  cut  the  strips  into  suitable  lengths  by  cross  ruling.  The 
reflecting  power  of  the  plates,  for  the  very  long  heat-waves  (Rest- 
strahlen)  obtained  by  multiple  reflections  from  fluorite  surfaces,  was 
studied,  with  the  direction  of  the  strips  first  parallel  and  then 
perpendicular  to  the  direction  of  the  electric  vector  in  the  heat- 

waves. The  width  of  the  strips  averaged  about  5  m,  and  the  lengths 
were  made  equal  to  6, 12, 18,  and  24  ft,  the  cross  ruling  being  omitted 
in  one  case,  which  gave  a  plate  with  resonators  infinitely  long  in 
comparison  with  the  waves. 

In  all  cases  the  plates  showed  a  higher  reflecting  power  when  the 
direction  of  vibration  in  the  heat-waves  (polarized  by  reflection) 
coincided  with  the  long  axis  of  the  resonators.  The  highest  reflect- 

ing power  was  exhibiteii  by  the  plate  on  which  the  cross  ruling  had 
been  omitted,  which  suggested  the  polarizing  power  of  wire  gratings 
observed  by  Rubens  and  Du  Bois  (Wied,  Ann,,  49,  p.  593,  1893). 
The  authors  were  of  the  opinion  that  unquestionable  evidence  of 
electrical  resonance  was  shown,  which  seems  highly  probable.  For 
many  reasons  more  conclusive  data  could  be  obtained  with  reso- 

nators of  smaller  dimensions,  which  would  respond  to  waves  cor- 
responding to  regions  of  the  heat  spectrum  where  there  was  a 

greater  abundance  of  energy,  and  accoridingly  a  series  of  exp)eriments 
were  commenced  by  Nichols  and  Hull  in  collaboration  with  the 
author,  which  are  still  in  progress.  By  depositing  films  of  gold 
on  glass  by  means  of  the  cathode  discharge  and  ruling  under  oil 
(which  prevented  the  tearing  of  the  film  by  the  diamond),  it  was 



632  PHYSICAL  OPTICS 

found  possible  to  rule  resonators  measuring  only  1.6  by  3fi.  These 

plates  were  ruled  with  one  of  Rowland's  machines,  and  were  far 
superior  in  appearance  to  the  earlier  plates  used  by  Rubens  and 
Nichols,  which  were  ruled  by  hand  with  a  small  dividing  engine. 
Under  the  microscope  the  plates  appeared  almost  flawless,  the  rec- 

tangles being  sharply  cut  even  at  the  comers.  Unfortunately,  how- 
ever, no  trace  of  resonance  could  be  found  with  these  plates,  which 

appears  to  be  due  to  the  excessive  thinness  of  the  Alms,  which  were 
not  wholly  opaque  to  light.  Rubens  has,  moreover,  pointed  out 
that,  in  order  to  secure  sharp  resonance,  it  is  necessary  that  the  clear 
spaces  between  the  strips  should  be  much  wider  than  the  strips,  the 
reverse  being  true  in  the  present  case.  In  the  course  of  some 
experiments  with  heat  waves  of  very  great  wave-length  (IIOm)  de- 

scribed in  the  chapter  on  dispersion  theory,  the  author  observed  a 
curious  phenomenon  which  appears  to  have  a  direct  bearing  upon 
electrical  resonance.  Polished  marble,  which  reflects  over  40  per 
cent  of  the  radiation,  when  reduced  to  an  impalpable  powder  and 
pressed  into  a  flat  cake  with  a  smooth  surface  was  found  to  reflect 
practically  nothing,  though  the  irregularities  of  the  surface  were 
much  too  small  to  account  for  the  absence  of  specular  reflection. 
The  particles  were  apparently  so  small  that  the  resonance  necessary 
for  selective  reflection  could  no  longer  take  place.  Similar  results 
had  previously  been  obtained  with  films  of  very  finely  divided 
aniline  dyes  which  showed  colors  quite  different  from  those  ex- 

hibited by  continuous  films.  Metal  powders  were  found  to  behave 
in  the  same  way.  A  film  was  obtained  by  shaking  reduced  copper 
in  a  jar  and  then  allowing  the  finely  divided  dust  to  settle  from  the 
air  upon  a  quartz  plate.  This  film  was  absolutely  opaque  for 
visible  light,  yet  it  transmitted  90  per  cent  of  the  long-wave  radiaiion, 
and  reflected  practically  nothing.  A  continiums  film  of  copper  of 
much  less  thickness  would  reflect  nearly  100  per  cent  and  be  abso- 

lutely opaque  to  the  radiation.  Further  experiments  showed  that 
with  thinner  deposits  of  the  copper  powder,  with  clear  spaces  be- 

tween the  grains,  resonance  occurred  somewhere  between  1/*  and 
10ft.  The  subject  has  not  however  been  very  thoroughly  investi- 

gated at  the  present  time,  but  the  field  appears  promising. 
Polarizing  Action  of  Gratings.  —  Closely  related  to  the  phenom- 

ena which  we  have  just  discussed  is  the  polarizing  action  which 
gratings  exert  on  light.  Fizeau  (Ann.  de  Chim.  et  Phys.y  (3) ,  63,  385, 
1861)  noticed  as  early  as  1861  that  light  is  partially  polarized  by 
passage  through  a  narrow  slit.  The  same  phenomenon  was  found 
by  H.  Du-Bois  (Wied.  Ann.y  46,  548,  1892)  in  the  case  of  gratings 
made  of  fine  silver  wire.  In  all  of  these  cases  the  direction  of 
polarization  (i.e.  electric  vector)  of  the  transmitted  light  was 
parallel  to  the  slit  or  wires.  Fizeau,  however,  recorded  that  light 
which  had  passed  through  an  extremely  narrow  slit  less  than  .1/* 
in  width  was  polarized  perpendicular  to  the  direction  of  the  slit. 
On  widening  the  slit  to  the  dimension  of  the  light-wave  .5/*,  the 
direction  of  polarization  of  the  transmitted  light  turned  through  a 
right  angle. 

Du-Bois  and  Rubens  have  (Ber.  der  DeiU.  Phys.  Gesell,,  2,  2,  1904, 



SCATTERING  OF  LIGHT  BY  SMALL  PARTICLES      633 

p.  77)  investigated  the  polarizing  action  of  wire  gratings  for  the  long 
heat-waves  reflected  from  fluorite  and  rock-salt.  They  found  that 
as  the  wave-length  was  increased  the  polarization  of  the  transmitted 
light,  which  was  parallel  to  the  wires,  increased  to  a  maximum,  then 
diminished,  becoming  zero  for  a  certain  wave-length,  after  which 
further  increase  in  the  wave-length  was  accompanied  by  a  polari- 

zation of  the  transmitted  light  perpendicular  to  the  wires,  which 
increased  in  amount  with  increasing  wave-length.  This  is  in  agree- 

ment with  the  investigation  of  Hertz,  who  found  that  a  wire  grating 
was  more  transparent  for  electric  waves  when  the  direction  of  the 
wires  was  perpendicular  to  the  direction  of  the  electric  vector  than 
when  it  was  parallel  to  it.  The  investigations  were  confined  to  the 
energy  directly  transmitted  by  the  grating,  i.e.  observations  were 
made  of  the  central  image,  and  not  in  the  diffraction  spectra.  The 
results  found  with  a  platinum  grating  are  given  in  the  following 
table: 

Wave-lenotb 
X 

(?.. 
Qp 

<?• 

-i 

5 
25.5 
51.2 

.223 

.297 

.535 

.198 

.230 

.332 

.248 

.265 

.738 

.80 

.63 

.45 

In  this  table  Qm  represents  the  percentage  transmitted  when  the 
incident  light  is  unpolarized,  Q.  and  Q,  the  transmission  of  light,  the 
vibrations  of  which  are  perpendicular  and  parallel  respectively  to 
the  direction  of  the  wires. 

We  see  in  the  first  place  that  the  transparency  for  all  three  types 
of  radiation  increases  with  increasing  wave-length,  but  that  the 
increase  is  greater  for  the  perpendicularly  polarized  light.    The 

ratio  u*  =  ̂   therefore  decreases  with  increasing  wave-length.    The 

increase  in  the  transparency  for  unpolarized  radiations  with  increas- 
ing wave-length  is  due  to  the  fact  that  the  diffraction  spectra  disap- 

pear, with  the  exception  of  those  of  the  first  order,  with  the  result 
that  the  intensity  in  the  central  image  is  increiewed.  For  the 
longest  waves,  51  m,  reflected  from  rock-salt,  which  are  larger  than 
the  grating-constant,  diffraction  in  the  ordinary  sense  no  longer 
occurs,  and  the  grating  transmits  practically  one-half  of  the  inci- 

dent light. 
It  will  be  observed  that  in  these  experiments  the  state  of  polariza- 

tion of  the  transmitted  light  is  similar  to  that  found  by  Fizeau  with 
a  slit  smaller  than  the  wave-length  of  light,  i.e,  the  polarization 
direction  of  the  transmitted  heat-waves  is  at  right  angles  to  polariza- 

tion direction  of  transmitted  light. 
As  we  shall  see  presently,  the  condition  which  prevails  in  the 

present  case  can  be  observed  with  visible  light,  if  the  elements  of  the 
grating  are  made  small  enough. 
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The  Color  of  Light  diffracted  by  Screens,  showing  Selective  Ab- 
sorption. — Some  remarkable  effects  were  observed  by  Go\iy{Compte8 

RenduSf  xcvii.,  p.  1573,  1884),  and  more  carefully  studied  by  Wien 
(Inaug.  Diss.,  Berlin,  1886),  of  the  colored  light  diffracted  into  the 
region  of  the  shadow  by  thin  sheets  of  copper,  gold,  silver,  etc. 

Wien  focussed  sunU^t  upon  the  highly  poUshed  edges  of  thin 
plates  of  various  metals,  and  observed  that  Ught  was  diffracted  far 
into  the  region  of  the  shadow,  the  edge  of  the  plate  appearing 
luminous.  The  color  of  the  light  varied  in  a  remarkable  manner 
with  the  nature  of  the  metal,  appearing  red  with  copper  and  gold 
screens,  orange  with  silver,  yellow  and  yellow-green  with  platinum 
and  tin-foil.  The  color  only  appeared  when  the  edge  was  clean  and 
quite  free  from  dust;  it  was  complementary  to  the  color  most 
strongly  absorbed  by  the  metal,  and  polarized  with  the  vibration 
perpendicular  to  the  diffracting  edge.  If  the  incident  light  was 
polarized  to  start  with,  the  color  was  only  seen  when  the  vibration 
was  perpendicular  to  the  edge.  The  phenomenon  is  evidently  re- 

lated in  some  way  to  resonance,  vibrations  being  set  up  in  the 
metal  along  the  edge,  which  emit  energy  into  the  region  behmd 
the  screen.  In  addition  to  the  colored  light,  Wien  found  that  white 
light  was  also  present,  and  that  it  could  also  be  cut  off  by  a  Nicol 
prism,  though  its  plane  of  polarization  appeared  to  depend  upon 
the  azimuth  in  which  the  incident  Ught  was  polarized,  and  also 
upon  the  angle  of  diffraction. 

Still  more  recent  observations  have  been  made  by  F.  Braun 
(Ann.  de  Phys.y  16,  p.  1,  1905),  who  worked  with  extremely  fine 
metal  gratings  obtained  by  passing  the  discharge  of  a  large  battery  of 
Ley  den  jars  through  platinum  or  silver  wires  held  in  contact  with  a 
glass  plate.  The  metal  vaporized  by  the  discharge  deposited  itself 
in  the  form  of  fine  metal  striae  perpendicular  to  the  wire.  An 
examination  of  these  plates  between  crossed  Nicols  showed  that 
certain  spots  were  transparent  for  light  polarized  with  the  electric 
vector  perpendicular  to  the  direction  of  the  metal  strips. 

The  best  results  were  obtained  with  platinum  wires  .044  of  a  milli- 
metre in  diameter,  through  which  the  discharge  of  a  battery  of 

twenty  jars  (capacity  40,000  cm.)  was  passed.  This  phenomenon 
had  previously  been  observed  by  Kundt  in  metal  films  obtained  by 
the  cathode  discharge  from  a  fine  wire,  which  stood  perpendicular 
to  a  glass  plate.  When  observed  between  crossed  Nicols  the  film 
appeared  as  a  brightly  illuminated  disk,  with  a  dark  cross,  the 
arms  of  which  were  parallel  to  the  planes  of  polarization,  the  centre 
of  the  cross  being  always  at  the  point  of  the  conical  metal  film, 
i.e.  the  point  above  which  the  cathode  stood.  Kundt  regarded 
the  phenomenon  as  a  consequence  of  the  orientation  of  the  metal 
particles,  and  designated  it  as  double  refraction,  although  he 
clearly  recognized  the  diflSculty  of  the  conception  of  double  re- 

fraction in  an  isotropic  metal.  Although  his  films  appealed 
homogeneous  under  the  microscope,  it  appears  probable,  in  view 
of  the  more  recent  investigations,  that  they  were  in  reality  metal 
gratings,  the  elements  of  which  were  arranged  radially  around  a 
central  point. 
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Another  method  of  obtaiDing  metal  gratings  of  extreme  fineness 
was  devised  by  Braiin,  based  upon  an  observation  made  by  Am- 
brown,  that  thin  sections  of  pine  wood  stained  with  chloride  of  gold 
exhibited  dichroism.  The  color  of  the  transmitted  light  varied  with 
the  direction  of  the  polarization  of  the  incident  light.  £bq>erimenta 
were  made  with  sections  of  various  kinds  of  wood,  stained  by 
immersion  in  a  2  per  cent  solution  of  chloride  of  gold,  followed  by 
exposure  to  light,  which  reduced  the  metal  in  the  microscopical 
cells  of  the  material.  The  results  of  the  experimeats  indicated  that 
the  metal  was  deposited  in  the  form  of  microscopic  strips,  the  whole 
constituting  a  metal  grating  of  extremely  fine  structure.  It  was  also 
shown  by  Braun  that  the  absorption  of  the  light  by  the  grating  was 
greater  when  the  direction  of  polarization  was  parallel  to  the  direc- 

tion of  the  metal  strips  than  when  perpendicular  to  them.  This  was 
accomplished  by  mounting  the  grating  in  the  bulb  of  a  small  air 
thermometer,  and  observing  the  motion  of  the  fluid  index  when  the 
direction  of  polarization  was  changed. 

Optical  Resonance.  —  The  first  experiments  on  optical  resonance 
were  made  by  Wood  (PAil  Mag.,  April,  1902,October,  1902,  August, 
1903) .  It  was  observed  that  films  of  the  alkaline  metals,  deposited 
on  the  inner  walls  of  exhausted  glass  bulbs,  exhibited  brilliant  colors 
which  could  not  be  explained  by  any  of  the  known  laws  of  interference 
or  diffraction.  Examination  with  the  highest  powers  of  the  micro- 

scope revealed  the  fact  that  the  deposits  were  granular,  the  size  of 
the  metal  grains  being  of  the  order  of  magnitude  of  the  light-waves. 
It  seemed  highly  probable  that  the  phenomenon  was  the  optical 
analogue  of  the  experiment  [terformed  by  Garbasso  with  the  tin-foil 
strips,  the  metal  granules  having  free  periods  of  electrical  vibration 
of  the  order  of  the  periods  occiurring  in  the  case  of  visible  radiation. 
The  films  are  very  easily  prepared  in  the  following  manner : 

A  number  of  small  bulbs  are  blown  of  the  form  shown  in  the 
figure,  and  a  piece  of  sodium  or  potassium  is  cut  up  under  ligroin 
into  blocks  about  3  mm.  on  each  edge.  These  are  introduced  into 
the  bulbe  as  quickly  as  passible  after 
wiping  off  the  fluid,  and  the  stems  of 
the  bulbs  drawn  down  to  a  small 
bore  for  subsequent  sealing. 
They  are  quickly  fastened  to 

the  branched  tube  and  exhausted. 
It  is  a  good  plan  to  heat  the  metal 
until  it  fuses,  while  the  bulb  is  still 
on  the  pump ;  the  whole  bulb  may  be 
warmed  by  a  Bunsen  flame  to  drive 
off  absorlied  air.  If  the  exhaustion 
is  carried  down  to  the  point  where  the 
mercury  begins  to  hammer,  it  is 
generally  sufficient.  The  bulbs  are 
now  scaled  off  from  the  pump,  and 
may  be  put  away  for  future  use,  or  experimented  with  at  once.  A 
burner  should  be  made  by  drawing  out  a  glass  tube,  which  will  give 
a  pointed  flame  about  half  a  centimetre  ia^,  and  the  tip  of  the  flame 
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allowed  to  play  against  the  spot  on  the  bulb  where  the  metal  lies 
(Fig.  375,  a).  Sometimes  the  whole  bulb  will  suddenly  flash  a  deep 
violet  or  blue,  and  sometimes  the  film  will  develop  more  slowly. 
A  chain  of  three  or  four  bulbs  may  be  made,  the  sodiimi  heated  in 
one,  and  the  clean  molten  metal  shaken  into  the  others,  drops  of 
various  sizes  sticking  to  the  bulbs.  Colored  films  can  then  be 
formed  by  heating  these  clean  drops  in  the  bulbs.  This  shows  that 
the  oxide  present  in  the  first  lump  has  nothing  to  do  with  the  pro- 

duction of  the  color. 
If  the  metal  is  heated  at  one  end  of  a  rather  long  tapering  bulb, 

the  color  is  most  intense  near  the  metal  and  gradually  fades  away  to 
nothing  at  the  other  end  of  the  bulb.  If  the  bulb  is  placed  in  strong 
sunlight  with  a  black  background,  it  is  seen  that  in  some  places 
where  the  deposit  is  too  slight  to  show  much  color  by  transmission, 
the  light  is  scattered  or  diffused,  and  this  diffused  light  is  colored. 
The  claret-colored  or  purple  film,  where  the  deposit  is  slight,  scatters 
a  green  light,  the  surface  appearing  as  if  fluorescent.  Now  the 
spectrum  of  the  transmitted  light  in  these  piuple  films  has  a  heavy 
absorption-band  in  the  yellow-green,  consequently  the  scattered 
Ught  is  the  complementary  color  of  the  transmitted.  If  the  film  is 
greenish  blue,  the  scattered  hght  is  reddish.  The  microscope 
shows  that  in  these  deposits,  which  have  the  power  of  scattering 
light,  the  individual  particles  are  rather  widely  separated,  that  is, 
the  distance  between  them  is  large  in  comparison  to  their  diameters. 
The  appearance  of  a  bulb  in  strong  light  is  very  much  as  if  certain 
portions  of  its  interior  surface  had  been  painted  over  with  a  solution 
of  fluorescein.  No  trace  of  regular  reflection  is  shown  by  these 
films,  except  of  course  the  reflection  due  to  the  glass.  The  particles 
are  so  far  apart  that  they  apparently  act  as  independent  soiu-ces, 
the  interference  necessary  for  rectilinear  propagation  not  being 
present.  If  the  incident  hght  is  polarized,  the  fluorescent  light  (as 
we  may  call  it  for  convenience)  is  also  polarized,  which  is  not  the 
case  for  ordinary  diffuse  reflection.  On  the  resonance  theory,  we 
may  regard  this  fluorescent  light  as  the  energy  radiated  from  the 
resonators,  as  a  result  of  their  forced  vibrations.  Passing  now  to  a 
part  of  the  film  where  the  color  of  the  transmitted  light  is  deeper,  we 
find  that  there  is  no  longer  any  trace  of  this  fluorescent  hght.  The 
color  absent  in  the  transmitted  light  is  now  regularly  reflected,  the 
particles  being  so  close  together  that  interference,  as  imagined  by 
Huygens,  takes  place. 

It  appears  as  if  the  case  was  very  similar  to  the  hypothetical  one 
considered  by  Planck  in  his  paper  on  absorption,  which  has  been 
already  alluded  to.  It  will  be  remembered  that  Planck  considers  the 
energy  stopped  by  his  resonators  as  reemitted  by  them,  either  as 
diffused  light  or  regularly  reflected  light,  the  diffusion  and  reflection 
being  of  course  selective.  This  seems  to  be  precisely  what  occurs 
in  the  present  instance,  the  particles  diffusing  or  reflecting  regularly 
according  to  their  proximity. 

On  portions  of  the  bulb  close  to  the  heated  spot,  the  metal  is 
deposited  in  granules  too  large  to  show  resonance  colors,  a  silky 
lustre  being  exhibited  by  reflected  light.  This  is  obviously  the  ordi- 

nary diffusion  or  diffraction  produced  by  small  particles. 
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Effect  of  Changing  the  Surrounding  Medium.  —  It  has  been 
shown  by  Aschkinass  and  Schaefer  ti^t  the  length  of  electro- 

magnetic waves  to  which  a  system  of  resonators  respond  is  increased 
by  inmiersing  the  resonator  system  in  a  medium  of  high  dielectric 
constant,  llie  same  phenomenon  occurs  in  the  case  of  the  sodium 
and  potassium  films.  The  bulbs  usually  contain  traces  of  hydro- 

carbon vapor,  which  can  be  condensed  upon  the  inner  wall  by  touch- 
ing a  spot  on  the  outside  with  a  piece  of  ice.  It  is  a  good  plan  to 

moisten  the  bit  of  metal  with  a  little  ligroin  before  its  introduction 
into  the  bulb.  The  color  changes  are  most  remarkable.  Pink 
and  purple  films  become  blue,  while  pale  apple-green  films  change 
to  a  deep  blue-violet,  as  deep  as  dense  cobalt  glass.  Blue  films 
often  became  perfectly  transparent,  the  absorption-band,  originally 
in  the  red,  moving  out  of  the  visible  spectrum  entirely.  Spectro- 

scopic examination  showed  that  the  immersion  of  the  resonators  in 
the  liquid  dielectric  caused  the  absorption-band  to  move  towards 
the  region  of  longer  wave-lengths,  as  it  should  do  according  to 
theory. 

Changes  produced  by  Oxidation.  —  If  the  tip  of  one  of  the  bulbs 
is  cut  off,  the  entrance  of  the  air  causes  the  colored  film  to  vanish 
like  a  flash.  In  some  instances  a  momentary  change  of  color  was 
noticed  before  the  film  disappeared.  To  lengthen  the  process  the 
expedient  was  adopted  of  drawing  the  end  of  the  bulb  out  into  a 
long  fine  capillary,  with  a  bore  less  than  one  one-hundredth  of  a 
millimetre.  In  this  bulb  a  film  of  a  deep  pink  color  was  formed, 
and  on  cutting  off  the  tip  of  the  capillary  the  color  changed  to  blue, 
and  the  film  vanished  almost  immediately.  The  small  amount  of 
air  necessary  to  efface  the  films  is  indicated  by  the  fact  that  at  the 
end  of  an  hour  there  was  still  a  fairly  good  vacuum  in  the  bulb,  not- 

withstanding the  fact  that  the  end  of  the  capillary  had  been  open  all 
the  while.  If  the  process  of  oxidation  be  made  very  slow,  by  em- 

ploying a  very  long  capillary,  and  the  process  watched  under  the 
microscope,  the  black  particles  slowly  become  dim,  and  finally  fade 
away.  The  microscope  merely  shows  us  the  diffraction-disk  due 
to  the  opaque  particle.  This  becomes  dimmer  as  the  size  of  the 
particle  is  reduced,  without  any  apparent  change  of  size.  Examina- 

tion with  the  spectroscope  shows  us  that,  during  the  process  of 
oxidation,  the  absorption-band  sometimes  moves  out  of  the  spectrum 
through  the  red  end,  and  sometimes  merely  fades  away  without 
any  motion. 

Colors  of  Granular  Films  of  Gold  and  Silver.  —  To  ascertain 
whether  the  color  effects  were  common  to  all  metals  in  a  state  of 
fine  subdivision,  experiments  were  made  with  gold  and  silver,  the 
former  obtained  by  electrical  discharges  in  high  vacua  from  a  gold 

cathode,  the  latter  by  employing  Carey  Lea's  solution  of  allotropic silver. 
The  color  of  the  gold  deposit  varies  with  the  conditions  under 

which  the  deposition  takes  place.  Gold  cathodes  of  two  forms  were 
employed,  a  flat  plate  about  3  cms.  square,  and  a  thick  wire, 
screening  off  the  radiation  from  all  but  the  tip  with  a  mica  screen. 
The  most  interesting  deposits  were  obtained  from  the  small  source. 
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In  one  instance  the  film  showed  a  brilliant  green  surface  color, 
resembling  fuchsine,  the  transmitted  light  having  a  purple  tint. 
Owing  to  the  transparency  of  the  film  a  good  deal  of  white  light  is 
mixed  with  the  selectively  reflected  light ;  this  can  be  cut  off  with 
a  Nicol,  if  the  reflection  takes  place  at  the  polarizing  angle  for  glass, 
and  the  colored  light  from  the  film,  which  is  unpolarized,  then 
appears  in  great  purity.  One  plate  showed  patches  of  brilliant  car- 

mine red,  deep  blue,  and  green,  of  a  surprising  intensity  and  satura- 
tion. The  color  of  the  selectively  reflected  light  depended  some- 

what on  the  angle  of  incidence,  a  phenomenon  observed  also  in  the 
case  of  the  sodium  and  potassium  films.  Increasing  the  angle  of 
incidence  changed  the  color  from  green  to  blue;  the  period  of 
vibration  of  the  resonator  system  appears  therefore  to  be  less  when 
the  angle  of  incidence  is  large. 

If  the  glass  plate  is  placed  near  the  tip  of  the  gold  wire,  the  green 
deposit,  similar  to  gold  leaf  in  its  optical  properties,  is  deposited  at 
the  centre.  The  color  of  the  green  film  is  probably  due  to  the  same 
causes  which  operate  in  the  case  of  gold  leaf,  i.e.  to  molecular  reso- 

nance. These  films  are  not  granular,  the  metal  vapor  not  condensing 
into  drops  before  reaching  the  glass.  Surrounding  this  is  a  film 
appearing  light  yellow  by  transmitted  light,  and  bluish  by  reflected 
light.  This  seems  to  be  what  we  should  expect,  for  the  smallest 
particles,  which  will  resonate  for  blue  light,  will  be  deposited  when 
the  distance  from  the  cathode  is  a  little  greater  than  that  at  which 
the  molecular  deposit  occurs.  Increasing  the  distance,  we  get 
larger  particles,  and  the  point  of  maximum  resonance  moves  up  into 
the  green,  giving  us  a  purple  fihn  with  green  surface  color.  At 
a  still  greater  distance  we  get  particles  large  enough  to  resonate  for 
red,  and  the  film  appears  deep  blue  by  transmitted  light.  All  of 
these  variously  colored  films  can  be  changed  into  the  green  structure- 

less film  by  heating.  We  may  regard  the  change  as  due  to  the  fusing 
together  of  the  resonators.  Silver  films  showing  brilliant  colors 
can  be  prepared  by  employing  a  solution  of  so-called  allotropic 
silver  described  by  Lea.  Three  solutions  are  prepared :  a  30-per- 

cent one  of  ferrous  sulphate,  a  40-per-cent  one  of  sodium  citrate, 
and  a  10-per-cent  one  of  silver  nitrate.  Fourteen  c.c.  of  the  citrate 

*  solution  are  mixed  with  10  c.c.  of  the  ferrous  sulphate  solution, 
to  which  are  then  added  10  c.c.  of  the  silver  nitrate  solution.  A 
dense  black  precipitate  at  once  forms,  and  the  whole  is  at  once  poured 
into  a  filter.  As  soon  as  the  liquid  has  entirely  run  through,  the 
precipitate  is  washed  with  10  c.c.  (not  more)  of  distilled  water. 
This  removes  the  salts  which  make  the  precipitate  insoluble.  After 
the  water  has  entirely  passed  through  the  filter,  about  25  c.c.  of 
distilled  water  are  poured  into  the  filter,  and  the  blood-red  solution 
which  runs  through  collected.  As  it  does  not  keep  very  well,  it  is 
best  to  prepare  it  on  the  day  on  which  it  is  to  be  used. 

A  sheet  of  glass  is  washed  clean,  rinsed  with  fresh  water,  and  the 
wet  surface  rubbed  over  with  some  shreds  of  gelatine.  It  is  then 
drained  for  a  few  seconds  and  dried  on  a  hot  plate.  A  little  of  the 
silver  solution  is  flowed  over  it,  the  surplus  being  drained  off.  If 
too  much  gelatine  has  been  used,  precipitation  is  apt  to  take  place. 
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the  deposit  taking  the  form  of  floating  shreds  of  a  reddish  membrane. 
If  no  considerable  precipitation  occurs,  the  plate,  which  should  have 
been  quite  warm  when  flowed,  is  placed  once  more  on  the  hot  plate 
until  dry.  The  films  formed  in  this  way  are  usually  deep  red  in 
color,  though  sometimes  patches  of  deep  violet  form,  with  sharply 
defined  edges.  Violet  patches  may  be  easily  formed  in  the  follow- 

ing way :  When  the  plate  is  about  half  dry,  -with  a  steaming  film 
and  a  few  small  pools  of  the  hot  solution,  it  is  removed  from  the  hot 
plate,  held  at  an  angle,  and  treated  with  a  few  drops  of  alcohol, 
which  are  allowed  to  run  down  across  the  still  damp  portion  of  the 
plate.  These  portions  speedily  dry  into  a  most  gorgeous  mosaic 
of  red,  purple,  and  violet  patches,  the  experiment  being  especially 
striking  in  the  lantern,  as  it  occupies  but  a  few  seconds,  and  the 
color-cfeplay  spreads  over  the  plate  like  the  blaze  of  a  sunset. 

Any  desired  depth  of  color  can  be  obtained  with  these  films  by 
merely  allowing  more  or  less  of  the  solution  to  remain  on  the  plate. 
Some  are  of  such  a  deep  red  that  they  are  almost  opaque,  a  gas-flame 
being  barely  visible  through  them.  The  light  which  does  get 
through  is  regularly  transmitted,  that  is,  the  films  are  not  turbid 
media.  The  spectroscope  shows  that  the  absorption  band  is  wider 
and  less  sharply  defined  than  is  the  case  with  some  of  the  purple 
potassium  films,  which  have  a  rather  narrow  and  very  black  band  in 
the  yellowish  green.  This  can  be  explained  by  assuming  that  there 
is  not  a  great  regularity  in  the  size  of  the  particles,  and  consequently 
less  sharp  selective  resonance.  These  films  are  transparent  to  the 
entire  ultra-violet  region,  even  down  to  the  last  cadmium  lines,  of 
wave-length  22  or  thereabouts. 

Anomalous  Dispersion  of  the  Films.  —  Prisms  were  made  by  the 
evaporation  of  the  silver  solution  between  a  plate  of  glass  and  a 
piece  of  glass  tubing,  the  method  being  similar  to  the  one  employed 
by  Pfltiger  in  the  preparation  of  cyanine  and  fuchsine  prisms.  If 
the  colors  are  due  to  resonance,  anomalous  dispersion  should  be 
observed  in  crossing  the  absorption-band,  which  in  the  case  of  the 
silver  films  occurs  in  the  green. 

This  was  found  to  be  the  case,  the  prisms  deviating  red  light  in  a 
measurable  degree,  though  transmitting  blue  light  without  sensible 
deviation.  It  is  highly  probable  that  a  similar  phenomenon  would 
be  shown  by  the  sodium  and  potassium  films,  though  these  have 
rot  been  investigated  up  to  the  present  time  owing  to  the  experi- 

mental difficulties  involved. 

The  Scattering  of  Light  by  Sodium  and  Potassium  Fogs.  —  Allu- 
sion has  been  made  to  the  deep  violet  light  scattered  by  a  condens- 
ing cloud  of  sodium  vapor.  The  author  has  frequently  observed 

that  the  color  of  the  light  transmitted  through  the  sodium  tubes, 
in  the  experiments  upon  the  optical  properties  of  the  vapor,  was 
colored  a  deep  yellow  instead  of  blue,  as  is  usually  the  case.  It  was 
difficult  to  understand  this  at  first,  since  the  vapor  is  perfectly 
transparent  to  blue  light,  and  somewhat  less  so  to  yellow-fijeen 
light.  The  cause  was  finally  found  to  be  a  scattering  of  the  violet 
and  blue  rays  by  the  fog  of  condensing  vapor,  which  was  so  powerful 
that  none  of  these  rays  was  transmitted.    The  phenomenon  was 
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investigated  further  with  the  large  tube  used  in  the  experiments 
on  fluorescence,  some  potassium  being  introduced  into  the  retort. 
The  light  from  the  arc  was  focussed  about  20  cms.  in  front  of  the 
retort  and  the  tube  powerfully  and  rapidly  heated  by  a  blast  lamp. 
Under  this  condition  the  vapor  is  puffed  out  in  clouds  from  the 
aperture  of  the  retort,  and  the  condensing  clouds  are  most  wonder- 

fully colored,  red  and  orange  predominating.  It  was  found  that 
if  the  heating  was  carefully  regulated,  a  steady  state  could  be  main- 

tained in  which  the  fog  scattered  red  light  at  the  outer  boundary, 
where  the  cone  of  rays  entered  it,  yellow  a  little  farther  in,  and  green 
at  the  point  where  it  was  first  forming  and  where  the  cone  of  rays 
passed  out  into  the  vapor  in  which  it  was  of  course  invisible.  The 
cone  of  rays  seen  from  the  side,  which  can  be  accomplished  by  look- 

ing in  at  the  edge  of  the  glass  window,  resembled  a  spectrum,  the 
blue  end  of  which  was  wanting.  A  potassium  fog  thus  scatters 
longer  waves  than  a  sodium  fog,  and  the  scattering  power  is  con- 

fined to  a  comparatively  narrow  region  of  the  spectrum,  which 
apparently  varies  with  the  size  of  the  particles  in  the  fog.  It  is 
probable  that  we  are  dealing  with  something  analogous  to  the  phe- 

nomenon exhibited  by  the  granular  deposits  of  these  metals  already 
described.  Further  investigations  along  these  lines  should  be 
made,  especially  with  polarized  light.  A  large  brass  tube  without 
a  retort,  or  even  a  glass  tube,  could  be  used. 

Colors  of  Lippmann  Photographic  Plates.  —  An  exhaustive  study 
has  been  made  by  Kirchner  {Ann.  der  Physikj  13,  p.  239,  1904)  of 
the  colors  exhibited  in  transmitted  light  by  Lippmann  plates. 
These  plates,  after  development,  appear  reddish  brown,  green,  or 
blue,  according  to  the  developer  used.  The  color  phenomena  have 
nothing  to  do  with  the  presence  of  silver  laminae,  which  are  chiefly 

responsible  for  the  colors  seen  in  reflected  light  in  Lippmann's  color 
photographs,  for  they  are  equally  pronounced  in  the  case  of  plates 
immersed  in  benzol  during  their  exposure  to  light.  Standing  waves 
and  the  formation  of  the  laminae  are  of  course  out  of  the  question 
in  such  a  case. 

Kirchner  came  to  the  conclusion  that  the  color  was  due  to  the 
resonance  of  the  minute  silver  aggregates  reduced  in  the  film  by  the 
action  of  the  developer.  In  ordinary  photographic  plates  these  are 
too  large  to  serve  as  resonators  for  visible  radiations,  and  the  plates 
appear  black  in  consequence,  the  light  being  stopped  by  the  opaque 
masses. 

The  position  of  the  absorption-band  was  found  by  Kirchner 
to  shift  when  the  dry  films  were  moistened,  the  band  moving 
towards  the  blue.  This  is  in  accordance  with  theory,  for  the  refrac- 

tive index  of  wet  gelatine  is  much  less  than  that  of  dry.  The  dis- 
persion of  the  colored  films  was  also  investigated  and  found  to  be 

anomalous.  The  refractive  indices  for  the  various  wave-lengths 
are  given  in  the  table  on  opposite  page. 

The  absorption-band  begins  in  the  red  and  extends  to  the  blue, 
increasing  in  intensity.  There  is  a  decrease  in  the  values  of  n,  as  the 
observations  are  pushed  into  the  band,  which  is  in  accordance  with 
theory,  and  the  maximum  value  of  n  is  found  on  the  red  side  of  the 
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DisPEBSiON  OF  Reddish  Brown  Silver  Film 

X 500 525 550 560 570 
575 

589 600 

n 1.542 1.557 1.567 1.585 1.595 1.601 1.555 1.535 

band,  though  perhaps  farther  within  the  band  than  is  usually  the 
case  with  absorbing  media. 

These  results  are  interesting,  as  confirming  those  obtained  by 
Wood  with  granular  deposits  of  the  alkali  metals  and  allotropic 

silver.  Kirchner's  work  was  practically  completed  when  the  paper 
above  referred  to  was  published,  his  results  having  been  obtained 
independently. 

The  subject  of  optical  resonance  has  also  been  studied  extensively 
by  Kossonogoff,  whose  papers  appeared  in  the  Physikalische  Zeit- 
schrift  for  1903.  Resonating  films  were  prepared  by  blowing  a 
spray  from  an  atomizer  charged  with  a  solution  of  the  metal  salt 
upon  a  strongly  heated  glass  plate.  He  also  obtained  evidences  of 
resonance  in  granular  deposits  of  non-metallic  substances,  and  made 
a  careful  study  of  the  colors  of  the  wings  of  butterflies,  which  he 
regards  as  due  to  similar  causes.  Bock,  in  the  same  journal,  has 
published  results  which  are  claimed  to  show  that  minute  water- 
drops  also  exhibit  the  phenomenon. 

Colors  in  Metal  Glasses  and  Metallic  Films.  —  An  extremely 
interesting  treatment  of  the  colors  exhibited  by  glasses  which  are 
stained  with  metallic  oxides,  and  by  the  films  of  the  alkali  metals 
deposited  in  vacuo,  has  been  given  by  Gamett  (Phil.  Trans,  of  Roy. 
Soc.  Land.,  Series  A,  vol.  203,  p.  385).  Colored  glasses  are 
supposed  to  owe  their  color  to  the  presence  of  minute  globules 
of  the  metal.  Colloidal  solutions  of  the  metals  act  in  a  similar 
manner,  and  recently  the  presence  of  the 
particles  has  been  detected  in  both  cases  by 
Siedentopf  and  Szigmondy,  by  means  of 
their  so-called  ultra-microscopic  method, 
which  is  merely  oblique  illumination  pushed 
to  the  limit.  A  powerful  beam  of  light  issu- 

ing from  a  horizontal  slit  is  brought  to  a 
focus  by  means  of  a  microscope  objective, 
within  the  glass  or  liquid  under  investiga- 

tion. The  small  particles  scatter  some  of 
this  light  and  appear  as  minute  diffraction 
disks  of  light,  when  a  microscope  is  focussed 
on  the  illuminated  plane  (Fig.  376).  The 
phenomenon  is  analogous  probably  to  the 
scattering  of  light  by  the  air  molecules  or 
small  particles  suspended  in  the  atmosphere, 
the  action  of  which  has  been  exhaustively 
treated  by  Ix)rd  Rayleigh.  A  simpler  device,  due  to  Cotton,  is 
shown  in  the  lower  part  of  the  figure,  in  which  the  illuminating  beam 
is  prevented  from  entering  the  microscope  by  total  reflection. 

2t 

Fio.  376. 
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Garnett  shows  that  the  colors  of  the  glasses  can  be  accounted  for 
by  the  presence  of  the  small  metal  spheres,  and  explains  a  number 
of  very  curious  effects  observed  by  Siedentopf  and  Szigmondy, 
some  of  which  we  will  now  consider. 

Polarization  Effects  of  Ultra-Microscopic  Particles.  —  Some  very 
curious  and  interesting  effects  were  observed  by  Siedentopf  and 
Szigmondy  in  the  case  of  gold  particles  when  the  illuminating  beam 
was  plane-polarized.  If  the  plane  of  the  vibration  was  perpendicu- 

lar to  the  plane  containing  the  illuminating  ray  and  the  microscope, 
the  little  diffraction  disks  appeared  everjrwhere  in  the  field,  and 
were  of  uniform  illumination.  The  scattered  light  was  polarized 
in  the  same  plane  as  the  incident.     This  condition  is  shown  at  a 

(Fig.  377).  The  field  of  the 
microscope  is  represented  by 

the  large  circle,  and  the  direc- 
tion of  vibration  of  the  scat- 

tered light  by  the  arrows. 

The  appearance  of  the  diffrac- 
tion disks  is  shown  below.  If, 

however,  the  incident  light 
vibrated  parallel  to  the  above 
defined  plane,  the  particles 
scattered  no  light  in  the 
•vertical  direction,  and  the 
diffraction  disks  were  formed 
by  the  oblique  rays  gathered 
in  by  the  objective.  In  this 
case  each  diffraction  disk  ap- 

peared with  a  black  sp>ot  at 
its  centre  as  shown.  More- 

over, since  the  light  scattereti 

in  any  given  direction  bj-  the 
particles  comes  to  a  focus  at  a 
given  point  in  the  second  focal 
plane  of  the  microscope,  a 
black  spot  will  be  found  at  the 
centre  of  this  plane.  This  con- 

dition is  shown  at  b.  If  the  incident  vibration  is  inclined  at  45°,  the 
spot  appears  on  the  sides  of  the  diffraction  disks,  and  there  is  a 
dark  region  on  one  side  of  the  second  focal  plane  as  in  c.  The  direc- 

tion of  the  vibration  at  the  second  focal  plane  is  indicated  in  each 
case  by  the  double-headed  arrows  in  the  large  circles. 

The  explanation  of  these  appearances  was  not  given  by  Sieden- 
topf and  Szigmondy,  but  Garnett  discusses  them  very  fully  in  the 

paper  referred  to.  Another  very  remarkable  effect  observed  was  the 
splitting  of  each  diffraction  disk  into  a  pair,  when  the  gold  particles 
were  not  smaller  than  1  fi.  One  of  the  disks  was  reddish,  the  other 
yellow-green,  and  they  were  all  oriented  in  the  same  way,  showing 
that  the  effect  was  one  of  diffraction,  and  not  due  to  any  actual  dual 
structure  of  the  minute  particles.  No  explanation  of  this  curious 
phenomenon  has  been  given,  but  it  is  probably  related  in  some  way 
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Fig.  377. 
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to  the  diffraction  of  colored  light  (red)  by  thin  plates  of  gold  ob- 
served by  Wien. 

The  effects  described  indicate  that  the  gold  particles  must  be 
spherical,  for  oblong  particles  would  not  completely  polarize  the 
scattered  light  (as  Lord  Rayleigh  has  shown  in  his  papers  dealing 
with  the  polarization  of  the  light  of  the  sky),  and  we  should  not 
observe  the  dark  spot  in  the  diffraction  disks,  or  the  dark  region  in 
the  second  focal  plane  of  the  microscope. 

We  will  now  consider  the  effects  of  these  small  gold  spheres  upon 
the  color  of  the  transmitted  light.  The  subject  has  been  very  fully 
discussed  by  Gamett,  who  has  investigated  it  from  the  standpoint 
of  the  electro-magnetic  theory.  His  treatment  is  much  too  long  to 
give  in  full,  but  we  can  examine  to  advantage  the  general  method  of 
attack  and  some  of  the  conclusions. 

Let  light  of  wave-length  X  fall  on  a  metal  sphere  of  radius  a, 
refractive  index  n,  and  absorption  coefficient  k.    Further,  let 

Ar  =  n(l-iic)  =  VI', 

c'  being  the  complex  dielectric  constant. 
This  case  has  been  considered  by  Lord  Rayleigh  (Phil.  Mag., 

xliv.,  p.  28,  1897),  who  showed  that  the  sphere  excited  by  a  pe- 
riodic electric  force  Eo  emits  the  waves  which  would  be  emitted 

by  a  Hertzian  doublet,  which  at  time  t  was  of  moment  equal  to 

If  there  are  a  large  number  of  spheres  in  close  proximity,  the  elec- 
tric force  exciting  each  one  will  be  E\  i.e.  the  force  Eo,  together  with 

forces  due  to  the  neighboring  doublets.  This  force  E'  causes  the 
polarization 

^^  ̂        N^+2 

If  the  average  moment  of  a  doublet  be/(0,  and  there  are  n  doulv 
lets  per  unit  volume,  the  polarization  of  the  medium  will  hef{t)  = 

By  means  of  analyses  by  Lorentz  and  by  Larmor  it  can  be  proved 
that 

provided  the  doublets  are  distributed  through  a  space  large  in  com- 
parison to  the  wave-length. 

This  gives  us 

„  Eo  ■—     "fl* 

3        A'«+2  3        N*+2 



644  PHYSICAL  OPTICS 

By  substitution  of  these  units  in  Maxwell's  equation,  the  complex 
dielectric  constant  of  the  medium  containing  the  spheres  is  foimd  to 
be 

JV*— 1 

N^+2 

4ir ux  which  D  is  written  for  —na^,  denoting  the  volume  of  the  metal o 
per  unit  volume  of  the  medium.     This  is  for  spheres  in  vacuo :  in 
glass  of  refractive  index  /&  the  equation  becomes 

l^D— — ^ 

The  optical  constants  of  the  medium  n!  and  k!  thus  depend  only  on 
D,  the  relative  volume  of  the  metal,  and  not  on  the  size  of  the 
spheres,  restricting  them,  however,  to  sizes  small  in  comparison  to 
A.  By  reducing  the  above  equation  and  substituting  in  it  the  values 
for  N  and  ft,  the  absorption  coefficient  can  be  found  for  any  given 
value  of  D, 

Now  D  varies  with  the  nature  of  the  glass.  The  gold  glass  as 
first  prepared  is  colorless,  becoming  red  on  reheating,  the  process 
causing  the  metal  spheres  to  form  within  the  body  of  the  glass. 
*'  Excretion  of  the  metal  "  Garnett  calls  it.  Colorless  gold  glass 
turned  red  on  exposure  to  the  emanation  of  radium,  and  it  is  probable 
that  the  blue  color  of  X-ray  tubes,  and  tubes  which  have  contained 
radium,  is  due  to  the  excretion  of  metallic  potassium  or  sodium  by 
the  radiation.  Sir  William  Ramsay  exposed  glass  containing  silver 
to  radium  rays  and  found  that  it  turned  yellow.  Quartz  glass  is 
not  colored,  as  no  metal  is  present. 

Elster  and  Geitel  (Wwd.  Ann,,  59,  p.  487,  1896)  found  that 
salts  of  the  alkaline  metals,  colored  by  the  action  of  cathode  rays, 
exhibited  photo-electric  properties,  which  suggested  the  presence 
of  free  metal ;  this  supports  the  view  held  regarding  the  coloration  of 
glasses  by  X-rays  and  radium  rays. 

Garnett  took  the  values  of  N  calculated  from  Drude's  tables  of 
the  optical  constants  of  the  metals,  and  the  values  of  D  calculated 
from  the  total  gold  content  of  the  glass,  and  the  observations  of 
Siedentopf  and  Szigmondy,  and  showed  that  the  medium  should  be 
much  more  transparent  for  red  than  for  yellow  light. 

Values  of  n  and  k  for  green  and  blue  light  not  being  available,  the 
best  that  could  be  done  was  to  infer  that,  since  yellow  is  less  freely 
transmitted  than  red,  the  medium  is  still  more  opaque  to  green  and 
blue. 

Garnett  next  develops  an  expression  for  the  intensity  of  the 
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scattered  light,  and  finds  that  the  amplitude  at  any  point  of  the 
light  emitted  from  a  sphere  is  proportional  to 

9l. 

The  X«  in  the  denominator  indicates  that  the  scattered  intensity increases  with  the  inverse  4th  power  of  the  wave-length,  but  that  it 
is  also  dependent  on  N,  i.e.  on  the  optical  constants  of  the  metal. 

Calculations  showed  that  yellow  light  would  be  scattered  more 
powerfully  than  red,  from  which  it  was  inferred  that  green  would  be 
still  more  powerfully  scattered,  which  is  in  agreement  with  the 
observations  of  Siedentopf  and  Szigmondy. 

Certain  types  of  gold  glass  scattered  a  muddy  red  light,  however. 
In  this  case  the  particles  are  probably  so  large  Uiat  they  reflect  light 
in  the  ordinary  sense,  and,  as  we  know,  gold  reflects  red  light  in 
greater  excess  than  any  of  the  other  colors. 

In  an  appendix  to  the  paper,  the  transmission  of  gold  and  silver 
glass  has  been  calculated  for  red,  yellow,  green,  and  blue  light,  from 
values  of  n  and  k  given  by  Rubens.  The  colors,  in  the  order  of  the 
degree  in  which  they  were  transmitted,  were  found  to  be :  for  gold 
glass,  —  red,  yellow,  blue,  green ;  for  silver  glass,  —  yellow,  red, 
green,  blue.  Certain  gold  glasses  appear  blue  by  transmitted  light, 
and  it  appears  probable  that  large  particles  (diameter  >.0001),  by 
reflecting  out  the  red  and  orange,  give  the  glass  a  blue  color. 

Colors  of  Granular  Metallic  Films.  —  In  the  second  part  of  the 
paper  above  referred  to,  Gamett  examines  the  conditions  which  hold 
in  cases  where  the  metallic  granules  are  deposited  in  thin  films. 
The  equations  already  given  were  developed  on  the  assumption  of  a 
uniform  polarization  in  the  medium,  which  is  only  the  case  when  the 
spheres  are  distributed  in  three  dimensions.  For  a  two-dimensional 
distribution,  in  the  3cy  plane,  it  is  shown  that  the  complex  dielectric 
constant  in  the  direction  of  the  xy  axes  is  the  same  as  for  the  medium 
in  bulk,  whereas  the  constant  in  the  direction  of  the  z  axis  may  be 
quite  different.  If  this  were  the  case  the  film  would  behave  like  a 

doubly  refracting  substance,  the  "  optic  axis  "  being  perpendicular to  the  film. 
It  is  found  that  for  films  of  thickness  greater  than  |  of  A  the  ab- 

sorption is  governed  by  n^c,  while  in  the  case  of  films  less  than  -^^X  it 
is  governed  by  n'»c.  Curves  are  given  showing  how  the  absorption 
depends  on  D,  the  volume  of  metal  per  unit  volume  of  the  medium. 
The  values  of  mc,  or  n'#c,  are  plotted  as  ordinates,  and  the  values  of  D 
as  abscissae.  In  the  case  of  a  non-granular  film  of  solid  metal  it  is 
evident^  that  D  =  1 . 

Gamett  was  able  to  explain  all  of  the  effects  observed  by  Wood  in 
the  case  of  the  sodium  and  potassium  films  deposited  in  exhausted 
bulbs,  at  least  all  of  the  effects  which  fell  within  the  scope  of  his 
equations.  The  curves  for  a  potassium  sodium  amalgam  are  given 
in  Figs.  378,  379,  and  show  how  the  absorption  depends  on  the  value 
of  D.  The  upper  curve  represents  the  condition  for  a  thick  film. 
For  I>=1,  i.e.  solid  metal,  the  absorption  is  strongest  for  red  and 
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weakest  for  blue.    For  /)>=  .5,  that  is,  for  a  film  with  equal  volumes 
of  metal  and  empty  spaces,  the  absorption  is  strongest  for  yellow, 

i        »        I        I        t        »        I        >        I       ̂ 'W 
./    ,2  .3   .•*   .s  .e  .7  .a  .^   ju? 

Fia.  378. 

while  for  Z)b.3  the  blue  is  practically  the  only  color  absorbed. 
For  thin  fihns  we  find  that  for  />>■  .5  the  yellow  is  very  powerfully 

-*^ 
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absorbed,  which  agrees  with  Wood's  observation  that  when  the  con- 
ditions were  such  as  to  cause  an  absorption-band  in  the  yellow,  the 

band  was  much  blacker  and  narrower  than  when  it  occurred  in  some 
other  part  of  the  spectrum. 

The  graphs  for  gold  indicated  that  for  D=  1  the  color  in  the  case 
of  very  thin  films  of  gold  leaf  should  be  blue.  This  was  the  color 
observed  by  Mr.  Beilby  in  the  case  of  the  thinnest  leaf  which  could 
be  procured.  For  thick  films  the  graphs  showed  that  the  color  of 
the  transmitted  light  should  be  green.  Many  very  curious  and  in- 

teresting changes,  observed  by  Mr.  Beilby  (Proc.  Roy.  Soc^  72,  p. 
226),  in  the  colors  of  thin  gold  films,  produced  by  heating  and 
annealing,  are  discussed  and  explained  by  Garnett,  whose  paper  is 
by  far  the  best  on  the  optical  properties  of  metallic  films  which  has 
appeared  up  to  the  present  time. 

It  appears  that  the  theory  of  optical  resonance  can  be  regarded 
as  in  a  measure  confirmed  by  these  investigations,  though  the  phe- 

nomenon is  very  much  more  complicated  than  in  the  case  of  large 
resonators  and  electro-magnetic  waves.  The  optical  constants  of 
the  metal  enter  as  a  factor,  and  for  very  small  particles  at  least  the 
absorption  depends  not  on  their  size,  but  on  the  total  bulk  of  metal 
in  unit  volume. 

It  is  probable  that  very  definite  and  more  easily  interpreted  re- 
sults can  be  obtained  by  experimenting  with  very  long  heat-waves, 

either  with  cross-ruled  films  of  metal  or  fine  metal  powders,  along 
the  lines  indicated  on  page  632. 



CHAPTER  XXIII 

THE  NATURE  OF  WHITE  LIGHT 

Previous  to  Newton's  classic  experiments  on  the  decomposition 
of  white  light  by  a  prism,  it  had  been  supposed  that  every  refraction 
of  light  actually  produced  color,  that  is,  the  color  was  produced 

withm  the  dispersing  piece.  Newton's  experiments  apparently 
showed,  however,  that  the  colors  were  actually  present  in  the 
original  light,  the  function  of  the  prism  being  merely  to  separate 
them.  At  the  present  time,  however,  the  view  most  generally  held 
resembles  in  some  respects  the  idea  which  prevailed  previous  to  the 
time  of  Newton.  Colored  light  implies  a  greater  or  less  amount  of 
regularity  in  the  sequence  of  the  waves.  If  a  grating  or  prism  yields 
us  light  which  the  eye  is  unable  to  distinguish  from  the  light  of  the 
sodium  flame,  it  is  pretty  certain  that  the  luminous  impulses  are 
following  one  another  at  approximately  the  same  intervals,  as  in  the 
case  of  the  radiation  from  the  sodium  molecule.  The  question  now 

is,  **  Were  these  regular  wave-trains  present  originally  in  the  white 
light,  or  have  they  been  manufactured  by  the  grating  ?  "  If  the 
former  is  true,  how  are  we  to  regard  a  vibration  which  is  made  up  of 
an  infinite  number  of  regular  trains  of  waves,  each,  however,  of 
different  wave-length  ?  Obviously  the  motion  of  the  ether  must 
be  regarded  as  the  resultant  of  all  the  component  trains,  and  the 
regularity  of  sequence,  as  we  usually  understand  it,  would  disappear 
wlioUy  in  wave-motion  of  this  nature. 

If,  however,  the  regular  wave-trains,  or  colored  rays,  are  manu- 
factured by  the  prism,  we  very  naturally  ask  whether  Newton's 

discovery  was  really  a  discovery  after  all. 
The  problem  can  be  attacked  both  from  the  experimental  and 

theoretical  standpoint.  Let  us  see  first  what  evidence  experiment 
furnishes. 

Interference  fringes  were  obtained  by  Fizeau  and  Foucault  with 
white  light  and  with  a  path-difference  of  some  50,000  wave-lengths. 
This  experiment  has  been  held,  by  many  eminent  authorities,  to 
indicate  that  the  colored  components  of  the  white  light  consist 
of  regular  wave-trains,  the  vibrations  of  which  take  place  without 
sensible  change  of  phase  for  at  least  50,000  complete  periods. 

The  first  to  question  this  conclusion  was  Gouy  (Joum.  de  Phys.^ 
5,  p.  354,  1886),  who  showed  that  the  experiment  of  Fizeau  and 
Foucault  showed  nothing  whatever  about  the  regularity  of  the  vibra- 

tions in  white  light,  the  number  of  fringes  observable,  or  the  allow- 
able path-difftrence,  depending  solely  upon  the  resolving  power  of 

the  spectroscope  used  for  their  detection. 
648 

L-
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Gouy  made  use  of  Fourier's  theorem,  by  which  any  function/  (x), 
between  limits  x=  —  c  and  x=  +c,  may  be  represented  by  the  sum  of 

a  series  involving  the  sines  and  cosines  of  — c 

/(a:)  =  ao+aicos   |-aiCos2   h  ••• c  c 

+61  sin   hbssin2   \-  •••• c  c 

If  the  medium  is  free  from  dispersion  we  can  determine  the  shape 
of  the  resultant  disturbance  at  a  point  beyond  +c,  if  the  component 
waves  are  travelling  in  the  positive  direction,  by  substituting  x—t;^ 
for  X.  If  we  now  add  the  series  we  find  it  equal  to  f{x—vt),  which 
shows  us  that  waves  of  any  shape  are  transmitted  iaa  non-dispersive 
medium  without  change  of  form.  If,  however,  the  medium  is  dis- 

persive, the  component  waves,  each  one  of  which  is  represented  by  a 
term  in  the  series,  travel  with  different  velocities^  and  the  form  of  the 
resultant  disturbance  changes  with  the  time,  i.e.  it  is  not  propagated 
with  its  type  unchanged. 

Gouy  showed  that  the  fringes  observed  by  Fizeau  and  Foucault 
could  be  explained  as  well  on  the  hypothesis  that  the  original  dis- 

turbance was  a  single  pulse,  or  a  series  of  waves  of  irregular  form, 
i.e.  not  sine  waves.     A  pulse  or  single  irregular  wave  can  be  repre- 

sented by  Fourier's  theorem,  as  the  resultant  of  a  large  number  of 
sine  waves  which  extend  to  infinity  on  either  side  of  the  pulse.    The 
spectroscope  will  spread  this  disturbance  out  into  a  spectrum,  and  at 
every  point  of  the  spectrum  we  shall  have  a  periodic  disturbance. 
In  other  words,  the  spectroscope  will  sort  out  the  Fourier  components 
into  periodic  trains  of  waves,  just  as  if  these  wave-trains  were  really 
present  in  the  incident  light.   We  can  perhaps  get  a  clearer  idea  of  the 
two  theories  of  white  light  in  the 
following  way :  Suppose  our  source 
of  light  to  consist  of  a  number  of 
electrons  vibrating  in  simple  har- 

monic motion,  but  with  different 
periods.  The  resultant  disturbance 

at  any  point  will  have  an  irregular  ^y^\^ 
form,  which  we  can  represent  by  a    
curve  something  like  that  shown  in  Fio.  380. 
Fig.  380.   The  regular  periodicities 
due  to  the  electrons  are  present  in  the  disturbance,  and  a  prism  or 
grating  will  sort  them  out  into  a  bright  line  spectrum  of  simple  har- 

monic trains,  precisely  as  Fourier's  analysis  does. 
We  can,  however,  consider  the  same  type  of  disturbance  as 

given  out  by  a  single  electron,  if  it  is  constrained  to  vibrate  in  an 
irregular  manner,  and  the  spectroscope  must  necessarily  resolve 
this  disturbance  in  precisely  the  same  manner  as  before,  since  the 
disturbances  are  identical. 

Suppose  now  that  our  disturbance  consists  of  a  single  pulse,  such 

as  is  shown  in  the  lower  part  of  Fig.  380.    By  Fourier's  analysis  it 
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can  be  represented  as  the  resultant  of  a  large  number  of  simple 
harmonic  waves,  differing  in  wave-length  by  ii^itesimal  steps,  and 
with  amplitudes  suitably  distributed.  We  can  think  of  this  dis- 

turbance as  originated  in  two  different  ways:  from  a  group  of 
continuously  vibrating  electrons,  or  from  a  single  electron  executing 
a  half  vibration  with  a  motion  obeying  such  a  law  as  to  give  a 
wave-form  of  the  requisite  shape.  In  the  first  case  the  component 
wave-trains  can  be  regarded  as  having  an  actual  existence,  the 
periodicities  being  actually  present  both  in  the  source  and  in  the 
disturbance.  In  the  second,  there  is  no  periodicity  at  the  source, 
and  consequently  none  in  the  disturbance.  Though  this  way  of 
looking  at  the  matter  is  not  quite  rigorous,  it  may  help  us  in  getting 
a  clearer  idea  of  the  distinction  between  the  old  and  new  idea 

regarding  white  light.  In  the  last  two  cases  considered,  the  spectro- 
scope will  give  us  a  continuous  spectrum,  in  which  the  intensity  at 

any  point  is  proportional  to  the  square  of  the  amplitude  of  the 
corresponding  wave-length.  In  the  first  case  this  wave  was  present 
in  the  train,  and  had  a  definite  origin ;  in  the  second,  it  can  only 
be  considered  present  in  a  mathematical  sense. 

Gouy's  conception  of  white  light  was  criticised  by  PoincarS 
{CompL  Rendus,  120,  p.  1895),  both  from  a  mathematical  and 
experimental  standpoint.  Since  the  Fourier  components  repre- 

senting the  disturbance  must  extend  to  infinity  in  both  directions, 
they  ought  to  appear  in  the  spectroscope  not  only  after  the  source 
of  light  has  been  extinguished,  but  even  before  the  source  is  lighted, 
an  obvious  absuiJity.  Poincar:^  was  of  the  opinion  that  the  experi- 

ment of  Fizeau  and  Foucault  indicated  the  presence  of  a  high  degree 
of  regularity  in  the  disturbances  constituting  white  light. 

These  objections  were  met  by  Gouy,  and  also  by  Schuster  (CompL 
Rend.,  120,  pp.  915,  987),  who  had  arrived  at  conclusions  similar 
to  those  held  by  Gouy.  We  find  the  same  idea  expressed  by  Lord 

Rayleigh  in  his  article  on  ''  Wave  Theory,''  written  in  1888.  "  The 
light,''  he  says,  '*  may  be  highly  composite  and  homogeneity  brought 
about  with  the  aid  of  a  spectroscope.  The  analogy  is  closest  if  we 
use  a  spectroscope  to  give  us  a  line  of  homogeneous  light  in  simple 
substitution  for  the  sodium  flame  (as  a  source  of  light  producing 
interference  fringes).  Or  following  Foucault  and  Fizeau,  we  may 
allow  the  white  light  to  pass  {i.e.  enter  the  interference  apparatus), 
and  subsequently  analyze  the  mixture  transmitted  by  a  narrow  slit 
in  the  screen  upon  which  the  interference  bands  are  thrown.  In 
either  case  the  number  of  bands  observable  is  limited  solely  by  the  re- 

solving power  of  the  spectroscope,  and  proves  nothing  with  respect 

to  the  regularity  or  otherwise  of  the  vibrations  of  the  original  light. ̂ ^ 
He  shows  further  that  when  achromatic  bands  are  formed  by  using  a 

diffraction  spectrum  as  a  source,  and  duplicating  it  with  Lloyd's mirror,  the  number  of  bands  possible  is  still  limited  by  the  resolving 
power  of  the  instrument  used  to  form  the  spectrum. 

If  we  go  back  to  the  source  of  white  light  and  try  to  picture  the 
nature  oif  the  disturbances  there  which  would  be  necessary  to  give 
us  the  two  types  of  radiation  which  we  have  discussed,  we  shall 
incline  towards  the  ideas  of  Gouy  and  Rayleigh.     If  the  light  con- 
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tains  periodic  trains,  which  are  regular  over  a  length  of  some  thou- 
sands of  wave-lengths,  there  must  be  present  in  the  source  electrons 

or  vibrators  of  some  sort  vibrating  with  all  possible  periods,  other- 
wise there  would  be  dark  lines  in  the  spectrum  corresponding  to  the 

absent  frequencies.  The  smallest  particle  of  solid  matter  which  we 
can  command,  when  raised  to  incandescence,  gives  us  a  continuous 
spectrum.  The  visible  region  of  the  spectrum,  say  7000  to  4000, 
comprises  3000  Angstrom  units.  With  the  best  spectroscopes  we 
can  easily  resolve  to  ̂ V  of  ̂  unitf  consequently  the  continuity  of  the 
spectrum  implies  that  there  must  be  at  least  30,000  electrons,  no 
two  of  which  vibrate  in  the  same  period.  If  the  molecules  are  mov- 

ing to  and  fro,  the  Doppler  effect  will  of  course  alter  the  wave- 
length, consequently  we  can  diminish  the  necessary  number  some- 
what. From  what  we  know  about  electrons,  however,  it  is  difficult 

to  see  how  we  can  have  a  very  large  number  vibrating  regularly  in 
totally  different  periods,  and  we  naturally  incline  towards  the  idea 
that  the  disturbances  in  a  source  of  white  light  are  irregular  in 
character. 

Theory  of  Damped  Vibrations.  —  Another  idea  was  put  forward 
by  Garbasso  (Ardi.  de  Geneve ^  vol.  4,  p.  105,  1897),  who  considered 
white  light  to  be  the  result  of  a  heavily  damped  vibration,  repre- 

sented by 

/(/)  =  e-«  sin  ht. 
We  have  seen  that  the  damping  due  to  radiation  is  very  small,  but 

collision  between  the  molecules,  if  frequent  enough,  may  accomplish 
the  desired  result.  In  gases  the  time  elapsing  between  molecular 
impacts  is  very  large  in  comparison  to  the  period  of  the  vibration, 
and  we  have  long  trains  of  approximately  homogeneous  waves 
thrown  off  between  collisions.  In  the  case  of  solids  and  liquids  the 
conditions  are  quite  different,  the  molecular  excursions  being  ex- 

tremely short. 
One  way  of  testing  the  hypothesis  is  to  develop  the  expression 

representing  the  damped  vibration  by  Fourier's  theorem,  and  see 
whether  the  intensity  distribution  in  the  resulting  mathematical 
spectrum  corresponds  with  the  distribution  of  energy  observed  in 
the  case  of  incandescent  solids.  This  was  done  by  Carvallo  (Campt. 
Rend.,  130,  p.  79,  1900). 

f(t)  =  e'^H\nht  (for  t  >  0  but/(0  =  O,  for  /  <  0). 

Developed  by  Fourier's  theorem. 

/(0=     I       /7-. — r«—  ,  •x.  T-r .  i  -.  cos  <7<— arc  tan— — ,,^  ,^  . 

The  intensity  of  a  vibration  of  period  -  is,  according  to  the  for- 
mula, 

^   fey 
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If  we  put  k*=a*h*  and  q^  =  (l+a^)h*u*,  the  above  becomes 

  1   

y=
 

In  this  form  the  properties  of  the  f miction  appear.  For  u=0  and 

u=  00,  y=0.    It  attains  its  maximmn  -— -,  for  w==l. 

Finally,  two  values  of  u  which  are  equal  but  of  opposite  sign  give 
us  the  same  intensity.  The  same  is  true  for  equal  but  opposite 
values  of  the  logarithm  of  the  wave-length. 

CarvaUo  then  constructed  a  curve  with  the  intensities  as  ordinates 
and  the  values  of  log  X  as  abscissae.  The  lack  of  agreement  between 
this  curve  and  the  curve  plotted  from  the  observations  of  the 
energy  distribution  in  the  spectrum,  made  by  Mouton  and  by  Lang- 
ley,  indicated  that  the  hypothesis  of  a  damped  vibration  was  inad- 

missible. Another  objection  w^s  raised  by  Carvallo,  who  showed 
that  a  grating  would  yield  a  band  of  white  light  instead  of  a  spectrum 
if  the  incident  light  consisted  merely  of  damped  vibrations. 

Gouy  (CompL  Rend.,  130,  p.  241)  comes  to  a  different  conclu- 
sion, objecting  to  the  treatment  of  Carvallo,  in  that  he  extended  his 

anal3rtical  treatment  from  —  oo  to  +  oo ,  a  condition  which  could  not  be 
realized  in  experiment.  Limiting  the  number  of  disturbances  fall- 

ing on  the  grating  to  a  small  number  n,  which  must  be  the  case  when 
the  vibrations  are  heavily  damped,  he  shows  that  the  disturbance  at 
any  point  will  have  the  periodicity  calculated  from  the  ordinary 
laws  of  the  grating,  and  not,  as  imagined  by  Carvallo,  the  same 
periodicity  as  the  original  damped  vibration. 

Carvallo  in  his  reply  (C.  R.j  130,  p.  401)  proposes  an  interesting 
acoustical  experiment  to  settle  the  question.  Let  the  source  of 
light  be  represented  by  a  large  tuning-fork,  driven  electrically. 
The  waves  from  this  are  to  be  received  by  a  large  concave  grating 
made  of  broad  slats  with  open  spaces  between.  As  long  as  the  vi- 

brations are  maintained  by  the  electrical  mechanism  we  should  find 
points  of  maximum  intensity  with  silent  spaces  between,  at  the 
focus  of  the  grating,  corresponding  to  the  spectra  produced  by  a 
grating  when  illuminated  with  monochromatic  light.  If,  however, 
the  current  is  suddenly  turned  off,  the  vibration  is  damped,  and  we 

should,  if  Gouy's  hypothesis  is  correct,  find  a  faint  sound  of  varying 
pitch  all  along  the  region  between  the  points  previously  occupied  by 
the  maxima :  in  other  words,  a  sound  spectrum.  This  effect  might 
be  detected  by  a  Helmholtz  resonator  placed  at  the  proper  point  in 

the  spectrum.  If,  however,  Carvallo's  notion  is  the  correct  one,  the 
region  between  the  maxima  would  still  be  a  region  of  silence,  or  at 
least  only  yield  a  faint  sound  corresponding  in  pitch  to  the  pitch  of 
the  fork. 

The  experiment  would  be  a  difficult  one  to  perform  on  account  of 
the  enormous  dimensions  of  the  apparatus  and  the  difficulty  of 
protecting  the  ear  from  the  direct  sound  of  the  fork. 

Type  of  the  Impulse  constituting  White  Light.  —  If  we  regard 
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white  light  as  a  series  of  impulses,  without  regularity,  the  impulses 
camiot  be  r^arded  as  arbitrary,  i,e.  of  any  form,  for,  as  Lord  Ray- 
leigh  has  pointed  out,  there  would  in  this  case  be  no  way  of  dis- 

tinguishing the  radiations  corresponding  to  different  temperatures. 
He  considers  (PhU,  Mag.,  xxvii.,  p.  460,  1889)  the  simplest  type 
of  impulse  that  could  meet  all  the  requirements  of  the  case  to  be  the 
one  with  which  we  are  familiar  in  the  theory  of  errors,  viz.  (Fig.  381) : 

Such  an  impulse,  he  remarks,  can  be  considered  as  the  resultant 
of  a  very  large  number  of  localized  simultaneous  impulses,  all 
aimed  at  a  single  point  (x= 0),  but  liable  to  deviate  from  it,  owing  to 
accidental  causes.  This  disturbance  he  resolves  into  its  elements 

by  means  of  Fourier's  theorem, 
and  then  finds  the  energy 
carried  by  each  component. 
By  asaiiming  an  infinite  number 
of  these  impulses,  of  the  same 
form  but  unequal  magnitude, 
he  obtains  probable  values  of 
the  partition    of    the  energy  Fio.  381. 
among     the     various     wave- 

lengths, which  agreed  fairly  well  with  Weber's  law,  which  at  the 
time   best   expressed   the   energy  distribution  in  the  spectnmi. 

Wien's  law  could  be  satisfied  by  an  impulse  of  some  other  definite form. 
The  character  of  the  disturbance  is  thus  fixed  by  this  distribution 

of  energy  in  the  spectrum,  and  Wien's  law  marl^  the  limit  of  our 
knowledge  regarding  the  nature  of  white  light.  Planck  definitely 
states  that  this  will  forever  mark  the  limit.  Further  analysis,  he 
says,  will  be  based  on  a  reasoning  comparable  with  that  involving  a 
contradiction  of  the  second  law  of  thermodynamics,  in  which  the 

aid  of  Maxwell's  demons  was  invoked.  In  the  kinetic  theory  of 
gases  we  are  obliged  to  confine  our  investigations  to  the  average 
effect  of  molecular  impacts,  and  we  must,  in  dealing  with  the  pres- 

ent problem,  consider  only  the  average  effects  of  the  light  disturb- 
ances, extending  as  they  do  over  relatively  long  intervals  of  time. 

As  we  shall  see  presently,  the  dispersion  by  prisms  and  gratings 
can  be  accounted  for  without  assuming  the  presence  in  the  light  of 
any  periodicity  whatever.  Up  to  the  present  time  no  experiment 
has  been  devised  capable  of  proving  or  disproving  the  presence  in 
white  light  of  regular  wave-trains. 

Interference  Experiments  in  the  Light  of  the  Pulse  Hypothesis.  — 
In  the  Chapter  on  Interference  we  have  treated  all  of  the  problems  by 
tacitly  assuming  the  presence  of  regular  wave-trains.  We  will  now 
examine  a  number  of  cases  and  see  whether  the  observed  effects  can 
be  accounted  for  on  the  hypothesis  that  white  light  consists  of 
irregular  pulses.  Can  we,  in  other  words,  account  for  the  colored 

fringes  seen  with  Fresnel's  mirror  or  two  sUts,  assuming  the  incident 
light  to  consist  of  a  single  pulse? 
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Schuster  shows,  in  a  long  and  mterestmg  paper  (Phil.  Mag.,  June 
1894),  that  the  above  question  can  be  answered  in  the  affirmative. 
It  is  easy  to  see  how  periodicity  can  be  manufactured  by  a  grating  or 
prism,  but  there  are  a  number  of  cases  which  at  first  sight  may  seem 
irreconcilable  with  our  hypothesis.  If  a  pulse  falls  upon  a  pair  of 
Fresnel  mirrors,  we  shall  have  at  a  specified  point  in  space  two  pulses, 
the  interval  between  them  depending  upon  the  position  of  the 
point.  If  we  receive  the  double  disturbance  upon  the  slit  of  a 
spectroscope,  the  prism  or  grating  draws  out  each  pulse  into  trains 
of  periodic  waves,  and  maxima  and  minima  due  to  the  interference 
of  the  two  sets  of  waves  appear.  But  even  without  the  spectroscope 
a  number  of  colored  fringes  can  be  seen,  and  it  may  appear  impos- 

sible to  account  for  these  on  the  hypothesis  that  we  are  dealing 
merely  with  a  pair  of  pulses. 

Schuster  shows  that  the  interference  in  this  case  is  a  physiological 
effect,  due  to  a  peculiarity  of  the  eye.  The  retinal  elements  can  be 
regarded  as  tuned  to  the  three  primary  colors,  and  we  are  obliged  to 
consider  each  element  as  containing  some  sort  of  a  vibrating^system, 
which  responds  to  the  light-waves.  If  the  retinal  vibration  has  a 
period  of  its  own,  which  seems  probable,  since  it  responds  to  cer- 

tain wave-lengths  and  not  to  others,  it  is  not  difficult  to  see  how 
interference  takes  place  when  two  pulses  strike  the  element  in  suc- 

cession. The  effect  on  the  vibrator  will  depend  on  the  time  elaps- 
ing between  the  two  impacts.  The  first  pulse  starts  the  vibration, 

and  the  second  increases  or  annuls  it  according  to  the  state  of  the 
vibration  when  the  second  pulse  arrives.  The  phenomenon  is  thus 
seen  to  depend  upon  the  fact  that  a  periodic  disturbance  is  set  up 
in  the  eye,  which  lasts  until  the  second  pulse  arrives.  Schuster 
explains  the  fact  that  the  fringes  can  be  photographed  in  the  same 
way,  the  vibrators  in  this  case  being  located  in  the  molecules  of  the 
silver  salts. 

Schuster^s  explanation  may  seem  a  little  fanciful  at  first  sight,  but 
the  reasoning  is  perfectly  logical,  and  the  assumptions  are  not  at  all 
improbable.  We  have  a  perfectly  analogous  case  in  an  experiment 
of  Hertz  with  electrical  waves,  which  may  be  cited  in  this  connec- 

tion. The  analogy  is  obvious,  though  it  does  not  appear  to  have 
been  noticed. 

Hertz  found  that  when  his  electrical  waves  were  reflected  from  a 
wall,  the  resonator  sparked  when  placed  at  certain  definite  dis- 

tances from  the  wall,  while  no  sparks  were  observed  in  intermediate 
positions.  He  drew  the  erroneous  conclusion  that  he  was  dealii^ 
with  stationary  waves,  formed  by  the  interference  of  the  direct  and 
reflected  waves.  His  experiment  appeared  to  indicate  that  there 
was  a  definite  periodicity  present  in  his  electrical  radiation,  just  as 
the  interference  fringes  observed  with  FresneFs  mirrors  appear  to 
indicate  a  certain  amount  of  periodicity  in  white  light. 

Other  experimenters  found,  however,  that  the  positions  of  maxi- 
mum sparking  depended  not  at  all  upon  the  dimensions  of  the  vi- 

brator or  source  of  the  radiation,  but  solely  upon  the  size  of  the  wire 
loop,  which  served  as  a  resonator,  and  that  the  same  effects  would  be 
observed  if  the  radiation  consisted  of  a  single  pulse  only.     The  ex- 
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planation  of  the  phenomenon  is  found  in  the  fact  that  the  vibrations 
of  the  resonator  persist  for  some  time,  and  the  intensity  of  its  spark- 

ing depends  upon  the  state  of  its  vibration  at  the  moment  when  the 
reflected  pulse  meets  it.  At  the  given  point  in  space  the  condition 
of  the  vibration  of  the  resonator,  when  the  reflected  wave  meets  it, 
will  obviously  depend  upon  its  period,  i.e.  upon  the  size  of  the  wire 
loop.  The  only  difference  between  this  case  and  the  optical  one  is 
that  in  the  latter  the  pulses  are  travelling  in  the  same  direction, 
while  in  the  former  they  are  going  in  opposite  directions. 

The  interference  fringes  observed  by  the  eye  or  recorded  by  the 
photographic  plate  are  thus  seen  to  depend  upon  a  resonance  phe- 

nomenon. If  we  could  explore  the  field  over  which  the  radiation 
from  the  two  sources  of  light  is  spread,  with  some  instrument  not 
biassed  by  resonance,  no  trace  of  the  fringes  should  appear.  The 
smoked  strip  of  the  bolometer  is  such  an  instrument :  it  al^rbs  all 
wave-lengths  equally  well,  and  is  free  from  resonance  effects,  roughly 
speaking  at  least.  Now,  it  is  found  that 
when  the  bolometer  is  used  to  explore 
the  region,  no  recurring  maxima  and 
minima  arc  found,  the  curve  having  the 
form  shown  in  Fig.  382.  There  is  a 
central  maximum  bordered  on  each  side 
by  a  minimum,  beyond  which  points  the 
curve  is  practically  level.  The  occur- 

rence of  the  two  minima  can  l)e  ex- 
plained by  the  distribution  of  energ>'  in 

the  spectrum.  -.  ̂   ̂q« 

"The  fact,"  says  Schuster,   "that  *^o.  382. 
white  light  shows  any  objective  interference  (as  with  bolometer) 
without  the  artificial  introduction  of  reguliwity  is  due  to  the  prev- 

alence of  certain  wave-lengths  over  others.  Whatever  regularity 
there  is  in  the  light  is  intimately  connected  with  the  distribution 
of  intensity  in  the  spectrum. 

"  We  cannot  help  speculating  as  to  the  ultimate  cause  which  ren- 
ders the  regularity  of  vibration  a  function  of  the  temperature  only, 

and  independent  of  the  natural  periods  of  the  molecules.  Perhaps 
the  solution  of  the  difficulty  will  be  found  in  the  fact  that  our  obser- 

vations tell  us  nothing  directly  as  to  the  vibrations  of  the  atoms 
or  molecules.  Wliat  we  ol>sorve  is  the  disturbance  of  the  mcMlium, 
and  the  distribution  of  energ>'  in  the  siH*ctrum  of  an  incandi^ceut 
black  body,  which  is  in  thermal  equilibrium,  may  indicate  a  property 
of  the  medium  rather  than  that  of  matter.  That  is  to  say,  the  mo- 

tion of  the  vibration  in  the  molecule  may  Iw  ix»rfectly  irr(»guhir, 
but  the  medium  may  take  up  an<l  propagate  some  vibrations 
quicker  than  others.  Then*  an»  many  signs  tending  to  show  that 
the  time  is  not  far  distant  when,  in  order  to  exphiin  the  connection 
between  optical  and  (»l(»ctrical  facts,  w(»  must  recognize  some 
structural  properti(»s  of  the  mcMlium,  and  the  regularity  in  the  radia- 

tion of  a  black  Ixxly  may  l)e  intunately  connected  with  such  struc- 

tural properti<»s." 
Corbino  has  made  the  suggestion  that  the  phenomenon  of  light- 
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iieatH  obtained  with  white  light  by  any  of  the  methods  origiaati^^^l 
Righi  or  by  himself  is  adverse  to  the  hypothesis  of  Gouy.     Tfae^^ 
ferent  component  rays  (sinusoidal  disturbances)  into  which  s  prism 
or  grating  decomposes  the  t*omplex  vibration  which  constitutes 
white  light,  having  a  conuuon  origm.  ought  to  be  capable  of  intei^ 
fering  with  one  another,  producing  beats,  t!i»t  is,  beats  should  be 
obtained  by  uniting  two  streams  of  light  taken  from  two  adjacent 
points  of  a  continuous  spectrum.     If  the  light  from  a  narrow  while 
source  is  divided  into  two  streams,  which  are  received  upon  the 
slit  of  a  spt^troscope,  the  spectrum  is  crossed  by  dark  bands.     If 
now  the  periods  of  one  of  the  interfering  pencils  is  altered,  say  by 

pencil,  according  to  Gouy's  hypothesis,  is  merely  slightly  displaced 
with  reference  to  the  spectrum  of  the  other  pencil.     Each  sinu- 
Boidal  train  takes  the  place  of  its  neighlxir.  so  to  speak,  and  should 
be  capable  of  interfering  with  one  of  equal  wave-length  in  the  other 
set.     The  fringes  should  therefore  ap|>ejir  exactly  as  before,  that  is, 
stationary.     If,  however,  the  sinusoidal  components  do  not  have  a 
common  origin,  i.e.  it  they  originate  at  the  source  uidependently  of 
one  another,  each  set  in  the  modified  pencil  can  only  interfere  with 
the  set  in  the  unmodified   pencil  which  liad   the  mnw  wiawt-fenfltt 
Ix^ore  the  modiftcation  vxis  introduced.     These  two  trains  now  have 
diflferent  wave-lengths,  and  should   therefore   produce   beats,  or 
moving  fringes,  which  is  the  phenomenon  actually  observed. 

Analysts  of  White  Light  by  a  Grating.  —  In  (Hjnsiderii^  the  action  . 
of  a  diffraction  grating  when  analyzing  white  light,  it  will  help  ua 
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sion,  owing  to  the  fact  that  the  distance  from  our  ear  to  the  succes- 
sive steps  increases  in  arithmetical  progression.  The  formation  of 

a  train  of  waves  by  the  reflection  of  the  sound-wave  from  a  spark 
from  a  flight  of  steps  is  shown  in  Fig.  383.  This  is  a  photograph  of 
the  actual  phenomenon,  made  in  the  same  manner  as  the  photo- 

graphs illustrating  the  reflection  of  waves  from  curved  surfaces, 
which  we  have  studied  in  the  Chapter  on  Reflection.  The  grating 
acts  in  the  same  manner  when  analyzing  white  light.  This  explana- 

tion was  oflFered  by  Young  in  1813,  but  Lord  Rayleigh  appears  to 
have  been  the  first  to  make  use  of  the  conception  in  treating  grating 
problems.  The  ruled  lines  which  constitute  the  grating  prevent 

the  "  shadow-producing  interference,"  as  imagined  by  Fresnel  to 
account  for  regular  reflection,  and  the  secondary  wavelets  go  off  in 
all  directions,  instead  of  uniting  to  form  a  regularly  reflected  wave- 
front. 

These  waveleis  or  impulses  will  pass  by  any  given  point  with  a 
periodicity  depending  on  the  location  of  the  point.  In  the  last 
section  of  the  Chapter  on  Diffraction  this  action  of  the  grating  has 
been  explained. 

Analysis  by  a  Prism.  Origin  of  Prismatic  Colors. — The  mech- 
anism by  which  a  prism  converts  an  impulsive  disturbance  into  a 

periodic  one  is  not  quite  as  obvious  as  it  is  in  the  case  of  the  gratings 
where  we  have  a  periodic  structure. 

We  can,  however,  get  a  clue  as  to  the  mode  of  its  action  in  the 
following  way : 

As  we  know,  the  phase  of  the  vibration  is  everywhere  the  same 
on  a  wave-front.  If  this  condition  holds,  the  wave  will  be  propa- 

gated parallel  to  itself,  and  no  lateral  effects  will  l)e  produced.  If, 
however,  certain  portions  are  blocked  off,  as  by  diffracting  screens  or 
gratings,  lateral  effects  are  produced,  or  we  have  deviations  of  a 
portion  of  the  energy,  which  no  longer  obeys  the  laws  of  rectilinear 
propagation.  The  same  thing  results  if,  instead  of  blocking  off 
portions  at  regular  intervals,  we  change  the  phase  of  the  vibration 
periodically :  this  occurs  in  the  ca.se  of  laminary  gratings  in  which 
the  retanlation  effected  by  the  strips  alters  the  pha.se  of  the  vibra- 

tion. We  shall  now  show  that  a  prism  is  capable  of  impressing  a 
somewhat  similar  condition  on  the  front  of  an  impulsive  disturb- 
ance. 

In  the  section  on  group  velocity  we  have  seen  that  in  a  dispersing 
medium  the  group  is  propagated  with  a  velo(;ity  diff(»n»nt  from  that 
of  the  component  wav(»s  which  form  it.  We  will  now  prove  in  a 
very  elementary  manner  that,  as  the  group  proccM^ls.  it  changes  its 
form,  becom(*s  invert chI,  and  eventually  reapiH»ars  in  its  original 
form.  Tak(»  first  the  simple  tyix»  of  group  pn^viously  considered, 
formed  by  two  trains  of  wav(»s  of  slightly  diff<»n»nt  wave-lengths. 

The  two  trains  are  shown  in  th(»  lower  part  of  Fig.  384,  the  re- 
sultant in  the  up|x»r  part.  WV  will  s(»lect  as  a  given  form  of  our 

group  the  shapt*  whicli  it  has  at  the  moment  wh(»n  it  has  its  maxi- 
mum amplitude  abov«»  the  line  of  (Hjuilibrium :  this  is  the  condition 

shown  in  the  diagnun,  the  maximum  amplitude  Ix'ing  at  1.     The 
two  sets  of  comiK)nent  waves  travel  in  the  direction  of  the  arrow,  the 

2u 
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shorter  ones  (solid  lines)  at  the  higher  velocity.  It  is  clear  that  the 
group  will  not  be  propagated  without  change  of  form,  for  at  an  in- 

stant later  the  two  sets  of  waves  will  be  nowhere  exactly  in  step, 
and  we  shall  have  at  no  place  an  amplitude  as  great  as  that  figured 
above.  The  waves  will  eventually  get  into  step  again  at  2,  and  we 
shall  again  have  our  maximum  amplitude  above,  and  the  original 
form  of  the  group  restored.  Notice,  however,  that  before  this 
event  occurs  the  waves  will  be  exactly  together  at  the  trough  inmie- 
diately  to  the  right  of  5,  and  we  shall  have  Hie  same  maximum 
ampHtude,  only  in  this  case  it  will  be  below  the  line.  The  form  of 
the  group  will  be  the  same  as  before,  only  it  will  be  irwerted.  This 
inversion  of  the  form  of  the  group  before  its  reestablishment  is  of 
fundamental  importance  in  considering  the  action  of  dispersing 

Fig.  384. 

media  upon  white  light.  If  we  take  less  simple  groups  niade  up  of  a 
large  number  of  component  trains,  the  Original  form  will  reappear 
at  stated  intervals  only  in  special  cases. 

If  the  dispersion  is  represented  by  the  formula 

^-^  is  a  constant,  and  the  group-velocity  is  independent  of  the  wave- 

length.  Our  group  may  have  the  form  shown  in  Fig.  385,  which  is 

taken  from  Schuster's  last  paper  on  the  subject  (Boltzmann's 
Festschrift,  p.  569,  1904).  The  form  of  this  group  is  given  by  the 
equation 

h^ 

and  its  successive  appearances  as  it  advances  through  a  medium  of 
dispersion  V  =  a+b\  are  shown. 

As  a  matter  of  fact  the  dispersion  formula  assumed  is  not  possessed 
by  any  known  medium,  but  the  problem  is  simplified  by  the  assump- 

tion of  a  medium  of  this  nature. 
It  is  clear  that  if  tlie  hypothetical  medium  is  formed  into  a  prism, 

the  i)ulse  will  leave  the  siM'oiid  surface  with  a  periodicity  impressed 
upon  it,  that  is  to  say,  at  certain  points  it  will  emerge  in  its  original 
form,  and  in  other  places  in  its  inverted  form. 
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We  will  now  go  back  to  our  original  simple  case  of  a  group  formed 
from  two  infinite  trains  of  waves,  and  show  that  the  periodicity 
impressed  upon  the  group-front  will  produce  a  periodic  disturbance 
at  the  focus  of  the  telescope  pointed  in  a  direction  parallel  to  that  in 
which  the  group  is  advancing,  identical  with  the  periodicity  of  the 

FiQ.  386. 

component  trains.    I  am  indebted  to  my  friend  Professor  Ames  for 
the  loUowing  very  simple  and  easily  intelligible  treatment : 

''  Let  us  consider  the  action  of  a  prism  upon  such  a  group,  and  for 
the  sake  of  simplicity  let  the  group  have  a  plane  front  and  fall  per- 

y.<j^ 

Fig.  380. Fig.  387. 

pendioularly  upon  the  face  of  the  prism  (Fig.  386).  We  may  choose 
any  feature  of  the  group  by  which  to  recognize  it,  and  note  its 
periodic  recurrt»ntv,  e.g.  the  condition  marked  by  the  sum  of  the 
two  amplitudes  of  the*  com|K)nent  trains.  As  the  group  advances 
towanls  the  prism,  this  *  cn^st  '  moves  for^'ard  with  the  velocity 
v.,  that  of  waves  in  the  pure  ether;  when  the  group  enters  the 

prism,  it  changes  its  fonn,  the  *  crest  '  riH'urring  at  intervals  equal 
to  X;  cons^Kjuently  at  certain  points  5i,  ft,  etc.,  on  the  second 

face  of  the  prism,  such  that  -4iBi=  X,  i4ift=2  A",  etc..  tha  *  crest ' 
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will  emerge.  Thus  the  vertex  Aqj  and  the  points  Bi,  Bs,  etc.,  may 

serve  as  centres  of  secondary  disturbances  in  a  Huygens's  construc- 
tion, and  a  pl^e  drawn  tangent  to  these  secondary  spheres  may  be 

called  the  *  group-front.'  It  is  apparent,  however,  that  in  the  time 
T  required  for  the  *  crest '  to  reappear  at  5i,  after  disappearance 
at  -4i,  the  component  trains  of  vxwes  have  advanced  a  greater  dis- 

tance than  A\Biy  and  have  emerged  from  the  prism  and  passed  on 
as  two  separate  trains  in  slightly  different  directions,  owmg  to  their 
different  indices  of  refraction. 

"  There  is  thus  a  periodicity  in  the  group-front,  due  to  the  fact 
that  at  certain  regularly  spaced  intervals  there  is  the  maximum 
amplitude.  This  is  caused  obviously  by  the  superposition  of  the 
two  crests  of  the  component  trains  of  waves,  whose  wave-fronts  cross 
at  a  small  angle.  We  can  therefore  study  the  direction  of  advance 

of  any  one  '  crest '  in  the  group-front,  and  at  the  same  time  calculate 
the  periodicity  produced  when  the  group  is  received  by  a  telescope, 
by  plotting  the  traces  of  the  two  trains  of  waves.  Let  the  lines 
A\Bi  and  CiA  (Fig.  387)  be  the  traces  of  the  crests  of  the  two  trains 
of  waves  at  any  instant.  Pi,  their  point  of  intersection,  will  then 

be  a  '  crest '  of  the  group-front ;  at  a  certain  time  later,  the  two 
wave-crests  will  have  advanced  through  equal  distances  to  positions 
AtBt  and  C2Z>j,  and  their  point  of  intersection,  Pj,  will  mark  the 

new  position  of  the  *  crest '  of  the  group-front.  In  other  words, 
P\Ptj  a  line  perpendicular  to  the  bisector  of  the  angle  between 
iliBi  and  CiA,  may  be  called  the  direction  of  advance  of  the  group; 
that  is,  the  receiving  telescope  must  have  this  direction. 

"  To  deduce  the  periodicity  observed  by  the  telescope,  one  has 
but  to  draw  the  crests  of  the  two  trains  of  waves  as  they  are  at  any 

a\*i\ 

\h\^6\ 

Fig.  388. 

instant,  for  a  distance  of  several  wave-lengths.  Thus  let  A\Bu 
AiB2y  A^B%,  etc.,  i)e  tlie  traces,  at  any  one  instant,  of  the  wave-crests 
of  the  train  whose  wave-length  in  the  free  ether  is  K-\-dK]  let 
(\l^u  C2D2,  CJK  (*te.,  i)e  those  of  the  train  whose  wave-length  is 
A,.,  at  the  same  instant ;  and  let  Pi,  Su  S2y  etc.,  be  their  points  of 
intersection.     (¥1^.  388.) 

*'  As  the  trains  advance,  the  *  crest '  Pi  moves,  as  has  just  been 
shown,  in  the  direction  PiQiT. ;  the  '  crest '  Si  moves  in  a  p>arallel 
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direction,  etc. ;  consequently  the  periodicity  observed  by  the  tele- 
scope is  given  by  the  distance  PiTi,  where  Ti  is  the  foot  of  the  per- 

pendicular dropped  from  Si  upon  PiQiTt.  If  the  angle  between 
AiBi  and  CiDi  is  called  a,  this  periodic  distance 

P,n.  -t-„(x+f ), 

and  therefore  in  the  limit  equals  X«. 

"  The  case  of  a  more  complicated  group  or  of  a  pulse  is,  to  a  cer- 
tain extent,  equally  simple.  Any  group  or  pulse  may  be  analyzed 

into  a  number  of  simple  groups  like  those  discussed  above,  each  such 

group  being  '  associated  '  with  a  certain  train  of  waves  of  wave- 
length A.  If  such  a  complex  group  enters  a  dispersive  medium,  two 

things  must  be  noted:   (1)  since  the  velocity  of  any  simple  group 
dV 

is  V— X— -,  the  different  component  groups  will  have  different 
OA 

velocities,  and  so  their  group-fronts  will  be  differently  refracted, 
both  on  entering  and  on  emerging ;  (2)  since  the  distance  required 
for  a  certain  feature  of  a  group  to  reappear,  i,e,  the  length  X,  is 
different  for  the  different  groups,  they  will  recur  at  different  inter- 

vals, and  therefore  the  complex  group  itself  could  not  reappear. 
These  complications  might  be  avoided  if  a  dispersive  medium  could 
be  found  for  which 

dX 

dXjdV 

dk are  both  constant.  These  conditions  are  satisfied  if  the  dispersive 
formula  for  the  medium  obeys  the  relation  V=i4+5X,  where  A 
and  B  are  constants ;  for,  in  this  case,  the  group  velocity  is  A ,  and 
the  periodic  distance  X  is  -4/5;  both  of  which  are  independent  of 
A,  and  therefore  the  same  for  all  the  component  simple  groups. 

Fig.  .'iS9. Fio.  390. 

"  To  avoid  any  n^fraotion  of  tho  jcave-frontu  of  the  ultimate  trains 
of  waves  on  entrance  into  a  prism,  we  may,  as  l)ofore,  c^onsider 
normal  incidence.  Then,  again,  we  will  have  what  may  Ix*  called  a 
*  group-front '  for  tht»  emerging  light,  by  drawing  a  plane  tangent  to 
8econdar>'  spherical  disturbances,  having  ̂ 4©,  fli,  Iht  <*tc.,  as  ct^ntres, 
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where  AiBi=  X,  AiB2=2X,  etc.  (Fig.  389).  Let  the  trace  of  this 
plane  be  OG.  It  will  contain  periodicities,  for  the  conditions  are 
the  same  at  Co,  Ci,  Cj,  etc.  —  the  points  of  tangency.  As  is  seen 
by  considering  the  complex  group  made  up  of  simple  ones,  the  con* 
dition  at  these  points  is  due  to  a  superposition  of  trains  of  waves^ 
and  as  these  advance,  the  different  component  simple  groups  sepa- 

rate out  and  give  rise  to  different  perioclicities  proceeding  in  differ- 
ent directions.  We  may  trace  these  in  the  following  manner 

(Fig.  390) :  Let  C0C1C2...  be  the  *  group-front,'  then  the  ̂ ecte 
propagated  in  the  direction  CiP  —  which  is  taken  at  random  — 
have  the  periodicity  CiNi,  where  the  line  CoNiNi..,  is  drawn 
perpendicular  to  the  direction  CiP ;  for  CtNi=^2  C\ Ni,  etc.  We  will 
prove  that  this  periodic  distance  Ci  Ni  is  equal  to  X,,  where  this  is  the 
wave-length  of  the  train  of  waves  which,  after  normal  incidence  on 
the  prism,  would  on  emergence  have  the  wave-front  CtNiNt.,.. 
The  difference  in  time  required  for  the  group-front  and  the  train  of 
waves  to  traverse  the  prism  along  the  line  AiBi  is 

U    v) 
nr   Y  ̂-

^ 

which,  as  proved  above,  equals  — ,  where  A  is  the  wave-length  of  the 

train  of  waves  while  in  the  prism.     Hence  the  distance  of  the  wave- 
front  in  advance  of  the  group-front,  after  emergence,  along  the  line 

C\P  is  -=p  or  ftX ,  which  equals  K-   That  is,  the  distance  C\Ni  equals  V 

"  It  is  thus  seen  that  if  a  telescope  is  pointed  in  different  directions 
towards  the  prism,  disturbances  of  different  periodicities  will  be 
brought  to  a  focus ;  and  further,  that  the  periodicity  corresponding 
to  any  one  direction  is  exactly  that  of  the  train  of  waves  which  would 
be  brought  to  a  focus  if  this  train  had  been  incident  upon  the  prism 
instead  of  the  group.  In  other  words,  a  complex  group  gives  rise> 
through  the  agency  of  the  prism,  to  periodic  effects  advancuxg  in 
different  directions,  which  are  identical  —  with  an  important 
limitation  to  be  noted  presently  —  with  the  effects  which  could 
have  been  produced  if  a  complex  train  of  waves  had  been  incident 
upon  the  prism.  Accordingly,  the  fact  that  a  prism  produces 
approximately  homogeneous  trains  of  waves  when  whit€  light  falls 
upon  it,  is  not  a  proof  of  the  existence  in  the  white  Ught  of  periodic 
component  trains  of  waves. 

'*  The  '  resolving  power  '  of  the  prism  is  evidently  proportional 
to  the  number  of  periodicities  which  occur  in  the  emergent  '  group- 
front,'  and  if  A  is  the  thickness  of  the  base  of  the  prism,  this  number 

equals  —  or   —•     This  limits  then  the  periodic  nature  of  the  re- A        u  a\ 
solved  components. 

''  In  thus  explaining  how  an  arbitrary  group  or  pulse  may,  by 
means  of  a  prism,  produce  what  to  a  certain  extent  may  be  called 
trains  of  waves,  a  particular  kind  of  dispersive  medium  has  been 
considered.     This  is,  however,  no  limitation  upon  the  argument. 
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as  Schuster  notes,  since  for  a  series  of  simple  groups  associated  with 
the  wave-lengths  not  far  removed  from  any  definite  value  X,  the 
quantities  u  and  X  may  be  considered  to  have  the  same  values,  and 
so  any  arbitrary  group  may  be  treated  as  made  up  of  these  series  of 

simple  groups." 
Lord  Rayleigh's  Treatment.  —  A  very  simple  treatment  of  the 

origin  of  the  prismatic  colors  has  been  given  by  Lord  Rayleigh, 
which  is  so  complete  and  satisfactory  that  it  appears  best  to  give  it 
in  the  author's  words  : 

"  The  fact  that  by  the  aid  of  a  sp)ectroscope  interferences  may 
be  observed  with  light  originally  white  used  to  be  regarded  as  a  proof 
of  the  existence  of  periodicities  in  the  original  radiation;  but  it 
seems  now  to  be  generally  agreed  that  these  periodicities  are  due  to 
the  sp)ectro6cope.  When  a  pulse  strikes  a  grating,  it  is  obvious  that 
the  periodicity  and  its  variation  in  different  directions  are  the  work 

of  the  grating.  The  assertion  that  Newton's  experiments  prove  the 
colors  to  be  already  existent  in  white  light,  is  usually  made  in  too 
unqualified  a  form. 

**  When  a  prism,  which  has  no  periodicities  of  figure,  is  substituted 
for  a  grating,  the  modus  operandi  is  much  less  obvious. 

**  I  commence  by  remarking  that,  so  far  as  I  see,  there  is  nothing 
faulty  or  specially  obscure  in  the  traditional  treatment  founded  upon 
the  consideration  of  simple,  and  accordingly  infinite,  trains  of  waves. 

By  Fourier's  theorem  any  arbitrary'  disturbance  may  Ix?  thus  com- 
pounded ;  and  the  method  suflSces  to  answer  any  question  that  may 

be  raised,  so  long  at  least  as  we  are  content  to  take  for  granted  the 
character  of  the  dispersive  medium  —  the  relation  of  velocity  to 
wave-length  —  without  inquiring  further  as  to  its  constitution. 
For  example,  we  find  the  resolving-power  of  a  prism  to  be  given  by 

A=r^^,   (1) 

dX        d\' in  which  X  denotes  the  wave-length  in  vacuo,  T  the  *  thickness  ' 
of  the  prism,  ft  the  refractive  index,  and  dX  the  smallest  difference 
of  wave-length  that  can  ho  resolveil.  A  comparison  \iith  the  cor- 

responding formula  for  a  grating  shows  that  (1)  gives  the  numlier  of 
waves  (X)  which  travel  in  the  prescril)e<l  direction  as  the  result  of 
the  action  of  the  prism  upon  an  incident  pulse. 

**  But,  although  reasoning  on  the  al)ove  lint»s  may  Ix*  quite  con- 
clusive, a  desire  is  naturally  felt  for  a  better  understanding  of  the 

genesis  of  the  sequence  of  waves,  which  s(H*ms  often  to  1m»  regard<»d 
as  paradoxical.  Probably  I  have  l)et»n  U^ss  sensible  of  this  difficulty 
from  my  familiarity  with  the  analogous  phenomena  descrilHMJ  by 
Scott  Russel  and  Kelvin,  of  which  I  have  given  a  calculation.' 
'  When  a  small  obstacle,  such  as  fishing-line,  is  movwl  forwani 
slowly  through  still  water,  or  (whi(*h,  of  course*,  comes  to  the  sjinie 
thing)  is  hel<l  stationary  in  moving  wat<T,  the  surface  is  coverwl 
with  a  beautiful  wave-pattern,  fix(»ii  relatively  to  the  obstacle.  On 
the  up-stream  side  the  wavt*-length  is  short,  and,  as  Thomson  has 

•  "  The  Form  of  StandinK  Waves  on  the  Surface  of  RunniuR  Wat«r."  Proc.  Lond. 
Math.  See.,  zv,  p.  m  (1883) ;  Scientific  Papen,  ii.  p.  258. 
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shown,  the  force  governing  the  vibrations  is  principally  cohesion. 
On  the  down-stream  side  the  waves  are  longer  and  are  governed 
principally  by  gravity.  Both  sets  of  waves  move  with  the  same 
velocity  relatively  to  the  water,  namely,  that  required  in  order  that 
they  may  maintain  a  fixed  position  relatively  to  the  obstacle. 
The  same  condition  governs  the  velocity,  and  therefore  the  wave- 

length, of  those  parts  of  the  wave-pattern  where  the  fronts  are 
oblique  to  the  direction  of  motion.  If  the  angle  between  this 
direction  and  the  normal  to  the  wave-front  be  called  tf,  the  velocity 
of  propagation  of  the  waves  must  be  equal  to  t%  cos^,  where  vo  repre- 

sents the  velocity  of  the  water  relatively  to  the  (fixed)  obstacle.' 
In  the  laboratory  the  experiment  may  be  made  upon  water  con- 

tained in  a  large  sponge-bath  and  mounted  upon  a  revolving  turn- 
table. The  fishing-line  is  represented  by  the  impact  of  a  small  jet 

of  wind.  In  this  phenomenon  the  action  of  a  prism  is  somewhat 
closely  imitated.  Not  only  are  there  sequences  of  waves,  unrepre- 

sented (as  would  appear)  either  in  the  structure  of  the  medium  or  in 
the  character  of  the  force,  but  the  wave-length  and  velocity  are 
variable  according  to  the  direction  considered. 

**  For  the  purposes  of  Scott  Russel's  phenomenon  the  localized 
pressure  is  regarded  as  permanent ;  but  here  it  will  be  more  instruc- 

tive if  we  suppose  it  applied  for  a  finite  time  only.  Although  the 
method  is  general,  we  may  fix  our  ideas  upon  deep  water,  subject 
to  gravity  (cohesion  neglected),  upon  which  operates  a  pressure 
localized  in  a  line  and  moving  transversely  with  velocity  V.  In  the 
general  two-dimensional  problem  thus  presented,  the  effect  of  the 
travelling  pressure  is  insignificant  unless  F  is  a  possible  wave- 
velocity;  but  where  this  condition  is  satisfied,  a  corresponding 
train  of  waves  is  generated.  In  the  case  of  deep  water  under  grav- 

ity the  condition  is  always  satisfied,  for  the  wave-velocities  varj' 
from  zero  to  infinity. 

*'  The  limitation  to  a  wave-train  of  velocity  V  is  complete  only 
when  the  time  of  application  of  the  pressure  is  infinitely  extended. 
Otherwise,  besides  the  train  of  velocity  V  we  have  to  deal  with  other 
trains,  of  velocities  differing  so  little  from  V  that  during  the  time  in 
question  they  remain  sensibly  in  step  with  the  first.  As  is  known,* 
the  beliavior  of  such  aggregates  is  largely  a  matter  of  the  group- 
velocity  [/,  whose  value  is  given  by 

f/=^f^   (2) 
k  being  proportional  to  the  reciprocal  of  the  wave-length  in  the 
medium.     In  the  particular  case  of  deep-water  waves  U=\V, 

"  From  this  point  of  view  it  is  easy  to  recognize  that  the  total 
lengtli  of  the  train  of  waves  generated  in  time  <'  is  ±{V—  U)t\  If 
T  be  the  periodic  time  of  these  waves,  the  wave-length  in  the 
medium  is  Vt  and  the  number  of  waves  is  therefore 

±^T^-   (3) V  T 

'  See,  for  example,  Nature,  xxv,  p.  51  (1881)  ;  Scientific  Paper*,  i,  p.  640. 
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But  for  our  present  purpose  of  establishing  an  analogy  with  prisms 
and  their  resolving-power,  what  we  are  concerned  with  is  not  the 
number  of  waves  at  any  time  in  the  dispersive  medium  itself,  but 
rather  the  number  after  emergence  of  the  train  into  a  medium  which 
is  non-dispersive ;  and  here  a  curious  modification  ensues.  During 
the  emergence  the  relative  motion  of  the  waves  and  of  the  group  still 
continues,  and  thus  we  have  to  introduce  the  factor  F/C/,  obtaining 
for  the  number  N  of  waves  outside 

N= 

U       T 
(4) 

"  If  JT  be  the  distance  through  which  the  pressure  traTels,  X=  Y(  ; 
and  if  Fo  be  the  (constant)  velocity  outside  and  A  the  wave-length 
outside,  X=  Fqt.    Thus 

\U       VJK (5) 

"To  introduce  optical  notation,  let  n=Vo/V,  so  that  /i  is  the 
refractive  index.    In  terms  of  ̂  

80  that  finally 
u    ̂     d\' 

«-x|. 

(6) 

(7) 

in  close  correspondence  with  (1).  A  very  simple  formula  thus 
expresses  the  number  of  waves  (after  emergence)  generated  by  the 
travel  of  the  pressure  over  a  distance  Jf  of  a  dispersive  medium. 

**  The  above  calculation  has  the  advantage  of  being  clear  of 
the  complication  due  to  obliquity ;  but  a  ver>'  little  modification 
will  adapt  it  to  the  case  of  a  prism,  especially  if  we  suppose  that  the 
waves  considered  are  emergent  at  the  second  face  of  the  prism 
without  refraction.  In  Fig.  391  let  AC  represent  an  incident 
plane  pulse  whose  trace  runs  along  the 
first  face  of  the  prism  from  A  to  B, 
AFf  BE  is  the  direction  of  propagation 
of  the  refracted  waves  under  considera- 

tion, to  which  the  second  face  of  the 
prism  is  perix^ndicular.  As  l)efore,  if  t 
be  the  jKjriod,  V  the  wave-velocity  of 
the  waves  propagatcni  in  (lirection  BE, 

U  the  corresix)n(ling  groui)-v(»locity,  /' 
the  time  of  travel  of  the  pulst*  from 
A  to  B,  the  numlx?r  of  waves  within  the 
medium  is F-r/; 

FiQ.  391. 
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giving  on  emei^nce  the  number  of  waves  expressed  in  (4).    If  Ft 
be  the  velocity  in  vacuum,  r=\/Vn,  and 

.,_BC_AD. *  ~  7«  "  V 
BO  that 

t  AD  r. 
r       \    V 

"  Thus,  as  in  (5),  (6),  (7), 

N^(Yo^Yo\AD^^^j^dit      ....    (8) 
\U     Vj  A  d\'  ^^ 

in  agreement  with  (1). 
**  Although  the  process  is  less  easy  to  follow,  the  construction  of  a 

train  of  waves  from  an  incident  pulse  is  as  definite  in  the  case  of  a 
prism  as  is  that  of  a  grating ;  and  its  essential  features  are  presented 

to  the  eye  in  Scott  Russel's  phenomenon.'' 



CHAPTER  XXIV 

THE    RELATIVE    MOTION    OF    ETHER   AND    MATTER 

Aberration  of  Light.  —  The  discovery  was  made  by  Bradley,  in 
1728,  that  the  apparent  direction  of  the  stars  was  modified  by  the 
motion  of  the  earth  through  space.  To  understand  just  how  this 
results,  let  us  take  the  ease  of  a  gun  on  shore  which  has  sent  its 
projectile  through  the  hull  of  a  ship.  If  the  ship  is  at  rest,  the  posi- 

tion of  the  gun  could  be  determined  by  sighting  through  the  shot- 
holes  made  by  the  entrance  and  exit  of  the  ball.  If,  however,  the 
ship  is  moving  at  high  speed,  it  will  have  advanced  a  certain  distance 
during  the  time  occupied  by  the  projectile  in  passing  through  the 
hull,  and  the  point  of  exit  will  be  further  aft  than  in  the  previous 
case.  A  line  drawn  through  the  two  holes  will  not,  in  the  present 
instance,  determine  the  true  direction  of  the  gun,  as  can  easily  be 

seen  by  constructing  a  diagram.  The  gun's  position,  as  determined 
by  this  method,  will  appear  to  have  shifted  in  the  direction  of  the 

ship's  motion,  through  an  angle,  the  tangent  of  which  is  the  ratio 
of  the  ship's  velocity  to  that  of  the  projectile.  This  angle  is  called 
the  angle  of  aberration.  Consider  now  the  case  of  light-waves 
entering  the  object  glass  of  a  telescope.  The  lens  transforms  thc»m 
into  concave  waves,  and  we  will  assume  that  the  telescope  is  so 
pointed  that  they  come  to  a  focus  on  the  cross-hairs  of  the  eye- 

piece. If  the  earth  were  at  rest,  a  line  drawn  from  the  point  of 
intersection  of  the  cross-hairs  through  the  center  of  the  lens  would 
give  the  true  direction  of  the  star.  But  the  earth  and  the  telescc)|)e 
are  in  motion,  and  while  the  waves  are  travelling  down  the  tube 
the  tul)e  is  being  carried  forward.  The  focus  ))oint  will  in  this  case 
fall  a  little  l)ehind  the  point  at  which  the  rays  would  have  met  if  the 
telescope  had  been  at  rest,  and  if  the  star  image  is  now  brought  upon 
the  intersection  of  the  cross-hairs  it  is  clear  that  the  t<*le8Cope  is 
pointing  a  little  ahead  of  the  star's  true  position.  The  amount  of 
the  shift  due  to  the  earth's  motion  can  of  course  l)e  determined  only 
by  extending  the  olxservations  over  an  entin*  year ;  the  total  (change 
in  the  star's  position  will  clearly  l)o  double  the  true  angle  of  aber- 

ration, for  the  shift  is  in  opposite  directions  when  the  earth  is  on 
opposite  sides  of  its  orbit  around  the  sun.  The  <*ase  is  analogous 
to  that  of  a  ship  steaming  around  in  a  circle,  the  crew  of  which  are 
endeavoring  t^)  locate  the  |)osition  of  a  gun  on  shore  by  sigliting 
through  the  shot-holes. 

Bradley  found  the  tot^l  angle  of  al)erration  U)  Ik?  40.89  w»conds  of 
arc,  or  that  the  actual  shift  due  to  the  earth's  motion  in  its  orbit  w:is 
20.44  seconds.  The  velocity  of  light  in  space,  which  was  given  by 

dividing  the  earth's  velocity  by  tlie  tangent  of  this  angle,  agree<i  well 007 
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with  the  value  found  by  Romer  from  observations  of  the  eclipses  of 

Jupiter's  satellites. 
The  phenomenon  of  aberration  clearly  indicates  that  the  medium 

which  is  transmitting  the  undulations  must  be  at  rest  with  respect  to 
the  telescope.  If  the  ether  in  the  tube  were  carried  along  with  it, 

the  point  at  which  the  waves  came  to  a  focus  would  be  w^hoUy  unin- 
fluenced by  the  motion  of  the  tube,  and  there  would  be  no  aberration. 

As  we  shall  see  presently,  however,  certain  experiments  appear 
to  indicate  that  the  earth  carries  the  ether  along  with  it,  a  condition 
which  cannot  well  be  reconciled  with  the  phenomenon  which  we 
have  just  considered. 

It  is  probable,  however,  that  the  trouble  is  to  be  sought  for  in  the 
theory  of  the  experiment  rather  than  in  the  theory  of  aberration. 

Airy' 8  Experiment.  —  The  angle  of  aberration  being  determined 
by  the  ratio  of  the  earth's  velocity  to  the  velocity  of  light,  we  should 
expect  a  change  if  either  one  of  these  quantities  could  Ix;  altered. 
The  velocity  of  light  down  the  tube  of  the  telescope  can  l>e  dimin- 

ished by  filling  the  tube  with  water,  and  we  should  consequently 
expect  the  angle  of  aberration  to  l^e  increased.  This  experiment 
was  tried  by  Airy,  who  found,  however,  that  the  angle  was  the  same 
as  when  the  tube  was  filled  with  air. 

To  explain  this  we  may  assume  that  the  water  carries  the  con- 
tained ether  along  with  it,  not  with  its  full  velocity,  for  in  this  case 

there  would  be  nq  ̂ bg^ration.  but  with  a  velocity  sufficient  to  com- 
pensate for  the  change  resulting  from  the  diminished  velocity  of  the 

light.  That  something  analogous  to  this  dragging  along  of  the  ether 
actually  occurs,  was  proved  experimentally  by  Fizeau,  and  sub- 

sequently by  Michelson  and  Morley. 

Fizeau's  Experiment.  —  Fizeau  arranged  an  apparatus  in  which 
two  beams  of  light  were  caused  to  traverse  a  system  of  tubes  through 

which  water  could  be  forced  at 

^>-         J     A  a  high  velocity.     A  system  of 

  ^rf  I  "^.^     interference  fringes  was  formed 
•"1^-   j-)"-  v  "  1/^      by  the  union  of  the  two  beams, 

J  and  the  effect  of  the  motion  of 
Fig.  392.  the  fluid  upon  the  position  of 

the  fringes  was  studied.  The 
arrangement  of  the  apparatus  is  shown  in  Fig.  392.  Light  from  the 
slit  at  S  after  reflection  from  a  plate  of  glass  is  made  parallel  by  a 
collirnatiiig  lens,  and  divided  into  two  portions  which  traverse 
tubes  containing  running  water.  It  is  clear  from  the  diagram  that 
each  interfering  beam  traverses  the  same  thickness  of  ponderable 
medium,  for  each  ray  is  obliged  to  pass  through  the  entire  tube 
system.  This  is  accomplished  by  focussing  the  rays  upon  a  plane 
mirror,  the  effect  of  which  is  to  interchange  the  paths.  Moreover, 
it  will  be  seen  that  one  ray  is  travelling  always  with  the  current, 
the  other  against  it.  On  emerging  from  the  apparatus  the  rays 

are  brought  to  a  focus  at  S'  behind  the  plat-e  (a  portion  at  5  also), 
where  a  system  of  interference  fringes  is  formed.  A  shift  of  the 
fringes  was  observed  when  the  water  was  put  in  motion,  which 
could  he  doul)led  by  reversing  the  direction  of  the  current. 

iC 
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Let  c  be  the  velocity  of  light  in  vacuo,  v  the  velocity  in  water,  a"n(i 
V  the  velocity  of  the  water.  Assume  that  the  ether  is  carried  along 
by  the  water  with  a  velocity  VO,  in  which  ̂   is  a  fraction.  The 
velocity  of  the  two  interfering  beams  will  he  v  —  VS  and  v  +  VO^ 
and  if  /  is  the  total  length  of  the  water  path,  the  difference  in  time 
over  the  two  paths  will  be : 

_l   l__ 

v-ve    v+ve' Fizeau  observed  a  measurable  displacement  with  a  velocity  of 
seven  metres  per  second.  The  phase-diflference  can  be  determined 
by  the  shift  of  the  fringes,  from  which  the  value  of  0  in  the  above 
equation  can  be  determined.  In  the  case  of  water,  V  =  .434,  that  is, 
the  motion  of  the  w^ater  apparently  gives  to  the  contained  ether  a 
velocity  very  nearly  half  as  great  as  its  own.  The  general  expres- 

sion for  By  as  developed  by  Fresnel,  for  any  moving  medium  of 
refractive  index  /jl  is 

This  experiment  was  repeated  in  an  improved  form  by  Michelson 

and  Morley  (Am,  Journal  of  Sci.f  xxxi.,  p.  377  (1886)).  In  Fizeau's 
arrangement  the  distance  l)etween  the  slits  which  divide  the  beam 
into  two  portions  is  neces-  . 
sarily  lar&e,  and  the  fringes 
are     in     consequence     ex- 

tremely close  together  and  ^^ 
require  very  high  magnifica- 

tion, with  its  accompanying 

loss  of    light.    Michelson's  Jl- — v-   1   .^   .K 
arrangement  permitted  the       •., ./  " 
use  of  an  extended  source       '^, 
of  light  such  as  a  gas  flame,   v'   \   ii   /   r^ 
andanydesired  distance  be-    ̂   *v    ||   '- — - — 1-r   "]/ tween  the  tubes.  Light  from 
a  source  at  S  (Fig.  393)  is 
divided  at  a  half    silvered 
Burfaceatil,  and  sent  around  y^^,  3^3 
the  water-tube  system  in  op- 

posite directions,  as  shown 
in  the  diagram.  With  tulx^  six  metres  long  and  a  velocity  of 
eight  metres  per  second,  the  displacement  observed  on  reversing 
the  direction  of  the  current  amounted  to  less  than  the  width 

of  a  single  fringe.  The  results  obtained  were  fairly  concordant, 

however,  the  value  .434  l)eing  found  for  0.  They  also^  ex|>eri- 
mented  with  an  air  current  movmg  with  a  velocity  of  25  metres 
per  second,  but  the  effect  in  this  case  was  t<K)  small  to  measure. 

The  expression  for  0  which  has  l)een  given  al>ove  was  <levelop(»il 
by  Fresnel  from  the  following  considerations:  He  n»ganle<l  the 
refractive  index  as  the  square  root  of  the  ratio  of  the  ether  density 

in  the  medium  to  the  ether  density  in  vacuo,  the  refraction  lx*ing  due 
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to  the  condensation  of  the  ether  within  the  pores  of  the  medium. 
Consider  a  transparent  plate,  of  ref .  index  m,  moving  with  velocity 
F,  and  let  A  be  the  ether  density  within  it,  and  D  the  density  in 
vacuo.  Then  D\  =  m^D.  If  there  is  no  flow  of  the  ether  around 
the  edges  of  the  plate,  the  same  amount  must  enter  the  front  sur- 

face in  unit-time  as  leaves  the  back  surface,  or  DV ^  Di(y ^BV), 
which  gives  us,  if  we  substitute  t>^D  for  A, 

d=  1  -^-*= .438  for  water. 

This  amounts  to  saying  that  the  condensed  ether  within  the  plate 
is  carried  forward  with  a  velocity  such  that  the  excess  of  the  ether  in 
the  bo<ly  over  that  in  the  corresponding  free  space  is  carried  aloiig 
with  the  full  velocity  of  the  plate.  We  may,  however,  regard  the 
condensed  ether  as  a  part  of  the  medium,  in  which  case  we  can  say 
that  the  ether  proper  is  entirely  uninfluenced  by  the  motion  of  the 

medium.     If  c  is  the  velocity  of  light  in  a  vacuum,  and     the  velocity 

in  a  medium  at  rest,  the  absolute  velocity  of  the  light  in  a  medium 
moving  with  a  velocity  V  is 

A* 

the  plus  or  minus  sign  being  used  according  as  the  light  travels  in 
the  same  or  opposite  direction  as  that  in  which  the  mediutn  moves. 
Commenting  on  the  derivation  of  the  above  formula,  Lord  Ray- 
leigh  remarks :  "  Whatever  may  be  thought  of  the  means  by  which 
it  is  obtained,  it  is  not  a  little  remarkable  that  this  formula  and 
no  other  is  consistent  with  th^  facts  of  terrestrial  refraction  if  we 
once  admit  that  the  ether  in  the  atmosphere  is  at  absolute  rest. 
It  is  not  probable  that  the  ether  in  moving  refracting  bodies  can 
properly  be  regarded  as  itself  in  motion,  but  if  we  knew  more 
about  the  matter  we  might  come  to  see  that  the  objection  is 
verbal  rather  than  real.  Perhaps  the  following  illustration  may 
assist  the  imagination : 

"  (Compare  the  ether  in  vacuum  to  a  stretched  string,  the  trans- 
verse vibrations  of  which  represent  light.  If  the  string  is  loaded 

(say  with  beads)  the  velocity  of  propagation  is  diminished.  This 
represents  the  passage  of  light  through  stationary  refracting  media. 
If  now  the  loads  be  imagined  to  run  along  the  string  with  a  velocity 
not  insensible  in  comparison  with  that  of  the  waves,  the  velocity 
of  the  latter  is  modified.  It  appears  that  the  suggested  mo<lel 
would  lead  to  a  somewhat  different  law  of  velocity  from  that  of 
Fresnel ;  but  in  hrinp;ing  it  forward  the  object  is  merely  to  show 

that  we  need  not  interpret  Fre.snel's  language  too  literally.** 
Retardation  by  a  Moving  Plate.  —  Let  us  now  investigate,  fol- 

h)wing  Lord  Raylei^b,  the  effect  of  the  motion  of  a  plate  upon  the 
rc^tardation  which  it  exerts  upon  light -waves  passing  through  in  the 
same  (or  in  the  op[)osite)  direction.  Let  the  velocity  of  the  plate  be 
designa,ted  as  b(»fore  by  \\  its  thickness  by  rf,  and  its  refractive 
index  ])y  /x.     If  the  velocity  of  the  ether  within  the  plate  is  B\\ 
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and  the  velocity  of  light  in  vacuo  is  c,  we  have  for  the  absolute  velocity 
of  the  wave  in  the  plate : 

-+ev. 

The  time  t  occupied  by  the  wave  in  traversing  the  plate  is  not 
found  by  dividing  d  by  the  velocity  as  given  above,  for  during  the 
time  t  the  anterior  face  of  the  plate,  which  the  wave  reaches  last,  is 
carried  forward  a  distance  Vt.  The  velocity  of  the  wave  in  the 
plate  multiplied  by  the  time  t  is  equal  to  the  thickness  of  the  plate 
plus  the  distance  through  which  the  plate  moves  in  time  t,  or 

(-+ev\^d+VtoT  ̂   = 
c 

The  time  to  which  would  have  been  occupied  in  traversing  the 
same  distance  d+  F(,  had  the  plate  been  away,  is  given  by 

do^d+Vt, 
ao  that 

cto^^  j  c  ^^  c(t-to)  ̂       \       ej     _  ̂ 
c  c 

If  we  substitute  in  this  Fresnel's  value  of  ̂ ,  viz.  1— m"*,  neglect- Y 
ing  as  insensible  the  square  of  — ,  we  find c 

:«-«  =  (M-l)d(l-^, 

an  equation  which  gives  us  the  relative  retardation  between  a  wave 
passing  through  the  plate  and  one  passing  by  its  side.    The  retarda- 

y 
tion  depending  upon  the  sign  of  — ,  will  be  altered  when  the  direction c 
of  the  light  is  reversed,  which  can  be  done  by  a  simple  rotation  of  the 

apparatus  through  180°.  If,  however,  we  employ  a  terrestrial 
source  of  light,  such  as  a  sodium  flame,  we  must  take  into  account 
the  fact  that  the  source  is  in  motion,  and  that  the  waves  are  conse- 

quently shortened  or  lengthened  by  Doppler's  principle. 
If  V  is  the  velocity  of  the  source,  the  wave-length  is  changed  from 

AtoXn   J  on  the  side  of  the  source  towards  which  it  is  mov- 

ing and  to  Ann — j  on  the  opposite  side.     We  thus  see  that 

if  we  measure  the  retardation  in  the  above  equation  in  wave- 
lengths, as  we  are  obliged  to  do  in  all  experiments,  it  is  independent 

of  F,  that  is,  no  displacement  of  the  fringes  is  to  be  expected  on 

rotating  the  apparatus  through  180°.    An  experiment  was  devised 
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by  Hock  in  1869,  in  which  the  part  of  the  retardation  independent 
of  V  was  eliminated.  Two  beams  of  light  were  passed,  the  one 
through  a  refracting  plate,  the  other  through  the  air :  they  were 

then  brought  to  a  focus  on  a  mirror,  as  in  Fizeau's  experiment,  by 
which  the  parts  were  interchanged.  It  would  appear  at  first  sight 
as  if  an  effect  of  the  motion  of  the  plate  should  be  observed  in  this 
case,  but  Lord  Rayleigh  shows  that  if  the  change  in  wave-length 
which  occurs  at  reflection  from  a  moving  mirror  is  taken  into  ac- 

count, no  results  are  to  be  expected. 
Tbe  Michelson-Morley  Experiment.  —  Attempts  have  been  made 

by  Michelson  and  Morley  to  detect  effects  resulting  from  the  relative 
motion  of  the  earth  and  the  ether.  These  effects  depend  upon  the 
square  of  the  ratio  of  the  velocity  of  the  earth  in  its  orbit  to  the 
velocity  of  light,  a  term  which  can  be  neglected  in  all  experiments 
involving  such  small  velocities  as  occur  in  experiments  such  as  that 
of  Fizeau.  The  theory  of  these  celebrated  experiments,  about 
which  so  much  discussion  has  occurred,  is  as  follows  (Michelson  and 
Morley,  Phil.  Mag.y  xxiv.,  page  449) : 

Consider  a  system  of  interference  fringes  formed  by  a  Michelson 
interferometer,  the  three  mirrors  of  which  occupy  the  positions 
At  BfC  (Fig.  394)  at  the  moment  when  the  incident  beam  SA  strikes 
the  first  plate.    While  the  light  is  travelling  from  the  mirror  A  to 

the  mirrors  B  and  C  and  back  again  to  A, 
assume  the  whole  apparatus  carried  forward 
by  the  earth  in  the  direction  of  the  incident 

light  to  the  position  A'B'C  The  ray  re- 
flected from  5,  which  interferes  with  a  given 

ray  reflected  from  C,  along  the  line  A'D'y 
we  must  consider  as  travelling  along  AB'A\ 
the  angle  BAB'  being  equal  to  the  angle  of 

Fio.  394.  aberration.     It  must  not  be  thought,   how- 
ever, that  the  path  of  the  reflected  ray  is  altered  by  the  motion  of  the 

mirror.  The  change  of  path  merely  indicates  that  the  ray  which 
we  are  utilizing,  and  which  strikes  the  mirror  A  in  its  second  posi- 

tion at  the  point  where  the  ray  BA  would  have  met  it  had  the 
apparatus  been  at  rest,  is  a  ray  reflected  at  the  angle  indicated. 
The  mirror  B,  at  the  moment  when  reflection  occurs  at  its  surface, 
has  moved  only  one-half  of  the  distance  between  A  and  A\  from 
which  it  follows  that  the  angle  BAB'  is  equal  to  the  angle  of  aber- 

ration,  the  tangent  of  which  is  the  ratio  of  -—  to  AB,    The  dotted 

Ji 
lines  in  the  figure  are  not  quite  correctly  placed,  as  is  obvious. 

Suppose  that  the  ether  remains  absolutely  at  rest,  and  let  c=the 
velocity  of  light,  and  u  =  the  velocity  of  the  apparatus,  i.e.  of  the 
earth  in  its  orbit. 

Further,  let  T=the  time  occupied  by  the  ray  in  passing  from  A 
to  C  (located  at  the  point  to  which  it  has  been  carried),  and  7^  = 
the  time  in  returning  from  C  io  A' ,  At  the  moment  of  reflec- 

tion from  C  the  mirror  will  occupy  a  position  midway  between  C 
and  C. 
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Call  D  the  distance  A B  or  AC ̂   then 
cT=D+uT, 

D        m,       D 
8o  that 

r= r= 

c—u c+u 

c^  —  u^ 

the  whole  time  being  given  by 

2  Z) 

If  the  system  is  at  rest,  7*=  — ,  which  is  identical  with  the  above 

equation  when  u=0. 
The  actual  distance  traversed  in  the  time  T+T"  is  obviously 

given  by  multiplying  the  time  of  transit  by  the  velocity  c,  or 

Path=2Z)^=2Z)(l  +  ̂) 

which  we  obtain  by  simple  division,  neglecting  --  and  terms  of 

higher  order. 

The  length  of  the  other  path  AB'A'  is 

2  ̂ (l  + J')^=2Z>^1  +  ̂)  (approx.),  since 

AA' 

AS 
2u 

c 

It  is  thus  seen  that  the  effect  of  the  motion  of  the  apparatus  is  to 
slightly  increase  both  paths,  the  increment  being  much  greater, 
however,  along  the  path 

parallel  to  the  earth's 
motion.  The  path-dif- 

ference which  was  origi- 
nally zero  is  now 

«(>+?')- 

We  may,  if  we  choose, 
look  at  the  thing  from  a 
slightly  different  point  of 

view.  Imagine  an  ob- 
server moving  through 

space  with  a  velocity  v  in 
the  direction  of  the  x 

axis,  Fig.  395.  Suppose 
that  he  sets  off  a  flash 

of  light  which  originates  a  spherical  wave,  which  moves  out  from 
its  origin  with  a  constant  velocity  in  all  directions.  As  the  wave 
spreads  out,  the  observer  is  moving  along  towards  the  right, 2x 

Fio.  396. 
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drifting  away  from  the  point  where  the  wave  originated,  and  reach- 
ing the  point  B  at  the  moment  when  the  wave  has  the  diameter  c. 

It  is  clear  that  if  he  were  unaware  of  his  own  motion,  but  had 
some  means  of  following  the  motion  of  the  wave,  he  would  come 
to  the  conclusion  that  the  velocity  of  the  wave  in  the  direction  of 
+x  is  c—Vy  and  in  the  reverse  direction  c-\-v.  In  the  direction 
perpendicular  to  the  x  axis  he  will  also  find  the  velocity  altered, 
for  he  will,  as  he  moves  along,  be  dealing  with  the  velocity  with 
which  that  portion  of  the  spherical  wave  which  lies  in  the  direction 
i-  to  X  from  his  viewpoint  is  moving  away  from  him.  It  is  clear 
from  the  figure,  that  when  he  is  at  the  point  B  he  will  regard  the 
distance  BD  as  the  distance  which  the  wave  has  travelled,  and 

this  distance  is  less  than  c,  being  in  fact  Vc*— v*,  as  can  be  seen 
from  the  right  triangle  ADB.  We  can  now  imagine  the  observer 
furnished  with  an  interferometer,  and  if  he  uses  these  new  values 
for  his  light  velocity  in  the  two  directions  he  can  consider  the  two 
paths  in  his  instrument  as  constant.  If  D  is,  as  before,  the  distance 
between  the  mirrors,  the  time  occupied  by  the  light  in  making  its 
to-and  fro  excursion  between  the  half -silvered  mirror  (which  can  be 
regarded  as  the  source  of  light)  and  the  mirror  lying  in  the  direction 
of  motion  will  be 

c—v      C+V         C    \        C^  J 
while  the  time  over  the  other  path  will  be 

D  D  2Df.  .    v" + 
-y/i^—v^      Vc 

D   ^2Dr 
J^       c  \ 

'+#?+ 

)
■
 

Dv^ 

The  time-difiference  over  the  two  paths  is  obviously   and  the 

c  c* 

path-diflference  D—  which  is  identical  with  our  former  expression. 

This  treatment  of  the  problem  is  perhaps  a  little  easier  to  follow 
than  the  other,  and  we  shall  have  occasion  to  refer  to  it  again  in  the 
following  chapter. 

If  now  we  rotate  the  whole  apparatus  through  90®,  the  path 
AB'A'  will  be  the  one  which  receives  the  larger  increment,  and  a 

shift  in   the    position   of   the   fringes 
should  result. 

In  the  first  experiments  tried,  the 
expected  shift  amounted  to  only  about 
tjV  of  the  distance  between  the  fringes ; 
moreover,  it  was  found  imp)ossible  to 
rotate  the  apparatus  without  introduc- 

ing strains,  which  caused  slight  changes 
in  the  position  of  the  fringes.  As  a 
result  no  very  definite  conclusions  could 
be  drawn  from  the  observations.  The 
experiment  was  then  repeated  twith 
improved  apparatus.  By  means  of 
multiple  reflections  the  path  D  was  in- Fio.  396. 
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creased  to  11  metres.  The  mirrors,  16  in  number,  were  mounted 
on  a  heavy  slab  of  stone  which  was  floated  on  mercury.  The 
apparatus  was  kept  in  slow  rotation  while  the  observations  were 
taken,  which  did  away  with  the  strains  which  always  occurred  when 
it  was  brought  to  rest.  A  diagram  of  the  apparatus  is  shown  in  Fig. 
396,  the  number  of  mirrors  having  been  reduced  by  one-half,  how- 

ever. The  beam  of  light  is  divided  at  the  half-silvered  plate  A. 
The  compensating  plate  is  located  at  B. 

The  value  of  —  is  10"*,  if  the  earth's  orbital  motion  is  alone  con- 

sidered,  while  D  measured  in  wave-lengths  of  sodium  light  was 
2X1(F.  If  the  ether  remains  at  rest  relatively  to  the  earth,  we 
should  expect  a  displacement  of  the  fringes  equal  to 

4X  lO^X  10-«= .4  of  a  fringe  width. 

The  actual  displacement  observed  was  certainly  less  than  ̂   of  the 
expected,  and  probably  less  than  ̂ ,  from  which  the  conclusion  was 
drawn  that  since  the  displacement  is  proportional  to  the  square  of 
the  velocity,  the  relative  velocity  of  the  earth  and  the  ether  is 

probably  less  than  one-sixth  of  the  earth's  orbital  velocity.  This 
amounts  to  saying  that  the  earth  drags  the  ether  in  its  vicinity  along 
with  it,  a  circumstance  which  cannot  be  reconciled  with  the  phenom- 

enon of  stellar  aberration,  to  account  for  which  we  must  assume 
the  ether  at  rest  with  respect  to  the  earth. 

An  explanation  of  the  absence  of  any  fringe-shift  in  the  experi- 
ment of  Michelson  and  Morley  was  suggested  simultaneously  by 

Fitzgerald  and  Lorentz.  This  explanation  was  based  upon  an  as- 
sumed change  in  the  linear  dimensions  of  matter  resulting  from  its 

motion  through  the  ether ;  a  contraction  of  the  base  upon  which  the 
mirrors  are  supported  occurring  in  the  direction  of  motion  would 
compensate  for  the  increment  of  optical  path  due  to  the  motion  of 
the  apparatus. 

Attempts  have  been  made  to  detect  this  hypothetical  effect,  but 
thus  far  all  have  been  unsuccessful.  If  the  effect  occurs  it  might 
very  well  happen  that  its  magnitude  would  vary  with  different 
materials.  Morley  and  Miller  therefore  repeated  the  experiment 
under  conditions  such  that  the  distance  between  the  mirrors  could 
be  made  to  depend  upon  the  length  either  of  a  metal  rod  or  a  pine 
stick.    The  result  was  the  same  in  each  case,  however. 

It  occurred  to  Lord  Rayleigh  that  the  contraction  in  the  direction 
of  motion,  if  it  existed,  might  give  rise  to  double  refraction,  but  he 
was  unable  to  detect  anything  of  the  kind;  and  a  subsequent  experi- 

ment by  Brace,  performed  with  the  greatest  care,  has  established 
conclusively  that  no  trace  of  double  refraction  occurs  as  a  result  of 
the  motion  of  transparent  media  through  the  ether. 

It  is  obvious  that  the  failure  of  the  earth's  motion  to  influence  in 
any  way  phenomena  occurring  in  optical  systems  located  wholly 
upon  the  earth  are  at  once  explained  if  we  assume  that  the  velocity 
of  light  is  influenced  by  the  motion  of  the  source,  i.e.  if  the  veloci- 

ties are  additive,  as  would  be  the  case  on  the  corpu«rular  theory, 
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for  in  this  case  the  moving  observer  would  remain  at  the  centre  of 
the  wave.  This  hypothesis  has  never  even  been  seriously  con- 

sidered, for  it  is  incompatible  with  the  wave-theory.  In  the  last 
chapter,  we  shall  take  up  the  whole  matter  from  a  quite  new  point 
of  view,  the  theory  of  relativity,  and  it  will  be  shown  that  from  a 
certain  point  of  view  a  moving  source  of  light  can  be  considered  as 
remaining  at  the  centre  of  waves  which  it  originates,  which  is  all  that 
we  require. 

Lodge's  Experiment.  —  The  experiment  of  Michelson  and  Mor- 
ley  indicating  that  the  earth  drags  the  adjacent  ether  along  with  it, 
it  occurred  to  Lodge  ̂   to  investigate  directly  the  effect  of  moving 
matter  upon  the  ether.  Two  steel  disks  were  mounted  side  by  side 
and  close  together  upon  a  common  axle,  and  two  interfering  beams 
of  light  were  passed  in  opposite  directions  around  the  annular  space 
between  the  disks,  by  means  of  a  system  of  mirrors.  The  disks 
could  be  rotated  at  a  high  speed,  and  if  they  dragged  the  ether 
wholly  or  in  part  the  effect  would  be  noticeable  in  a  shift  of  the  inter- 

ference fringes,  since  one  beam  of  light  is  travelling  in  the  direction 
of  rotation,  the  other  in  the  opposite  direction.  No  effect  was 
observed  at  even  the  highest  possible  speeds.  Thinking  that  per- 

haps the  mass  of  the  moving  matter  entered  as  a  factor.  Lodge  sub- 
stituted for  the  disks  an  immense  spheroid  of  iron  weighing  half  a 

ton,  provided  with  a  narrow  circular  crevasse  along  its  equator, 
aroimd  which  the  luminous  beams  were  reflected.  The  spheroid 
could  be  magnetized  by  means  of  a  coil  of  wire,  since  it  appeared 
possible  that  magnetization  of  the  moving  medium  might  have 
some  eflfecti  As  in  the  previous  case,  the  results  were  all  negative, 
proving  that  at  such  speeds  as  can  be  handled  in  the  laboratory  the 
ether  remains  practically  at  rest.  This  is  in  agreement  with  all  of 
the  other  experiments  except  the  one  performed  by  Michelson  and 
Morley. 

Influence  of  the  Earth's  Motion  on  Rotatory  Polarization.  —  Lo- 
rentz  developed  a  formula  which  apparently  indicated  that  a  change 
of  one  part  in  ten  thousand  in  the  rotation  of  the  plane  of  polariza- 

tion by  active  substances  such  as  quartz  was  to  be  expected  when 

the  polarimeter,  set  parallel  to  the  earth's  orbit,  was  turned  through 
180°.  Larmor,  in  his  Aether  and  Mattery  criticised  this  result,  and 
concluded  that  no  effect  was  to  be  expected.  Lorentz  replied, 
defending  his  position  {Proc.  Amsterdam  Acad,,  May  1902),  and 
maintained  that  Larmor  was  in  error.  The  subject  was  then  at- 

tacked experimentally  by  Lord  Rayleigh  {PhiL  Mag,,  4,  p.  215, 
1902),  who  found  that  the  change,  if  it  occurred,  was  less  than 

T0"nW(7  part  of  the  total  rotation.  He  used  the  five  quartz  blocks 
which  had  been  prepared  for  Tait^s  rotation  spectroscope,  each 
block  5  cms.  thick,  the  battery  producing  a  rotation  of  over  4000 
degrees  for  sodium  light.  As  the  difference  in  the  rotations  for  Di 

and  D2  amounted  to  11°,  it  was  impossible  to  secure  complete  extinc- 
tion with  sodium  light,  and  the  helium  tube  was  consequently  em- 

ployed, which  gave  an  abundance  of  yellow  monochromatic  light. 
The  apparatus  was  mounted  on  a  horizontal  stand,  which  could  be 

»  Phil.  Mag. 
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rotated  on  a  pivot.  No  change  whatever  was  observed,  however, 
which  was  in  agreement  with  the  predictions  of  Larmor.  Stiii 
more  recently  Bruce  {Phil.  Mag,,  September  1905)  has  shown  that 
any  change  must  be  less  than  iffinAwnnr  ̂ ^  *^®  whole. 

Effect  of  the  Earth's  Motion\pan  the  Intensity  of  Terrestrial 
Sources.  —  Fizeau  came  to  the  conclusion  that  if  the  ether  was  at 
rest  with  respect  to  the  earth,  the 

earth's  orbital  motion  ought  to  affect 
the  intensity  of  the  light  emitted  by 
terrestrial  sources,  the  light  emitted  in  the 

direction  of  the  earth's  motion  being  less    c    intense  than  that  emitted  in  the  opposite  •— » 
direction.    This  conclusion  was  reached  fio.  397. 
by  the  following  reasoning :   Let  A  he  Sk 
lamp  (Fig.  397),  B  and  C  two  screens,  upon  which  the  light  falls, 
the  whole  apparatus  moving  with  the  earth  through  a  stationary 
ether  in  the  direction  of  the  arrow,  with  a  velocity  v.    Let  the 
screens  be  at  distance  8  from  the  lamp.    To  reach  B  the  light  has 

to  traverse  not  the  distance  8,  but  the  slightly  smaller  distance 

^ 

c+u (in  which  c  is  the  velocity  of  light)  since  the  screen  is  approaching 
the  source  during  the  passage  of  the  light.    To  reach  the  screen  C 

the  distance  traversed  is  —  •    The  intensity  being  inversely  as 
c—v 

the  square  of  the  distance,  it  follows  that  if  Jo  is  the  intensity  at 
each  screen  when  the  apparatus  is  at  rest,  or  turned  perpendicular 

to  the  direction  of  the  earth's  motion,  the  intensity  when  the  appa- 
ratus is  flying  through  the  ether  in  the  direction  indicated  will  be 

•'-4^t)=H'*5S6> 
Fizeau  proposed  measuring  the  total  intensity  of  the  radiation 

at  two  points  equidistant  from  a  lamp  by  means  of  a  pair  of  thermo 
elements  opposed  to  each  other,  so  as  to  secure  compensation  and 

no  current.  On  rotating  the  apparatus  through  180®,  a  feeble 
current  would  result  from  the  slight  change  of  temperature  at  the 
two  points,  due  to  the  exchange  of  the  slightly  different  intensities 
of  radiation.  Strangely  enough,  the  experiment  was  not  tried  until 
1903,  when  Nordmeyer  {Ann.  der  Physik,  11,  284,  1903),  working  in 

Kayser's  laboratory  at  Bonn,  conducted  a  very  careful  series  of 
experiments  embodying  the  ideas  of  Fizeau. 

The  question  was  carefully  considered  from  a  theoretical  stand- 
point by  Bucherer,  working  in  the  same  laboratory,  his  results  ap- 

pearing in  a  paper  immediately  preceding  the  one  referred  to  above. 
There  are  a  number  of  points  which  must  be  carefully  considered. 

A  change  of  amplitude  results  from  the  difference  of  path,  as  shown 
above ;  in  addition  to  this  we  have,  however,  a  change  in  the  wave- 

length of  the  emitted  light  due  to  Doppler's  principle,  and,  as  we 
have  seen  in  the  Chapter  on  Radiation  Laws,  a  decrease  of  wave 
length,  the  amplitude  remaining  the  same,  means  an  increase  in  the 
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energy  in  unit  volume  of  the  medium.    Moreover,  if  the  intensity 
is  measured  by  the  thermopile,  it  is  represented  by  the  energy 
absorbed  by  the  blackened  surface  of  this  instrument.     If  the 
instrument  is  moving  against  the  light-waves,  work  must  be  done 
owing  to  the  pressure  of  the  radiation,  the  equivalent  of  this  work 
appearing  as  heat  in  the  body  receiving  the  radiation.     Bucherer 
considers  all  these  questions  carefully,  and  comes  to  the  conclusion 

that  Maxwell's  theory  leads  to  the  conclusion  that  the  intensity  is 2v 
increased  by  the  amount  IH   ,  or  in  the  same  amount  as  found  by c 
the  more  elementary  treatment  given  above.    This  is  a  first  order 
effect,  while  all  other  experiments  pertaining  to  the  relative  motion 

of  the  earth  and  the  ether  depend  upon  — ,  or  on  second  order  effects. 

Taking  into  account  the  pressure  of  radiation,  however,  and  calcu- 
lating the  amount  of  energy  absorbed  by  a  moving  screen,  he  finds 

that  the  common  motion  of  the  screen  and  source  is  without  influ- 
ence upon  the  intensity  as  measured  by  the  heating  of  the  absorbing 

surface.  This  result  is  obtained  by  first  calculating  the  amount  of 
energy  absorbed  by  a  screen  moving  in  the  direction  in  which  the 
light  is  travelling.    The  relative  velocity  is  then  c— r,  and  the 

energy  absorbed  will  be  the     part  of  that  which  would  be c 
absorbed  if  the  body  were  at  rest.  From  this  is  to  be  subtracted 
the  heat  equivalent  of  the  work  done  by  the  pressure  of  the  radia- 

tion, which  is  equal  to  the  product  of  the  pressure  and  the  distance 
moved  in  unit  time.  This  work  can  be  done  only  at  the  expense  of 
the  absorbed  energy. 

Lorentz  has  also  shown  in  a  different  manner  that  the  earth's 
motion  is  without  influence  upon  terrestrial  sources  of  light. 

The  experimental  investigation  was  conducted  by  Nordmeyer 
in  the  manner  proposed  originally  by  Fizeau,  but  with  all  the  refine- 

ments employed  at  the  present  time.  The  results  were  purely 
negative,  and  it  was  established  that  the  intensity  was  not  changed 
by  one  part  in  300,000  by  the  rotation  of  the  apparatus,  thus  con- 

firming the  conclusions  arrived  at  by  Lorentz  and  Bucherer. 
The  experiment  cannot,  however,  be  regarded  as  proving  that  the 

ether  is  at  rest  with  respect  to  the  earth,  since  the  same  results  are 
to  be  expected  on  the  hypothesis  of  a  moving  ether.  It  is  worthy  of 
remark,  however,  that  every  experiment,  with  the  exception  of  the 
one  performed  by  Michelson  and  Morley,  is  in  accord  with  the 
hypothesis  of  a  stationary  ether. 

Optics  of  Moving  Media  :  Lorentz's  Treatment.  —  A  very  elegant 
treatment  of  the  whole  subject  of  the  optical  properties  of  moving 
media  has  been  given  by  H.  A.  Lorentz.  The  assumption  is  made 
that  in  all  cases  the  ether  remains  absolutely  at  rest,  and  all  of  the 
phenomena  which  we  have  had  under  discussion  are  explained  by 
considering  the  system  of  electrons  as  having  a  motion  of  transla- 
tion. 

In  the  treatment  of  dispersion  we  have  considered  the  compo- 
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nents  of  current  density  as  made  up  of  two  parts,  the  displacement 
current  in  the  ether  and  the  convection  current  of  the  vibrating 
electrons,  representing  the  components  of  current  density  by  equa- 

tions of  ihe  form 

4^-.=  ̂ +4«Ar|   (1) 
in  which  i  represents  the  displacement  of  the  electron  from  its  posi- 

tion of  equilibrium  within  the  body. 
If  now  the  whole  system  of  electrons  be  set  in  motion  of  transla- 

tion with  a  constant  velocity,  of  which  the  components  are  v„  v^,  t;„ 
the  above  equation  must  be  modified  by  the  addition  of  a  term 
representing  the  convection  current  due  to  the  motion  of  transla- 
tion, 

^^>=^+^^N§+AireNv,   (2) vi  at 

In  this  equation  —  indicates  a  change  with  respect  to  time  cU  a 

at 

definite  point  in  space,  while  —  indicates  a  change  with  time  at  a 
at definite  point  within  the  body. 

During  the  time  element  dt  (in  the  formation  of  the  differential 

quotient  -y  j  the  point  in  question  moves  a  distance,  the  projections 
dtj 

of  which  on  the  axes  of  coordinates  are  v^dt,  vydt^  and  v/it. 
If  Xf  y,  z  are  referred  to  a  stationary  system  of  coordinates,  we 

must  write  for  a  differentiation  with  respect  to  time  as  expressed  by 

—  (referred  to  a  fixed  point  in  the  body), dt 
d      B  t      ̂    t      ̂    t      ̂   /o\ 

dt^at+''-rx+'''ry+''%   <3) 
since  the  quantity  to  be  differentiated  changes  by  the  amount 
d  S  d 

vjdi-r-y  vjU-t-,  vydt-T-  as  a  result  of  the  motion  of  the  body. 
ox         oy         dz 

The  components  of  the  magnetic  current  density  are  represented 
as  before  by 

4ir«.=  — ,  etc   (4) 

Our  previous  equation  of  motion  of  the  electron  was 

In  the  present  case  the  electrons  are  moving  forward  as  a  system, 
and  can  be  regarded  as  constituting  an  electric  current  with  com- 

ponents ev„  ev,y  €v,f  on  which  the  magnetic  forces  of  the  light-waves 
will  act. 

Our  equation  of  motion  must  therefore  be  modified  in  a  manner 
analogous  to  that  employed  in  the  treatment  of  magnetic  rotation 
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by  the  hypothesis  of  the  Hall  effect,  except  that  in  that  case  the 
magnetic  forces  acting  were  those  of  the  steady  field  due  to  the 
magnet. 

Our  equation  now  takes  the  form 

m^^+re'^,+^^i(=^X+Uv,y-v,fi)   (5) dfi  at  0  C 

For  periodic  changes  we  write  as  before 
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body  and  t  with  respect  to  a  fixed  point  in  space. 
In  the  case  of  a  moving  body  the  periodicity  of  the  vibration  with 

respect  to  the  body  will  be  different  from  the  periodicity  with 
respect  to  a  fixed  point  in  space.  If  the  medium  is  moving  in  the 
direction  in  which  the  light  is  travelling,  it  is  obvious  that  the  waves 
will  pass  more  slowly  by  a  given  point  in  the  medium  than  a  given 
point  in  space ;  in  other  words,  the  periodic  time  will  be  greater. 

Call  r'  and  T  the  periodic  times  with  respect  to  the  moving 
m/ 

medium  and  a  fixed  coordinate  system.     We  have  then  t'  =  — - 

2ir 

T 
and  T=— -• 

2ir 
Let  us  now  determine  the  ratio  of  the  two  periodicities  in  terms 

of  the  velocity  of  the  Ught  and  the  velocity  of  the  moving  medium. 
If  <o  is  the  velocity  of  the  light  in  the  moving  body  with  reference 

to  a  fixed  coordinate  system,  i.e.  its  absolute  velocity,  v^  the  velocity 
of  the  body  in  the  direction  of  the  normal  to  the  wave-front,  and  A 
the  wave-length  in  the  moving  medium,  the  periodicity   T  with 

respect  to  the  fixed  point  in  space  is  T=  -,  while  the  periodicity 

with   respect  to  a  point  in   the  medium  is  T'=   ,  and  the 

ratio  i:=^=^!^  =  l+?Ln,     ...."..      (6) 
since  Vn  is  small  in  comparison  to  <i>,  and  can  be  neglected  in  the 

denominator  of  — ^^— • 

Writing  as  before  (see  Chapter  on  Dispersion  Theory,  p.  404), 
rO      ,       7n0 

a=  -. — ,    0  = 
4  TT  4  ire^ 

we  obtain  from  equation  (5), 

an  equation  analogous  to  equation  (3),  p.  404. 
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From  this  equation  is  developed  by  a  somewhat  lengthy  series  of 

transformations  (see  Drude's  Optik,  pp.  423-427)  the  expression 

n*      d^X.^n^-ldf    dX  ,     dX  ,     dX\     . 

C*        a^  C*     dt\     dx        '  dy  dzj 

In  the  process  it  appears  that  -t—+—-  +  -^,  which,  in  previ- dx       oy       dz 
ous  cases,  has  been  shown  to  be  equal  to  zero,  is  in  the  present  case n*— -1  B 
equal  to  — z—T-{v,X+v,Y+vJli)y  which  indicates  that  in  a  mov- er    dt 
ing  medium  the  electric  force  is  no  longer  propagated  in  plane 
transverse  waves;    in  other  words,  that  the  electric  force  is  no 
longer  in  the  wave-front. 

It  has  seemed  best  to  omit  the  steps  by  which  the  above  equation 
is  deduced,  and  simply  state  the  final  result.  The  two  modifica- 

tions which  have  been  introduced  into  the  equations  applied  to 
matter  at  rest,  to  make  them  conform  to  moving  matter,  should  be 
clear  in  our  minds,  however. 

First,  the  velocity  of  translation  of  the  electrons  is  now  suffi- 
ciently great  to  cause  them  to  be  acted  upon  by  the  magnetic  field 

of  the  light-waves.  Were  this  the  case  in  matter  at  rest,  we  should 
have  the  refractive  index  a  function  of  the  intensity  of  the  light, 
as  we  have  seen  in  the  Chapter  on  Magneto-Optics. 

Secondly,  the  change  in  the  period  of  the  light  with  respect  to  the 

moving  matter  due  to  Doppler's  principle  is  taken  into  account. 
We  can  now  deduce  the  velocity  of  light  in  a  moving  medium, 

such  as  the  water  in  the  tube  system  in  Fizeau's  apparatus. 
Velocity  of  Light  in  Moving  Medium.  —  Writing 

and  differentiating  X  twice  with  respect  to  i  and  once  with  respect 
to  X,  y,  and  z,  and  substituting  in  tiie  final  equation  given  above, 
gives  us 

n^     2(n'- 1)  piv  +p^,+Pf^.  ̂   1  ̂   ̂j.  nVi     2(n»-l)f;,\       1^ 

in  which  Vn  is  the  velocity  of  the  medium  in  the  direction  of  the 
normal  to  the  wave-front. 

From  the  above  equation  we  get 

  c*n*o>   :=^f  -  n*<^   \ 

which  by  simple  division  of  the  last  fraction  gives 

..=  ̂ (l  +  2(«-JKX   (7) 

if  we  neglect  2nh  and  r«  in  the  denominator  of  the  remainder,  which 
we  can  do  since  they  are  small  in  comparison  to  the  first  term  n'w. 

««  = 
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This  equation  gives  us  for  «,  the  velocity  in  the  moving  medium, 
with  reference  to  a  fixed  system  of  coordinates, 

<i> 

the  second  term  of  which  can  be  freed  from  «>  if  we  substitute  for  it 

its  approximate  value  -,  which  is  justifiable,  since    -  is  a  very n  ^ 
small  fraction.    We  find  thus 

«=^  +  ̂t;,   (8) n        rr 

an  expression  identical  with  the  one  developed  by  Fresnel,  with  the 
exception  that  in  the  above  expression  n  is  not  the  refractive  index 
for  the  absolute  period  T,  but  for  the  relative  period  T\  If  we 
wish  to  get  an  expression  for  «  in  terms  of  the  refractive  index  of 
the  medium  at  rest  for  the  absolute  period  T,  we  proceed  as  follows : 

Referring  to  equation  (6),  we  see  that 

r^rfi+^y 

If  now  we  designate  the  refractive  index  of  the  medium  at  rest 
for  the  absolute  period  T  by  v,  we  have 

in  which  \=cTy  the  wave-length  in  vacuo. 
Substituting  in  equation  (8)  gives  us 

or  if  we  write  the  approximate  values  n  =  v,  a)=  -  in  the  members 
V 

containing  Vnj 
C  .       fv^—\       \  dv <D=  -+«;, 

V 

2  vdk 

In  this  expression  -  is  the  velocity  of  light  in  the  medium  at  rest V 

for  light  of  absolute  period  T,  while  the  second  term  represents 
the  change  in  velocity  due  to  the  motion  of  the  medium. 

This  change  is  slightly  larger  than  in  the  previous  formula,  since 

-r-  is  negative  in  normally  dispersing  media. 

It  is  worthy  of  remark,  however,  that  the  results  obtained  by 
Michelson  and  Morley  are  better  expressed  by  the  simpler  formula, 
which  is  identical  with  the  original  one  of  Fresnel.  Experiment 
gave  for  water  the  value  .434  for  the  term  to  be  multiplied  by  Vn ; 
the  first  formula  gives  .438,  the  second  .451. 
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In  conclusion,  it  may  be  remarked  that  all  experimental  evidence, 
with  the  exception  of  the  Michelson-Morley  experiment,  is  in  favor 
of  a  stagnant  ether.  A  test  of  the  matter,  about  which  there  could 
be  no  question  as  to  its  interpretation,  would  appear  to  be  to  meas- 

ure the  velocity  of  light  on  the  earth's  surface,  first  in  the  direction 
of  its  motion  through  space,  and  then  in  the  opposite  direction,  with 

the  accuracy  required  to  show  the  ether's  motion  if  it  exists. 
Various  methods  for  accomplishing  this  have  been  suggested, 

but  all  have  been  shown  to  be  impracticable,  and  as  we  shall  see  in 
the  next  chapter  it  is  impossible  to  reach  any  conclusion  in  this 
way. 



CHAPTER  XXV 

THE  PRINCIPLE  OF  RELATIVITY 

We  have  seen  in  the  last  chapter  that,  so  far  as  the  testimony 
of  all  experiments  which  have  been  tried  up  to  the  present  time 
goes,  the  motion  of  the  earth  does  not  affect  optical  phenomena 
exhibited  with  terrestrial  sources  of  light.  So  far  as  we  have  been 
able  to  find,  the  measured  velocities  of  light  parallel  and  perpen- 

dicular to  the  direction  of  the  earth's  motion  are  the  same.  It  is 
true  that  we  have  never  made  independent  observations  in  both 
directions,  and  we  shall  see  presently  that  even  the  results  of  such 
determinations  would  be  open  to  question,  but  the  Michelson- 
Morley  experiment  has  shown,  beyond  any  doubt,  that  we  must 
remodel  our  views  regarding  the  stationary  ether  assumed  by 
Lorentz.  The  Theory  of  Relativity  is  an  attempt  in  this  direction. 
It  was  first  definitely  formulated  in  its  entirety  by  Einstein,  though 
the  work  of  Lorentz  may  be  regarded  as  having  paved  the  way  for 
it.  It  has  been  placed  on  a  substantial  mathematical  basis  by 
Minkowski,  and  may  be  regarded  as  partially  proved  by  the  experi- 

ments of  Kaufmann  and  of  Bucherer  upon  the  mass  of  the  moving 
electron,  and  the  negative  results  of  all  ether-drift  experiments. 
The  Fitzgerald-Lorentz  hypothesis  of  a  contraction  of  matter  in 
the  direction  of  its  motion,  which  was  formulated  as  a  sort  of  loop- 

hole of  escape  from  the  difficulty  arising  from  the  Michelson-Morley 
experiment,  will  be  seen  to  be  the  logical  outcome  of  the  much  more 
general  postulates  established  by  Einstein,  which  denies  at  the  out- 

set the  possibility  of  ever  measuring  or  even  detecting  absolute 
motion  through  space. 

The  relativity  of  motion  as  applied  to  ordinary  mechanics  dates 
back  to  the  times  of  Newton  and  Galileo.  Whether  or  not  a  mass 
has  kinetic  energy  depends  upon  our  point  of  view,  and  our  view  will 
be  the  same  whether  the  mass  is  moving  by  us,  or  we  are  moving 
by  the  mass.  If  we  are  moving  with  the  mass,  it  has  no  kinetic 
energy  as  far  as  we  are  concerned. 

With  regard  to  the  ether,  however,  a  different  view  has  been  held, 
for  it  has  been  regarded  as  a  sort  of  fixed  frame  of  reference,  with 
respect  to  which  bodies  could  be  considered  at  rest  or  in  motion. 

Einstein's  postulate  denies  the  possibility  of  absolute  velocity 
(which  must  be  considered  possible  if  we  have  a  substantial  medium 
or  ether)  and  consequently  abolishes  the  ether  at  the  outset.  With 
the  disappearance  of  the  ether  we  are  forced  to  remodel  our  views 
concerning  light  and  electro-magnetic  waves,  which  now  become 
a  type  of  energy  which  propagates  itself  in  an  absolute  vacuum, 
with  a  velocity  which  depends,  not  upon  the  physical  properties 
of  the  space  through  which  it  is  moving,  but  upon  the  properties 

684 
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possessed  by  the  electro-magnetic  energy.  Light  thus  seems  to 
be  in  the  nature  of  something  expelled  by  the  source,  and  ESnstein 
is  of  the  opinion  that  the  next  phase  of  the  development  of  theo- 

retical physics  will  be  the  formulation  of  a  new  theory  of  light 
which  will  be  in  the  nature  of  a  fusion  of  the  wave-theory  with  the 
old  corpuscular  theory.  The  Principle  of  Relativity  has  been 
worked  out  in  two  different  ways.  ESnstein  has  determined  the 
effects  which  relative  motion  between  two  observers  has  upon  the 
units  of  time  and  space  used  by  the  observers;  and  Minkowski  has 
ascertained  the  nature  of  the  transformations  necessary  to  pass 
from  a  stationary  to  a  moving  system  of  coordinates,  which  shaU 
leave  Maxwell's  equations  unaltered.  Similar  conclusions  are 
arrived  at  by  the  two  methods.  These  conclusions  completely 
upset  our  old  ideas  of  time  and  space.  The  unit  of  time,  which  we 
have  regarded  as  absolute,  becomes  by  the  principle  of  relativity 
dependent  upon  the  state  of  the  observer.  The  units  of  time  in  a 
moving  system  are  longer  when  considered  by  a  stationary  observer. 
If,  in  a  system  which  is  in  motion  relative  to  us,  there  are  two  syn- 

chronous clocks,  placed  at  a  distance  apart,  and  in  the  line  of  the 
motion,  they  will  not  be  synchronous  for  us,  and  what  is  more,  the 
distance  between  them  will  be  less  for  us  than  for  an  observer 
moving  with  them.  Some  writers  hold  that  these  changes  are  only 
apparent,  that  is,  they  are  psychological  in  character,  arguing,  for 
example,  that  an  electron  appears  shortened  in  a  different  direction 
to  each  of  a  number  of  observers  moving  in  different  directions 
with  respect  to  it.  The  physical  condition  of  the  electron  does  not, 
however,  depend  upon  the  state  of  mind  of  the  observers.  This 
argument  is  open  to  criticism,  however.  It  presupposes  that  an 
electron  or  a  meter  bar  has  a  real  length  or  shape.  On  the  relativity 
theory  there  is  no  such  thing  as  real  lengthy  either  of  time  or  space. 

As  an  illustration  we  may  recall  that,  what  to  a  ̂ ationary  ob- 
server is  an  electro-static  field,  is  an  electro-magnetic  field  to  a 

moiring  observer.  What  is  the  real  nature  of  the  field?  It  is  one 
thing  to  one  observer,  and  quite  a  different  thing  to  the  other. 
Both  observers  are  right,  each  from  his  own  point  of  view,  and  the 
term  ̂ *  real  nature  of  the  field  "  becomes  meaningless.  It  is  very 
difficult  to  form  a  conception  of  how  the  units  of  time  and  space 
are  affected  by  relative  motion,  and  of  the  relations  between  time 
and  space. 

Plainck  considers  that  this  new  conception  of  our  notions  of  time 
surpasses  in  boldness  anything  that  has  appeared  up  to  the  present 
time  in  speculative  science,  in  comparison  to  which  non-Euclidean 
geometry  is  child's  play. The  Theory  of  Relativity  starts  out  with  two  postulates. 

The  first  of  these  states  that  the  uniform  motion  of  translation 
cannot  be  measured  or  even  detected  by  an  observer  stationed  on  the 
moving  system  from  observations  confined  to  the  system.  This 
amounts  to  saying  that  motion  through  the  ether  (if  the  ether 
exists  at  all)  will  be  wholly  without  influence  upon  all  optical  experi- 

ments made  with  terrestrial  sources  of  light. 
The  second  postulate  is  that  the  velocity  of  light  in  space  is  a 
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constant,  independent  of  the  relative  velocity  of  the  source  and  the 
observer. 

Combined  with  the  first  postulate  this  leads  us  to  the  extraordi- 
nary conclusion  that  the  measured  velocity  with  which  light  passes 

a  moving  observer  is  the  same  as  for  a  stationary  observer.  Going 
back  now  to  the  conception  which  we  made  use  of  in  the  treatment 
of  the  Michelson-Morley  experiment,  of  a  moving  observer  who 
sets  ofif  a  flash  of  light,  and  then  drifts  away  from  the  center  of  the 
wave,  we  see  at  once  that,  on  the  theory  of  relativity,  so  far  as  any 
measurements  which  he  could  make,  even  with  imaginary  appara- 

tus, are  concerned,  he  will  find  himself  always  at  the  centre  of  the 
wave.  Before  discussing  how  this  seeming  impossibility  can  be 
explained,  we  must  first  define  what  we  mean  by  time,  and  what  we 
mean  by  the  coincidence  in  time  of  two  events. 

Einstein  defines  time  and  isochronism  (Gleichzeitigkeit)  in  the 
following  way. 

Suppose  we  have  a  clock  at  a  point  A  in  space.  An  observer  at 
A  can  establish  a  time  value  for  an  event  at  A  by  observing  the 
position  of  the  hand  of  a  clock,  at  the  moment  at  which  the  event 
occurs.  This  event  it  must  be  noticed  is  referred  to  the  clock  at 

A,  the  time  of  which  we  will  call  the  "A  time."  An  observer  at  a 
distant  point  B  refers  an  event  happening  there  to  a  clock  at  B; 

that  is,  he  records  it  in  "  B  time."  It  is,  however,  impossible  to 
compare  the  times  of  happening  of  two  events,  one  at  A  and  the 
other  at  B,  without  establishing  a  further  point,  for  we  have  not  yet 

defined  a  "  common  time  "  for  the  points  A  and  B.  We  must  clearly 
understand  what  we  mean  when  we  say  the  clocks  are  together  in 

time.  Einstein's  definition  of  the  isochronism  amounts  to  saying 
that  two  clocks  are  together  when  the  time  of  transit  of  a  flash  of 
light  from  one  clock  to  the  other,  as  measured  by  the  clocks,  is  the 
same  in  each  direction. 

As  an  illustration  we  will  suppose  that  an  imaginary  inhabitant 
of  the  sun  has  established  heliographic  communication  with  the 
earth,  and  that  we  have  decided  to  synchronize  a  clock  on  the  earth 
with  one  on  the  sun.  Light  requires  about  8  minutes  to  cover  the 
distance,  so  we  must  allow  for  this  in  setting  the  clocks.  We  will 
begin  by  assuming  that  the  clocks  art  together,  and  establish  a 
method  by  which  an  observer  on  the  sun  and  one  on  the  earth  could 
ascertain  this  fact.  Suppose  we  send  a  signal  (a  flash  of  light) 
to  the  sun  at  the  moment  when  the  hands  of  our  clock  indicate 
noon.  We  will  call  this  0  time  for  convenience.  The  signal 
reaches  the  sun  at  8  minutes  past,  as  indicated  by  the  solar  clock, 
and  a  signal  is  instantly  flashed  back  to  the  earth  that  the  arrival 
time  of  the  earth  signal  was  8.  This  signal  reaches  the  earth  at 
time  16,  and  we  have  the  equal  times  of  transit  16-8  and  8-0. 
This  will  be  true  only  if  the  clocks  are  perfectly  sjnichronized.  If 
the  solar  clock  was  a  minute  ahead  of  ours,  the  observer  there  would 
signal  9  as  the  time  of  arrival  and  we  should  receive  this  signal  at 
16  as  before,  and  have 

16-9>9-0. 
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As  we  shall  see  presently,  we  must  define  what  we  mean  when  we 
say  that  the  clocks  are  together.  The  above  definition,  based  on 
the  assumed  equality  of  the  times  of  transit  of  a  light  signal  to  and 
from,  is  as  good  a  definition  as  any  we  can  make,  but  as  we  shall 
now  see,  it  holds  only  for  observers  on  the  sun-earth  system. 

Suppose  now  that  the  sun  and  earth  are  moving  together  through 
space,  in  the  direction  of  the  line  joining  them,  the  earth  being  in 
advance  and  the  sun  following.  From  what  we  know  of  the  motion 
of  the  solar  system,  this  would  occur  when  the  earth  is  between  the 
sun  and  the  constellation  Hercules.  Suppose  the  clocks  to  be 
together  as  before,  and  our  signal  sent  off  at  time  zero.  Since  the 
sun  is  moving  towards  the  point  occupied  by  the  earth  at  the 
moment  when  the  flash  started,  the  signal  will  reach  the  sun  in  less 
time,  say  at  7  minutes  past  0.  (We  are  of  course  assuming  a  very 
high  velocity  of  the  solar  system.)  The  solar  observer  flashes  back 

the  signal  "  7,"  which  requires  more  than  8  minutes  to  reach  us 
as  we  are  moving  away  from  it.  Let  us  suppose  that  it  reaches  us 
in  9  minutes,  our  clock  indicating  16  as  before,  which  will  be  a 
sufficient  approximation  to  the  truth  to  answer  our  present  pur- 

poses. We  find  that  16-7  is  not  equal  to  7-0,  and  conclude  that 
the  clocks  are  not  together,  the  solar  clock  appearing  to  be  one 
minute  behind  ours.  We  now  signal  this  circumstance  to  the 
solar  observer  and  he  sets  his  clock  ahead  1  minute.  We  shall 
now  find  the  times  of  transit  equal.  The  signal  actually  reaches 
the  sun  at  7  minutes  past  by  our  time  and  8  minutes  past  by  solar 
time.  It  returns  to  us  in  9  minutes,  and  our  clock  indicates  16 

minutes  of  elapsed  time.  We  have  received  the  signal  **  8  "  from the  sun  and  have 
16-8=8-0. 

The  clocks  therefore  appear  together,  though  the  solar  observer 
has  actually  advanced  his  one  minute.  The  clocks  will  not  be  to- 

gether for  a  stationary  observer  outside  of  the  sun-earth  system. 
To  him  the  forward  (earth)  clock  in  the  moving  system  would  be 
one  minute  behind  the  following  (solar)  one. 

We  brought  about  this  state  of  affairs  by  **  considering  the  sys- 
tem in  motion.  The  same  condition  will  obtain,  however,  if  we  set 

the  observer,  situated  outside  of  the  sun-earth  system,  in  motion  in 
the  opposite  direction,  for  there  is  no  such  thing  as  absolute  motion, 
by  the  principle  of  relativity,  and  there  is  al^lutely  nothing  by 
which  we  can  distinguish  a  motion  of  the  sun-earth  system  past 
a  fixed  outside  observer,  from  a  motion  of  the  outside  observer 
past  the  sun-earth  system. 

All  that  we  can  say  is  that  if  we  consider  the  sun  and  earth  as 
moving  relatively  to  some  fixed  system  of  coordinates,  an  observer 
fixed  in  this  system  will  find  that  the  clocks  which  we  have  set 
together  are  not  together  from  his  point  of  view. 

In  other  words  we  can  attach  no  absolute  meaning  to  the  coinci- 
dence of  two  events.  Two  events  which  coincide  on  a  moving, 

system  from  the  point  of  view  of  an  observer  moving  with  the 
system,  do  not  coincide  from  the  point  of  view  of  a  stationary  ob- 
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server,  or  as  Einstein  puts  it,  "Two events  which  are  simultaneous 
when  regarded  from  one  coordinate  system,  are  not  to  be  regarded 
as  simultaneous  when  considered  from  a  coordinate  system  which 
is  in  motion  with  respect  to  the  first. 

The  time  at  two  widely  separated  points  does  not,  however,  come 
into  determinations  of  the  velocity  of  light  as  we  make  them.  In 
fact  we  do  not  use  clocks  at  all,  though  the  revolving  wheel  used 
in  the  Fizeau  method  amounts  to  a  clock.  In  the  Michelson- 
Morley  experiment  no  measurements  of  time  are  made  at  all,  and 
it  is  not  at  once  apparent  how  considerations  of  time  have  any 
bearing  on  this  experiment. 

If  two  widely  separated  clocks  A  and  B  are  ** together"  or 
"  in  time  "  the  condition  which  must  be  fulfilled,  as  defined  by 
Einstein,  is  that  the  time  required  for  light  to  pass  from  A 
to  £  as  measured  by  the  clocks  shall  equal  the  time  required  for 
light  to  pass  from  £  to  A,  or  if  the  flash  leaves  A  at  time  T^ 
(indicated  by  clock  A)  and  arrives  at  B  at  time  Tb  (indicated  by 

clock  B)  and  being  reflected  back  to  A  where  it  arrives  at  T'a 
(indicated  by  clock  A)  that  we  shall  find 

Now  suppose  that  we  have  a  long  rigid  bar  of  length  {  with  a  clock 
at  each  end  of  it.  This  bar  moves  along  the  x  axis  with  a  velocity  v. 
Two  stationary  clocks  are  placed  at  such  a  distance  apart  that  the 
clocks  on  the  moving  bar  pass  them  at  the  same  «ioment.  An 
observer  in  the  stationary  system  synchronizes  his  clocks  so  that 
the  above  condition  holds.  Observers  on  the  moving  system  set 
their  clocks  so  that  they  read  the  same  as  the  stationary  clock  at 
the  moment  at  which  they  pass  them.  We  should  now  imagine  that 
all  four  clocks  are  together,  yet  if  an  observer  on  the  moving  bar 
applies  the  test  for  synchronism  he  will  find  that  it  does  not  hold, 
and  will  obtain 

T\-Ts=  -f-  and  Ts-T,=    ̂  
c+v  c—v 

The  difference  in  time  between  two  clocks  synchronous  in  a  moving 
system,  when  considered  by  a  stationary  observer,  depends  upon  the 
distance  between  the  clocks  in  the  line  of  motion  and  their  velocity. 
If  there  is  no  distance  between  them  in  the  line  of  motion,  i.e.  if 
the  line  joining  them  is  perpendicular  to  the  line  of  motion,  they 
will  be  synchronous  for  the  stationary  observer  also.  If  one  clock 
is  revolving  around  the  other,  as  the  whole  system  moves  forward, 

it  will  alternately  be  '*  ahead  of  "  and  '*  behind  "  the  time  indicated 
by  the  other,  for  the  clock  which  is  in  advance  is  always  **  slow.*' The  difference  in  time  between  two  clocks  separated  by  a  distance 
/,  and  moving  with  a  velocity  v  parallel  to  the  line  joining  them,  can 
be  shown  to  be 

vl  .      X  1   vl 
-T=  or  approximately;^* 
t;2  Cr 

V^= 

C2
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If  we  examine  the  question  a  little  more  carefully  we  shall  see  that 
setting  the  forward  clock  behind  in  time  is  not  sufficient  in  itself 
to  make  the  times  of  transit  in  each  direction  appear  equal  to  each 
other,  and  equal  to  the  time  of  transit  when  the  system  is  at  rest. 
Suppose  that  we  are  on  a  stationary'  system,  and  measure  the  time 
required  for  light  to  travel  to  a  distant  mirror  and  return  to  us. 
Now  consider  our  system  in  motion  X  to  the  line  joining  us  with  our 
mirror  and  repeat  the  experiment.  The  time  of  transit  ought  to 
be  found  longer,  as  was  shown  in  the  discussion  of  the  Michelson- 
Morley  experiment.  By  the  principle  of  relativity  no  difference  can 
be  detected.  In  this  case  we  are  dealing  with  a  single  clock  only,  i.e. 
we  have  eliminated  the  complication  of  two  widely  separated  clocks, 
and  are  therefore  driven  to  the  conclusion  that  a  clock  in  a  moving 
system  runs  slower,  i.e.  the  second  registered  by  a  moving  clock 
appears  longer  to  a  stationary  observer.  The  ratio  will  obviously 
be  that  of  the  distances  traversed  by  the  light  in  the  two  cases,  or 
if  we  construct  a  right  triangle  one  leg  of  which  is  equal  to  the 
distance  of  our  mirror,  and  the  other  equal  to  the  distance  w6  move 
while  the  light  is  going  to  the  mirror,  the  required  ratio  will  be  that 
of  the  hypothenuse  or  the  longer  leg,  or, 

•     1 

V^l'
 

which  is  the  ralio  of  the  second  registered  by  a  moving  clock  to  that 
registered  by  a  stationary  one.  This  change  in  the  unit  of  time 
makes  the  velocity  of  light  measured  in  a  direction  perpendicular 
to  the  line  of  motion  come  out  the  same  as  the  velocity  measured  in 
the  stationary  system. 

Suppose,  however,  that  we  swing  our  distant  mirror  around  until 
it  is  in  the  line  of  motion.  In  this  case  the  increment  of  path  due  to 
the  motion  of  the  system  is  twice  as  great  as  in  the  previous  case. 
The  changied  rate  of  our  clock  can  only  account  for  one-half  of  the 
discrepancy,  and  we  conclude  that  the  distance  of  the  mirror  has 
been  reduced  in  the  same  ratio  as  that  in  which  the  second  has 

been  incr^ised,  i,e,  that  the  unit  of  length  in  a  moving  system 
has  been'snortened  in  the  ratio 

>R 
1 

which  is  the  ratio  of  a  moving  meter  to  a  stationary  one. 
By  the  principle  of  relativity  we  have  thus  established  three  cir- 

cumstances. The  unit  of  time  of  a  moving  system  appears  longer 
to  a  stationary  observer,  the  unit  of  length  appears  8hort<»r,  and  the 
leading  clock  is  behind  in  time. 

Let  us  now  apply  these  results  to  an  imaginary  experiment  upon 
the  velocity  of  light.  Instead  of  a  clock  we  will  use  the  Fizeau 
toothed  wheel.  Going  back  to  the  theory  of  the  Michelson-Morley 
experiment,  we  must  form  a  clear  picture  in  our  mind  of  how  the 

2y 
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velocities  along  the  different  paths  ought  to  appear  affected  by  the 

earth's  motion.  The  distance  along  the  path  which  is  parallel  to  the 
direction  of  motion  is  increased  for  the  light  going,  and  reduced  for 
the  light  returning,  the  increment,  however,  being  greater  than  the 
reduction,  which  makes  the  whole  path  greater.  This  increment  is 
double  the  increment  along  the  other  path  (J.  to  direction  of  mo- 

tion), so  that  in  the  experiment  it  was  the  difference  between  these 
two  increments  which  was  expected  to  make  itself  felt. 

Let  us  consider  that  we  have  a  toothed  wheel  and  a  distant  mir- 
ror on  a  stationary  system,  and  send  a  beam  of  light  between  two 

of  the  teeth  to  our  distant  mirror  which  reflects  it  back  in  such  a 
direction  that  it  passes  through  the  same  pair  of  teeth.  We  now 
set  the  wheel  in  rotation  with  such  a  speed  that  the  returning  beam 
falls  upon  the  tooth  which  is  adjacent  to  the  aperture.  We  now  set 
the  system  in  motion  in  a  direction  from  the  wheel  to  the  mirror. 
The  total  path  traversed  becomes  greater  as  a  result  of  this  motion, 
so  that,  on  the  return  of  the  light,  the  wheel  should  have  turned 
through  a  greater  angle  and  carried  the  tooth  past  the  point  on 
which  the  beam  falls.  This  would  give  us  a  means  of  measuring 
absolute  motion,  and  since  this  is  impossible  our  wheel  must  turn 
slower  by  an  amount  just  sufficient  to  make  the  tooth  cover  the 
returning  beim.  But,  as  we  have  seen,  distances  are  shortened  in 
the  moving  system,  so  that  we  can  regard  one  half  of  the  discrepancy 
taken  care  of  in  this  way,  the  other  half  by  the  slower  speed  of  rota- 

tion. In  this  hypothetical  experiment  we  have  considered  the 
system  first  as  at  rest  and  then  in  motion.  In  practice  we  cannot 
bring  our  system  to  rest,  but  we  can  turn  it  so  that  it  is  first  parallel 

and  then  perpendicular  to  the  line  of  the  earth's  motion.  In  this 
case  the  wheel  (or  clock)  will  be  running  at  a  constant  rate,  so  that 
the  change  in  unit  of  length  is  the  only  factor  left.  This  is  all  that 
we  need,  however,  for  in  this  case  we  have  only  to  balance  the  dif- 

ference between  the  increments  of  the  two  paths  resulting  from  the 
motion,  which  is  only  half  as  great  as  the  increment  of  the  path  par- 

allel to  the  direction  in  which  the  system  moves. 
The  greatest 

r*  change  in  the 
time  we  should 

expect  to  find in  measuring 
the  time  of 
transit,  in  one 
direction  onlv. 
We  need  two 
wheels  for  this, 
servingasclooks 
at  the  sending 
and  receiving 
stations.  These 
wheels  we  can 
consider  as 

mounted  on  a  single  axle  and  turning  together  (Fig.  398).     Suppose 

Fig.  398. 
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the  wheels  at  rest  as  a  system,  but  turning  with  such  a  speed  that 
the  light  which  passes  between  the  2d  and  3d  tooth  of  the  first 
wheel  Af  passes  between  the  3d  and  4th  tooth  of  the  second  wheel 
B,  If  we  set  the  system  in  motion  in  the  same  direction  as  that 
of  the  light  ray,  the  wheels  will  have  turned  through  a  greater  angle 
when  the  light  reaches  the  second  wheel,  and  the  light  should  be 
arrested  say  by  the  4th  tooth.  If  we  set  the  system  in  motion  in 
the  opposite  direction,  the  light  should  be  arrested  by  the  third 
tooth.  In  order  to  insure  that  this  shall  not  happen,  and  it  cannot 
happen  according  to  the  principle  of  relativity,  it  will  be  necessary 
to  establish  a  phase-diflFerence  between  the  wheels,  by  turning  the 
forward  wheel  back  a  little,  in  other  words,  make  the  leading  clock 
slow.  This  implies  that  a  revolving  rigid  body  in  motion  parallel 
to  its  direction  is,  from  the  point  of  view  of  a  stationary  observer, 
not  only  shortened,  but  twisted  as  by  torsion. 

The  reader  is  advised  to  make  a  pasteboard  model  of  the  two 
wheels,  and  assume  convenient  magnitudes  for  c,  v,  {,  etc.  It  is 
easy  to  see  that  a  twist  of  the  axis  only,  will  not  make  the  velocity 
of  propagation  appear  the  same  in  both  directions,  for  the  moving 
and  stationary  states,  and  that  we  must  consider  the  reduced  speed 
of  rotation  and  the  shortening  of  the  axis  when  the  system  is  in 
motion.  It  will  be  found  that  when  the  system  is  travelling  with 
the  light,  the  shortening  and  speed  reduction  act  in  the  same  sense 
as  the  setting  back  of  the  forward  clock,  but  that  when  the  system 
is  travelling  in  the  opposite  direction  they  act  in  a  sense  opposed  to 
the  setting  back  of  the  forward  wheel.  For  example,  if  we  let  l^  100, 
c=25,  and  v=2,  we  have  for  the  time  when  the  system  is  at  rest 

— - =4.    When  moving  in  the  same  direction  as  the  light  the  time 

is  increased  to  — — -  =  4.35,  when  in  the  opposite  direction  it  is 

diminished  to  ̂ ^  .  ̂ =3.7. 25+2 
The  increment  is  .35,  the  decrement  .3,  and  the  difference,  or  the 

time  increase  for  to-and-fro  passage,  is  .05. 
It  is  clear  that  the  increment  and  the  decrement  would  have  to  be 

equal  if  equality  in  the  times  of  transit  was  to  be  secured  by  setting 
one  wheel  or  the  other  ahead  by  a  fixed  amount.     The  difference 

in  time  between  the  two  wheels  in  either  case  is  —  =  --—  or  about c*     625 

.3.  This  amount  of  the  time  difference  is  compensated  for  by  the 
difference  in  the  setting  of  the  clocks,  the  rest,  or  .05,  is  taken  care 
of  by  the  reduction  in  the  speed  of  rotation  and  the  shortening  of 
the  axis. 

We  must  next  consider  the  case  of  the  Michelson-Morley  experi- 
ment in  the  light  of  the  principle  of  relativity.  Here  no  clock, 

wheel,  or  other  mechanical  time-measuring  instrument  is  used. 
The  sodium  atom  which  furnishes  the  light  in  this  experiment  is 
to  be  sure  a  clock  of  far  greater  precision  than  any  mechanical  clock, 

and  by  the  principle  of  relativity  it  must  "  run  slow  "  in  a  moving 
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system.  This  change  in  the  speed  of  the  atomic  clock  will  not  pro- 
duce any  effect,  however,  as  it  remains  constant  throughout  the 

experiment. 
Obviously  the  difference  in  the  actual  time  at  the  two  ends  of  the 

path  does  not  come  into  play,  and  the  only  thing  remaining  is  the 
change  in  the  unit  of  length.  This  is  sufficient  to  take  care  of 
the  discrepancy  which  in  the  present  case  is  the  difference  between 
the  increments  of  the  two  paths,  which  is  only  about  one-half  of  the 
increment  of  the  path  parallel  to  the  motion.  If  the  other  path 
were  shortened  to  zero,  the  interferometer  could  be  considered  as 
analogous  to  the  toothed  wheel.  In  this  experiment  we  are  of 
course  moving  with  the  instrument,  and  the  length  of  the  path, 
from  our  viewpoint,  is  not  affected  by  turning  it  into  the  line  of  the 

earth's  motion.  The  change  of  length  by  the  relativity  principle, 
is  only  from  the  viewpoint  of  the  stationary  observer,  and  a  ques- 

tion may  occur  as  to  where  the  stationary  observer  is  in  this  case. 
It  must  be  remembered,  however,  that  we  think  of  the  wave  of 
light  as  spreading  out  with  reference  to  a  fixed  frame  of  reference, 
and  that  the  instrument  is  moving  when  considered  from  the 
viewpoint  of  an  observer  fixed  in  this  frame  of  reference.  This 
means  that  the  path  must  be  considered  as  changed  so  far  as  the 
wave  is  concerned,  or  from  the  viewpoint  of  the  wave,  so  to  speak. 

One  interesting  consequence  of  the  theory  of  relativity  is  that  the 
frequency  of  the  light  emitted  by  a  moving  source  must  appear 
changed  to  a  stationary  observer,  even  when  there  is  no  component 
of  the  motion  in  the  line  of  sight.  This  means  that  there  should  be 
a  small  effect  superposed  on  the  Doppler  effect,  which  is  wholly 
independent  of  the  direction  of  the  motion.  The  wave-lengths 
emitted  by  the  canal  rays  in  a  direction  perpendicular  to  their 
motion  ought  then  to  be  slightly  longer  than  those  emitted  in  the 
ease  of  the  same  gas  in  an  ordinary  discharge  tube.  There  appears 
to  be  little  hope  of  detecting  the  effect,  however,  since  the  canal 
rays  always  show  the  undisplaced  line  as  well  as  the  displaced, 
due  to  the  circumstance  that  there  are  stationary  centres  of  emission 
as  well  as  moving. 

In  the  foregoing  treatment  an  attempt  has  been  made  to  give  an 
idea  of  how  the  principle  of  relativity  is  applied  in  the  case  of  meas- 

urements of  the  velocity  of  light.  In  spite  of  what  has  been  said 
about  setting  systems  in  motion,  it  must  be  clearly  understood  that 
absolute  motion  plays  no  part  at  all  in  the  theory.  There  is  noth- 

ing to  distinguish  the  motion  of  a  system  past  an  observer,  from  his 
motion  past  the  system,  and  the  physical  phenomena  will  appear 
the  same  in  each  case.  There  are  applications  of  the  theory  much 
wider  than  any  that  have  been  taken  up  in  this  very  elementary 
treatment.  Especially  interesting  are  the  conclusions  regarding 

the  apparent  *'  mass  *'  of  radiation.  If  we  have  a  body,  isolated  in 
space,  which  is  emitting  radiation  in  a  single  direction,  the  "  recoil 
pressure  "  of  radiation  will  exert  a  force  which  we  should  imagine 
would  give  to  the  body  an  absolute  motion.     If  E  is  the  amount 

F 
of  energy  emitted  per  second,  this  force  will  be   -  •     On  the  prin- 
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ciple  of  relativity  there  can  be  no  absolute  motion,  and  we  are  forced 
to  the  conclusion  that  the  radiation  must  possess  mass  and  carry 
away  a  portion  of  the  total  mass  with  it.  If  we  call  M  the  mass 
of  the  radiation,  its  momentum  is  Mcy  which  must  be  equal  to  the 

force  exerted  on  the  system.    We  have  then  -  ̂ Mc,  or  M  =  — 
c  c* 

from  which  it  follows  that  we  must  regard  a  portion  of  the  mass  as 
represented  by  the  energy  contained  in  a  substance.  The  liberation 
of  energy  should  be  accompanied  by  a  reduction  in  the  mass  (as 
measured  by  its  inertia).  Whether  a  change  in  weight  would  result 
is  uncertain,  for  we  cannot  be  sure  that  inertia  and  weight  are  pro- 

portional under  all  circumstances.  Einstein  suggests  that  the  vast 
liberation  of  energy  which  accompanies  radio-active  changes  may 
enable  us  to  detect  the  change  in  the  mass.  It  is  possible  that  the 
theory  of  relativity  will  reawaken  an  interest  in  the  old  question 
of  whether  a  change  of  weight  results  from  chemical  action,  or  any 
change  of  state  which  involves  the  liberation  or  absorption  of  a 
large  amount  of  energy.  Einstein  even  goes  so  far  as  to  suggest 
that  the  radiation  is  something  that  is  expelled  as  definite  units 
which  move  out  without  loss  of  energy.  This  means,  of  course, 
that  the  energy  is  not  equally  distributed  over  what  we  have  been 
accustomed  to  speak  of  as  the  wave-front,  but  is  localized  at  points. 
Planck  has  come  to  the  conclusion,  from  a  different  line  of  reasoning, 
that  energy  is  liberated  or  absorbed  only  in  units  (Lichtquanten), 
but  does  not  believe  in  the  discontinuities  in  the  energy  distribu- 

tion oVer  the  wave-front.  He  draws  attention  to  the  circumstance 
that  interference  with  a  large  path-diflFerence  shows  that  the  units 
of  radiation  must  be  regarded  as  having  lengths  equal  to  many 
thousand  wave-lengths. 

The  principle  of  relativity  has  been  subjected  to  experimental 
tests,  with  good  results,  by  Kaufmann  and  Bucherer,  who  have 
studied  the  laws  which  govern  the  motions  of  the  electrons  which 
constitute  the  P  rays  of  radium  and  travel  at  velocities  of  the  same 
order  of  magnitude  as  that  of  light.  The  reader  is  referred  to  the 
original  papers  of  Einstein  (Annalen  der  Physik,  1905,  1907)  and 
Minkowski  (Phya.  Zeiischr.,  10,  p.  104,  1909)  for  the  complete 
mathematical  treatment.  Minkowski  adopts  a  novel  method  of 
showing  the  space  and  time  relations.  To  the  three  axes  of  coordi- 

nates, X,  t/,  and  z,  he  adds  a  fourth,  the  time  axis.  Time  thus  be- 
comes the  fourth  dimension,  and  the  transformation  equations 

correspond  to  a  rotation  of  the  four-dimensional  reference  system 

(x,  y,  Zy  id  through  the  imaginary  angle  arc  ig  (^  ')•    Minkowski 
starts  out  with  the  statement  that  we  only  observe  a  place  at  a  ̂ ven 
time,  and  a  time  at  a  given  place.  Space  and  time  are  thus  bound 
together  and  a  time  axis  is  added  to  the  coordinate  system.  This 
brings  us  at  once  into  non-Euclidean  geometry,  for  the  time  axis 
runs  in  a  direction  perpendicular  to  all  three  of  the  directions  x,y, 
and  2,  of  our  space  coordinate  system.  We  cannot  of  course  con- 

ceive of  this  direction  at  all,  except  perhaps  in  a  vague  way  by  the 
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methods  given  in  the  popular  articles  in  the  fourth  dimension.  A 

point  with  coordinates  x,  y,  z,  t  is  called  by  Minkowski  a  *'  Welt- 
punkt."  A  point  moving  parallel  to  the  ( axis  traces  out  a  "  Welt- 
linie,"  and  represents  the  existence  in  time  of  a  stationary  point. 
If  the  welt-linie  is  inclined  to  the  t  axis,  it  represents  a  point  moving 
with  respect  to  x,  y,  and  z.  If  the  point  moves  in  the  direction 
of  the  X  axis,  the  line  lies  in  the  plane  xt,    A  line  inclined  at  Z  a 
to  the  (  axis  represents  a  constant  velocity  t;=tana.     If  we  lay 

•• 

off  on  the  t  axis,  instead  of  t,  the  value  ct,  then  tana=  -,  theveloc- c 
ity  of  the  point,  with  the  velocity  of  light  as  a  unit. 
Minkowski  represents  his  new  coordinate  system  diagram- 

matically  in  the  following  way.  He  imagines  an  abstraction  rep- 
resented by  the  equation  c^^— 05*— J/*— «2=1,  which  is  analogous 

to  the  hyperboloid.  Abolishing  one  of  the  space  coordinates,  we 
have  room  for  the  time  coordinate,  and  can  represent  the  thing  in 

o D'  C 
•  Fig.  399. 

perspective  diagrammatically.  It  is  as  well  to  abolish  two  of  the 
space  dimensions,  and  content  ourselves  with  a  cross-section  par- 

allel to  the  xt  plane.  We  now  have  the  hyperbola  c^^  =  a*^  —  1 
shown  in  Fig.  399  with  its  asymptote  OB',  The  line  OA'  (a  radius 
vector),  inclined  to  the  t  axis,  represents  a  velocity  v  parallel  to  x. 

Minkowski  now  draws  a  tangent  to  the  hyperbola  at  A'  which 
cuts  the  asymptote  at  B',  and  constructs  OC'  and  B'D'  parallel  to 
A'B'  and  0A\  obtaining  in  this  way  an  oblique  system  of  coor- 

dinates, in  which  the  hyperbola  is  represented  by  an  equation  of 
the  same  form  as  before.  The  transformation  from  one  system 
of  coordinates  to  the  other  represents  the  transformations  required 
in  the  principle  of  relativity,  for  the  oblique  system  represents 
a  motion  with  velocity  v  in  relation  to  the  other  system.  The 

coordinates  of  the  complete  oblique  system  are  designated  by  x', 

The  reader  should  refer  to  the  original  paper,  and  we  have  room 
for  but  a  brief  mention  of  one  way  in  which  this  construction  is 
used.  Suppose  we  wish  to  show  the  relativity  shortening.  On 
our  diagram,  in  which  we  are  dealing  with  space  of  one  dimension, 
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we  construct  a  vertical  strip  of  width  I  •  OC  represented  by  PP^ 
parallel  to  (,  and  an  oblique  strip  parallel  to  0A\  (The  quantity 
OC  is  the  unit  of  length  on  the  x  axis.)  In  the  case  of  the  oblique 

strip,  if  we  put  ('  and  x'  in  place  of  x  and  t,  it  is  at  rest  and  the  vertical 
strip  is  considered  in  motion.  The  width  PP  of  the  vertical  strip 
represents  the  length  which  we  are  investigating.  The  oblique 

strip  represents  equal  length  Q'Q' ^loc'  when  considered  at  rest. 
These  strips  represent  two  Lorentz  electrons,  and  holding  to  our 
original  coordinates  octy  the  extension  of  the  moving  electron  is 

QO,  taken  parallel  to  x,  since  Q'Q'  ̂ l-OC'  and  QQ^i-  0D\    If  now 
dx  I      1^ 
-7-  =  velocity  of  the  second  electron  0D'  =  0C\/1 — -  and at  ^       (r 

PP:QQ=l:yjl-^, 

which  shows  the  shortening  resulting  from  the  motion. 
Next  consider  the  second  electron  (represented  by  the  oblique 

strip)  at  rest,  adopting  now  the  coordinates  X'  and  t\  The  length 
represented  by  the  first  strip  is  P'P'  parallel  to  0C\  and  we  find 
the  first  shortened  with  respect  to  the  second,  for 

P'  P' :  QV  =  OD :  OC  ̂ OO'.OCr^QQ :  PP. 
All  of  the  other  relations  can  be  deduced  in  analogous  ways, 

and  the  method  is  a  most  beautiful  one.  The  reader  is  strongly 
advised  to  read  the  original  memoir  carefully,  as  it  is  very  diflScult 
to  get  much  of  an  idea  of  it  from  such  a  brief  synopsis  as  the  one 
just  given. 
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Abb6,  diffraction  theory  of  microscope, 
223. 

Aberration  of  light,  667. 
Abraham  and  Licmoine,  method  of,  549. 
AbramcByk,  emission  and  absorption  of 

rock  salt,  601. 
Absent  spectra,  209. 
Absorbing  media  and  dispersion  formulu, 

395. 

Absorbing  particles,  polarization  by,  628. 
Absorbing  solutions,  15. 
Absorption,  by  flames,  593. 

by  gases  and  vapors,  443. 
by  hydrogen  gas,  433. 
by  luminous  hydrogen,  446. 
by  metals,  449,  464. 
by  porous  surfaces,  449. 
by  single  resonator,  454. 
electro-magnetic  theory,  457. 
of  sodium  vapor,  443. 
theories  of,  450. 

Absorption  bands,  437. 
and  emission,  601. 
calculation  of  position,  389. 
effect  of  density  on,  444. 
form  of,  448. 
influence  of  solvent,  442. 
laws  of,  437. 
temperature  influence,  441. 

Achromatic  interference  fringes,  139,  166. 
Achromatic  lenses,  106. 
Achromatic  prisms,  104. 
Achromatism,  104. 
Airy,  diffraction  by  circular  aperture,  236. 

experiment  on  aberration,  668. 
rotatory  polarisation,  482. 
theory  of  rainbow,  345. 

Ames,  origin  of  prismatic  colors,  661. 
Amici  principle,  79. 
tnderson,  emission  of  rare  earths,  603. 
ngstrOm,  effect  of  density  on  absorp- 

tion, 444. 
Anomalous  dispersion,  113. 

and  solar  phenomena,  1 15. 
of  sodium  vapor,  422. 

Anomalous  propagation  of  waves  near 
foci,  261. 

Anthelion,  347. 
Aperture,  diflrartion  by  circular,  236. 

diffraction  by  rectangular,  196. 
Aplanatic  lens.  78. 
Aplanatic  points,  79. 
Aplanatic  surfaces,  48. 
Arago,  interference  of  polarised  light,  148. 

Astronomical   phenomena  and  interfer- 
ence, 137. 

Astronomical  refraction,  82. 
Axis  of  single  wave  velocity,  316. 

ray  velocity,  318. 

Babinet,  velocity  of  circular  components, 
481. 

Babinet's  principle,  238. 
Balmer  series  of  sodium,  443. 
Bartholinus,  double  refraction,  303. 
Bartolli,  radiation  pressure,  609. 
Beats,  light,  138,  340. 
Becquerel,  E.,   phosphorescent   spectra, 

567. 
Becquerel,  J.,  magnetic  rotation,  543. 

phosphorescence  at  low  temperature, 

567. 
Beer's  law  of  absorption,  438. 
B61opolsky,  Doppler  principle,  23. 
Biaxal  crystals,  306. 

isochromatic  surfaces,  323. 
Bichat  and  Blondlot,  time  for  Faraday 

effect,  500. 
Billet,  split  lens,  147. 
Bi-prism  for  interference,  130. 

variable  angle,  131. 
Black-radiator,  perfect,  607. 
Body  color,  439. 
Boltsmann,   emission   as  a  function  of 

temperature,  614. 
Boundary  conditions,  356. 
Brace,  circular  components  in  magnetic 

rotation,  497. 
Bradley,  aberration,  667. 
Braun,  F.,  polarisation  by  metal  grat- 

ings, 635. 
Brewster's  law,  289. 

Caloresoence,  556. 
Canal  rays,  24. 
Carvallo,  nature  of  white  light,  652. 
Cauchy,  dispersion  formula,  375. 
Caustics,  53,  57,  71. 

interference  fringes  bordering,  148. 
Chemical  changes  effected  by  light,  590. 

ChristiaDsen's  experiment,  1 10. 
Circular  components  in  rotatory  polari- 

sation, 480,  486.  497. 

Circularly  polarised  light,  by  total  reflec- 
tion, 330. 

direction  of  revolution,  337. 
intensity  of,  328. 

production  of,  328. 
Circular  polarisation,  326. 
Circular  polarised  light,  convergent,  324. 
Coblents  optical  properties  of  stibnite. 

400. 
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Color,  and  wave-length,  10. 
body,  and  surface,  439. 
of  metals,  456. 

Color  photographs  of  Lippmann,  176. 
Color  screens,  14. 
Colors,  of  frilled  films  on  metal,  172. 

of  iridescent  crystals  and  opals,  160. 
of  mixed  plates,  252. 
of  thin  plates,  151. 
subjective,  10. 

Compensator,  Jamin,  334. 
Concave  gratings,  231. 

theory  of,  233. 
Concentration  of  light  in  grating  spectra, 

226. 
Conical  refraction,  317,  318. 
Convergent  polarized  light,  318. 
Corbino,  magnetic  rotation : 

nature  of  white  light,  655. 
of  absorbing  flames,  530,  540. 

Comu ;  per  cent  of  polarization,  298. 
quartz  prism,  480. 

Comu*s  spiral,  192,  248. 
Corresponding  points  of  sources  in  inter- 

ference, 131. 
Cotton,  absorption  of  circular  compo- 

nents, 494. 
elliptical    polarization     by    absorbing 

active  media,  495. 

Kirchhofif's  law,  593. 
polarization  of  light  by  magnetic  field, 

521. 
rotatory  dispersion,  495. 
Zeeman  efifect,  515. 

Cotton  and    Mouton,   magnetic  double 
refraction,  547. 

Critical  angle,  66. 
Crystal   plates  in  convergent  polarized 

light.  320. 
Curved  rays,  90. 
Cyaninc  prisms,  114. 
Czapski,  refraction  by  curved  surface,  73. 

Descartes,  theory  of  rainbow,  342. 
Deviation  by  prism,  74. 

minimum,  75. 
Dcwar,  phosphorescence  at  low  tempera- 

tures, 566. 
Dichromatism,  438. 
Diffraction  by  absorbing  screens,  634. 

circular  disk  and  aperture,  185,  236. 
large  number  of  apertures,  240. 
narrow  alit,  186,  193,  201. 
narrow  wire,  193. 
particles  on  mirror,  242. 
rpctangular  aperture,  196. 

■  straiRht  edRo,  183,  192,  249. thin  lamina,  250. 
two  circular  apertures,  239. 
two  parallel  slita,  189,  195,  202. 

Diffraction  grating,  203. 
intensity  distribution,  209. 
number  of  spectra  and,  209. 

Diffraction  of  light,  181. 
Diffraction  phenomena,  two  classes,  186, 

244. 
Diffraction    problems,    introduction    of 

angular  measiire,  200. 
Direct  vision  prisms,  105. 
Dispersion,  anomalous,  113. 

curves,  102-103. 
electro-magnetic  theory,  401. 
Newton's  experiments,  102. 
nitroso-dimethyl  aniline,  399. 
of  powders,  112. 
of  rock  salt,  fluorite,  etc.,  394. 
of  solutions  of  aniline  dyes,  398. 
selective  (anomalous),  379. 
selective,  of  absorbing  gas,  418. 
theory,  Helmholtz,  380. 

Dispersion  formula,  of  Cauchy,  375. 
of  Maxwell,  Sellmeier,  376. 

Displacement  currents  in  ether,  353. 
Doppler  effect,  in  star  spectra,  25. 

in  canal  rays,  24. 
Doppler-Fizeau  principle,  23. 
Double  refraction,  303. 

Fresnel's  theory,  309. 
in  non-crystalline  media,  324. 
magnetic,  547. 
of  vibrating  plate,  325. 

Drude,  dispersion  theory,  401. 
surface  films,  370. 
theory  of  magnetic  rotation,  524. 

Drude   and    Nernst,     stationary   light- 
waves, 176. 

Du     Bois,     polarization     by     gratings, 
632. 

Du  Bois  and  Elias,  magnetic  rotation, 

543. 
Dufour,  abnormal  Zeeman  effect,  521. 

Earth's  motion,  effect    on   intensity  of 
light,  677. 

effect  on  rotary  polarization,  676. 
Echelette  grating,  227. 
Echelon,  mica  for  demonstration,  278. 

resolving  power  of,  276,  286. 
theory  of,  275. 

Echelon  grating,  274. 
Egoroff  and  Georgiewski,  polarization  by 

magnetic  field,  520. 

Einstein,    "  Lichtr-quanten     hypothesis," 
554. 

principle  of  relativity,  684. 
Electro-magnetic  theory,  350. 
Electro-optic  effect,  548. 
Electro-optics  of  benzol,  550. 
Ellipsoidal  mirrors,  48. 
Elliptically  polarized  light,  by  reflection, 

335. 
constants  of,  334. 
direction  of  revolution,  336. 
position  of  axes,  335. 
production  and  properties  of,  332. 
theory  of,  369. 
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Elliptical  polariiation,  326. 
Elstcr  and  Geitel,  photo-electric  effect, 

552. 
Emiasion,  of  polarixed  light,  604. 

of  substances  with  absorption  bands, 
601. 

polarization  by,  300, 
Emission  and  absorption,  592. 

of  incandescent  salts,  603. 
of  rare  earths,  603. 

Energy,  flow  in  interference  fringes,  128. 
average  kinetic,  of  vibrating  particle, 

120. 
Eriometer,  241. 
Errors  of  gratiuRs,  ghosts,  220. 
Ether,  contractile,  3. 

Exner,  pseudo-lenses,  87. 
Extinction  coefficient,  397. 

Fabry  and  Perot,  interferometer,  278. 
Faraday  effect,  496. 

duration  of,  500. 

Fermat's  law,  72. 
Fermat's  principle,  63. 
F^ry,  optical  pyrometer,  616. 
Feussner,  polarising  prisms,  297. 
Films,  for   showing   interference   colors, 

170. 
frilled,  on  metal  plates,  172. 
liquid,  thickness  of,  268. 

Fish-eye  views,  67. 

Fizeau,  effect  of  earth's  motion,  677. 
in  moving  media,  668. 
interference    methods   in    astronomy, 

137. 

velocity  of  light,  17. 
Flames,  absorption  by,  593. 
Flash-spectrum,  117. 
Fluorescence,  557. 

absorption,  564. 
angle  of  emission  and  intensity,  561. 
destruction    of     gas    fluorescence    by 

other  gases.  583. 
effect  of  solvent,  569. 
methods  of  investigating,  558. 
of  iodine  vapor,  582. 
of  mercury  vapor,  579. 
of  sodium  vapor,  571. 
of  vapors,  570. 
theories  of,  568. 

Fluorescence,  polarised,  of  crystals,  560. 
of  gases,  585. 

Focal  isolation  of  heat-waves.  414. 
Focal  length  of  lens,  80. 
Focal  lines,  60. 
Foucault,  velocity  of  light,  18. 
Foucault  polarizing  prism,  297. 
Franck     and     Wood,     destruction      of 

fluorescence  by  electro-negative  gas, 
584. 

Fraunhofer    class    of    diffraction    phe- 
nomena, 186.  195. 

FnH|iic»ncy  and  wave-length,  10. 

Fresnel,  bi-prism  of,  130. 
explanation  of  rectilinear  propagation, 

29. 

explanation  of  rotatory  polarization. 
479. 

interference  of  polarized  light,  148. 
mirrors  for  showing  interference,  125. 
optics  of  moving  media,  669. 
rhomb,  330. 
theory  of  double  refraction,  309. 

Fresnel  class  of  diffraction  phenomena, 

189,  244. 
Fresnel  integrals,  247. 
Fringes,    achromatic    interference,    139, 

166. 

distribution  of  illumination  in  inter- 
ference, 122. 

interierence  with  white  light,  134. 
limit  to  number  of,  132. 
shift  by  transparent  plate,  133,  140. 

Garbasso,  electrical  resonance,  630. 
nature  of  white  light,  651. 

Garnett,  colors  of  metal-glujises,  641. 
of  finely  divided  metals.  643,  645. 

Gases,  temperature  radiation  of,  594. 
Gehrcke   and    Lummer,    interferometer. 

282. 
Gehrcke,  interference  points,  284. 
"Ghosts"  of  gratings,  220. 

Goldstein,   phosphorescence  at  low  tem- 
perature, 567. 

Gouy,  acceleration  of  phase,  35. 
anomalous  propagation  of  waves,  261. 
nature  of  white  light,  648. 

Graphical  methods  in  diffraction,  190. 
Grating,  achromatization  of  prism  by, 

105. 
analysis  of  white  light,  656. 
diffraction.  203. 
echelette,  227. 
echelon,  274. 
laminary,  211. 
plane  diffraction,  213. 

Grating  spectra,  intensity  of.  218. 
Gratings,  concave,  231. 

focal  properties  of,  217. 
groove  form  and  energy  distribution 

of,  230. 
intensifsring  glass,  219. 

polarizing  action  of,  632. 
predominant  spectra,  226. 
resolving  power,  215. 

Grimaldi.  discovery  of  diffraction,  182. 

experiment  on  interference,  124. 
Group- velocity,  20. 

Hackett,  F.  E.,  and  Wood.  R.  W..  mag- 
neto-optics of  sodium,  537. 

Hagenbach,  fluorescence,  559. 

Haidinger's  brush,  300. 
Haidinger's  fringes.  158. 
Hale,  SSeeman  effect  on  the  sun.  519. 
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Halos,  240,  347. 
Hamilton,  Sir  Wm.,    conical   refraction, 

317. 
Heatwaves,  409,  411. 

focal  isolation  of  longest,  414. 
HelmholtB,  dispersion  theory,  380. 

Haidinger's  brush,  300. 
opthalmometcr,  69. 

Hull,  radiation  pressure,  612. 
Huygens,  discovery  of  polarisation,  288. 

Huygena's    construction    for    crystals, 
305. 

Huygens*s  principle,  28. 
and  reflection,  41. 
verification  of,  37. 

Hydraulic  analogy  of  radiator,  600. 
Hydrogen,  absorption  by,  433,  446. 
Hyperboloid  mirrors,  50. 

Iceland  spar,  double  refraction,  303. 
Illuminators,  monochromatic,  12. 
Images,   nature  of  optical,  222. 

formation  of,  by  reflection,  60. 
Incidence,  principal,  464. 
Infra-red    photographs    of    landscapes, 

625. 
IngersoU,  magnetic  rotation,  502. 
Intensification  of  glass  gratings,  219. 
Interference,  application  to  astronomical 

phenomena,  137. 
by  thick  plate,  159. 
colors  of  chlorate  of  potash  crystals, 

160. 
distribution  of  illumination,  122. 
multiple  reflections  and,  157. 
of  light,  119. 
of  polarised  light,  148. 
of  waves  of  different  lengths,  138. 
of  white  light,  134. 
when  sources  are  in  line,  146. 

Interference  fringes,  bordering  caustics, 
148. 

consonance  and  dissonance,  152. 
energy  flow  in,  128. 
polarized,  168. 

Interference  points,  284. 
Interference  refractometer,  136. 
Interferometer : 

adjustments,  266. 
investigation  of  long  heat  waves,  411. 

Michelson's,  265. 
of  Fabry  and  Perot,  278. 
of  Lummer  and  Gehrcke,  282. 
refractive  index  by,  268. 
resolving  power  of,  285. 
silvering  of  plates.  281. 
visibility  curves,  272. 

Invisibility  of  objects,  98. 
Iodine  vapor,  fluorescence  of,  582. 

temperature  emission,  597. 
Iridescent  crystals,  160. 
Isochromatie  surfaces,  322. 
Ives,  study  of  Lippmann  process,  177. 

Jamin,  compensator,  334. 
Johonnott,  thickness  of  liquid  films,  26S. 
Julius,  solar  anomalous  dispersion,  115. 

Kayser,  "black-body*'  radiator,  608. 
emission  by  gases,  596. 

Kelvin,  Lord,  contractile-ether,  3. 
Kerr,  electro-optic  effect,  548. 

magneto-optic  effect,  501. 
Kirchhoff's  law,  593,  605. 
Kirchner,  optical  resonance,  640. 
Kundt,  anomalous  dispersion,  113. 

magnetic  rotation  of  iron  films,  501. 
Kurlbaum,   determination    of   radiation 

constant,  615. 

Laden  burg,  emission  and   absorption  of 

gases,  595. 
Ladenburg,  £.,  photo-electric  effect,  552. 
Ladenburg   and    Loria,    absorption    by 

hydrogen,  434,  446. 
Lamb,  absorption  by  resonator,  454. 
Lambert's  law  of  absorption,  437. 
Laminary  diffraction  phenomena,  250. 
Laminary  grating,  211. 
Landolt's  fringe,  301. 
Larmor,  radiation  pressure,  610. 
Lebedew,  radiation  pressure,  611,  613. 
Lenard,  emission  of  fused  salts,  603. 
Lenard     and      Klatt,     phosphorescent 

spectra,  568. 
Lens,  aplanatic,  78. 

focal  length,  80. 
refraction  by,  77. 
spherical,  78. 

Lenses,  achromatic,  106. 
Light,  aberration  of,  667. 

sources  for  experimental  purposes,  11. 
velocity  of,  17. 

Light  beats,  138.  340. 
Light-waves,  as  standards  of  length.  269. 

possibility  of  structure  in,  555. 

Lippich,  on  Landolt's  fringe,  301. 
Lippman,  color  photographs,  176. 
Lippman  plates,   colors  of,  and   optical 

resonance,  640. 
Lippman  process,  preparation  of  plates 

for,  177. 
Lloyd,  conical  refraction.  317. 

Lloyd's  single  mirror,  130. 
Lodge  experiment,  with  moving  media, 

676. 
Lommel,  diffraction  by  particles  on  mir- 

ror. 242. 
Stokes's  law,  559. 

Lorentz.  absorption  and  Zeeman  effect, 
521. 

optics  of  moWng  media,  678. 
theory  of  Zeeman  effect,  523. 
Zeeman  effect  and  spectral  series,  512. 

Lummer,  black  body,  607. 
Lummer    and    Gehrcke,  interferometer, 

282. 
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Lummer  and  Pringsheim,  energy  curves, 
622. 

Stefan's  law,  615. 
Lummer  and   Sorge,  elliptical   polarisa- 

tion, 370. 

Macaluso  and  Ck)rbino,  magnetic  rota- 
tion, 530,  540. 

Mach,  experiment  on  rotatory  dispersion, 
479. 

Magnetic  double  refraction,  547. 
Magnetic   rotation,   and  field  strength. 

500. 
and  second  law  of  thermodynamics, 

500. 
at  low  temperatures,  543. 
circular  components,  497. 
direction  of,  499. 
explanation  of,  497. 
of  merciuy  vapor,  539. 
of  plane  of  polarisation,  496. 
of  sodium  vapor,  531-536. 
positive  and  negative  of  sodium,  537. 
theory  of,  524,  544. 
within  absorption  band,  542. 

Magnetic  rotatory  dispersion,  501. 
Magnification  by  an  atmosphere,  84. 
Magnifying  power  of  prisms,  76. 
Malus,  law  of,  293. 

polarisation  by  reflection,  288. 
Martens,  selective  reflection,  417. 
Maxwell,  radiation  pressure,  609. 

Maxwell's  equations,  350. 
Merciuy  lamp.  13. 
Mercury  vapor,  fluorescence,  579. 

selective  reflection,  430. 
Meslin,  circular  interference  fringeSf  147. 
Metal-glasses,  colors  of,  641. 
Metallic  reflection,  theory,  460. 
Metal  particles,  colors  shown  by  fine  de- 

posits, 635.  637,  643-645. 
Metal  powders,  transmission  of  long  heat- 

waves by,  632. 
Metals,  absorption  by  films  of  varjring 

thickness,  466. 
absorption  of,  449,  456,  464. 
color  of.  456. 
emission  coefficients  and  temperature, 

475. 
optical  constants  of,  469. 
relation  between  electrical  and  optical 

properties,  472. 
theory  of  dispersion  of,  469. 

Michelson,  astronomical  phenomena  and 
interference,  137. 

diffraction  gratings.  287. 
echelon  grating,  274. 
interferometer,  265. 
light-waves  as  standards    of    length, 

269. 
velocity  of  light,  19. 
visibility  curves,  272. 

Michelson  and  Morley,  experiment,  672. 
velocity  of    light  in  moving    media, 

669. 
Microscope,  diffraction  theory  of,  223. 

objective,  79. 
Mills,  velocity  of  circular  components, 

499. 
Minimum  deviation  of  prism,  75. 
Minkowski,  relativity,  693. 
Mirage,  81,  85. 
Mirrors,  concave  and  convex,  54. 

interference  of  Fresnel,  125. 
Mock  suns,  347. 
Molecular    changes    effected    by    light, 

589. 
Molecular  collisions,  effect  upon  spectra, 

588. 
Morse,  phosphorescent  spectra,  568. 
Moving  media,  optics  of,  678. 
Moving  plate,  retardation  of,  670. 

Newcomb,  velocity  of  light,  20. 
Newton,  experiments  on  dispersion,  102. 

interference  colors  of  thin  plates,  152. 

Newton's  rings,  154.  • 
effect  of  prism  on,  166. 

Nichols,  E.  F.,  transmission  of  quarts, 

392. 
Nichols   and   Hull,    radiation    pressure. 

611. 
Nichols  and  Merritt,  fluorescence,  560. 
Nicol  prism,  296. 
Nitroso-dimethyl  aniline,  dispersion   of, 

399. 
polarisation  by,  290. 

Non-homogeneous  media,  81. 
Normal  velocity  surface,  313. 
Norrenberg,  polariscope,  291. 

Opals,  colors  of,  160. 
Ophthalmometer,  69. 
Optical  images,  nature  of,  222. 
Optical  resonance,  630,  635. 
Optic  axis,  316. 

Parabolic  mirrors,  49. 
Parhelia.  347. 
Parhelic  circle,  347. 
Paschen,   emission   and    absorption    of 

gases,  595. Periodic  motion,  5. 
Pemter,  theory  of  rainbow,  346. 
Perot,  Fabry  and,  interferometer.  278. 
Pfltkger,   absorption   by   hydrogen,  434, 

446. 
dispersion  of  absorbing  media,  395. 
energy  distribution  in  spark  spectrum, 

623. 

test  of  Kirchhoff's  law,  604. 
Pfund,  simple  mercury  lamp,  13. 
Phase  change  at  polarising  angle,  368. 
Phase  distribution  over  illuminated  area, 

145. 
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Phosphorescf'ncc,  564. 
and  temperature,  566. 
duration  of,  565. 

Phosphorescent  spectra,  567. 
Phosphoroscope,  565. 
Photo-electric  effect,  in  gases,  553. 

selective,  563. 
theory  of,  554. 

Photo-electric  effects.  550. 
and  wave-length,  551. 

Planck*  "licht-quanten.'*  554. 
radiation  formula,  621. 
theory  of  absorption,  452. 

Plates,  table  of  transmission  of  oblique, 
366. 

Pohl,  theories  of  photo-electric  effect,  555. 
Pohl     and     Pringsheim,     photo-electric 

effect,  551. 
selective  photo-electric  effect,  553. 

Poisson's  problem,  38. 
Polariscope,  Norrenberg's,  291. 
Polarization,  abnormal,  of  light  scattered 

by  absorbing  particles,  628. 
angle  of,  289. 
by  double  refraction,  295. 
by  nitroso-dimothyl-aniline,  290. 
by  oblique  emission,  300. 
by  reflection,  288. 
by  refraction,  292. 
circular  and  elliptical  (see  under  cir- 

cular and  elliptcial). 
discovery  of,  288. 
of  scattered  light,  626. 
partial.  337. 
plane  of,  291. 
rotatory  (fiee  rotatory). 

Polarized  fluorescence  of  crystals,  560. 
of  gases,  585. 

Polarized  light,  convergent,  318. 
detection  of,  298. 
determination  of  per  cent,  298. 
interference  of,  148. 

Polarized  waves,  stationary,  301. 
Polarizing  action  of  gratings,  632. 
Polarizing  power  of  oblique  plates,  364. 
Polarizing  prisms,  aperture  of,  297. 
Porous  surfaces,  absorption  by,  449. 
Porter,  A.  B.,  nature  of  optical  images, 

222. 
diffraction  theory  of  microscope,  224. 

Powders,  determination  of  dispersion,  112. 
residual-rays  from,  410,  632. 

Poynting.  radiation  pressure,  612. 
Pressure  of  radiation,  609-613. 
Principal  incidenco  and  azimuth,  464. 

Pringsheim,    d(Kiu(rtion     of     Kirchhoff's 
law,  605. 

Prism,  achromatization  by  grating,  105. 

Foucault's  polarizing,  297. 
minimum  deviation,  75. 
Nicol,  296. 
quartz  dispersion  of,  103. 
rofraction  by,  74. 

Prismatic  colors,  origin  of,  657. 
Prisms,  achromatic,  104. 

calculation  of  achromatic  and  direct 
vision,  106. 

cyaninc,  114. 
direct  vision,  105. 
magnifying  power  of,  76. 
resolving  power  of,  108. 

Pseudo-lenses,  87. 
Pulse,  nature  of,  constituting  white  light, 

653. 
Pyrometer,  F6ry  optical,  616. 

Quarter  wave  plate,  328. 
Quartz,  dispersion  of,  391,  393. 

residual  rays  from,  410. 
rotation  of  polarization  plane,  477. 
table  of  rotatory  power,  478. 
transmission  and  absorption,  392. 

Quartz  prism,  dispersion  of  the  two  rays, 
103. 

Quincke,  laminary  grating.  211. 

Radiating  body,   hydraulic  analogy  of. 
600. 

Radiation,  and  surface  condition,  598 
as  function  of  temperature,  614. 
complete  formulae,  621. 
equilibrium,  608. 
of  solids  and  gases,  591,  594. 
of  solids  and  liquids,  597. 
of  transparent  substances,  598. 
pressure  of,  609. 
pressure  on  absorbing  gas.  613. 
pressure  tangential  component,  612. 
sppctral  distribution,  616. 

Rainbow,  342. 
Rare  earths,  absorption  by,  450. 
Ray  filters,  14. 
Rayleigh,  Lord: 

group- velocity,  21. 
iridescent  crystals,  161. 
nature  of  white-light.  650.  653. 
optics  of  moving  media,  670,  675. 
origin  of  prismatic  colors,  663. 
residual  blue,  627. 
resolving  power  of  prisms.  108. 
scattering  of  light,  625. 
shift  of  fringes  by  sodium  vapor.  143. 
surface  films  and  reflection,  370. 
theory  of  gratings,  210,  216. 
visibility  of  transparent  objects,  99. 

«^RayvS.  curved,  90. 
Rectilinear  propagation,  29. 
Reflection,    at   perpendicular   incidence, 

368. 
by  Iluygons's  principle,  41. 
by  metals,  466. 
change  of  phase  by,  464. 
from     plane     and     curved     surfaces. 

Chapter  3. 
from  rouph  surfaces.  42. 
metallic,  theory  of,  460,  465. 
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Reflection,  of  heat  waves,  45. 
aele  tive,  in  ultra-violet,  417. 
total,  65. 
total,  theory  of,  371. 
total  penetration  of  disturbance  into 

second  medium,  373. 
Reflection  theory,  359. 
Refraction,  astronomical,  82. 

at  plane  surface,  64. 
by  curved  surfaces,  73. 
by  lens,  77. 
by  plane-parallel  plat«,  68. 
by  sphere,  78. 
conical,  317,  318. 
double,  303. 
effect  on  width  of  beam,  67. 

in  non-homogeneous  media,  8K 
.    of  sound  waves,  97. 

polarisation  by,  292. 
theory  of,  359. 

Refractive    index,    determination    with 
microscope,  71. 

interferometer  determination,  268. 
of  prism,  75. 
of  thin  film,  157. 

Refractometer  interference,  136. 
Relativity,  principle  of,  684. 
Residual  blue,  627. 
Residual  rays,  392,  409. 

from  absorbing  gas,  429. 
froip  powders,  410,  632. 
longest,  411. 

Resolving  power  of  gratings,  215. 
of  interferometers,  285. 
of  prisms,  108. 
of  telescope,  238. 

Resonance,  for  heat  waves,  631. 
optical.  630.  635. 
radiation,  576. 
spectra  of  iodine.  582. 
spectra  of  sodium  vapor,  575. 
spectrum,     transformation     of,    into 

band   spectrum   by   molecular  col- 
lisions, 588. 

Respighi  on  scintillation.  93. 
Resultant  of  disturbances  of  arbitrary 

phase,  124. 
Rhomb  of  Fresnel.  330. 

Righi.  light-beats.  340. 

Ritchie's  experiment,  592. 
Rdmer,  velocity  of  light,  17. 
Rosenthal,  emission  and  reflectloo,  602. 
Rotatory  dispersion,  477,  492. 

anomalous,  485,  492. 
in  absorbing  media,  493. 

Rotator>'  polarisation,  476. 
circular  components,  480. 

P'resnol's  explanation,  479. 
in  convergent  light,  482. 
magnetic  (see  magnetic  rotation). 
of  liquids,  482. 
of  quartz.  477,  478. 

theory  of,  486-492. 

Rotatory  polariiation,  unequal    absorp- 
tion of  circular  components,  481. 

velocity  of  circular  components,  481. 
Rotatory    power,    influence    of   solvent, 

484. 

Rough   surfaces,   reflection    and   refrac- 
tion by,  42. 

Rowland,  concave  gratings,  231. 
Rubens,  investigatioo  of  dispersion.  390. 
Rubens    and    Ashkinass,    dispersion    of 

quarts,  393. 
Rubens  and   Du   Bois,  polarisation   by 

gratings,  633. 
Rubens  and  Hagen,  emission  coefficients 

of  metab  and  temperature,  475. 
optical    and    electrical    properties   of 

metals,  472. 
reflection  by  metals,  465. 

Rubens   and    HoUnagel,   interferometer 
study  of  long  waves,  411. 

Rubens  and    Kurlbaum,   radiation  and 
temperature,  621. 

Rubens  and  Nichols,  residual  rays,  39% 
resonance  for  heat-waves,  631. 

Rubens   and   Trowbridge,  dispersion  of 
rock  salt,  fluorite,  etc.,  394. 

Rubens   and    Wood,  focal    isoiation    of 
heat-waves,  414. 

Runge,  theory  of  concave  grating,  233. 
Runge  and  Pasohen,  Zeeman  effect,  512. 

Sagnac,  anomalous  propagation  of  waves, 
261. 

Scattering  of  light  by  small  pariidcA,  62#. 
metal  spheres,  630. 
sodium  and  potassium  fogs,  639. 

Schmidt,  electro-optics  of  beoaol,  550. 
Schuster,  double  refraction,  311. 

Huygens's  principle,  34. 
nature  of  white  light,  654. 
origin  of  prismatic  colon,  658. 

Talbot's  bands,  260. 
Scintillation,  91. 
Secondary  maTiina  of  grating.  205. 
Selective  dispersion*   of  abaorbing  ga«, 

418. 
of  hydrogen.  433. 

Selective  reflection,  409. 
by  absorbing  gas,  429. 
of  powders,  410. 

Sf'Umeier,  dispersion  formula,  376. 
Shadow-bands,  91. 
Sicdentopf  and  Ssigmondy,  ultra-micro- 

scope, 641. 
polarisation     effects    in    ultra-micro- 

scope, 642. 
Silvering  of  interferometer  plates,  281. 

Sodium,  "flashnipectrum,"  117. 
Sodium  vapor,  absorption  by,  443,  513. 

magnetic  rotation  of.  531. 
resonance  spectra,  575. 
selective  dispersion  of,  418. 
shift  of  helium  fringes  by,  142. 
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Solar  phenomena  and  anomaloua  disper- 
sion, 115. 

Solitary  waves  and  Huygens's  principle, 40. 

Sound-waves,  photographs  of  secondary, 
80. 

reflection  of.  48. 
refraction  of,  97. 

Spark-«pectrum,  enecgy  distribution  in, 
623. 

Spherical  lens,  78. 
Spherical  surfaces,  reflection  from,  53. 
Spherical  wave,  refraction  at  plane  sur^ 

face,  70. 
Springsteen  and  Wood,  magnetic  rotar 

tion,  531. 
Stark,  the  Dopider  effect  in  canal  rays, 

24. 
Stars,  scintillation  of,  01. 
Stationary  light-waves,  174. 
Stefan-Boltamann  law,  614. 
Stibnite,  optical  properties,  400. 
StOcld,  diqiersion  of  solutions  of  aniline 

dyes,  398. 
Stokes,  fluorescence,  567-559. 

polarisation  by  oblique  plates,  365. 

Stokes's  law,  559. 
Striae,  method  of,  94. 
Sun,  temperature  of,  616. 

Schmidt's  theory  of,  83. 
Surface  color,  439. 
Surface  films,  369. 

Talbot's  bands,  255. 
Telescope,  resolving  power  of,  238. 
Telescopes,  reflecting,  51. 
Temperature,  effect  on  axes  of  crystals, 

324. 
emission  of  iodine  vapor,  597. 
radiation  of  gases,  594. 

Testing    glass    plates    by    interference 
methods,  159. 

Theories,  older,  1. 
Theory,  electro-magnetic,  4. 
Thomson,  Sir  J.  J.,  scattering  of  light 

by  metal  spheres,  630. 

Toepler,  "Schlieren-methode,"  94. 
Total  reflection,  65. 
Transmission,  of  heat  waves,  412. 

coefficient,  438. 
Tyndall,  calorescence,  556. 

double  refraction  of  vibrating  plate, 
325. 

residual  blue,  627. 
scattering  of  light,  624. 

Trowbridge,  A.,  and  Wood,  R.  W.,  energy 
distribution  of  gratings,  230. 

residual  rays  from  quartz,  410. 
Trowbridge,     reflecting    power    of    ice, 

408. 
residual  rays  from  powders,  410. 

Trowbridge,     Rubens    and,     dispersion, 
394. 

Ultra-microscope,  641. 
polarisation  effects  in,  642. 

Ultra-violet  selective  reflection,  417. 
Urbain,  absorption  of  europium,  450. 

Velocity-group,  20. 
Velocity  of  light,  17. 

in  moving  media,  668. 
Vibrations,  composition  of,  121. 
Visibility  curves,  272. 
Voigt,  magnetic  double  refrmetion,  547. 

magnetic  rotation,  542. 
total  reflection,  374. 

Water,  vision  under,  67. 
Wave,  absence  of  back,  8. 
Wave-fnont,  8. 
Wave-front  motions  in  cinematograph, 

57. 
Wave-fronts,  reflected,  56. 
Wave4ength,  10. 
Wave-motion,  6. 
Waves,   lifl^t,  as  standards  of  kogth, 

269. 

plane  and  spherical,  9. 
produced  by  obstade  moving  in  ihud, 

663. 
seoondaiy,  29. 
solitary,  40. 
sUtionary  lig^t,  174. 
stationary  polarised,  801. 

Wave  surface  in  crystals,  304,  314. 
Webbach  light,  theory  of,  600. 
White  light,  analysis  by  grating,  656. 

interference  of,  134,  156. 
nature  of,  648. 

Wiedemann  and  Schmidt,   fluorescence 
of  vapors,  570. 

Wien,  diffraction  by  aK        ng  screens, 

634. 
radiation  formula,  62 

Wiener,  stationary  ligh    waves,  175. 
stationary  polarised  tieaves,  301. 

Wien's  law,  616. 
Wood,  photographs  of  sound  waves  and 

cinematograph  demonstration,  56. 
abnormal  polarisation  of    light  scat- 

tered by  absorbing  particles,  628. 
absorption  of  sodium  vapor,  443. 
Balmer  series  of  sodium,  513. 
destruction  of   fluorescence  by  other 

gases,  583. 
dispersion  of,  399. 
echelette  grating,  227. 
fish-eye  views,  67. 
flash-spectrum  of  sodium,  116. 
fluorescence  and  resonance  spectra  of 

iodine,  582. 
fluorescence  of  mercury  vapor,  579. 
fluorescence  of  sodium  vapor,  572. 
infra-red  photographs,  625. 
intensity  of  fluorescence-  and  emissioD 

angle,  562. 
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Wood,  tnterferenoe  oolora  of  onrstalfl  of 
chlorate  of  potash,  1<I2. 

tnterferenoe  colon  of  frilled  films  on 
metal,  172. 

magnetic  rotation  of  sodiuqi  vapor, 
531-636. 

magnetic  rotation  spectra,  636. 
nitroeo-dimethyl-anUine,    polarisation 

by,  290. 
optical  resonance,  636. 
polarised  fluorescence  of  gases,  686. 
polarised  interference  fringes,  00. 
positive  and  negative  magnetic  rotsr 

tion  of  sodium  vapor,  637. 
radiation  of  transKMuent  substances, 

698. 
residual  rays  from  powders,  632. 
resonance  spectra,  676. 
scattering    of    lifi^t   by   sodium   and 

potassium  fogs,  639. 
selective  dispendon  of  sodium,  420-430. 
selective  reflection  of  merouiy  vapor, 

429. 
shift    of    helium   fringes   by  sodium 

vapor,  142. 
Wood,  Rubens  and,  focal  isolation  of 

heat-waves,  414. 
Wood     and     Franck,     destruction     of 

fluorescence,  686. 
resonance     spectrum    of     iodine    in 

helium,  688. 

Wood  and  Trowbridge,  energy  distribu- 
tion of  gratings,  230. 

residual  rays,  410. 

Young,   change  of  phase  by  reflection, 
166. 

colors  of  mixed  plates,  262. 
discovery  of  interferenoe,  126. 

interference    colors    of    thin    pUtes, 
162. 

Zeemaa.  609-612;  61<H^19. 
Zerimsn  effect,  608. 

abnormal  in  band  spsoftra,  621. 
and  spectral  series,  612. 
assrmmetrical  trii^et,  609. 
complicated  tyveB  of,  608. 
elementary  explanation,  604. 
inverse,  616. 
magnetic  rotation  in  absorptioa  band, 

642. 
magnitude  of  separation,  614. 
on  the  sun,  619. 
shift  of  middle  component,  610. 
study  without  a  spectroscope,  616. 
theory  of,  623. 

Zeeman  and  Qeest,  magnetic  double  ra» 
fraction,  647. 

Zone-platea,  38,  217. 
Zones,  Fresnel-Huyieiis,  96. 
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